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ON THE DEDUCTION OF
THE CLASS FIELD THEORY FROM
THE GENERAL RECIPROCITY
OF POWER RESIDUES

TOMIO KUBOTA AnD SATOMI OKA

Abstract. We denote by (A) Artin’s reciprocity law for a general abelian ex-
tension of a finite degree over an algebraic number field of a finite degree, and
denote two special cases of (A) as follows: by (AC) the assertion (A) where K/F
is a cyclotomic extension; by (AK) the assertion (A) where K/F is a Kummer
extension. We will show that (A) is derived from (AC) and (AK) only by rou-
tine, elementarily algebraic arguments provided that n = (K : F) is odd. If n
is even, then some more advanced tools like Proposition 2 are necessary. This
proposition is a consequence of Hasse’s norm theorem for a quadratic extension
of an algebraic number field, but weaker than the latter.

§0. Introduction

Let K/F be an abelian extension of a finite degree over an algebraic
number field F' of a finite degree, and let (KT/lF) be the Artin symbol of an
ideal a of F'. Then, the essential part of Artin’s reciprocity law for K/F is
the following assertion:

(A) There exists an ideal m of F' depending only on K/F such that
(KéF) = 1 holds whenever a = («) is a principal ideal generated by a
totally positive integer o of F' satisfying the congruence a = 1 (mod m).

We denote two special cases of (A) as follows:
(AC) The assertion (A) where K/F' is a cyclotomic extension.
(AK) The assertion (A) where K/F is a Kummer extension.

Since every abelian extension is contained in a field which is obtained
by two successive extensions of the basic field, one cyclotomic and the other
Kummer, it may be asked whether or not the assertion (A) is an evident
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consequence of (AC) and (AK). The aim of the present paper is to give
an answer to the question. As is shown in Section 1, (A) is derived from
(AC) and (AK) only by routine, elementarily algebraic arguments provided
that n = (K : F') is odd. If n is even, then some more advanced tools are
necessary. In Section 2, we shall derive (A) from (AC) and (AK) using ad-
ditionally the norm theorem for quadratic extensions obtained by adjoining
i=+/—1.

The present work is motivated by [1]. Logically, however, both papers
are independent of each other.

§1. The odd case

In this section, we denote by F' an algebraic number field of finite degree,
by K/F a cyclic extension of degree ¢ = p9, p being an odd prime, and will
deduce (A), Artin’s reciprocity law, from (AC) and (AK).

The problem is first reduced to the case where F contains the p-th
roots of unity. In fact, if F; and K; are obtained by adjoining the p-th roots
of unity to F' and K, respectively, then m = (F} : F) divides p — 1, and
(KléFl) = (Kla/F)m for an ideal a of F'. Therefore, if (A) is true for K, /F,
then(A) is true for K/F, as m is prime to p.

So, in the rest of this section, we assume that F' contains the p-th roots

of unity, but does not contain all the g-th roots of unity. Denote by 1, the
group of the n-th roots of unity, and, for a general number field L containing
f(n), define the symbol (v, o|L), € py) by

(1) (al/n)a = <057U‘L>n ) al/n’

where o € L, (o # 0), and o € Gal(L/L), L being the algebraic closure of
L. This definition is independent of the choice of al/™.

Coming back to our K/F, we take a generator £ of (4, put F1 = F(§),
K, = K(§), and, taking a generator 7 of Gal(F}/F), fix an r € Z by the
following multiplicative relation: ("™ = ¢, i.e., 77/ =1 (mod q), if (T = ¢,
(r' € Z). Furthermore, we determine an element 7 of the group ring over Z
of Gal(F1/F) by

(2) F=14rm+ )+ 4 ()", (m=(F:F)).

If o« € I is such that Ky = Fl(ozl/ 7), and if 7 denotes also a prolongation
of the original 7 to Q, then the fact that K /F is abelian entails

(al/q)l—rr =, (T c F1)7
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and
’Y% _ (al/q)(l—rr)% _ (al/q)l—rm.

It follows from this and from
1—r"=g¢qc, ((c,q)=1),

that
(3) af =~".

On the other hand, since
(07T = (7 ol Py (M)
= (7" 0| F1)g -7
holds for every power 77 of 7, we obtain
(4) (r.lor Ry = ("7 ol F1),

for any o € Gal(F}/F}). Regard o to be an element of Gal(F/F), and let
tp— o be the transfer of o into Gal(Fy/F). Then,

m—1
tpop o = H Tlor™I
§=0
yields
(5) (ViolFr)g = (v, tr—m 0| F1)g
Therefore, (3) implies
(6) <O[C,O'|F1>q = <77tF—>F1O-|F1>Q'

Assume now a modulus m, including infinite primes, is sufficiently big so
that every ideal a of F' with a = 1 (mod m) satisfies (FI—C{F) = 1, and
has no prime factor ramifying in the Galois closure of K;(7'/?)/F. Assume
moreover that, m being viewed as a modulus of F}, every ideal a; of | with
a; = 1 (mod m) satisfies (%f)/pl) = 1. Then, for the maximal abelian
subfield K* of K;(yY9)/F, (%/F) is induced by some o € Gal(Fy/F),
and it follows from the relationship between Frobenius automorphism and

the transfer that tp_ g o indues (M)l). If a =1 (mod m), then the

DProved by Chevalley [1] for the first time.
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latter autmorphism is 1. So, the right hand side of (6) is 1, and the fact
that the left hand side of (6) is 1 means that the restriction of o to K is
1. Hence, (KT/F) = 1. This proves Artin’s reciprocity law for the odd case.
In the above arguments, (AC) and (AK) are fully used.

§2. The even case

In this section, we put go = 29°, and denote by gy a cyclic extension
of degree ¢y over an algebraic number field F'. Let (o be a generator of
the group fi(4y) of the go-th roots of unity, and assume that F(¢o) = Fy,
is cyclic over F. Then, the assertion (A) for K/F can be proved exactly
as in the odd case. For, using (o and Fy, instead of ¢ and Fj in Section 1,
respectively, we have as in Section 1 a multiplicative relation (j* = (p with
a generator w of Gal(Fj,/F) and with r € Z.

So, in the rest of this section, we treat the case where F,/F is not
cyclic. For this purpose, we need the following

PROPOSITION 1. Let F be an algebraic number field, let ¢ = 29 be a
power of 2, denote by C a generator of the group pq) of the q-th roots of
unity, put Fy = F(C), and put F,o = F(¢ + ¢Y). Furthermore, denote by
7 a generator of Gal(UF,o/F), (¢ = 29,9 = 1,2,...). Assume now, for
a power qo = 29° of 2, By in Fy o has the property that ﬂéﬂ' s a norm
from Fy = Fy, 0(i). Then, there exists 6 € F such that 6y is a norm from
F, = F,0(i) to Fyo for a sufficiently large g = 29.

This proposition follows immediately from Proposition 2, because there
exists by the assumption an element ¢ of F' such that 63 is totally positive.

PROPOSITION 2. Let F, F, and F,o be as in Proposition 1, then, a
totally positive element 3 of F' is a norm from F, to Fyo for a sufficiently
large q = 29.

A proof of this proposition will be given in Section 3, where the norm
theorem for relatively quadratic extensions is applied.

Coming back to the proof of (A), let K/F be a cyclic extension of degree
qo = 29°, let ¢ be a generator of the group p,) of the g-th roots of unity
for a general large power ¢ = 29 of 2, put K, = K(¢), and in particular
let (o be a generator of ji(,). Then, K, = K((p) is a Kummer extension

over Fy;y = F((p), and there exists an ag € Fy, such that K, = F, (a(l)/qo).
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Denote by 7 also a prolongation to Q of 7 in Proposition 1, and on the other
hand, denote by w a generator of Gal(F(i)/F) as well as its prolongation
to Q. Then, i* = —i, and w is independent of 7 on F, = F((), as F,,/F
is not cyclic by the assumption. Namely, F, o being as in Proposition 1,
one may assume that 7 and w are trivial on F(i) and F, g, respectively,
and in addition that there exists an r € Z independent of g satisfying the
multiplicative relation ("™ = ( in the same form as in Section 1.
Since Fy,/Fy, 0 is abelian,

(7) (a(l]/q())uw = o, (Bo € Fy0),

holds. Since K, /F(i) is abelian,

®) (og/™)' """ =0, (30 € Fyp),
holds?). Moreover, since K, /F is abelian, it follows from (7) and (8) that

(9) 3T =,

and Proposition 1, applied to this Gy, shows that there extists a § € F' with
(10) 860 =", (ne Fy),

where ¢ = 29 is a sufficiently high power of 2. Put here

(11) a= ag/qoéq/277_q € F,.
Then, a computation using al/? = aé/q°61/277_1 shows
(12) (V)T = 5

with

v = :l:’}/Oé(l_T)/277_(1_TT) e Fq-

A further computation using (9) and (10) shows

,YH—w _ ,Yé—l—w(sl—r(é-ﬁo)—(l—rfr)
_ ﬁé—TTﬁ—(l—T’T‘) _ 1,

?)Standard Kummer theory.
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and consequently
(13) y=0"% (hecF)?.

Put next
F=14rr+ )2+ 4+ ()" (m=(Fy: F(i))),

in analogy to (2). Then, similarly to (3), it follows from (12) that a¢ =47,
((¢,2) = 1), and this, combined with (13), implies

(14) af = 71,
If o is an arbitrary element of Gal(Q/Fy), then the equality
(6Y/9)°77 = (62,0l Fy)q - (01/0))°
= (07, 0|Fy)q - 6"/
holds with the symbol in (1) so that
<97WUW71‘F11> = (07, 0|Fg)q;

while the equality

(0, TjUT?j’Fq>q = <mj7j70’Fq>q7
like (4), holds for every power 77 of 7. These two formulas imply the relation

<9?(17w)aU‘Fq>q = (0, tr—F,01Fy)q
which is similar to (5), and from (14) follows
(15) (o 0|Fg)q = (0, tr—F,0lFy)q

as (6).

Assume now a modulus m of F' to be big enough so that an ideal a
of F with a =1 (mod m) contains no ramifying prime factor in the Galois
closure of K,(8Y/9)/F, and satisfies (qu'{F) =1 as well as (%j)m) =1;
this is certainly possible in our situation, because F(6%/2)/F is a Kummer

extension. Furthermore, m being viewed as a modulus of F}, assume that
(Fq(al/q)/Fq

= 1, for every ideal a; of F} with a; = 1 (mod m). Then, for
a1

3)Hilbert’s theorem 90.
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the maximal abelian subfield K* of the Galois closure of K(8Y/9)/F, the
automorphism (%/F) is induced by some o € Gal(Q/Fy), and tp_p,0 in-

Fq(el/q)/Fq )
a

duces ( due to the relationship between Frobenius autmorphism

and the transfer (cf. §1). If (w) then the latter symbol is 1, which
means the right hand side of (15) is 1. Hence, the left hand side of (15) is
1. Therefore, it follows from (11) and from the assumption that

1= (%, 0] Fy)q = (g 592 0| F,),
= {ag, U|FQO>QO (6,0]F)2 = {ag, U|FQO>(10;
namely, the restriction of o to K is 1. Thus, (#) = 1. This proves Artin’s
reciprocity law for the even case, where (AC) and (AK) are fully used as in
the odd case.

§3. A proof of Proposition 2 on the basis of a local-global
principal

In this section, we will show that Proposition 2 is easily derived from
the norm theorem for relatively quadratic extensions obtained by adjoining
i. With the same notation as in Proposition 2, we denote by (a, 3|Fy0)q
Hilbert-Hasse’s norm residue symbol of degree 2 over Fy o with respect to a
place q of Fy, o, suppose that q is over a place p of F', and denote temporarily
by L and L' the completion by p of F' and the completion by a of Fy,
respectively. Furthermore, we write («, 3|L’), etc., for the prolongations of
symbols (a, 5| Fy0)a, etc., to the completions. Then, a basic theorem of local
class field theory implies

(0475|L/) = (oz,NL//LﬂlL)-

Therefore, if a,3 € L and (L' : L) = 2™, (m > 0), N8 = 32" is a
square in L so that (o, N/ p/B|L) = 1 and (o, 3|L) = 1. This means that
(o, B|Fy0)q = 1 for every o, 8 € F, whenever the g-complection of F g is
an actual extension of the p-completion of F'. On the other hand, a prime
ideal p of F' decomposes completely in Fy o if and only if Np = £1 (mod q).
If this is the case, Np+1 > ¢. Accordingly, if ¢ is bigger than Np+1, then p
does not decompose completely in Fy o. In other words, it is impossible that
a prime ideal of F' unlimitedly continues to split in the increasing chain
of Fyo. Thus, there exists a power ¢ of 2 such that («,3|F,0)q = 1 for
every finite place q over a given p. In addition, («, 3|Fy0)s = 1, whenever

https://doi.org/10.1017/50027763000007728 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000007728

142 T. KUBOTA AND S. OKA

«, 3 and a are prime to 2, and («a, 3|F,0)q = 1 holds for all infinite places,
provided that ( is totally positive. Hence, putting in particular o = —1,
Proposition 2 follows from Hasse’s norm theorem for relatively quadratic
extensions.

Proposition 2, a considerably weaker assertion than the norm theorem,
may have a fairly simple or elementary proof. An easier proof of Proposi-
tion 2 gives rise to an easier construction of the class field theory.
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