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Multi-linear forms, graphs, and
LP-improving measures in F4

Pablo Bhowmik, Alex Iosevich®, Doowon Koh®, and Thang Pham

Abstract. The purpose of this paper is to introduce and study the following graph-theoretic
paradigm. Let

Tef(x) = [ K f()du(y),

where f: X — R, X a set, finite or infinite, and K and y denote a suitable kernel and a measure,
respectively. Given a connected ordered graph G on n vertices, consider the multi-linear form

AG(fl,fz,...,f,,):fl OTI KGR TAGDdu(),
*heo¥"eX (4 j)eE (6) 1=1
where E(G) is the edge set of G. Define Ag (p1, . . ., Pn) as the smallest constant C > 0 such that the
inequality
(0.1) A (fis--os fu) < CTT I illns (x)
i=1

holds for all nonnegative real-valued functions f;, 1< i < n, on X. The basic question is, how does
the structure of G and the mapping properties of the operator Tk influence the sharp exponents in
(0.1). In this paper, this question is investigated mainly in the case X = Z, the d-dimensional vector
space over the field with q elements, K(x?, x/) is the indicator function of the sphere evaluated at
x' — x/, and connected graphs G with at most four vertices.

1 Introduction

One of the fundamental objects in harmonic analysis is the operator of the form

an Tef(x) = [, K(x)f()dy,
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2 P. Bhowmik, A. Iosevich, D. Koh, and T. Pham

where K : R? x R - R is a suitable kernel and f is a locally integrable function.
See [16] and the references contained therein for a variety of manifestations of
operators of this type and their bounds.

The purpose of this paper is to study operators from (1.1) in the context of vector
spaces over finite fields. Let F,; denote the finite field with g elements, and let IFZ be the

d-dimensional vector space over this field. Let K : IF‘; x IF‘; — C be a suitable kernel,
and define

Txf(x) = Y, K(x»)f(y).

d
ye]Fq

Operators of this type have been studied before [4, 11-13]. In particular, the operator
Tx with K(x, y) = S¢(x — y), where S; is the indicator function of the sphere

Se={xeFl:|lx|| =},

||x|| = x{ + x3 + -+ + x3, comes up naturally in the study of the Erd8s-Falconer dis-
tance problem in vector spaces over finite fields, namely the question of how large a
subset E c Fg needs to be to ensure that if

A(E) = {llx =yl %, y € E},

then |[A(E)| > 1. Here and throughout, |S|, with S a finite set, denotes the number of
elements in this set. See, for example, [3, 5, 8, 10, 15].

If one is interested in studying more complicated geometric objects than distances,
an interesting modification of the spherical averaging operator needs to be made.
Indeed, let E c IFZ, and suppose that we want to know how many equilateral triangles
of side-length 1 it determines. The quantity that counts such triangles is given by

1.2) >, K(x,y)K(x,2)K(y,2)E(x)E(y)E(2),

x,y,zeIF‘;

where K(x, y) = S1(x - y).

Let us interpret the quantity (1.2) in the following way. Let us view x, y, z as vertices,
and let us view the presence of K(x, y) as determining the edge connecting x and y,
and so on. In this way, the quantity (1.2) is associated with the graph K3, the complete
graph on three vertices (Figure 1b).

Another natural example is the following. Let K(x, y) = $;(x - y), and consider
the quantity that counts rhombi of side-length 1, i.e.,

(13) > K(xy)K(7.2)K (2 w)K(w, x)E(x)E(y) E(2) E(w).

x,y,2,weld

Arguing as above, we associate this form with the graph C,, the cycle on four vertices
(Figure le).
In general, let K be a kernel function, and let G be a connected ordered graph on n
vertices. Define
1

_ i i\ T 1
(14) AcUfiforeos fu) = N(G) xl,,..,aneFd (i,j)IE_g(G)K(x %) Eﬁ(x )
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AN
( ) G = K> (b) G = K
)G =D, (d) G = C4+ diagonal
VAN
(e) G=0Cy (f) G =P;
\A /K
) G = K3+ tail (h) G = Y-shape

Figure I:

where £(G) is the edge set of G and N(G) is the normalizing factor defined as the
number of distinct embeddings of G in IE";{. Notice that N(G) is the number of tuples
(x',...,x") € (IF‘;)” such that [T(; jyee (6) K(x' x/) = 1. We will call the operator Ag
as the G form on IFZ.

We note in passing that the paradigm we just introduced extends readily to the
setting of hypergraphs. If we replace our basic object, the linear operator Tk, by
an m-linear operator Mk, the problem transforms to the setting where the edges
dictated by the kernel K are replaced by hyperedges induced by the multi-linear kernel
K(x',...,x™*1). We shall address this formulation of the problem in the sequel.

The norm || f||,,1 < p < oo, is defined to be associated with normalizing counting
measure on ]FZ . More precisely, given a function f on F¢, we define

1

Ifll,=1a X 1f@)IF] (<p<oo), and ||fll =max|f(x)].

d
xequ
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Definition 1.1 Let n and d be nonnegative integers. For each finite field IF,, we
consider a connected ordered graph G on n vertices in IFZ. For any numbers
1<p;<oo,i=1,...,n, we define Ag(p1,...,pn) as the smallest number such that
the following inequality

(15) AG(fis- s fu) < MG (prs-- s pa) [T,
i=1

holds for all nonnegative real-valued functions f;,1< i < n, on Fg.

Notice that the graph G in the above definition is chosen based on the underlying
finite field ;. Hence, the operator norm Ag(pi, ..., p,) may depend on g, the size
of the underlying finite field IF; so that it can grow with q. However, if there exists
a constant C, independent of g, such that Ag(py,...,pn) < C, then we will denote
Ag(pl, . apn) <1

The main purpose of this paper is to determine all numbers 1< p; < oo,
i=1,2,...,n, such that the operator norm Ag(p1,...,p,) is not allowed to grow
with g, that is, Ag(p1, ..., pn) S 1. We will refer to this problem as the boundedness
problem for the operator Ag on IFS.

For the remainder of this paper, the kernel function K(x, y) is assumed to be
S¢(x — y) with ¢ # 0. In addition, when the dimension d is 2, we assume that the
number 3 in [F is a square number so that we can exclude the trivial case in which the
shape of an equilateral triangle in Ffl does not occur.

We shall mainly confine ourselves to the following connected graphs G with at most
four vertices: K, (the graph with two vertices and one edge), K3 (the cycle with three
vertices and three edges), K3 + tail (a kite), P, (the path of length 2), P; (the path of
length 3), C4 (the cycle with four vertices and four edges), C4 + diagonal, Y-shape
(a space station). In particular, we have avoided the K, (the complete graph with four
vertices) since there is no K, distance graph on IF;. However, it would be interesting
to investigate the case when the graph G is a K4 in higher dimensions, a graph with
more than four vertices, or a disconnected graph. Despite the difficulties posed by this
case, we anticipate that experts in this field will address advanced results in the near
future.

When the graph G is the K3, the complete answer to the boundedness problem will
be given in all dimensions. To deduce the result, we will invoke the spherical averaging
estimates over finite fields (see Theorem 3.3).

When the number of the vertices of the graph G is 3 or 4, we will obtain reasonably
good boundedness results in two dimensions. In particular, in the case when the
degree of each vertex is at least 2 (K3, C4+ a diagonal, and C4), we shall prove sharp
results (up to the endpoints) for the operators on Ffl (see Theorems 4.7, 6.5, and 7.5).
While the proofs for the graphs K, and Kj use standard results in the literature, in
other cases, a new approach will be introduced. We also note that there are several
papers in the literature studying the distribution of the graphs P,, P5, and Y-shape in
a large set (see [2, 9] for example); however, the techniques in those papers are not
helpful for the question raised in this paper. For three and higher dimensions, the
boundedness problem is not simple and we will address partial results.
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It is very natural to ask whether or not one can prove a general theorem that
addresses all connected graphs on # vertices. Unfortunately, such a result is beyond
the scope of this paper. The main difficulties arise when the maximal degree is large
or the edge set is dense, or if the graph contains a cycle or not. All of these issues will
be illustrated in the proofs of our results.

We also study the boundedness relation between the operators associated with a
graph G and its subgraph G’ with n-vertices. Throughout the paper, we always assume
that the graph G and its subgraph G’ are connected ordered graphs with |G| = |G’| in
IF‘;, and two vertices x, y in G is connected if ||x — y|| = ¢ # 0.

In Theorem 5.5, we will see that any exponents 1< py, ps, p3 < oo with
A, (p1, P2, p3) $ 1 satisfy that Ap,(p1, p2, p3) S 1. Notice that P, can be considered
as a subgraph of K3, and the operators Ap, and Ak, are related to the graphs P,
and Kj, respectively. Hence, in view of Theorem 5.5, one may have a question that,
“Compared to a graph G, does the operator associated with its subgraph yield less
restricted mapping exponents?” More precisely, one may pose the following question.

Question 1.2 Suppose that G’ is a subgraph of the graph G with n vertices in IFZ. Let
1<pi<oo,1<i<n IfAg(p1s-..>pn) S 1, isit true that A/ (p1>..., pu) S1?

Somewhat surprisingly, the answer turns out to be no! When G = K3 and G’ = P,
the answer to Question 1.2 is positive as Theorem 5.5 shows. However, it turns out
that there exist a graph G and its subgraph G’ yielding a negative answer, although the
answers are positive for the most graphs which we consider in this paper. For example,
the answer to Question 1.2 is negative when G is the C4 + diagonal and G’ is the Cy
(see Proposition 7.6).

Since the general answer to Question 1.2 is not always positive, we pose the
following natural question.

Problem 1.3 Find general properties of the graph G and its subgraph G’ which yield a
positive answer to Question 1.2.

The main goal of this paper is to address a conjecture on this problem and to
confirm it in two dimensions. To precisely state our conjecture on the problem, let
us review the standard definition and notation for the minimal degree of a graph.

Definition 1.4 'The Minimum Degree of a graph G, denoted by §(G), is defined as
the degree of the vertex with the least number of edges incident to it.

We propose the following conjecture which can be a solution of Problem 1.3.

Conjecture 1.5 Let G’ be a subgraph of the graph G in IFZ, d > 2, with n vertices, and
let1< p; < 00,1< i < n. In addition, assume that

(1.6) min {8(G),d} > 8(G").
Then, if Ag(p1,--.>Pn) S 1, wehave Ag/(p1,...,pn) S L
Note that the condition (1.6) in Conjecture 1.5 is equivalent to the following:

(17) (i) 8(G) > 8(G') and (ii)d > 8(G").
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We have some comments and further questions below, regarding the above conjecture
and our main theorems which we will state and prove in the body of this paper.

o Our results in this paper confirm Conjecture 1.5, possibly up to endpoints, for all
graphs G and their subgraphs G’ on n = 3,4 vertices in IF; (see Theorem 10.7).
Also note that when d = 2 and n = 3, 4, the condition (1.6) is equivalent to the first
condition (i) in (1.7) since §(G) < 2 (see the figures above).

o It will be shown that the conclusion of Conjecture 1.5 cannot be reversed at least
for n = 3,4 in two dimensions (see Remark 5.6 for n = 3, and see Remarks 8.9, 8.12,
9.11, and 10.5 for n = 4.)

It is worth investigating whether the key hypothesis (1.6) of Conjecture 1.5 can be
relaxed.

o The conclusion of Conjecture 1.5 does not hold in general if the > in the assumption
(1.6) is replaced by >. To see this, consider G = C4+diagonal and G’ = C,4 on 4 ver-
tices in IF‘;, with d = 2. It is obvious that G’ is a subgraph of G and min{§(G),d} =
8(G’) = 2. However, Proposition 7.6(ii) implies that the conclusion of Conjecture
1.5 is not true.

o We are not sure what can we say about the conclusion of Conjecture 1.5 if the main
hypothesis (1.6) of Conjecture 1.5 is relaxed by the second one of the conditions
(1.7). To be precise, when (1.6) is replaced by the second statement of (1.7), that
is, d > 8(G’), we do not have a definitive answer even for n =4 in ]Fé. For
instance, let G = Y-shape and G’ = K3+ a tail on F;. Then it is clear that d =2 >
0(G')=1and 1=6(G) = 8(G’) and so this provides an example that does not
satisfy the assumption (1.6) of Conjecture 1.5 but satisfy the second statement
of (1.7). Unfortunately, in this paper, we have not found any inclusive boundedness
relations between the operators corresponding to such graphs. In order to exclude
this uncertain case, both conditions in (1.7) were taken as the hypothesis for
Conjecture 1.5, namely the condition (1.6).

Notation:

o Wedenote Ag(p1, ..., pn) S 1if the inequality (1.5) holds true for all characteristic
functions on IFZ.
« By ]F;, we mean the set of all nonzero elements in [F.

« For t € Fy, we denote by § "1 the sphere of radius t centered at the origin in Fg:
SPli={xe Fg o [x]| = t}.

Unless otherwise specified in this paper, d represents the general dimension of
Iﬁ'g, d > 2. When n = d, we write S; instead of Sf’l for simplicity.

 We identify the set S, with its indicator function 1s,, namely, S;(x) = 1s, (x).

o We write § for the indicator function of the set of the zero vector in Fg.

o For positive numbers A,B >0, we write A< B if A< CB for some constant
C > 0 independent of g, the size of the underlying finite field ;. The notation A ~ B
means that A < B and B < A.

The rest of this paper is organized as follows: In Section 2, we recall known results
on the spherical averaging operator, which functions as a fundamental tool to prove
our theorems. Sections 3-10 are devoted to the presentation and proofs of our main

https://doi.org/10.4153/50008414X2300086X Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X2300086X

7 P_; . . d
Multi-linear forms, graphs, and LP-improving measures in g 7

results associated with the graphs mentioned above. The Appendix contains some
technical lemmas on the number of intersection points of two spheres in IE";{.

2 The spherical averaging problem

In the finite field setting, Carbery, Stones, and Wright [4] initially formulated and stud-
ied the averaging problem over the varieties defined by vector-valued polynomials.
This problem for general varieties was studied by Chun-Yen Shen and the third-listed
author [12]. Here, we introduce the standard results on the averaging problem over
the spheres. We adopt the notation in [12].

Let dx be the normalizing counting measure on Fg. For each nonzero t, we endow
the sphere S; with the normalizing surface measure do;. We recall that

doi(x) = lsr(x)dx

so that we can identify the measure do, with the function % ] | , on ]F‘; .

The spherical averaging operator Ag, is defined by
@ Aof(0)=frdox) = [ fle- ()= 3 S
YESt
where f is a function on IFZ. Bya change of variables, we also have

> Six =) f().

|S | yeIE“”

(2.2) Astf(x) =

For 1< p,r < o0, we define Ag,(p — r) to be the smallest number such that the
averaging estimate

(2.3) IIf * dat||L’(Ff1’,dx) <As, (p—> V)HfHLP(]Fg,dx)
holds for all functions f on Fg.

Problem 2.1 (Spherical averaging problem) Determine all exponents 1< p,r < oo
such that

Ast (p g T’) Sl
Notation 2.2 From now on, we simply write A for the spherical averaging operator Asg, .
By testing (2.3) with f = §y and by using the duality of the averaging operator, it is

not hard to notice that the necessary conditions for the boundedness of A(p — r) are
as follows: (1/p,1/r) is contained in the convex hull of points (0, 0), (0,1), (1,1), and
d_ _1

d+1’ d+1/°
Using the Fourier decay estimate on S; and its cardinality, it can be shown that these
necessary conditions are sufficient. For the reader’s convenience, we give a detail proof

although the argument is standard, as is well known in the literature such as [4, 12].

Theorem 2.3 Let 1< p,r < oo be numbers such that (1/p,1/r) lies on the convex hull
of points (0,0), (0,1), (1,1), and (ﬁ, ). Then we have A(p — r) S 1.
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Proof Since both do; and dx have total mass 1, it follows from Young’s inequality
for convolution functions that if 1 < r < p < oo, then

(2.4) If = dovllrra,axy < 1f e es,ax)-

We notice that these results do not hold for the Euclidean Averaging problem.
By the interpolation and the duality, we only need to establish the following critical
estimate:

d+1
A (L Sd+ 1) 1.
d
It is well known that for nonzero t,

1

[(do:)Y (m)| = ) S q_L;U forall m = (0,...,0),

> x(m-x)

x€S;

where y denotes a nontrivial additive character of IF; (see the proof of Lemma 2.2
in [10]).

Since |S;| ~ g%, we complete the proof by combining this Fourier decay estimate
with the following well-known lemma (see Lemma 6.1 in [12]).

-1

Lemma 2.4 Let do be the normalized surface measure on an variety S in IE‘Z with

S| ~ g4~ If|(do)Y (m)| S q‘gfor allm e ]F‘;\(O, ...,0) and for some k > 0, then we
have

A(k+2—>k+2)51. [ ]
k+1

The boundary points of the convex hull play an important role in the application
of Theorem 2.3. More precisely, we will apply the following result, which is a direct
consequence of Theorem 2.3.

Lemma 2.5 Let1< p,r < oo, and let A denote the averaging operator over the sphere
S, t#0,inFd,d>2.

(i) Iflg%S%andizﬁ,thenA(per)gl.
(ii) Ifﬁg%gland%:%—tﬂrl, then A(p - r) S 1.

3 Sharp mapping properties for the K, form

In this section, we provide the sharp mapping properties of the operator associated
with the graph K,. To this end, as described below, we relate the problem to the
spherical averaging problem.

As usual, the inner product of the nonnegative real-valued functions f, g on F‘; is
defined as

<fog>=Ilfglh = qi T f(x)g(x).

d
xe]Fq
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Let € F7, and let fi, f, be nonnegative real-valued functions on F4,d > 2. Then the
K, form Ag, on IFZ is defined by

1
7S]

> Six' =2 Al falx?).

xl,xzeIF‘;

(31) Ak, (fiy f2) =

Here, the quantity q¢|S;| represents the normalizing factor N(G) in (1.4) when the
graph G is K,. In other words, N(G) = q%|S;|, which is the number of the pair
(x',x?) € F4 x F¥ such that S, (x' - x*) = 1.

By a change of variables, we can write

1

(3.2) sz<ﬁ,fz>:qid T A [+ T AG -8 () | =< fiAfs >,

xleFd |St| x2eFd

where A denotes the averaging operator related to the sphere S;. Likewise, we also

obtain that Ak, (fi, ) =< Afi, f» > .
The main goal of this section is to address all numbers 1< p;, p, < co satisfying

Ak, (p1>p2) S1.
We begin with the necessary conditions for the boundedness of the K, form Ag,
on IF‘; .
Proposition 3.1 Let1< py, py < oo. Suppose that A, (p1, p2) $ 1. Then we have
1 d d 1
—+—<d and —+—<d.
P p2 P P2

Proof By symmetry, it is clear that A, (p1, p2) S1 <= Ag,(p2, p1) $ 1. Hence, it
suffices to prove the first listed conclusion that ﬁ +4 <4,

From (3.2) and our assumption that Ak, (p1, p2) $ 1, we must have

A, (fis f2) S Allpll f2lp.-
We test this inequality with f; =15, and f, = 8. Then

1 1 _
A, (fis o)== D = =q %
q xleS, |St|
and
- _ _1i_d
Al fallp ~ (@ ISP (g~ )P ~ g0 752
By a direct comparison, we get the desired result. [ ]

Remark 3.2 For 1< py, pp < 00, one can note that i + % <d and % + i <d if
and only if (1/p1,1/p2) € [0,1] x [0,1] lies on the convex hull of points (0, 0), (0,1),
(#5> 7)> (1,0).

Let us move to the sufficient conditions on the exponents 1 < p;, p, < oo such that

Ak, (p1, p2) $1. We now show that the necessary conditions are in fact sufficient
conditions for Ag, (p1, p2) S 1.
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Theorem 3.3 (Sharp boundedness result for the K, form on F Z) Let1< py, pa < co.
Then we have

d d 1
Ax, (p1, Sl ifandonlyi —+—<d —+—<d.
K, (P P2) if y if P o
Proof By Proposition 3.1, it will be enough to prove that Ag,(p1, p2) $1 for all
1< p1, p2 < oo satisfying
Lodey 4.1y
P P2 pr o P2
By the interpolation theorem and the nesting property of the norm, it suffices to
establish the estimates on the critical endpoints (1/p;,1/p2) € [0,1] x [0,1], which
are (0,1),(1,0), and (d/(d +1),d/(d +1)). In other words, it remains to prove the
following estimates:
1 1
Ax,(00,1) S 1, Ag, (L oo) S 1, AKz(d; , d7+) 1L
Since Ax,(fi, f2) =< fi, Af; >, it follows by Hélder’s inequality that if A(p, —
p1) $1 with 1< py, pp < 00, then Ag,(p1, p2) $1. Thus, matters are reduced to
establishing the following averaging estimates:

A1-1)51, A(oo - 00) $1, A(%—wﬁtl)ﬁl.

However, these averaging estimates are clearly valid by Theorem 2.3, and thus the proof
is complete. [ ]

The following result is a special case of Theorem 3.3, but it is very useful in practice.

Corollary 3.4  For any dimensions d > 2, we have Ak, (%, %) SL
Proof Notice thatif p; = p, = d“ , then it satisfies that X ot p— <dand 4 Tt p— <d.
Hence, the statement follows 1mmed1ately from Theorem 3.3. ]
4 Boundedness problem for the K; form
Let t € F7. The K3 form Ak, on IFZ can be defined as
(4.1)
1 1 3 ;
Ak, (fis o f3) = PR Y S =x?)Su(x? - 27)Su(x - KT filx")s
|S ||S ‘ x!,x2,x3eFd i=1

where each f;,i=1,2,3, is a nonnegative real-valued function on F¢, and the
quantity g¢|S;||S¢~2| stands for the normalizing factor N(G) in (1.4) when G = K.
More precisely, N(G) is the number of (x',x% x%) € (F‘;)3 such that S;(x! — x?)
Si(x? —x¥)Si(x®* - x") = L.

The purpose of this section is to find the numbers 1< py, p;, p3 < 0o such that
A, (P> P2, p3) S 1.
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When the dimension d is 2, we will settle this problem up to the endpoint estimate.
To this end, we relate our problem to the estimate of the Bilinear Averaging Operator
(see (4.3)) for which we establish the sharp bound.

On the other hand, as we shall see, in three and higher dimensions d > 3, it is not
easy to deduce the sharp results. However, when one of the exponents p;, p», p3 is oo,
we will be able to obtain the optimal results. This will be done by applying Theorem 3.3,
the boundedness result for the K, form Ag, on IFZ .

We begin by deducing necessary conditions for our problem in ¢, d > 2. Recall
that for d = 2, we pose an additional restriction that 3 € I, is a square number.

Proposition 4.1 (Necessary conditions for the boundedness of Ag,) Let 1< py,
P2, P3 < oo, Suppose that Ak, (p1, pa, p3) $ L. Then we have

i+i+i§d, i+i+isd, i+i+i§d.

P p2 P3 P P2 P3 P p2 P3
In particular, when d =2, it can be shown by Polymake' [1, 6] that (1/p1,1/p2,1/p3)
is contained in the convex hull of the points: (0,0,1),(0,1,0),(2/3,2/3,0),
(1/2,1/2,1/2), (2/3,0,2/3), (1,0,0), (0,0,0), (0,2/3,2/3).

Proof We only prove the first inequality in the conclusion since we can establish
other inequalities by symmetric property of Ak, fi, f2, f5. We will use the simple fact
that x € S; if and only if —x € S;. In the definition (4.1), taking f; = &, f> = 1s,, and
f3 =1s,, we see that

_d4 1 1
ALl f2llp [l fllps ~ a g 22 g %,

Ak, (fi fos f3) = %% > 1) ~q",
q ‘StHSt ‘ x2,x3eSe]|x2—x3||=t
where the last similarity above follows from Corollary A.4 in the Appendix with our
assumption that 3 € [F is a square number for d = 2.
By the direct comparison of these estimates, we obtain the required necessary
condition. ]

Remark 4.2 In order to prove that the necessary conditions in Proposition 4.1 are
sufficient conditions for d = 2, we only need to establish the following critical endpoint
estimates:  Ag,(2,2,2) $1, Ak, (00,00,00) $1, Ag,1,00,00) S 1, Ag, (00,1,00) S 1,
Ak, (00,00,1) $1, Ak, (%, %, oo) $1, Ak, (%, 00, %) $1, Ak, (oo, %, %) <1. In fact,
this claim follows by interpolating the critical points given in the second part of
Proposition 4.1.

4.1 Boundedness results for Ag, on ]F‘;

The graph K, can be obtained by removing any one of three vertices in the graph K.
Therefore, the boundedness of Ak, (p1,p2) can determine the boundedness of

1Polymake is software for the algorithmic treatment of convex polyhedra.
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Ag;, (p1> P2, 00). Using this observation, in the case when one of py, ps, p3 is oo, we
are able to obtain sharp boundedness results for A, (p1, p2, p3)-

Theorem 4.3 Let 1< a, b<oosatzsfythat7+%§dand7+;<d Then we have

Ag,(a,b,0) $1, Ak, (a,00,b) $1, and Ak, (o0, a,b) S 1.
Proof The statement of the theorem follows immediately by combining Theorem 3.3
and the following claim: If Ak, (a,b) <1, then

Ak, (a,b,00) 51, Ag,(a,00,b) $1, and Ak, (o0, a,b) S 1.

It suffices by symmetry to prove that if Ak, (a,b) $1, then Ak, (a,b, ) S 1.
Since f;, i = 1,2, 3, are nonnegative real-number functions on 4, it follows that

Ak, (fis f2r f3) < |Sd 7 > (%) | Ak, (i o)

l 2
el 3R x2 -] |=t=|x—x1|

Since [S972| ~ q%"% and Ax, (fi, f2) S |Ifillallf2lle, it suffices to prove that the maxi-
mum value in the above parenthesis is S % 2|| f||o. Let us denote by I the maximum
above.

By a change of variables, x = x!, y = x! — x?

, we see that

I<| max Z 1| f5llco-

xeFd,y€Ss 3 pa. 3= =||x3
$YES et xmy o b=

By another change of variables by putting z = x — x*

I<| max > Yl ={max > 1|fslle
(“Fﬁwest zeSelle=yll=t ) VSt zesille-yll=t

Now, applying Corollary A.4 in the Appendix, we conclude that I $ g% 72||f3]|eo as
required. =

, we get

It is not hard to see from Proposition 4.1 that Theorem 4.3 cannot be improved in
the case when one of the exponents p;, p,, p3 is co. In particular, the following critical
endpoint estimates follows immediately from Theorem 4.3:

d+1 d+1 d+1 d+1 d+1 d+1
A T sy T 51) A 7 s T 4 SI; A
’“( d’ d °°) K3( d "4 ) K3( )

1.

Ak, (00,00,00) 51, Ag,(1,00,00) $1, Ag,(00,1,00) <1, AKa(oo ) 1) S
(4.2)
Remark 4.4 From (4.2) and Remark 4.2, we see that to completely solve the problem

on the boundedness of Ax,(pi1,p2,p3) for d =2, we only need to establish the
following critical endpoint estimate

d+2 d+2 d+2
A > > :A 2,2,2 s]..
KS( d > d’ d ) x(2.2.2)
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4.2 Sharp restricted strong-type estimates in two dimensions

Although Theorem 4.3 is valid for all dimensions d > 2, it is not sharp, compared to the
necessary conditions given in Proposition 4.1. In this subsection, we will deduce the
sharp boundedness results up to the endpoints for Ak, (p1, p2, p3) in two dimensions.
To this end, we need the following theorem, which can be proven by modifying the

Euclidean argument introduced in Section 7 of [7].

Theorem 4.5 Let Ak, be the K5 form on Fé Then, for all subsets E, F, H ofIF2 the
following estimate holds: Ak, (E, F, H) < ||E||2||F|2||H]|2-

For 1< py, p2, p3 < 00, we say that the restricted strong-type Ax,(p1, P2, p3)
estimate holds if the estimate

Ak (B, F, H) 5 ||E[[p,[[Fll || H|ps
is valid for all subsets E, F, H of . In this case, we write Ak, (p1, p2, p3) § 1.

Proof The proofproceeds with some reduction. When d = 2, by a change of variables
by letting x = x*, y = x> — x,z = x* — x?, (4.1) becomes

Ay (fo for £5) = pe %:fs( x) |s| Z;F $:(2=y)S(2)S: (M Ailx = y) frlx ~2) |
xelf2 y,z€F?

We define B( f1, f2)(x) as the value in the bracket above, namely,

(43) B(fi ) (x) i= |?1| S AG-p)fx-2).

tl y,zeSe||z—yll=t

We refer to this operator B as “the bilinear averaging operator” It is clear that

Ao for f5) = = 3 B(f 2)(0)f5(x) =< B(fis o), fo >

2
3
xIFq

By Holder’s inequality, we have
A (fis 2 3) <|[B(fis f2) L2l f3]2-
Thus, Theorem 4.5 follows immediately from the reduction lemma below [ ]

Lemma 4.6 Let B(fi, f2) be the bilinear averaging operator defined as in (4.3). Then,
for all subsets E, F of T2, we have

IB(E, F)ll2 S [[E[l2|[Fll2-

Proof We begin by representing the bilinear averaging operator B(f, f,). From
(4.3), note that

B £)(5) = g7 = A y)( ) fz(x—Z))-

y€eS; zeSe:||z—y||=t
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For each y € Sy, let @(y) := {z € S; : ||z — y|| = ¢}. With this notation, the bilinear
averaging operator is written as

B(fi, f2)(x) = 1 Zfl(x N 2 hlx-2)).
| | yeSy ze®(y)

Let 77 denote the quadratic character of ;. Recall that ;(s) = 1 for a square number s
inF,and 5(s) = —1 otherwise. Notice from Corollary A.4 in the Appendix that ®(y)
is the empty set for all y € S; if d = 2 and #(3) = —1. In this case, the problem is trivial
si?c)e B(f1, f2)(x) =0 for all x € ]FZ. Therefore, when d = 2, we always assume that
n(3) =1L

Notice that |®(y)| =2 for all y € S;, which follows from the last statement of
Corollary A.4 in the Appendix. More precisely, for each y € S;, we can write

O(y) = {0y, 67y},

where 6y denotes the rotation of y by “60 degrees,” and ||y — 0y|| =t = ||y — 67|
From these observations, the bilinear averaging operator B(f}, f2) can be repre-
sented as follows:

(4.4) B(f1, £2)(x) = Bo(fi, 2)(x) + Bo-1(fi, f2) (%)

Here, we define

(4.5) Bo(fi, f2)( > filx = y)fa(x - 6y),
|S | yeS,
and
Bo-1(fis f2) Y Alx=y)fa(x-607"y).
|S |yeS,

In order to complete the proof of the lemma, it suffices to establish the following
two estimates: for all subsets E, F of IFZ,

(4.6) IBo (E, F)ll2 < ||Ell2]F]|2,
and
(4.7) |Bo-1(E, F)||2 S |El2||F]]2-

We will only provide the proof of the estimate (4.6) since the proof of (4.7) is the
same.

Now we start proving the estimate (4.6). Since ||E||5 = ¢ 2|E| and ||F||3 = g™2|F|, it
is enough to prove that

(4.8) 1Bo(E, F)I3 5 q*|EI|FI.

Without loss of generality, we may assume that |E| < |F|. By the definition, it follows
that

IBo(E, F)ll=q72IS:[ 3. >, E(x—-y)E(x-y)F(x-0y)F(x-6)y)=1+II,

erF,ZI y,y'€Ss
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where the first term I is the value corresponding to the case where y = y’, whereas the
second term I1 is corresponding to the case where y # y. We have

I=q 7|8, 3, 2 E(x-y)F(x - 0y).

y€St xeF2
Applying a change of variables by replacing x with x + y, we see that
I=q218:| 2 Y 2 E()F(x+y—-0y)=q7IS:|7 ) (Z F(x+y- 9y)) :
yeSt xel xeE \ yeS;

Observethat y — 6y + y' — 0y’ forall y, y" in S; with y # y'. Then we see that the value
in the parentheses above is bounded above by |S; N F| < |F|. Therefore, we obtain the
desired estimate:

I<q7%|S|*|E|[F| ~ q"*|E||F].

Next, it remains to show that IT § g *|E||F|. Since we have assumed that |E| < |F|, it
suffices to show that IT § g~*|E|*.
By the definition of I, it follows that

H=q?S?> >  E(x-y)E(x-y)F(x—0y)F(x-0y).
xe[Ffl ¥,y €Spy+y’

It is obvious that

I<q?$? 3 3 E(x-y)E(x-y).
¥y’ €Sey#y’ xelFy,

We use a change of variables by replacing x with x + y. Then we have

HSq‘ZIStI‘ZZE(x)( > E(xw—y’))

xeFfI v,y €Sey+y’

=q 1S Y E(x)| X E(x+u)W(u) |,

2 2
erFq 0¢ue]Fq

where W (u) denotes the number of pairs (y,y") € S¢ x S; such that u = y — ' and
y # y'. Tt is not hard to see that for any nonzero vector u € IF;, we have W (u) < 2. So
we obtain that

II$q728™% Y E(x)| Y. E(x+u)|sq*|EP
xelF2 0+uclk?
q q
as required. [ ]

In two dimensions, we are able to obtain the optimal boundedness of
Ax, (p1, p2, p3) except for one endpoint. Indeed, we have the following result.
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Theorem 4.7 Let1< py, p, p3 < oo, and let A, be the K3 form on 3.

() If Ak, (p1> p2> p3) S 1, then

2 1 1 1 2 1 1 1 2
(4.9) —+—+—<2, —+—+—<2, —+—+—<2.
b1 P2 P3 pr P2 P3 P P2 P
(i) Conversely, if (p1,p2.p3) satisfies all three inequalities (4.9), then

Ax, (p1> par p3) S 1for (p1, p2, p3) # (2,2,2), and we have Ak, (2,2,2) S L.

Proof The first part of the theorem is the special case of Proposition 4.1 with d = 2.

Now we prove the second part. As stated in Proposition 4.1, one can notice by using

Polymake [1, 6] that all the points (i, i, i) € [0,1]? satisfying all three inequalities
(4.9) are contained in the convex hull of the critical points

(1/2,1/2,1/2), (0,0,0), (1,0,0), (0,1,0), (0,0,1),(3,3,0), (3,0,3), (o,g 3).

373 3773 373

Notice from Theorem 4.5 with d = 2 that the restricted strong-type estimate for the
operator Ag, holds for the point (1/p1,1/p2,1/p3) = (1/2,1/2,1/2). In addition, notice
from the estimates (4.2) with d = 2 that Ak, (p1, p2, p3) $ 1for the above critical points
(1/p1,1/p2,1/ps) except for (1/2,1/2,1/2). Hence, the statement of the second part
follows immediately by invoking the interpolation theorem. ]

5 Boundedness results for the P, form

For t € F and functions f;,i =1,2,3, on IE‘Z, the P, form Ap, on IE‘Z is defined by

1

G1) Ap,(fis f2 f3) ASE > Se(at = x?)Su(x? = ) Al fo(x?) (),

xl,xz,x3ng

where the quantity q?|S,|? stands for the normalizing factor N(G) in (1.4) when
G = P,. Note that this can be written as

(52) Apz(fl,fz,fg,) =< fz, Af1 Af3 >

In this section, we study the problem determining all numbers 1< py, pa, p3 < o0
satisfying Ap, (p1, P2, p3) S 1. Compared to the K3 form Ag,, this problem is much
hard to find the optimal answers. Based on the formula (5.2) with the averaging
estimates in Lemma 2.5, we are able to address partial results on this problem (see
Theorem 5.3).

Proposition 5.1 (Necessary conditions for the boundedness of Ap,) Let 1< py, pa,
P3 < oo. Suppose that Ap,(p1, 2, p3) S 1. Then we have

i+i+i§d, i+i<d, iJrigd, £+i+i§2d—1.

b1 P2 P3 p1 P2 P2 Ps3 b1 P2 P3

Also, under this assumption when d =2, it can be shown by Polymake [1, 6]

that (1/p1,1/p2,1/p3) is contained in the convex hull of points: (0,1,0),(1/2,0,1),
(1,0,1/2), (1,0,0), (5/6,1/3,1/2), (1/2,1/3,5/6), (2/3,2/3,0), (0,2/3,2/3), (0,0,0),
(0,0,1).
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Proof Suppose that Ap, (p1, p2, p3) $ 1. Then, for all functions f;,i =1,2,3, on IF‘;,
we have
1

Ap, (oo f2r f3) = AP > St =x)8(x® = 1) fila) fola?) f3(x7)

xl,xz,x3€IFg

S Al 12l 1 f3lps

We test the above inequality with f, = 8, fi = f3 = 1,. It is plain to note that

_ a1 _d 1 _1_d_1
Al allpafsllps = (@ 1Sel) 71 q 72 (g 7[Si) 7 ~ g 752 5s,

and

Ap,(fisfo f3) =%

1 _d_ 1
Therefore, we obtain that g% < g~ 7 775, This implies the first inequality in the
conclusion that - + + + L < 4.
P P2 p3
To obtain the second inequality in the conclusion, we choose f; = &y, f> = 15,, and
f3 = 1pa. Then it is easy to check that
q

_d_1
Allp 2l ol f5llps ~ g 20772,
and
B 1

Ap,(fis f2, f3) 25 > Y S -x)=q"

x2e8; x%]FZ

Comparing these estimates gives the second inequality in the conclusion.

The third inequality in the conclusion can be easily obtained by switching the roles
of f; and f; in the proof of the second one.

To deduce the last inequality in the conclusion, we take f; = f; = §p and f, = 1s,.

Then
_d_1_4d
IAllp ] fllpal fllpy ~ g 2722755,
and
1 —2d+1
Ap,(fi> f2, f3) = ~ .
,(fis £, f3) 79S| q
From these, we have the required result that % + i + % <2d-1. [ ]

By symmetry, it is not hard to note that Ap, (p1, p2, p3) S1 <= Ap,(ps, p2, p1) S L
In the following lemma, we prove that the boundedness question for the P, form A is
closely related to the spherical averaging problem over finite fields.

Lemma 5.2 Suppose that -+ 2=+ - =L A(p1~ ) S 1, and A(ps ~r3) 51 for
some 1< py, P2, P3, 11, 13 < 00. Then we have Ap, (p1, p2, p3) S 1.

Proof Since Ap,(fi, f2, f3) =< f2, Afi- Afs >, we obtain by Holder’s inequality with
the first assumption that

Ap,(fis for f3) < [AAIInlI £ollpl[ASr S [ Allplfallp. 1 f3llpso
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where the averaging assumption was used for the last inequality. Hence,
Ap,(p1, P2, p3) $ 1, as required. -

Now we state and prove our boundedness results of Ap, (p1, p2, p3) on ]F‘;.

Theorem 5.3 Let 1< py, p2, p3 < 0o. Then, for the P, form Ap, on IF‘;, the following
four statements hold:
(1) If0< pssﬁand—+f+pi < d, then Ap,(p1, p2, p3) S L

(ll) IfO_ Pl < — <1and—+—+—<d thenApz(pl,pz,p3)<1

1_P3 P2
(iii) Uosp—ts%sismndpiuiﬁudp < d, then Ap,(p1, p2, p3) S L.
(iv) Ifﬁéﬁ,islandpiwiwig 2d — 1, then Ap,(p1, p2, p3) S L.

Proof We proceed as follows.
(i) By the nesting property of the norm it suffices to prove it in the case when

11 _..d 1 d
< <L L4+ £ = L
S 75 € 7.7 and s + - p ) = d. This equation can be rewritten as d ot
E + W —11 Since 0 £ 17 173 < 74> we see from Lemma 2.5 (i) that letting
- dp1 o~ :d—m,wehaveA(plerl)SlandA(pg—>r3)S1.

Since ril + i + % =1, applying Lemma 5.2 gives the required result.

(ii) As in the proof of the first part of the theorem, it will be enough to
prove A(pl,pz,p3) $1in the case when 0 < i <1l and -+ -+

d+1 = ps pz
% =d. Let — dipl an d —3 -d+1 Then, by Lemma 2.5, it follows that
A(pr— 1) §1 and A(p3 - r3) < 1. Also, notice that rll + i + rlf} =1. Hence,

Theorem 5.3(ii) follows from Lemma 5.2.

(iii) Switching the roles of p;, p2, the proof is exactly the same as that of the second
part of this theorem.

(iv) As before, it suffices to prove the case when %= < —, - <1l and &+ — +

% =2d -1. Put i = pik —d+1 for k=1,3. Then we see from Lemma 2.5(ii)

that A(px — rx) $1 for k =1,3. Notice that 711 + ;le + i = 1. Therefore, using

Lemma 5.2, we finish the proof. [ ]
As a special case of Theorem 5.3, we obtain the following.

