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WEIGHTED CONVOLUTIONS OF CERTAIN POLYNOMIALS

MAssOUD JAHANGIRI

For a 20 and 8 2 0, let K(«, B8) consist of those functions f(z), analytic and non-zero
in |z] < 1, such that for §; < 82 < 6 +27r and 0 < r < 1, —ar < argf(re“”) -
argf(re‘al) + 1/2(a - B)(8, — 63) < Bw. 1t is conjectured that for 1 < ¢ £ § and «
an integer, the weighted convolution of polynomials having their zeros on |z| = 1 and
belonging to K(«, 8), also belong to K(a, 8). This conjecture is known to be true for
the case a = 1, which leads to an alternative proof for the generalised Polya-Schoenberg
conjecture. The case o = 2 is also known to be true for cubic polynomials. We prove the
conjecture for certain quartic polynomials when 2 < a < 4.

1. INTRODUCTION

1.1. For @ 2 0 and 8 > 0, let the Kaplan class K(a, 8), be the class of functions
f(z), analytic and non-zero in |z| < 1 such that for §; <0, <8, +27r,and 0 < <1,

—am < arg f(re"a’) — arg f(reie‘) + %(a - B)(6: — 82) < Br.

For @« 2 1 and 8 > 1 where « is an integer, define

n+l-o
Qn(2;0) = (14 2)*7" H (1 + zei(2j+°“"-2)0>,

i=1

where § = 7/(n+ 0 —-a) and 1 € a < n.
Recall that the Hadamard product or convolution of two power series

f(2) =) anz"and g(z) = ) baz" is (fx g)(2) = ) anbnz™.
n=0 n=0 n=0

Define Q&_l)(z; 6) so that Qs._l)(z; 0).Qn(2;60) = 1/(1 — 2). The following is a special

case of a conjecture given in [1].
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1.2. Conjecture. Let 1 < a < n and o < # where a and n are integers. Assume

that the polynomials

pa(2) = H (1 -+ ze'%*) and g,(z2) = H 1+ ze'¥k)

k=1 k=1

belong to K(a, #). Then the polynomial
Rp(2) = (pn* ga)(2) x @ V(2:6)

also belongs to K(e, 8).

This conjecture is proved for the case « =n —1 =2 in ({1, Theorem 4]) and for
the case 1 = a < A by Suffridge ([10, Theorem 5]).

Since starlike functions of order v;y < 1, can be characterised as the class of
limits of sequences of polynomials in K(a, a +2 —2v);a > 1 (see [1, Theorem 2| and
[10, Theorem 1]), the above conjecture for a = 1, leads to an alternative proof for
the generalised Polya—Schoenberg conjecture {3]. The special cases v = 0 and 1/2
were first proved by Ruscheweyh and Sheil-Small [6] while the general case v < 1 was
obtained by Suffridge [10], and later by Lewis [2] and Ruscheweyh [4]. The truth of
our conjecture for other values of a, that is a # 1, may throw new light on a variety
of old problems, because K(a, ) is closely related to several well-knnown classes of
analytic and univalent functions. (For more details see [6—9]). In this nole we prove

the following

THEOREM 1.3. Let 2 € a € 4 and a < § where a is an integer. Assume that
the polynomials

4 4
pa(z) = H (a+ zew") and q4(z) = H (1+ ze"‘l”‘)
k=1 k=1

belong to K(a, B) where ¢ = —ps_ and ¥ = —ps_x. Then Ry(z) = (ps * qa)(2) *
Qi_l)(z;ﬂ) also belongs to K(e, 3).

Note that Theorem 1.3 is true for a = 1 by Suffridge ([10, Theorem 5]).
2. SOME KEY LEMMAS

To prove our theorem we shall need the following lemmas, the first of which is a
special case of Theorem 1 in [1].
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LEMMA 2.1. Let 0 € ¢ € ¢o < w. Then for 2 € a € 4 and o < 3, the
polynomial
pa(z) = (1 + zeid")(l + zeid”) (1 + ze'.(h—d”)) (1 + ze'.(z"'d"))
belongs to K(a,f) if and only if 0 < ¢ < (Bn)/(4+B—a) and
(4—a)m)/(4+B ~a) < pa <.

LEMMA 2.2. Let 0 <c¢c<1l, —cz <1, —c€ugl, ~1gy<¢c, ~1<v<e,
y<cz and v <u. Then

(z + )% (u + v)? _2(1 + 2=y)(1 + 2uv)

F =2- > 0.
(x)y’u’v) |— (_I_+C)2 1+2C z
PRroOF: The minimuinof F occurs either at a critical point or on the boundary. By
setling OF/0z = OJF/0y = 0 we obtain either 1 4+ 2uv = 0 or

1. By setting dF/0u = 0F[0v = 0 we

Il

((1+ (1 +200)) /(1 + 2)(u +0)°)
obtain either 1 + 22y = 0 or
((l +o)’(1+ 2z:y))/((1 + 2¢)(z + y)z) = 1. If 14+ 2uv = 0, then F(z,y,u,v) =
2+ ((1: +y)(u + v)z)/((l + c)z) >0.

1f ((1 +e)’(1+ 2uv))/((1 + 2c)(u +v)2) =1, then z =y and so F(z,y,u,v) =
21— (u+v)2/(1 +¢)’} 2 0.

Similarly, I'(z,y,u,v) > 0 when 14+2zy = 0 or (1 + ¢)*(1 + 2zy) = (1 + 2¢)(z +y)*.

Now we check the values of F(z,y,u,v) on the boundary. Since F(z,y,u,v) is
symmetric in (z,y) and (%,v), it would be enough to show that F(z,y,u,v) > 0 on
the boundary involving ