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Abstract

We characterise the existence of certain (weakly) compact multipliers of the second dual of symmetric
abstract Segal algebras in both the group algebra L1(G) and the Fourier algebra A(G) of a locally compact
group G.
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1. Introduction

Let G be a locally compact group. By a classical result of Sakai [14], G is compact if
and only if the group algebra L1(G) has a nonzero (weakly) compact right multiplier. In
[10], Lau showed that an analogous result is true on the dual side, that is, G is discrete
if and only if its Fourier algebra A(G) has a nonzero (weakly) compact multiplier.
Along this line of research, Ghahramani and Lau proved that G is compact if and only
if any symmetric Segal algebra S1(G) of L1(G) has a nonzero (weakly) compact right
or left multiplier [6].

Moreover, it was shown in [4] that G is amenable if and only if L∞(G)∗ = L1(G)∗∗,
the second dual of L1(G) equipped with the first Arens product, has a nonzero
(weakly) compact right multiplier. Along the way, Ghahramani and Lau proved that
G is compact if and only if L1(G)∗∗ has a (weakly) compact left multiplier T with
〈T(n), 1〉 � 0 for some n ∈ L1(G)∗∗ [5]. Dually, G is discrete if and only if A(G)∗∗ has a
(weakly) compact left multiplier T with 〈T(n), 1〉 � 0 for some n ∈ A(G)∗∗.

It is thus natural to try to determine when the second dual of a symmetric abstract
Segal algebra of L1(G) or A(G) has a nonzero (weakly) compact left or right multiplier.
We answer this question by proving that if B is a symmetric abstract Segal algebra
of a Banach algebra A and ϕ is a nonzero character on A, then the existence of a
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(weakly) compact left or right multiplier on B is equivalent to the existence of the
same multiplier onA.

For a symmetric Segal algebra S1(G) of the group algebra L1(G), we denote by K
the set of all right multipliers T on S1(G)∗∗ with rank one such that 〈T(n),ϕ1〉 = 1
whenever 〈n,ϕ1〉 = 1, where ϕ1 is the nonzero character on L1(G) defined by ϕ1( f ) =∫

G f (x) dx for all f ∈ L1(G). We prove that if G is amenable and noncompact and d(G)
is the smallest possible cardinality of a covering of G by compact sets, then |K| ≥ 22d(G)

.

2. Preliminaries

We shall now fix some notation. We denote the closed linear span by 〈·〉. Let A be
a Banach algebra. ThenA∗ is naturally a BanachA-bimodule with the actions

〈 f · a, b〉 = 〈 f , ab〉, 〈a · f , b〉 = 〈 f , ba〉,
for all f ∈ A∗ and a, b ∈ A. It is known that there is a multiplication � on the second
dual A∗∗ of A, extending the multiplication on A. The first Arens product in A∗∗ is
given as follows. For m, n ∈ A∗∗, f ∈ A∗ and a ∈ A,

〈m�n, f 〉 = 〈m, n · f 〉, 〈n · f , a〉 = 〈n, f · a〉.
IfA is a Banach algebra, then a linear mapping T : A → A is a right (respectively left)
multiplier if T(ab) = aT(b) (respectively T(ab) = T(a)b) for all a, b ∈ A. In particular,
for each a ∈ A, the multiplication operators λa : A → A and ρa : A → A defined by
λa(b) = ab and ρa(b) = ba are respectively left and right multipliers on A. We also
denote by Δ(A) the set of all nonzero characters onA.

We recall from Burnham [2] that a Banach algebra B is an abstract Segal algebra
ofA if:

(i) B is a dense left ideal inA;
(ii) there exists M > 0 such that ‖b‖A ≤ M‖b‖B for each b ∈ B;
(iii) there exists C > 0 such that ‖ab‖B ≤ C‖a‖A‖b‖B for each a, b ∈ B.

We further say that B is symmetric if it is also a two-sided dense ideal in A and for
each a, b ∈ B,

‖ba‖B ≤ C‖a‖A‖b‖B.

In this case, by [2, Theorem 2.1], Δ(A) and Δ(B) are homeomorphic.
Throughout this paper, we assume that G is a locally compact group with a fixed

left Haar measure and let L1(G) be the group algebra of G. Then L1(G) is a Banach
algebra with the convolution product defined by

( f ∗ g)(x) =
∫

G
f (y)g(y−1x) dy ( f , g ∈ L1(G)).

A linear subspace S1(G) of L1(G) is called a Segal algebra, if:

(i) S1(G) is dense in L1(G);
(ii) S1(G) is a Banach space under some norm ‖·‖S and ‖ f ‖1 ≤ ‖ f ‖S for all f ∈ S1(G);
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(iii) S1(G) is left translation invariant and the map x �→ lx f of G into S1(G) is
continuous;

(iv) ‖lx f ‖S = ‖ f ‖S, for all x ∈ G and f ∈ S1(G).

We note that every Segal algebra is an abstract Segal algebra of L1(G) by [13,
Proposition 1]. A Segal algebra S1(G) is symmetric if it is right translation invariant,
‖rx f ‖S = ‖ f ‖S and the map x �→ rx f from G into S1(G) is continuous for all x ∈ G
and f ∈ S1(G). Note that every symmetric Segal algebra is a two-sided ideal of L1(G)
and has an approximate identity in which each term has norm one in L1(G) (see [13,
Section 8, Proposition 1]).

3. Multipliers on the second dual

Let B be a symmetric abstract Segal algebra of a Banach algebra A. We note that
for every f ∈ B∗, a ∈ A and b ∈ B, we can define f • b ∈ A∗ by

〈 f • b, a〉 = 〈 f , ba〉.

Hence, for every m ∈ A∗∗ and f ∈ B∗, we may define the functional m • f ∈ B∗ by

〈m • f , b〉 = 〈m, f • b〉 (b ∈ B).

Thus, for every m ∈ A∗∗ and n ∈ B∗∗, we can define the functional n � m ∈ B∗∗ by

〈n � m, f 〉 = 〈n, m • f 〉 ( f ∈ B∗).

For f ∈ B∗ and a ∈ A, we also can define f • a ∈ B∗ by

〈 f • a, b〉 = 〈 f , ab〉.

Thus for n ∈ B∗∗ and f ∈ B∗, we may define the functional n • f ∈ A∗ by

〈n • f , a〉 = 〈n, f • a〉 (a ∈ A).

Therefore, for m ∈ A∗∗ and n ∈ B∗∗, we can define the functional m � n ∈ B∗∗ by

〈m � n, f 〉 = 〈m, n • f 〉 ( f ∈ B∗).

Let ι : B → A be the inclusion map. Then ι is an injective Banach A-bimodule
morphism. Consider the adjoints ι∗ : A∗ → B∗ and ι∗∗ : B∗∗ → A∗∗ of ι. Since ι has a
dense range, ι∗ is injective. It is not hard to see that ι∗ is in fact the restriction map. The
following lemma will prove useful.

LEMMA 3.1. Let B be a symmetric abstract Segal algebra of A. Then for every
m ∈ A∗∗ and n, p ∈ B∗∗, the following statements hold:

(i) ‖n � m‖ ≤ C‖n‖ ‖m‖;
(ii) ι∗∗(n � m) = ι∗∗(n)�m;
(iii) p � (m�ι∗∗(n)) = (p � m)�n;
(iv) ‖m � n‖ ≤ C‖n‖ ‖m‖;
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(v) ι∗∗(m � n) = m�ι∗∗(n);
(vi) (ι∗∗(n)�m) � p = n�(m � p).

PROOF. The proofs of (i), (ii), (iv) and (v) are straightforward.
(iii) For f ∈ B∗, b ∈ B and a ∈ A,

〈ι∗∗(n) · ( f • b), a〉 = 〈ι∗∗(n), f • ba〉 = 〈n, ι∗( f • ba)〉
= 〈n, f · ba〉 = 〈n · f , ba〉 = 〈(n · f ) • b, a〉.

Therefore,

〈(m�ι∗∗(n)) • f ), b〉 = 〈m�ι∗∗(n), f • b〉 = 〈m, ι∗∗(n) · ( f • b)〉
= 〈m, (n · f ) • b〉 = 〈m • (n · f ), b〉.

Thus,

〈p � (m�ι∗∗(n)), f 〉 = 〈p, (m�ι∗∗(n)) • f 〉 = 〈p, m • (n · f )〉
= 〈p � m, n · f 〉 = 〈(p � m)�n, f 〉.

Hence, we obtain p � (m�ι∗∗(n)) = (p � m)�n, as required.
(vi) Let f ∈ B∗, b ∈ B and a ∈ A. Then

〈(p • f ) · b, a〉 = 〈p • f , ba〉 = 〈p, f · ba〉
= 〈p, ( f · b) • a〉 = 〈p • ( f · b), a〉.

Therefore,

〈m · (p • f ), b〉 = 〈m, (p • f ) · b〉 = 〈m, p • ( f · b)〉
= 〈m � p, f · b〉 = 〈(m � p) · f , b〉.

Thus,

〈(ι∗∗(n)�m) � p, f 〉 = 〈ι∗∗(n)�m, p • f 〉 = 〈ι∗∗(n), m · (p • f )〉
= 〈n, ι∗(m · (p • f ))〉 = 〈n, m · (p • f )|B〉
= 〈n, (m � p) · f 〉 = 〈n�(m � p), f 〉.

Hence, (ι∗∗(n)�m) � p = n�(m � p) and the proof is complete. �

THEOREM 3.2. Let B be a symmetric abstract Segal algebra of A and let ϕ ∈ Δ(A).
Then the following statements are equivalent:

(i) there is a compact (weakly compact) left (right) multiplier T of B∗∗ such that
〈T(n),ϕ〉 � 0 for some n ∈ B∗∗;

(ii) there is a compact (weakly compact) left (right) multiplier T of A∗∗ such that
〈T(m),ϕ〉 � 0 for some m ∈ A∗∗.

PROOF. Suppose that T is a compact (weakly compact) left multiplier of B∗∗ with
〈T(n),ϕ〉 � 0 for some n ∈ B∗∗. Putting p = T(n) makes λp = T ◦ λn a compact
(weakly compact) left multiplier of B∗∗. Now for each n ∈ B∗∗, consider the con-
tinuous linear map ln : A∗∗ → B∗∗ defined by ln(m) = n � m for all m ∈ A∗∗. Since
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ι∗∗ ◦ λp = λι∗∗(p) ◦ ι∗∗, by using Lemma 3.1(ii), λι∗∗(p2) = λι∗∗(p) ◦ ι∗∗ ◦ lp = ι
∗∗ ◦ λp ◦ lp

is a compact (weakly compact) left multiplier ofA∗∗ such that

〈λι∗∗(p2)(ι∗∗(p)),ϕ〉 = 〈ι∗∗(p3),ϕ〉 = 〈p3,ϕ〉 = 〈p,ϕ〉3 � 0.

Conversely, suppose that T is a compact (weakly compact) left multiplier ofA∗∗ such
that 〈T(m),ϕ〉 � 0 for some m ∈ A∗∗. Then λp is a compact (weakly compact) left mul-
tiplier onA∗∗, where p = T(m). Choose n0 ∈ B with n0(ϕ) = 1. Using Lemma 3.1(iii),
n0 � (p�ι∗∗(n)) = (n0 � p)�n for all n ∈ B∗∗. Then the map λn0�p = ln0 ◦ λp ◦ ι∗∗ is a
compact (weakly compact) left multiplier of B∗∗ such that

〈λn0�p(n0),ϕ〉 = 〈p,ϕ〉 � 0,

as required. The result for a right multiplier T can be proved similarly. �

From [4, Theorem 2.1] and the above theorem, we obtain the following corollary.

COROLLARY 3.3. Let S(G) be a symmetric abstract Segal algebra of L1(G). Then G
is amenable if and only if there is a compact (weakly compact) right multiplier T of
S(G)∗∗ such that 〈T(n),ϕ1〉 � 0 for some n ∈ L1(G)∗∗.

From [5, Theorem 4.1] and Theorem 3.2, we also obtain the following result.

COROLLARY 3.4. Let S(G) be a symmetric abstract Segal algebra of L1(G). Then G is
compact if and only if there is a compact (weakly compact) left multiplier T of S(G)∗∗

such that 〈T(n),ϕ1〉 � 0 for some n ∈ S(G)∗∗.

To state the next corollary, let A(G) be the Fourier algebra of a locally compact
group G as defined in [3]. Combining Theorem 3.2 with [5, Theorem 4.3], we obtain
the following characterisation of discrete groups.

COROLLARY 3.5. Let SA(G) be an abstract Segal algebra of the Fourier algebra A(G).
Then G is discrete if and only if there is a compact (weakly compact) left multiplier T
of SA(G)∗∗ such that 〈T(n), 1〉 � 0 for some n ∈ SA(G)∗∗.

4. Multipliers with rank one

Let A be a Banach algebra and let ϕ ∈ Δ(A). Following [8], we call an ele-
ment m ∈ A∗∗ a topologically left invariant ϕ-mean if m(ϕ) = 1 and m( f · a) =
ϕ(a)m( f ) for every f ∈ A∗ and a ∈ A, or equivalently a�m = ϕ(a)m. We denote the
set of all topologically left invariant ϕ-means on A∗ by TLIϕ(A∗∗). We also put
Iϕ := {a ∈ A : ϕ(a) = 0} which is a co-dimension one closed ideal in A. Recall that
a locally compact group G is called amenable if there exists a topologically left
invariant mean m on L∞(G), that is, a bounded linear functional with ‖m‖ = m(1) = 1
such that m( f · a) = a(1)m( f ) for all f ∈ L∞(G) and a ∈ L1(G). Topologically right
invariant means and (two-sided) invariant means on L∞(G) are defined similarly. It is
known that the existence of a topologically right invariant mean and the existence of a
topologically invariant mean are both equivalent to G being amenable.

https://doi.org/10.1017/S0004972722001071 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972722001071


138 M. Nemati and Z. Sohaei [6]

A standard argument, used in the proof of [11, Theorem 4.1] on F-algebras, a
class of Banach algebras including group algebras, shows that amenability of G is
equivalent to the existence of a topologically left invariant ϕ1-mean on L∞(G) (see
also [7, Remark 1.3]).

THEOREM 4.1. Let S(G) be an abstract Segal algebra of L1(G). Then G is amenable if
and only if there is a nonzero idempotent m ∈ S(G)∗∗ such that ρm has rank one.

PROOF. Suppose that G is amenable. Then by [1, Corollary 3.4], there is a topologi-
cally left invariant ϕ1-mean m on S(G)∗. It is clear that m is a nonzero idempotent and
the map ρm on S(G)∗∗, defined by ρm(n) = n�m = 〈n,ϕ1〉m for all n ∈ S(G)∗∗, has rank
one.

Conversely, let m ∈ S(G)∗∗ be a nonzero idempotent such that ρm on S(G)∗∗ has rank
one. Then there is a functional ϕ ∈ S(G)∗∗∗ such that n�m = ϕ(n)m for all n ∈ S(G)∗∗.
Since m is a nonzero idempotent, we obtain ϕ(m) = 1. Moreover,

ϕ(a ∗ b)m = (a ∗ b)�m = a�(b�m)
= a�(ϕ(b)m) = ϕ(b)a�m
= ϕ(b)ϕ(a)m,

for all a, b ∈ S(G). This implies that ϕ(a ∗ b) = ϕ(a)ϕ(b) for all a, b ∈ S(G). Since the
map n �→ n�m on S(G)∗∗ is weak∗-weak∗ continuous and ϕ(m) = 1, it follows that
ϕ ∈ Δ(S(G)) = Δ(L1(G)). This shows that m is a topologically left invariant ϕ-mean
on S(G)∗. Hence, G is amenable by [1, Corollary 3.4]. �

LEMMA 4.2. Let S1(G) be a symmetric Segal algebra of L1(G) and let ϕ ∈ Δ(L1(G)).
Then there is a one–one correspondence between the set of topologically left invariant
ϕ-means on S1(G)∗ and on L∞(G).

PROOF. Let ι : S1(G)→ L1(G) be the inclusion map. Consider the map ι∗∗ :
TLIϕ(S1(G)∗∗)→ L∞(G)∗. Let n ∈ TLIϕ(S1(G)∗∗) and m = ι∗∗(n). It is clear that
m(ϕ) = 1. Moreover, for every a ∈ L1(G), there is a sequence (ai) in S1(G) such
that ‖ai − a‖1 → 0. Since Δ(S1(G)) = Δ(L1(G)), we have

a�m = lim
i

(ai�ι∗∗(n)) = lim
i
ι∗∗(ai�n)

= lim
i
ϕ(ai)ι∗∗(n) = ϕ(a)ι∗∗(n) = ϕ(a)m.

Therefore, ι∗∗(TLIϕ(S1(G)∗∗)) ⊆ TLIϕ(L∞(G)∗). We next show that

ι∗∗ : TLIϕ(S1(G)∗∗)→ TLIϕ(L∞(G)∗)

is injective. In fact, suppose that m, n ∈ TLIϕ(S1(G)∗∗) with m � n. Then there exists
f ∈ S1(G)∗ such that m( f ) � n( f ). Let b0 ∈ S1(G) be such that ϕ(b0) = 1. Then
m( f · b0) = m( f ) � n( f ) = n( f · b0). It follows that

〈ι∗∗(m), f • b0〉 = 〈m, f · b0〉 � 〈n, f · b0〉 = 〈ι∗∗(n), f • b0〉.
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Therefore, ι∗∗(m) � ι∗∗(n). We now prove that ι∗∗ is surjective. Suppose that
m ∈ TLIϕ(L∞(G)∗). Then for each f ∈ S1(G)∗ and a, b ∈ S1(G), we have

〈m • f , a ∗ b〉 = 〈m, f • a ∗ b〉 = 〈m, ( f • a) · b〉 = ϕ(b)〈m • f , a〉.
Thus, for b ∈ Iϕ, we have

〈m • f , a ∗ b〉 = 0.

Since S1(G) has an approximate identity (not necessarily bounded), it follows that
〈S1(G) ∗ Iϕ〉 = Iϕ. Thus (m • f )|Iϕ = 0. As a ∗ b − b ∗ a ∈ Iϕ, we obtain

〈m, f • (a ∗ b)〉 = 〈m, f • (b ∗ a)〉.

Let ϕ(b0) = 1 for some b0 ∈ S1(G) and consider the functional m̃ ∈ S1(G)∗∗ defined by

m̃( f ) = 〈m, f • b0〉, f ∈ S1(G)∗.

Then for each b ∈ S1(G) and f ∈ S1(G)∗, we have

m̃( f · b) = 〈m, ( f · b) • b0〉 = 〈m, f • (b ∗ b0)〉
= 〈m, f • (b0 ∗ b)〉 = 〈m, ( f • b0) · b)〉
= ϕ(b)〈m, f • b0〉 = ϕ(b)m̃( f ).

Furthermore, it is obvious that m̃(ϕ) = 1. Hence, m̃ ∈ TLIϕ(S1(G)∗∗). We have to show
that ι∗∗(m̃) = m. In fact, for every g ∈ L∞(G), we have

〈ι∗∗(m̃), g〉 = 〈m̃, ι∗(g)〉 = 〈m, ι∗(g) • b0〉 − 〈m, g · b0〉 = 〈m, g〉,
and the proof is complete. �

Before giving the next result, recall that the compactness of G is equivalent to the
existence of a topologically invariant mean in L1(G). The following theorem is inspired
by [4, Theorem 2.15].

THEOREM 4.3. Let S1(G) be a symmetric Segal algebra of L1(G) and K be the set
of all right multipliers T of S1(G)∗∗ with rank one such that 〈T(n),ϕ1〉 = 1 whenever
〈n,ϕ1〉 = 1 for n ∈ S1(G)∗∗. Then the following statements hold:

(i) K � ∅ if and only if G is amenable;
(ii) |K| = 1 if and only if G is compact;
(iii) if G is amenable and noncompact and d(G) is the smallest possible cardinality

of a covering of G by compact sets, then |K| ≥ 22d(G)
.

PROOF. (i) Suppose that G is amenable. Then by [1, Corollary 3.4], there is a
topologically left invariant ϕ1-mean m on S1(G)∗. Since ρm(n) = n�m = 〈n,ϕ1〉m for
all n ∈ S1(G)∗∗, it follows that ρm belongs to K.

Conversely, suppose that T ∈ K and 〈n,ϕ1〉 = 1 for some n ∈ S1(G)∗∗. Putting
m = T(n), we have 〈m,ϕ1〉 = 1. By the same argument as that used in the proof of
Theorem 4.1, it is easy to show that m is a topologically left invariant ϕ1-mean on
S1(G)∗. Thus, G is amenable by [1, Corollary 3.4].
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(ii) Let T ∈ K and n ∈ TLIϕ1 (S1(G)∗∗). Putting m = T(n), by (i), m is a topologically
left invariant ϕ1-mean on S1(G)∗. In particular, for each p ∈ S(G)∗∗ with 〈p,ϕ1〉 = 1,
we obtain p�m = m. Thus,

ρm(p) = p�m = m = T(p).

By linearity, we conclude that ρm = T and so there is a one–one correspondence
between K and TLIϕ1 (S1(G)∗∗). By Lemma 4.2, |K| = |TLIϕ1 (L∞(G)∗)|.

Now suppose that G is compact. Then there is a topologically invariant mean m in
L1(G). Thus, for each n ∈ TLIϕ1 (L∞(G)∗), we have

m = n(ϕ1)m = m�n = m(ϕ1)n = n.

This shows that |K| = |TLIϕ1 (L∞(G)∗)| = 1.
Conversely, suppose that |K| = 1. Then |TLIϕ1 (L∞(G)∗)| = 1. Therefore, there is a

unique topologically left invariant ϕ1-mean m on L∞(G). It follows that m belongs to
L1(G) (see [9]), whence G is compact.

(iii) Suppose that G is noncompact. Then by [12, Theorem 1], the cardinality of
TLIϕ1 (L∞(G)∗) is at least 22d(G)

. Therefore, |K| = |TLIϕ1 (L∞(G)∗)| ≥ 22d(G)
. �
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