Corollary 5.4 For any dimensions d > 2, we have Ap, (4, 441, 441) <,

Proof This clearly follows from Theorem 5.3 by taking p; = p3 = %, and p; =

d+1
a1 |

When d =2, Theorem 5.3 does not cover some points such as (1,0,1/2) from
the convex hull in the necessary conditions by Proposition 5.1. However, it cannot
be concluded that Theorem 5.3 is not sharp because the necessary conditions can
be improved. While we do not know whether Theorem 5.3 is optimal or not, the
result will play a crucial role in proving the following theorem which implies that
Conjecture 1.5 is true for the graph K; and its subgraph P, in all dimensions d > 2
(see Corollary 5.7 below).

Theorem 5.5 Let Ak, and Ap, be the operators associated with K5 and P,, respectively,
on FZ. Then, if Ax,(p1> P2, p3) S 1for 1< py, pa, p3 < oo, we have Ap,(p1, P2, p3) S 1.
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Proof Suppose that Ag, (p1, P2, p3) S1forl< py, pa, ps < co. Then, by Proposition
4.1, the exponents py, p,, p3 satisfy the following three inequalities:

(5.3) —+i+—<d —+—+—<d —+L+—<d.

PP ps  p P2 P3P P2 P

To complete the proof, it remains to show that Ap, (p1, p2, p3) S 1. We will prove this
by considering the four cases depending on the sizes of p; and ps.

Case 1: Suppose that 0< P— P— < d "5 The condition (5.3) clearly implies that

p1 + % + p— < d. Thus, by Theorem 5.3(i), we obtain the required conclusion that

Ap,(p1 p2,p3) S 1.
Case 2: Suppose that 0< - 7 S d‘il < p <1. By Theorem 5.3(ii), to prove that
Ap,(p1, P2, P3) S 1, it will be enough to show that

LJriJri«Jl

dpr  p2  p3
However, this inequality clearly follows from the third inequality in (5.3) since d > 2.

d

Case 3: Suppose that 0 < - P <7< P < 1. By Theorem 5.3(iii), it suffices to show

that =+ p— + W < d. However, this inequality can be easily obtained from the first
1nequa11ty in (5.3).

Case 4: Suppose that ﬁgi Egl' By Theorem 5.3(iv), to show that

Ap,(p1, P2, p3) $ 1, we only need to prove that
4 + 1 + 4 <2d -1
p1 P2 Ps3

However, this inequality can be easily proven as follows:

dld(dll)d—l
+

d-1
—+t—+—=—+—+— <d+ <2d-1,

P P2 Ps P P2 P3 p3 3

where the first inequality follows from the first inequality in (5.3), and the last
inequality follows from a simple fact that 1 < p3 < co. [ ]

Remark 5.6 'The reverse statement of Theorem 5.5 cannot be true. Indeed, we know
by Corollary 5.4 that Ap, (d;’l, gﬂ, d;“l) < 1. However, Ag, (d;’l, Z+}, d;’l) cannot
be bounded, which can be easily shown by considering Proposition 4.1, namely, the

necessary conditions for the boundedness of Ak, (p1, p2, p3)-
We invoke Theorem 5.5 to deduce the following result.

Corollary 5.7  Conjecture 1.5 is true for the graph K and its subgraph P, in T4, d > 2.

Proof It is clear that P, is a subgraph of K; in IF‘;. Sine §(K3) =2, d >2, and
0(P,) =1, we have min{d(K3),d} =2>8(P,) =1. Hence, all assumptions of
Conjecture 1.5 are satisfied for K3 and P,. Then the statement of the corollary follows
immediately from Theorem 5.5. u
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6 Mapping properties for the (C, + t) form

We investigate the mapping properties of the operator associated with the graph C, +
diagonal. Throughout the remaining sections, we assume that ¢ is a nonzero element
in F7. Let f;,1 < i <4, be nonnegative real-valued functions on F Z.

The operator A, is associated with the graph C4 + diagonal ¢ (Figure 1d), and we
define As, (fi, f2, f3, f1) as the quantity

1

W Z S,(xl—xz)S,(xz—x3)St(x3—x4)S,(x4—xl)S,(xl—x3)Hﬁ(xi).

x',xz,x3,x"ng i=1

(6.1)

The operator A, is referred to as the (C4 + t) form on IFZ. Here, notice that we
take the quantity g¢|S;||S¢~2|? as the normalizing factor N(G) in (1.4).
Applying a change of variables by letting x =x',u=x"-x%v=x"-x3,

w = x! — x*, we see that

(62) Ao, (fisfos f3 fu) = qid > AT (fo, fos fa) (%) =< fi, T(for f5 fa) >,

d
erFq

where the operator T( f», f, fa) is defined by

L Z St(v—u)Se(w—v) fa(x —u) f3(x —v) fa(x —w).

|St||8572|2 u,v,weS;

T(f2, f5, fa)(x) ==
(6.3)

We are asked to find 1 < py, p2, p3, psa < oo such that
(6:4) Ao (fos fos S5 fa) S |Ufillpul [ fallpa 1 falps [ fall

holds for all nonnegative real-valued functions f;,1< i <4, on IE‘Z. In other words,
our main problem is to determine all numbers 1< py, pa, p3, pa < 00 such that

As,(p1 pas p3, pa) S 1.

Lemma 6.1 (Necessary conditions for the boundedness of As, (p1, p2, p3> pa)) Let

As, be the (Cy + t) form on IFZ. If Ao, (P1> P2> 3> Pa) S 1, then we have
i+i+i+i§d, £+i+i+i§d, and i+i+i+ig2d—2.
p1 p2 P33 Ppa pr p2 Pz Ppa p1 p2 P33 Ppa

Also, under this assumption when d = 2, it can be shown by Polymake [1, 6] that (1/ps,

1/p2,1/p3,1/pa) is contained in the convex hull of the points (0,0,1,0),(0,1,0,0),

(0,0,0,1),(1/2,0,1/2,1/2),(2/3,2/3,0,0),(1,0,0,0),(2/3,0,2/3,0),(1/2,1/2,1/2,0),

(2/3,0,0,2/3), (0,2/3,2/3,0), (0,0,0,0), (0,0,2/3,2/3).

Proof Taking fi = f, = fa =1s,, and f3 = § in (6.4), we obtain the first conclusion
1 1 d 1

(6.5) —+ —+—+—<d.
pr P2 Pz Pa
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The second conclusion follows by symmetry from the first conclusion. Finally, one
can easily prove the third conclusion, that is, - + <

ot i + % < 2d -2, by testing the
inequality (6.4) with f; = f5 =15, and f, = f4 = &o. [ |

6.1 Boundedness results for A,, on F¢

Given a rhombus with a fixed diagonal (the graph C, + diagonal), we will show that
by removing the vertex x* or the vertex x*,

Ao, (fis 2, 3, ) S | falloo Ay (fis S35 fa) and Ao, (fis f2, f35 f2) S || falloo Ay (fis f25 f3)-

Hence, upper bounds of A, (p1, 0, p3, pa) and A, (p1, p2, p3, 00) can be controlled
by upper bounds of the Ag,(p1,ps, pa) and Ag,(p1, p2, p3), respectively. More
precisely, we have the following relation.

Proposition 6.2 Suppose that Ak, (p,s,r) S1for1< p,s,r < co. Then we have
As,(p,oo,s,7)S1 and  Ag,(p,s,1r,00) S 1.

Proof Since Ak, (p,s,r) S1forl< p,s,r < oo, we see that for all nonnegative func-
tions f,g,h on FZ, Ak, (f>8 1) S|Ifllpllglls||hll-. Thus, to complete the proof, it
will be enough to establish the following estimates: For all nonnegative functions
fi»i=12,3,4,

(6.6) Ao, (fis fos f3, fa) S | falloo Ay (1o S5 fa)

and

(6.7) Ao, (fis fos f3 fa) S fallo Axs (S5 f20 15)-

Since the proofs of both (6.6) and (6.7) are the same, we only provide the proof
of the estimate (6.7). Notice by the definition of As,(fi, f2, f3, f4) in (6.1) that
As,(fi> f2, f3, f1) can be written as the form

1

3 i 1 3 4 4 1 4
PO o (Qﬁ‘“)[w-ﬂ TN EITORED]

x',xz,xse]Fg xteFd

et == =l = =

For each x',x* € FJ with [|x" - x*|| = £, we define M(x',x) as the value in the
above bracket. Then, recalling the definition of Ak, (fi, f2, f3) given in (4.1), we see
that

Ao, (fis f2r 3, fa) < _max, M(x',x*) | Ak, (fis fos f3)-

q
==t

Hence, the estimate (6.7) follows immediately by proving the following claim:
1
(6.8) M:= max Z Si(x® — xS, (x* —xM) S L.

d-2
d
xl xRy |S¢ |x4e]1<‘g

- l=t
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To prove this claim, we first apply a change of variables by letting x = x', y = x! — x°.

Then it follows that
1

M= ]

> Se(x—y—x*)Se(x* - x).

max a
xeFg,yeS |St xteFd

Letting z = x — x*, we have

1
M= m

1
ax —— ~ —— max 1.
xeFd,yes, | S92 2

d—
cesillonylet %7 VS e ilat =t
By Corollary A.4 in the Appendix, we conclude that M < 1, as required. ]
In arbitrary dimensions d > 2, we have the following consequences.

Theorem 6.3 Suppose that 1< a, b < oo satisfy that

(6.9) Lodeg ana i lca
a b a b
Namely, let (1/a,1/b) be contained in the convex hull of points (0,0), (0,1), (d/(d +1),
d/(d +1)),(1,0). Then we have A, (a,00,b,00) $1,As,(a,b,00,00) $1,As,(a, o0,
00,b) $1,A4,(00,00,a,b) $1, Ay, (00,a,b,00) S 1.

Proof From Theorem 4.3, we know that the assumption (6.9) implies that
Ax,(a,b,00) $1, Ak, (a,00,b) $1,and Ag, (00, a, b) < 1. Hence, the statement of the
theorem follows immediately by combining these and Proposition 6.2. [ ]

6.2 Sharp boundedness results up to endpoints for A,, on T

In this subsection, we collect our boundedness results for the operator Ay, in two
dimensions.
Theorem 6.4 Let Ay, be the (Cy + t) form on IE‘Z. Let1< py, pa, p3 < 0o.
(i) Suppose that (p1, p2, p3) # (2,2,2) satisfies the following equations:
2 1 1 1 2 1 1 1 2
—+—+—<2, —+—+—<2, —+—+—<2.
P P2 Ps3 P P2 Ps3 pbv P2 Ps3

Then we have Ao, (p1, 00, p2, p3) S Land Ag, (p1, p2, p3,00) S 1.
(ii) In addition, we have As,(2,00,2,2) $land Ay, (2,2,2,00) § 1, where § is used to
denote that the boundedness of ¢ holds for all indicator test functions.

Proof Notice that Proposition 6.2 still holds after replacing < by . Hence, the
statement of the theorem is directly obtained by combining Proposition 6.2 and
Theorem 4.7(ii). u

Theorem 6.4 guarantees the sharp boundedness for the operator ¢, up to endpoints.
Indeed, we have the following result.

Theorem 6.5 Let ¢; be the (C4+t) form on Fé. The necessary conditions for
Oe(p1> P2- P3- pa) S1 given in Lemma 6.1 are sufficient except for the two points

(P1> P25 P35 Pa) = (2,2,2,00),(2,00,2,2).
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In addition, we have
(6.10) 04(2,00,2,2) 1 and ¢4(2,2,2,00) $1.

Proof The statement (6.10) was already proven in Theorem 6.4(ii). Hence, using the
interpolation theorem and the second part of Lemma 6.1, the matter is reducing to
proving ¢+(p1, P2, P3» pa) S 1for the critical endpoints (1/p1,1/p2,1/p3,1/pa) includ-
ing all the following points: (0,0,0,0),(1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0,1),
(2/3,2/3,0,0), (2/3,0,2/3,0), (2/3,0,0,2/3), (0,2/3,2/3,0), (0,0,2/3,2/3).

In other words, the proof will be complete by proving the following estimates:
©4(00,00,00,00) $1, ¢4(1,00,00,00) $1, ¢4(00,1,00,00) $1, ¢(00,00,1,00) $1,
04(00,00,00,1) 1, 04(3/2,3/2,00,00) $1, ¢4(3/2,00,3/2,00) $1, ¢4(3/2, 00,
00,3/2) S 1, ¢4(00,3/2,3/2,00) S 1, ¢¢(00, 00,3/2,3/2) S 1.

However, by a direct computation, these estimates follow immediately from
Theorem 6.4(i). ]

7 Boundedness problem for the C, form

Let t € F7. Given nonnegative real-valued functions f;,1<i <4, on ]FZ, we define
Ac,(fi> f2, f3» f1) to be the following value:

(71)
! S )88 s - - TR,

qd‘sl|2|s(ti_2| xl,xz,x3,x4€]Fg

where the quantity g¢|S;|?|S¢~2| stands for the normalizing factor N(G) in (1.4) when
G = Cy.
Main problem is to find all exponents 1 < py, pa, p3, pa < oo such that the inequality

(72) Ac,(fis fo f55 fa) SAlp L2l a1 Fsl s fal s

holds for all nonnegative real-valued functions f;,1<i <4, on ]FZ. In other words,
our main problem is to determine all numbers 1< py, ps, p3, pa < 00 such that

Ac,(p1, pas p3, pa) S 1.

Lemma 7.1 (Necessary conditions for the boundedness of Ac, (p1, p2, p3> pa))  Sup-
pose that (7.2) holds, namely Ac, (p1, p2, P3»> pa) S 1. Then we have

1 1 1 d 1 1 d 1 1 d 1 1
—+—+—+—<d+], —+—+—+—<d+], —+—+—+—<d+1,
p1 p2 Pp3  Ppa pr P2 p3  Pa pr p2 p3  Ppa
£+i+i+isd+l, i+i+i+iszd—2, and i+i+i+i£2d—2.
p1 p2 Pp3  Ppa pr P2 p3 Ppa p1 P2 Pp3  pa

In particular, when d =2, it can be shown by Polymake [1, 6] that (1/p1,1/pa,
1/ps,1/ps) is contained in the convex hull of the points (0,0,1,0),(0,0,0,1),
(0,1,0,0), (2/3,0,0,2/3), (2/3,2/3,0,0), (1,0,0,0), (0,0,0,0),(0,2/3,2/3,0),(0, 0,
2/3,2/3).

Remark 7.2 When d = 2,3, the first four inequalities in the conclusion are not
necessary. We only need the last two.
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Proof The six inequalities in the conclusion can be easily deduced by testing the
inequality (7.2) with the following specific functions, respectively: We leave the proofs
to the readers.

1)f1 :f2 =f3 :lst,andf4 = 5(). 2)f1 :fz :f4 :1st,andf3 = 50.
3)f1 :f3 :f4 = ls,,andfz = 60. 4)f2 =f3 :f4 :lst,al’ldfl = 60
5) f2 :f4 = lst, andf1 :f3 = 60. 6)f1 :f3 = lst, andf2 :f4 = 60. ]

7.1 Boundedness results for Ac, on ]F‘qi

In this subsection, we provide some exponents 1< p; < 00,1<i<4, such that
Ac,(p1> P2, P3> p4) S 1in the specific case when one of p; is oo, but it is valid for all
dimensions d > 2. In general, it is very hard to deduce nontrivial boundedness results
for the C, form on ]FZ.

We begin by observing that an upper bound of Ac, (f1, f2 f3, fa) can be controlled
by estimating for both the K, form and the P, form.

Lemma 7.3  For all nonnegative functions f;,i=1,2,3,4, on IF‘;, d > 2, we have

(S%‘L(flfs, £2)+ Ao fos 1)) lfalloos
(L (fa £) + Ao fis ) folleos
(L Uifon f0) + A far ) I folle
(LB 1)+ A for f)) Uil

Proof We only provide the proof of the first inequality,

Ac,(fi for f3, fa) S

73)  Ac,(fi fo 5. f4) S 7 A (fifss fo)llfalleo + Ap, (15 f20 £3)| falloos

IS" ’I

since other inequalities can be easily proven in the same way by replacing the role of
fa with f3, f2, fi, respectively. By definition, the value of Ac, (fi, f2, f3, fa) is equal to

W 1 Z St(xl_xz)st(xz—x3)(gfi(xi))

,x2,x3 e]Fg
3.4 4 4
x| D0 Si(x® —xh)Si(x - x1) fa(x*)
x“e]Fg
For fixed x!, x3 ¢ IF‘; , the sum in the above bracket can be estimated as follows:

Silllfalloo, — if x'=x%,
S 3_ .4 S 4 1 4 S | t_ i
Z t(x X ) t(x x )f4(x ) qd 2||f4||°o’ if ! x5

4cd
xe]Fq

Notice that this estimates are easily obtained by invoking Corollary A.4 in the
Appendix after using a change of variables.
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Let Ac,(fi, far 3> fa) = <>1+<>2, where < denotes the contribution to
Ac,(fis f2» f5» fa) when x'=x*, and <&, does it when x! # x*. Then it follows
that

[1falloo 12 Nyf(e2) o L
018 2181557 > Sl =) (fifs) () folx?) = |S?,2|Az<2(f1f3, S)llfalleos

x‘,xze]Fg

ors Wille v g 5 (2 ) A A AED) S Ar (o for ) il

d 2
q |St| x‘,xz,x3e]Fg:x‘¢x3

Hence, we obtain the required estimate (7.3). [ ]

In Lemma 7.3, we obtained four different kinds of the upper bounds of the
Ac,(fi> f2, f3, f1). Using each of them, we are able to deduce exponents p1, p2, 3, pa
with Ac, (p1, p2» p3» pa) S 1, where at least one of pj, j = 1,2, 3, 4, takes co.

The following result can be proven by applying the first upper bound of
Ac,(fi> f2> f3» f1) in Lemma 7.3 together with Theorems 3.3 and 5.3.

Proposition 7.4  Let 1< py, pa, p3 < oo. For the Cy form Ac, on FZ, d > 2, the follow-
ing statements are true.
(i) If—+—+—<dand—+

(ii) If—+—+—<dandi+

s d then AC4(p1,p2’p3)°°) <1
d
P2 ps T P2
d

g
+p% <d, then Ac,(p1, P2, 0, pa) S 1.
i) If L+ L+ L <dand 4+ L+ L <d, then Ac,(pr, 00, ps, pa) S 1

. d d d
(i) If o + 4=+ - <dand 5~ + -+ 2= < d, then Ac, (00, p3. p3. pa) S 1.

Proof We will only provide the proof of the first part of the theorem since the
proofs of other parts are the same in the sense that the proof of the first part uses
the first upper bound of Lemma 7.3 and the proofs of other parts can also use their
corresponding upper bounds of Lemma 7.3 to complete the proofs.

Let us start proving the first part of the theorem. To complete the proof, we aim to
show that for all nonnegative functions f;,i = 1,2, 3,4, on ]F‘; ,

Ac,(fos fos f35 fa) S Allpallfallpa 1 f3llps | fal loos

whenever the exponents 1 < p;, p, p3 < oo satisfy the following conditions:
1 1
(7.4) —+—+—<d and i+—+i<d.

By the first part of Lemma 7.3, it follows that

Ac,(fis for f5, f4) S (|Sd 7 L(fifs, f2) +A(f1>f2>f3)) [l falloo-

Therefore, under the assumptions (7.4), our problem is reducing to establishing the
following two estimates:

(7.5) A, (fifss 12) S Allp [ ollpal 5l 5o
(7.6) Ap,(fis 2, £3) S Allp I f2llpa 1 F5]ps -
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For1< py, p3 < o0, let1/r =1/p; +1/p;. Then the conditions (7.4) are the same as

1 d d 1

-+—<d and —+— <d.

r P2 r J2)
So these conditions enable us to invoke Theorem 3.3 so that we obtain the estimate
(7.5) as follows:

A, (fifs 12) S AL fallp, < Ailllpallf2llp. L5165

where we used Holder’s inequality in the last inequality.

It remains to prove the estimate (7.6) under the assumptions (7.4). To do this, we
shall use Theorem 5.3, which gives sufficient conditions for Ap, (p1, p2, p3) $ 1. We
directly compare the conditions (7.4) with the assumptions of Theorem 5.3. Then it is
not hard to observe the following statements.

o (Casel) In the case when 0 < 17 E < d+1,

of the first part of Theorem 5.3.

o (Case 2) In the case when 0 < — p < di pi <1, the conditions (7.4) imply the

hypothesis of the second part of Theorem 5.3. To see this, notice thatif d/p; + 1/p, +
d/ps <d,then1/(dp;) +1/p, +d/ps < d.

o (Case 3) In the case when 0 < pl < ﬁ < — P1 <1, the conditions (7.4) imply the
hypothesis of the third part of Theorem 5.3.

« (Case 4) In the case when -4~ < p p < 1, the conditions (7.4) imply the hypothesis
of the fourth part of Theorem 5.3.

the conditions (7.4) imply the hypothesis

Hence, we conclude from Theorem 5.3 that Ap, (p1, p2, p3) $ 1 under the assump-
tions (7.4), as desired. [

Sharp boundedness results for Ac, on F2

Recall that Proposition 7.4 provides sufficient conditions for Ac, (p1, P2, p2- pa) $1
in any dimensions d > 2. In this section, we show that Proposition 7.4 is sharp in two
dimensions. More precisely, using Proposition 7.4, we will prove the following optimal
result.

Theorem 7.5 Let Ac, be the C4 form on IE%. For1< p; < 00,1<i <4, wehave

1 2 1 1 2 1 2
A <1 d onl —+—+—+—<2 d —+—+—+—<2
¢ (P> p2s p3s pa) S1 if and only if o T and o o
Proof The necessary conditions for Ac, (p1, p2, p3> p4) S 1follow immediately from
Lemma 7.1 for d = 2 (see Remark 7.2).
Conversely, suppose that 1< py,p;, ps3, ps < oo satisfy the following two
inequalities:
2 1 2 1 1 2 1 2
(7.7) —+—+—+—<2,and —+—+—+—<2.
p1 P2 P3  Pa p1 P2 P3 P4
Then, as mentioned in Lemma 71, it can be shown by Polymake [I, 6] that
(1/p1,1/p2,1/p3,1/ps) is contained in the convex hull of the points (0,0,1,0),
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(0,0,0,1), (0,1,0,0), (2/3,0,0,2/3), (2/3,2/3,0,0), (1,0,0,0), (0,0,0,0), (0,2/3,
2/3,0), (0,0,2/3,2/3).

By interpolating the above nine critical points, to prove Ac, (p1, p2> P3» pa) S 1for
all p;,1<i <4 satisfying the inequalities in (7.7), it will be enough to prove it for
the nine critical points (1/p1,1/p2,1/p3,1/p4). This can be easily proven by using
Proposition 7.4. For example, for the point (1/p1,1/p2,1/ps,1/ps) = (2/3,0,0,2/3),
a direct computation shows that the assumptions in Proposition 7.4(ii) are satisfied
and thus Ac, (p1, p2, p3, p4) = Ac, (3/2, 00, 00,3/2) $ 1. For other critical points, we
can easily prove them in the same way so that we omit the detail proofs. [ ]

Notice that the graph C, is a subgraph of the graph C, + diagonal, and they
are associated with the operators Ac, and A,,, respectively. Hence, the following
proposition shows that the answer to Question 1.2 is negative when G is the C4 +
diagonal, and G’ is the C,. However, this does not mean that Conjecture 1.5 is not
true since the C4 and the C4 + diagonal do not satisfy the main hypothesis (1.6) of
Conjecture 1.5.

Proposition 7.6 Let A,,, Ac, be the (Cy + t) form and the C4 form on 2, respectively.
Let1< py, pa, p3, pa < oo. Then the following statements hold.

(@) If Ac,(p1> P2, p3> pa) S 1, then Ao, (p1, P2, p3> pa) S 1.

(ii) Moreover, there exist exponents1< a, b, c,d < oo such that Ay,(a,b,c,d) $1 but
Ac,(a,b,c,d) is not bounded.

Proof First, let us prove the statement (ii) in the conclusion. To prove this, we
choose (a,b,c,d) =(3/2,00,3/2,00). From Theorem 6.4(i), we can easily note
that Ao, (3/2, 00,3/2, 00) < 1. However, it is impossible that Ac, (3/2, 0,3/2,00) <1,
which can be shown from Theorem 7.5.

Next, let us prove the first conclusion of the theorem. Suppose that
Ac, (p1> p2> P3> pa) S1for 1< p; < o00,1<i<4. Then, as mentioned in the second
conclusion of Lemma 71, the point (1/p1,1/p2,1/p3,1/ps) lies on the convex
body with the critical endpoints: (0,0,1,0),(0,0,0,1),(0,1,0,0),(2/3,0,0,2/3),
(2/3,2/3,0,0), (1,0,0,0), (0,0,0,0), (0,2/3,2/3,0), (0,0,2/3,2/3).

Invoking the interpolation theorem, to prove the conclusion that
As,(p1> P2, P3> pa) S 1, it will be enough to establish the boundedness only for
those nine critical points (1/p1,1/p2,1/p3,1/ps). More precisely, it remains to
establish the following estimates:

Ay, (00,00,00,00) $1, Ag,(1,00,00,00) $1, Ag,(00,1,00,00) S 1, Ag, (00,00,
L,oo) $1, Ay, (00,00,00,1) 1, Ag,(3/2,3/2,00,00) $1, As,(3/2,00,00,3/2) $1,
Ao, (00,3/2,3/2,00) S 1, Ao, (00, 00,3/2,3/2) S 1.

However, these estimates follow by applying Theorem 6.4(i). [ ]

8 Boundedness problem for the P; form

For t € F} and nonnegative real-valued functions f;,i=1,2,3,4, on IP’Z, we define
Ap,(fi> f2, f3, f1) as the following value:
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1 4 ;

(8.1) —< Z St(xl—xz)St(xz—x3)St(x3—x4)Hﬂ(x’)
q |St| xl,xz,x3,x4e]Fz i=1

This operator Ap, will be named the P; form on IFZ since it is related to the graph Ps

with vertices in F4, d > 2. Note that in the definition of Ap, (fi, f2, f3, f1), we take the

normalizing fact g¢|S;|*, which is corresponding to N(G) in (1.4) when G is the P;.
We want to determine 1 < py, p,, p3, ps < oo such that

(8.2) Ap, (fo> f25 f35 f4) S| Allpll llpal ]l psl fall

holds for all nonnegative real-valued functions f;,i=1,2,3,4, on Fg. In other
words, our main problem is to find all numbers 1< py, ps, p3, ps < 0o such that

Ap,(p1, p2> P53, pa) S L.

Lemma 8.1 (Necessary conditions for Ap, (pl,pz,p3,p4) <1)  Suppose that
Ap,(p1s P2, P3> pa) S 1. Then we have —+i+ <d, LydyLcog 41y

Pz dPS Pz p3 2 Pl 1;2
Lyl +2, Ly L Ly d o +2—+—+—+— 2 —1—+—+—+
P3 pa <d Pl Pz Ps P4 <d P p2 p3 2 d 21 P2 ps3
<2d -1, —+—+ +24 <2
P d and s P > d

In particular, when d = 2, by using Polymake [1, 6], it can be shown that (1/p1,1/p2,
1/p3,1/pa) is contained in the convex hull of the points: (0,1,0,1/2),(0,1,0,0),
(1/2,0,1/2,1), (1/2,0,1,0), (1,1/2,0,0), (1,0,0,0), (1,1/3,1/3,0), (1,0,1/2,0), (1/2,
1/3,5/6,0), (1,0,0,1), (1/2,1/2,1/2,1/2), (1,1/2,0,1/2), (0,5/6,1/3,1/2), (0,0,0,1),
(0,1/2,0,1), (0,2/3,2/3,0), (0,1/3,1/3,1), (0,0,1/2,1), (0,0,1,0), (0,0,0, 0).

Remark 8.2 When d = 2, the third, fourth, and seventh inequalities above are not
necessary. When d = 3, the third and fourth inequalities above are not necessary.

Proof As in the proofs of Propositions 3.1, 4.1, and 5.1, the conclusions of the
statement follow by testing the inequality (8.2) with the following specific functions,
respectively:

1)f1 :f3 :1st,f2 = 8O,andf4 ZIFZ. 2)f1 :1Fg,f2 :f4 :ls,,andf3 = 6().
3)f2 =f3 :f4 :lst,andfl = 80. 4)f1 :f2 :f3 :lst,andf4 = 8().

5)f1 :f3 :1st,andf2 :f4 = 80. 6)f2 :f4 :lst,andf] :f3 = 6().

7 f=fs =1soand fi = o = bo. .

Boundedness results for Ap, on IF‘;

We begin by observing that an upper bound of Ap, (f1, f2, f3, fa) can be controlled by
the value Ap, (f1, f2, f3)-

Proposition 8.3 Let 1<a,b,c<oo. If Ap,(a,b,c)s$1, then Ap/(a,b,c,o0),
Ap,(o0,a,b,¢) 51

Proof For all nonnegative functions f;,i=1,2,3,4, on IP’Z, our task is to prove the
following inequalities:
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Ap, (f1s 2, f3) [[falloo>
&) AR R

We will only prove the first inequality, that is,

(8.4) Ap,(f1> fas 35 f4) S Ap, (1o fo, f3) IIfall-

By symmetry, the second inequality can be easily proven in the same way. By definition
in (8.1), we can write Ap,(f1, f2, f3, f1) as

1

W Z Se(x” —x)S(x —x)(ll—{fi(xz)) |S| Z f4(x )Su( JER ) ‘

xl,xz,x3e]F;;’ x EIF"’

Since the value in the above bracket is Af; (x*), which is clearly dominated by || A f4]]co»
the required estimate (8.4) follows immediately from the definition of Ap, (fi, f2, f3)
in (5.1). [ ]

The following lemma can be deduced from Proposition 8.3 and Theorem 5.3.

Lemma 8.4 Consider the Ps form Ap, on Fg. Suppose that the exponents 1< a, b,
¢ < oo satisfy one of the following conditions:

(i) d

andL+24+1<q
a c
(i) 0<

R
nd — +
da b

(iii) 0 <
: d
(iv) 7%

nd 4+ 14
a
1
Then w aveAp3(a b,c,00) $land Ap,(o0,a,b,c) S 1.

o
A

In
|~

&b—' ININ o=
|~
a

|~
A IA R

BN
+
)

<l,a
<l,a

U

IAN ©lI=a \»—-: =
N

Q Q= =

o=y
IN

d%+ +4<og

c =

Proof Using Theorem 5.3 with p; = a, p, = b, p3 = ¢, itis clear that Ap,(a,b,c) $1
for all exponents a, b, ¢ in our assumption. Hence, the statement follows immediately
from Proposition 8.3. [ ]

Now we prove that the value Ap,(f1, f2, f3, f1) can be expressed in terms of the
averaging operator over spheres. For functions f, g, h on IF;, let us denote

< fog = ||fghl = qid S f(x)g(x)h(x).

d
xe]Fq

Proposition 8.5 Let f;, i = 1,2, 3,4, be nonnegative real-valued functions on IB‘Z. Then
we have

Ap(fis fo f3, fa) =< Af, fo, A(f3- Afa) >=<A(f2- Ah), f5, Afs>

Proof By symmetry, to complete the proof, it suffices to prove the first equality,
that is,

Ap(fi fo f3, fa) =< Af, fo, A(f3-Afa) >
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Combining the definition in (8.1) and the definition of the spherical averaging
operator A, it follows that

APs(ﬁ>f2>f3’f4)_ pr > f(xP)AA(x) |S| > f(D)S(xP - ) Afa(x?)

x2eld x3eFd
1
=— > LEDAAG)A(S - Afa)(x?).
q x2eFd
This gives the required estimate. |

Combining Proposition 8.5 and the averaging estimate over spheres, we are able to
deduce sufficient conditions for the boundedness of the P; form Ap, on F‘; .

Lemma 8.6 Let 1< py, pa, p3, pa < 00 be exponents satisfying one of the following

conditions:

(1)0£i,1714,i d—;‘_dﬂ,andd;l i d;3+d21p4§1'
(11)0£ip—14 %si+d;’4£1,and#+i+;—3 p—{‘gd.
(ii) 0< - b4 o —drl< gy < <land o+ by v L<ad -1
(1V)Osi<ﬁspl—4,i+—4 d+1<land—+p— pi igdz.
(V) 0< 0 ot g < g < g Shand v v ot - <d
(Vi)0<i ﬁgﬁ,p—z+d#p4sl,and% i+%+pi§2d—l.

i) 0L+ L duic bl Lagandd 4y lodogrigo
ii)) <t L Lo ddeiclandd s L d Lo

Then we have Ap, (p1, P2, 3> pa) S 1and Ap,(pa, p3, p2> p1) S 1.

Proof By symmetry, it will be enough to prove the first part of conclusions, that is,
Ap,(p1, P2, P3> Pa) S 1. To complete the proof, we will first find the general conditions
that guarantee this conclusion. Next, we will demonstrate that each of the hypotheses
in the theorem satisfies the general conditions.
To derive the first general condition, we assume that 1 < ry, p,, 7 < oo satisfy that
1 1 1

(8.5) —+ —+-<1
1y J2) r

Then, by Proposition 8.5 and Holder’s inequality,
Ap,(fis o f5: fa) < [[AAI 1 fallp, IACS - Afo) I

where we also used the nesting property of norms associated with the normalizing
counting measure. Assume that1 < p;, s < oo satisfy the following averaging estimates
over spheres:

(8.6) A(pr—>n) sl and A(s—>r)SL
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It follows that Ap,(fi, f2s f35 fa) S| fillp: |l follp |1 f5 - Afslls. Now we assume that
1< p3, t < oo satisfy that

(8.7) -=— +-.

Then, by Hélder’s inequality, we see that

Ap,(fis fos S5, f4) S I Allpu 1 f2llp: L f5 s | ASal -

Finally, if we assume that 1 < p4 < oo satisfies the following averaging estimate
(8.8) A(ps = 1) 51,

then we obtain that Ap, (f1, f2, f5 fa) S | All |l f2llpa | falps | fal -
In summary, we see that Ap,(p1, P2, p3,ps) S1 provided that the numbers

1< p; < 00,i=1,2,3,4, satisfy all the conditions (8.5)-(8.8). Thus, to finish the proof,
we will show that each of the eight hypotheses in the theorem satisfies all these
conditions.

Given 1< py, ps < oo, by Lemma 2.5, we can chose 1 < 7, t < oo such that the first
averaging estimate in (8.6) and the averaging estimate (8.8) hold, respectively. More
precisely, we can select 0 < 1/ry, 1/t <1 as follows:

« If0< i < d l,thenwetakel/rl—1/(dpl)
. IfOSp—l4 d o, then we take 1/t =1/(dpa).
. Ifﬁsisl then we choose 1/r; =d/p; —d +1.
. Ifﬁspi 1, then we choose 1/t =d/py —d + 1.

In the next step, we determine 1 < r < oo by using the condition (8.7) and the second
averaging estimate in (8.6). Since two kinds of ¢ values can be chosen as above, the
condition (8.7) becomes

1 1 1 1 1 d

-=—+— o -=—+—-d+1

s p3 dps s Pp3 P4
Combining these s values with the second averaging estimate in (8.6), the application
of Lemma 2.5 enables us to choose 1/r values as follows:

-IfOS%—p—+—< thenwetake— .

dps, = d+1° dps d2p4
d .1 d
Olfmgg P—+W<lthenwetakef F+F_d+1
1_ 1 1

-IfOS;—E d+1$d1,thenwetake; W+P—4—1+7.

4 1_1,.d_ 1_d d_
o If <= » +P4 d +1<1, then we take | = 2t o d*+1.
Finally, use the condition (8.5) together with previously selected two values for r; and
four values for r. Then we obtain the required remaining conditions. [ ]

Remark 8.7 Notice that Lemma 8.4 is a special case of Lemma 8.6. However, the
proof of Lemma 8.4 is much simpler than that of Lemma 8.6.

We do not know if the consequences from Lemmas 8.4 and 8.6 imply the sharp
boundedness results for the P; form Ap, on IP’Z. However, they play an impor-
tant role in proving the proposition below, which states that the exponents for
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Ap,(p1, P2, P3> pa) S 1 are less restricted than those for As, (p1, P2, p3» pa) $ 1. The
precise statement is as follows.

Theorem 8.8 Let Ay, and Ap, be the operators acting on the functions on ]Ffl. If
Ao,(Pl:Pz:p3)P4) S lforl < pl)pZ)p3)p4 < oo, then AP3 (Pl)plap3)p4) S L

Proof Assume that A, (p1,p2, p3.ps) S1 for 1< py, pa2, p3, pa < 00, Then, by
Lemma 6.1, the point (1/p1,1/p2,1/p3,1/p4) is contained in the convex hull of the
following points: (0,0,1,0), (0,1,0,0), (0,0,0,1), (1/2,0,1/2,1/2), (2/3,2/3,0,0),
(1,0,0,0), (2/3,0,2/3,0), (1/2,1/2,1/2,0), (2/3,0,0,2/3),(0,2/3,2/3,0),(0,0,0,0),
(0,0,2/3,2/3).

To complete the proof, by the interpolation theorem, it suffices to show that for
each of the above critical points (1/p1,1/p2,1/p3,1/ps), we have

Ap,(p1, P2, P3> pa) S L.

To prove this, we will use Lemma 8.6 and Lemma 8.4. By Lemma 8.6 with the
hypothesis (i), one can notice that Ap, (3/2, 00, 00,3/2) $1, which is corresponding
to the point (1/p1,1/p2,1/p3,1/pa) = (2/3,0,0,2/3). Similarly, Lemma 8.6 with the
hypothesis (ii) can be used for the point (1/2,0,1/2,1/2), namely, Ap,(2, 00,2,2) S 1.

For any other points, we can invoke Lemma 8.4. More precisely, we can apply
Lemma 8.4 with the hypothesis (i) for the points (0,1,0,0),(2/3,2/3,0,0), (2/3,
0,2/3,0), (1/2,1/2,1/2,0), (0,2/3,2/3,0), (0,0,0,0), (0,0,2/3,2/3). The points
(0,0,1,0),(0,0,0,1) can be obtained by Lemma 8.4 with the hypothesis (ii). Finally,
for the point (1,0, 0,0), we can prove that Ap, (1, 00, 00, 00) < 1by using Lemma 8.4
with the hypothesis (iii). This completes the proof. ]

Remark 8.9 'The reverse statement of Theorem 8.8 is not true in general. As a
counterexample, we can take p; = 3/2, p» =3, p3 = 3/2, ps = co. Indeed, the assump-
tion (i) of Lemma 8.4 with d =2 implies that Ap,(3/2,3,3/2,0) < 1. However,
Ay, (3/2,3,3/2, 00) cannot be bounded, which follows from Lemma 6.1.

We obtain the following consequence of Theorem 8.8.

Corollary 8.10 Conjecture 1.5 is valid for the graph C4 + diagonal and its subgraph Ps
inF2.
q

Proof It is obvious that the P; is a subgraph of C4 + diagonal in Ffl. Ford=2,itis
plain to notice that min{8(Cy4 + diagonal),d} = 2> §(Ps) = 1. Thus, the graph C,
+ diagonal and its subgraph P; satisfy all assumptions of Conjecture 1.5. Then the
statement of the corollary follows immediately from Theorem 8.8 since the operators
¢ and Ap, are related to the C, + diagonal and its subgraph Ps, respectively. ]

The following theorem provides a concrete example for a positive answer to
Question 1.2 since the operators <> and A p, are related to the graph C, and its subgraph
P, respectively. Furthermore, the graphs also satisfy Conjecture 1.5 (see Corollary 8.13
below).

Theorem 8.11 Let Ac, and Ap, be the operators acting on the functions on ]Fé. If
Ac,(P1> P2, 3> Pa) SL1< pu, pa, p3, pa < 00, then Ap,(p1, p2, p3,» pa) S 1.
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Proof By Proposition 7.6(i), if Ac, (p1, P2, p3> p+) S 1, then Aq, (p1, p2, p3> pa) S 1.
By Theorem 8.8, if Aq,(p1, P2, P3>Pa) $ 1, then Ap,(p1, p2, p3> pa) $ 1. Hence, the
statement follows. ]

Remark 8.12 The reverse statement of Theorem 8.11 cannot hold. Asin Remark 8.9, if
we can take p; = 3/2, p2 = 3, p3 = 3/2, ps = 0o, then Ap,(3/2,3,3/2, 00) < 1. However,
Ac,(3/2,3,3/2, 00) cannot be bounded, which follows from Theorem 7.5.

Corollary 8.13 Conjecture 1.5 holds true for the graph C4 and its subgraph P on Ffl.

Proof The main hypothesis (1.6) of Conjecture 1.5 is satisfied for the graph C, and
its subgraph P; on IF‘Z] :

min{8(Cy),2} =2>1=8(P3).

Since the operators A, and Ap, are associated with the graph C4 and its subgraph P;,
respectively, the statement of the corollary follows from Theorem 8.11. [ ]

9 Operators associated with the graph K; + tail (a kite)

Given t € I} and functions f;,i=1,2,3,4, on IF‘;, we define Aq(fi, f2, f3, fa) as the
following value:

! R L N | I

qd|st|2|sf72| xl,xz,x3,x4€F‘;

Note that this operator Ay is related to the graph K; + tail (Figure 1g), and so the
normalizing factor N(G) in (1.4) can be taken as the quantity g%|S,|?[S?2|.

Here, our main problem is to determine all exponents 1 < py, p2, p3, pa < oo such
that

(9.1) As(fis oo f3 fa) S Al 2l o2 5] s | fall pa

holds for all nonnegative real-valued functions f;,i=1,2,3,4, on ]FZ . In other
words, we are asked to determine all numbers 1< py, pa, p3, pa < 0o such that

Aﬂ(Pl:P2;P3aP4) S 1.

Recall that when d = 2, we assume that 3 € I, is a square number.

Lemma 9.1 (Necessary conditions for the boundedness of Aq(p1, p2, p3. pa))  Sup-
pose that (9.1) holds, namely Ag(p1, p2, p3» pa) $ 1. Then we have

1 1 d 1 1 d 1 d 1 1
—+—+—+—<d, —+—+—<d, —+—+—<d,
Pr P2 P3 Pa pr P2 Ps P p2 P3
i+i+i+igzd—1, and i+i+i+igzd—1.
P P2 P3 Pa pr P2 P3P

In particular, if d = 2, then it can be shown by Polymake [1, 6] that (1/p1,1/pa,
1/ps,1/ps) is contained in the convex hull of the points: (0,0,1,0),(0,1,0,0),
(0,1,0,1/2), (2/3,0,2/3,0), (1/2,1/2,1/2,0), (5/6,0,1/3,1/2), (1,0,0,0), (1/3,0,
1/3,1), (5/8,5/8,1/8,1/2), (1/2,0,0,1), (1/4,1/4,1/4,1), (1/3,1/3,0,1),(1,0,0,1/2),
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(2/3,2/3,0,1/2), (2/3,2/3,0,0), (0,1/2,0,1), (0,1/3,1/3,1), (0,0,0,1), (0,5/6,
1/3,1/2),(0,0,1/2,1),(0,0,0,0), (0,2/3,2/3,0).

Proof To deduce the first inequality, we test (9.1) with f; = f, = f4 = 15, and f5 = .
To obtain the second one, we test (9.1) with f; = f5 =15,, f = 09, and f4 = Iya. To
get the third one, we test (9.1) with f; = 8¢, o = f5 =1s,, and f4 = Iga. To prove the
fourth one, we test (9.1) with f; = f3 = 15, and f, = f4 = 0. Finally, to obtain the fifth
inequality, we test (9.1) with fi = f, = o and f, = f3 = I,. |

9.1 Sufficient conditions for the boundedness of A4 on IE‘Z

When one of exponents pj, pa, ps is oo, the boundedness problem of Ag4(p1, p2,
P3» p4) can be reduced to that for the K; form A, or the P, form Ap,.

Proposition 9.2 Let1<a,b,c < oo.

(i) If Ak, (a,b,c) $1, then Aq(a, b, c,0) S 1.

(i) If Ap,(a,b,c) $1, then Ag(o0,a,b,c) Sland Ag(a, 00,b,¢) S 1.

Proof For all nonnegative functions f;,i=1,2,3,4, on ]FZ. we aim to prove the
following inequalities:

A, (fis f2, £3) | full o
(9.2) As(fis fos 3o fa) S 4 hlleo Ap,(f25 f35 fa)s
If2lls A, (f15 f35 f2)-

By the definition, Aq(f1, f2, f3, fa) can be expressed as

1 3 ;
—ed > Si(xt = x2S (P - %) S (x - 1) (Hf,(x ))
q |St||St |x1,x2,x3e]FZ i=1

1
x (|S Z Si(x? —x4)f4(x4)).
t| x4e]Fg

The sum in the above bracket is clearly dominated by || ]| for all x* € IFZ. Hence,
recalling the definition of Ak, (f1, f2, f3) in (4.1), we get the first inequality in (9.2):

As(fis fos f35 fa) < Ak, (fis for 13)|| fall oo -

Now we prove the second and third inequalities in (9.2). We will only provide the
proof of the second inequality, that is,

(9.3) As(fis for 5o fo) < Ifilloo Ap, (f20 f35 fa)-

The third inequality can be similarly proved by switching the roles of variables x, x2.
We write Aq(fi> f2, f3, fa) as follows:

1 = i
asr D stesee a0 ([1A6)
q ‘ t| x2,x3, x4eFd i=2

1

X ﬁ Z St(xl_xz)st(x3_x1)ﬁ(x1) °

|St |xle]Fg
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Recall the definition of Ap, (f2, f3, f1) in (5.1). Then, to prove the inequality (9.3), it
will be enough to show that for all x%, x> € ]FZ with ||x* — x®|| = t # 0, the value in the
above bracket is < || fi]|oo- Now, by a simple change of variables, the value in the above
bracket is the same as

1

5 I S0 =) A ),

xleS;
This is clearly dominated by
1
2, S = %) = x| il

|S‘t1_2| x1eS;

Since ||x* — x2|| = t # 0, applying Corollary A.4 in the Appendix gives us the desirable
estimate. u

We address sufficient conditions for the boundedness of A4 on Fg.
The following result can be obtained from Proposition 9.2(i).

Lemma 9.3 Let Ag be defined on the functions onF%,d > 2. Suppose that1 < a, b < oo
satisfies the following equations:

1 d d 1

—+-<d and —+—-<d.

a b a b
Then we have Aq(a, b, 00,00) $1, Ag(a,00,b,00) $1, Ag(o0,a,b,00) S 1.
Proof The statement follows immediately by combining Proposition 9.2(i) with
Theorem 4.3. u

Proposition 9.2(ii) can be used to deduce the following result.

Lemma 9.4 Let Ay be defined on the functions on 7%, d > 2. Suppose that1< a, b, ¢ <
oo satisfies one of the following conditions:

1 1 d
(1)0<E,;§dd+ and * +Z':' <d
1
()OSES?§;S1 i’ldd Sd
1 1 1 1
(111)Oﬁzﬁmﬁggl,andg+b+73d
(iv)ﬁsé,%s land ¢ +b+7<2d 1.

Then we have Aq(o0,a,b,c) $1 and Ag(a,00,b,c) S 1.

Proof From our assumptions on the numbers g, b, ¢, Theorem 5.3 implies that
Ap,(a,b,c) 5 1. Hence, the statement follows by applying Proposition 9.2(ii). ]

9.2 Boundedness of A, in two dimensions

Lemmas 9.3 and 9.4 provide nontrivial results available in higher dimensions. In this
section, we will show that further improvements can be made in two dimensions.
Before we state and prove the improvements, we collect the results in two dimensions,
which can be direct consequences of Lemmas 9.3 and 9.4.

To deduce the following result, we will apply Lemma 9.3 with d = 2.
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Corollary 9.5 Let Agq be defined on functions on Fé. Then we have
Ag(p1, P2, p3> pa) S 1 provided that (py, p2, ps, pa) is one of the following points:
(oo,oo,oo,oo),(l, oo,oo,oo),(oo,l,oo,oo),(oo,oo,l,oo), (3/2,3/2,00,00),(3/2,00,
3/2,00),(00,3/2,3/2,00).

Proof Using the first conclusion of Lemma 9.3 with d =2, we see that A4(p;,
P2, P3»> Pa) $ 1 whenever (py, pa, p3, pa) takes the following points: (oo, 00, 00, 00),
(1, 00, 00, 00), (00,1, 00, 00), (3/2, 3/2,00,00).

Next, the second conclusion of Lemma 9.3 with d =2 implies that As(p1, pa2,
P3» pa) S 1for the points (pi1, pa, p3» pa) = (00, 00,1,00), (3/2, 00,3/2, 00). Finally, it
follows from the third conclusion of Lemma 9.3 with d = 2 that Aq(p1, P2, p3, pa) $1
for (p1, 2, p3»> pa) = (00,3/2,3/2, 00). Hence, the proof is complete. n

The following theorem will be proven by applying Lemma 9.4 with d = 2.

Corollary 9.6 Let Ay be defined on the functions on ]Fé. Suppose that (p1, p2,
P3» pa) is one of the following points: (00, 00, 00,1),(2,0,2,2),(3/2, 00, 00,3/2),
(00, 00,3/2,3/2). Then we have Aa(p1, P2, P3> pa) S 1.

Proof We get that Ag(oo, 00,00,1) $1 by using the assumption (ii) and the first
conclusion of Lemma 9.4. Invoking the assumption (i) and the second conclusion of
Lemma 9.4, one can directly note that Aq(2,00,2,2) $1and Aq(3/2, 00,00,3/2) S 1.
Finally, to prove that A4(o0, 00,3/2,3/2) <1, one can use the assumption (i) and the
first conclusion of Lemma 9.4. ]

We now introduce the connection between Ag(fi, f2, f3, fa) and the bilinear
averaging operator.

Proposition 9.7 Let B be the bilinear operator defined as in (4.3). Then, for any
nonnegative real-valued functions f;,i =1,2,3,4, on Fé, we have

As(fos for f3 fa) = [IB(fis f2) - f5 - Afallvs
where A denotes the averaging operator over the circle in ]Fé.

Proof Intwo dimensions, A4(fi, f2, f3, fa) can be rewritten as the following form:

IS S5t )86 <286 <58 - 5 TLA()

x‘,xz,x3,x4E]F2q

By the change of variables by putting y' =x>—x!, y*=x>-x%, y?=x3, y*=x> — x4,

the value As(f1, f2, f3, fa) becomes

1

PIS:P > S-S O ONSONAG - ARG -y A LG - Y.

yhy2yd.ytery

This can be expressed as follows:

pe LSRG )(|s| > fa(y -y ))(| Sl > fl(ys—yl)fz(f—yz))'

y3elFy yheSs yLyeSelyr-yt=t
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Recalling the definitions of the averaging operator in (2.1) and the bilinear averaging
operator in (4.3), it follows that

Aa(fofor for ) qi S HONARGYB ) ().

y3eF?
By the definition of the normalized norm || ||;, the statement follows. ]

For 1< pi, P2, P3, Pa < oo, recall that the notation Ag(p1, p2, ps, pa) S 1is used if
the following estimate holds for all subsets E, F, G, H of F>:

Ag(E, F, G, H) S[[E||p[Ell,. |1Gllps [ H[p.»

and this estimate is referred to as the restricted strong-type A4(p1, p2, ps, pa)
estimate.

The following theorem is our main result in two dimensions, which gives a new
restricted strong-type estimate for the boundedness on the operator Ag.

Theorem 9.8 Let Ag be defined on functions on ]Fé. Let 1< p3, py < oo. Then the
following statements are valid for all subsets E, F of qu and all nonnegative functions

f3, faon Ffi.

(i) If2<p3 <00, 3/2<py < m,andi+ﬁ < 1, then we have

As(E,F, f, fa) S ||EILFIL211f31ps [ fall -

(ii) If2 < p3 <00, 4/3 < py <3/2, and i + ;—4 < 2, then we have

AS(E,F, fa fa) S ||ElL[IElall fllps 1 fall -

Proof Let E, F be subsets of F; and f, ¢ be nonnegative real-valued functions on .
By Proposition 9.7 and Holder’s inequality, it follows that for 2 < p; < oo,

A(E,F, f3, f1) < HB(E,F)||z||f3||p3||Af4||%'

Here, we also notice that 2 < % < o0. Since ||B(E, F)||2 $ ||E||2]|F||. by Lemma 4.6,
we see that

As(E,F, £ f) < |EllEll2llfllpsllAfal] 2 -

Hence, to complete the proof, it suffices to show that for all exponents p3, p4 satisfying
the assumptions of the theorem, we have

2ps

To prove this, we first recall from Theorem 2.3 with d =2 that A(p — r) $1 for
any numbers 1< p,r < oo such that (1/p,1/r) lies on the convex hull of points
(0,0),(0,1), (1,1), and (3, 1). Also, invoke Lemma 2.5 to find the equations indi-
cating the endpoint estimates for A(p — r) < 1. Using those averaging estimates with
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p=par= pzsp_-”z, the inequality (9.4) can be obtained by a direct computation, where
we also use the fact that2 < r = % < oo. ]

The following corollary is a direct consequence of Theorem 9.8.
Corollary 9.9  Let A4 be defined on functions on Ffl. Then we have Aq(2,2,2,00) S 1.
Proof The statement follows by a direct application of Theorem 9.8(i). ]

The lemma below shows that the exponents for A, (p1, p2, p3, p4) S 1 are more
restricted than those for Ag(p1, p2, p3» pa) $ 1 up to the endpoints. This also provides
a positive answer to Question 1.2 since the graph Kj + tail is a subgraph of the graph
C, + diagonal.

Lemma 9.10 Let A, and Aq be the operators acting on the functions on Ffl. Sup-

pose that Ao, (p1, P2> P3- Pa) S1 for 1< py, pa, p3, pa < 00. Then we have As(p1, pa2s
D3, pa) S 1except for the point (2,2,2, 00). In addition, we have A4(2,2,2,00) S 1.

Proof Assume that A, (p1, p2, p3>pa) $1 for 1< py, pa, p3, psa < co. Then, by
Lemma 6.1, the point (1/p1,1/p2,1/p3,1/p4) is contained in the convex hull of the
following points: (0,0,1,0), (0,1,0,0), (0,0,0,1), (1/2,0,1/2,1/2), (2/3,2/3,0,0),
(1,0,0,0), (2/3,0,2/3,0),(1/2,1/2,1/2,0),(2/3,0,0,2/3),(0,2/3,2/3,0),(0,0,0,0),
(0,0,2/3,2/3).

By Corollaries 9.5 and 9.6, the strong-type estimate A4(p1, P2, p3, p4) $1 holds
for all the above points (1/p1,1/p2,1/p3,1/ps) except for (1/2,1/2,1/2,0). Moreover,
we know from Corollary 9.9 that A4(2,2,2,00) § 1. Hence, the statement follows by
interpolating those points. u

Remark 9.11 The reverse statement of Lemma 9.10 is not true. To see this, observe
from Theorem 9.8(ii) that A4(2,2,6,3/2) $ 1. In addition, by Lemma 6.1, notice that
As,(2,2,6,3/2) cannot be bounded.

Corollary 9.12  Conjecture 1.5 holds up to endpoints for the graph C4 + diagonal and
its subgraph Ks + tail in qu.

Proof The operators A,, and Ay are associated with the C, + diagonal and its
subgraph K3 + tail in IF;, respectively. Hence, invoking Lemma 9.10, the proof is
reduced to showing that the C4 + diagonal and its subgraph K3 + tail satisfy the main
hypothesis (1.6) of Conjecture 1.5. However, it is clear that

min{J(C, + diagonal),2} =2 > 1= §(K; + tail).
Thus, the proof is complete. [ ]

The following result shows that there exists an inclusive relation between bound-
edness exponents for the operators corresponding to the graphs C4 and K3 + tail,
although they are not subgraphs of each other.

Lemma 9.13 Let Ac, and Ag be defined on functions on Ff] and let 1< py, p2, P3>
P4 < oo. 7713" l:fAC4 (PlaPZaPS)]M) S l) we have As(Pl:FZaP3)P4) S L.

https://doi.org/10.4153/50008414X2300086X Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X2300086X

7 P_; . . d
Multi-linear forms, graphs, and LP-improving measures in g 39

Proof First, by Theorem 7.5, note that Ac,(2,2,2,00) cannot be bounded. Now
suppose that Ac,(p1, p2, p3> pa) $1. Then (p1, pa, p3, pa) # (2,2,2,00). Using
Proposition 7.6, we get As,(p1, P2 pP3>ps) S1. Then the statement follows
immediately from Lemma 9.10. u

By combining Remark 9.11 and Proposition 7.6, it is clear that the reverse of
Lemma 9.13 does not hold. Notice that Lemma 9.13 provides an example to satisfy
Conjecture 1.5 without the hypothesis that G’ is a subgraph of the graph G.

10 Boundedness problems for the Y-shaped graph

In this section, we study the boundedness of the operator for the Y-shaped graph in
Figure 1h. For t € F, the Y-shaped form Ay is defined by

(10.1)

Ay(fir o for f1) = m S Se(a® = xS - 1) Se(x® - x*) Ilfi(x"),

x‘,xz,x3,x4e]FZ

where functions f;, i = 1,2, 3, 4, are defined on IFZ. Note that this operator Ay is related
to the Y-shaped graph, and so the normalizing factor N(G) in (1.4) can be taken as
d|g |3
q°[S[.
We aim to find all numbers 1 < py, p,, p3, pa < oo such that Ay(p1, p2, p3, pa) S 1.
Lemma 10.1 (Necessary conditions for the boundedness of Ay(pi, p2, p3,ps))

Let 1< p; < o00,1<i<4. Suppose that Ay(p1, 2> p3,pa) S1. Then all the follow-
ing inequalities are satisfied: L + L+ 4 4 L cg 4 d 1, % <3d-2, % +

b1 P2 P3 Pa p1 P2 p3
d 1 d 1 d d 1 d d 1 d 1
=+ =< -1, =+ =+ =K< -1, =+ —+ =< -1, =+ =< = 4+ =<
P2+P3_2d 1’P1+P3+P4_2d 1’P2+P3+P4_2d l’P1+P3_d’P2+P3_
1 d
— + =<
d’P3+P4_d'

In particular, if d = 2, then it can be shown by Polymake [1, 6] that (1/p1,1/p2,
1/p3,1/ps) is contained in the convex hull of the points: (0,0,1,0),(1,0,0,1/2),
(1,0,1/2,0), (1/2,1,0,1/2), (1,1/2,0,1/2), (1/2,1/2,0,1), (1,0,1/3,1/3),(1/2,5/6,
1/3,0), (1,1/2,0,0), (1/2,0,1/3,5/6), (1/2,1,0,0), (1,1/3,1/3,0), (1/2,0,0,1), (1,0,
0,0), (0,0,0,0), (0,0,0,1), (0,1,0,0), (0,0,2/3,2/3), (0,5/6,1/3,1/2), (0,1,0,1/2),
(0,1/2,1/3,5/6), (0,1/2,0,1), (0,2/3,2/3,0).

Proof By adirect computation, the conclusions of the lemma easily follow by testing
the inequality

Ay (fus fo f3 fa) < Ay (prs p2s p3s PO fill 12l oo || 3l ps | fall s

with the following specific functions, respectively:

D fi=fa=fa=1s, f3 = 0o. 2) ii=fa=fa=00, f3=1s,.
3)h=fa=00.f3=1s,fa= La 4) fi=fr=960. 1 =1[Fg,f3 =1g,.

5) =1[Fg,f2 = fa =00, f3 = 1s,. 6) =00, f2=fa :l]F';’f3 =1s,.
7)ﬁ=f4:115‘5>f2:50>f3:15t- 8)ﬁ:f2:1u~‘g,f3=1st,f4=5o- n
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10.1 Sufficient conditions for the boundedness of Ay on ]F‘qi

It is not hard to observe that the boundedness problem for the Y-shaped form can

be reduced to the spherical averaging estimate. Indeed, the value Ay (fi, f2, f3, fa) in
(10.1) can be written by

AY(fl’f2>f3’f4):qid > f(x) H |S| > S —x") fi(xh)

x3e]F";’ i=1,2,4 xi e]Fd

Invoking the definition of the averaging operator A = Ag, in (2.2), we get

Ay(fo for f3: fa) = qd > L)AL AL Afa(x*) = ||Af - Afa - f3 - Afall.
x3eFd
By Hélder’s inequality and the nesting property of the norm || - [[,, we get
. 1 1 1 1
102) Av(fio for foo fo) < ARl lIALal eI llpsl|ASallry E e 22 = <

p3 14
Proposition 10.2  Let1< pl,pz,pg,p4, 15 rz, T4 < oo be extended real numbers which
satisfy the following assumptions: -+ —2 + E +—<land A(p; - r;) S1foralli=
1,2,4. Then we have
Ay(p1 p2, p3s pa) S 1.

Proof By combining the inequality (10.2) with our assumptions on the averaging
estimates, it follows that for all functions f;,i =1,2,3,4, on IF‘;,

Ay (fs fos f5 f4) S Lillp | Fallpal [ F311ps [ fallpa -
This completes the proof. [

The following result provides lots of sufficient conditions for the boundedness of
the Y-shaped form.

Proposition 10.3 Let 1< py, pa, p3, pa < 00, and let Ay be the Y-shaped form on ]FZ.
Then Ay (p1, P2, P3> pa) S 1 provided that one of the following conditions is satisfied:
o<t L Lcd gy d—+—+i+—<d

p1’ p2’ pa T d+l P2 p3 Pa

(ii) Oéi,p—lzgﬁéaandd—m+d—m+i+%<d

(iii) 0<i,igﬁgplz<land—+£+g+d—m<d
(iv) Oéi,i£ﬁ£i<land—+d—h+P—+d—m<d.
v) Osisﬁsi’?{.q“”d*“L;z+E+B<2d_1
(vi) Ogiﬁﬁéi,ﬁ<land—+d—m+7+?<2d—1
(vii) Osp—isﬁgi,i<1and—l+%+g+ﬁ<2d—l
(vill) 737 < oo e Sland Lo o v L<3d -2,

Proof The proof uses Proposition 10.2 and the sharp averaging estimates in
Lemma 2.5. The proof of this theorem is similar to that of Theorem 5.3. Therefore,
we leave the detail of the proof to readers. [ ]

Conjecture 1.5 is also supported by the following theorem.
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Theorem 10.4 Let A, and Ay be the operators acting on the functions on F;. If
Aot(Plapz,PSa]M) S 1 with1 < PI)P27P3)P4 < oo, then AY(PlaPZaPS)]M) S L

Proof Assume that As,(p1, p2, p3> pa) $1. Then, by Lemma 6.1, (1/p1,1/p2,
1/ps,1/ps) is contained in the convex hull of the points (0,0,1,0),(0,1,0,0),
(0,0,0,1), (1/2,0,1/2,1/2), (2/3,2/3,0,0), (1,0,0,0), (2/3,0,2/3,0), (1/2,1/2,
1/2,0), (2/3,0,0,2/3), (0,2/3,2/3,0), (0,0,0,0), (0,0,2/3,2/3). By interpolating
those critical points, it suffices to check that each critical point above satisfies
one of the eight hypotheses of Proposition 10.3 with d = 2. However, this can
be easily shown by a direct computation. For example, for the critical point
(1/p1,1/p2,1/p3,1/ps) = (1/2,1/2,1/2,0), we can invoke the hypothesis (i) of
Proposition 10.3 with d = 2 and obtain that Ay(2,2,2, c0) $ 1. In the same way;, it can
be easily proven for other critical points. [ ]

Remark 10.5 The reverse statement of Theorem 10.4 is not true. To find a coun-
terexample, we can take p; = p3 =00, pp = ps = 3/2. Indeed, by the hypothesis
(5) of Proposition 10.3 with d =2, we see that Ay(o0,3/2,00,3/2) < 1. However,
A4, (00,3/2,00,3/2) is not bounded, which follows from Lemma 6.1 with d = 2.

The following corollary proposes some possibility that the assumption of the
subgraph in Conjecture 1.5 can be dropped.

Corollary 10.6 Let Ac, and Ay be the operators acting on the functions on Fé. If
Ac,(p1> P2, P3> Pa) S Lwith 1< py, pa, p3, pa < 00, then Ay (p1, p2, p3, pa) S 1.

Proof The statement of the corollary follows immediately by combining Proposition
7.6 and Theorem 10.4. u

Combining all the results obtained so far, we get the following theorem:

Theorem 10.7 When d =2 and n = 3,4, Conjecture 1.5 is true, where we accept
boundedness results up to endpoints in the case when G is the C4 + diagonal and its
subgraph G’ is the K3 + tail.

Proof By Corollary5.7 for n = 3, and by Corollaries 8.10, 8.13,9.12,and 10.6 for n = 4,
we have proven that for d = 2and n = 3, 4, there is the required inclusive boundedness
relationship between any two operators corresponding to arbitrary connected ordered
graph G and its subgraph G’ except for the following three cases:
(I) G = Cq4 + diagonal and G’ = Cy.
() K3 + tail and G’ = Y-shape.

(III) G = K3 + tailand G’ = P;.

However, since 8(G) = 6(G") for each case of (I), (II), and (III), they do not satisfy
the main hypothesis (1.6) of Conjecture 1.5. Hence, they cannot be counterexamples
contradicting Conjecture 1.5 and so there is no counterexample against Conjecture 1.5,
as required. [ ]
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A Appendix

In this appendix, we introduce the number of intersection points of two spheres in ]FZ.
Let # denote the quadratic character of F*, namely, #(s) =1 for a square number s in
7, and 5(s) = —1 otherwise.

Definition A.1 Given a nonzero vector m in F%, and t, b € F, we define N(m, t,b)

to be the number of common solutions x € ]F‘qi of the following equations: ||x|| = ¢, m -
x=b.

Notice that the value of N(m, ¢, b) is the number of all intersection points between
the sphere S; and the plane {x € IE‘Z :m - x = b}. The explicit value of it is well known
as follows.

Lemma A.2 Let b,t €T, and let m be a nonzero element in F4,d > 2. Then the
following statements hold:

(i) If||m]|| # 0 and b* — t||m|| = 0, then

N(m, t,b) 97, if d is even,
m,L,b)= 2, 2 4 o
7t +q" (q—l)ﬂ((—l) 2 ||m\|), if dis odd.

(ii) If||m|| # 0 and b* — t||m|| + 0, then

Nom gy | 1T (D@ D). i diseven
4= ()7 ml]), if d is odd.

(iii) If||m|| = 0 = b* — t||m||, then

qd—2+v(t)q%,]((_1)§)), if d is even,
¢~ gy ((—1)%t), if d is odd,

where v(t) = -1ift € F; and v(0) =g -1.
(iv) If||m|| = 0 and b* - t||m|| # 0, then N(m, t,b) = q472.

N(m,t,b) :{

Proof See Exercises 6.31-6.34 in [14], or one can prove it by using the discrete Fourier
analysis with the explicit value of the Gauss sum. u

By a direct application of Lemma A.2, one can find the explicit number of the
intersections of two spheres over finite fields. Precisely, we have the following result.

Theorem A.3  Given a nonzero vector m € IFZ andt,jelFy, let

O(m,t,j) = {x €S |lx —m| = j}.

Ifm e Sy, then |®@(m, t, j)| = N(m, ‘ t+§—j).
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Proof Since ||x —m|| =t+{—2m-x for x € S;,m € Sy, it is clear that ®(m, ¢, j) is
the number of common solutions x of the following equations:

t+l—j
Ixl|=t mox=—"""7
2
Hence, by the definition of N, we obtain the required conclusion. ]

Corollary A4 Let t € F; and { € Fy. Then, for every nonzero vector m € Sy, we have
1~ gi2

xeSy:||x—ml|=t

excepting for the following three cases:

Dd=2,0#0,n(tl-0*/4)=-1. 2)d=2,=0,5(-1) =1
3)d=3,=0,n(-t) =1

For each of those three cases, the value in the above sum takes zero. On the other hand,
ifd=2,0%0,and n(tl — (*/4) = 1, the value in the above sum is exactly two.

Proof It follows from Theorem A.3 that for any ||m]|| = ¢,

I:N(m,t,g),
2

and so the corollary is a direct consequence of Lemma A.2(i)-(iii). [ |

xeSy:||x—ml||=t
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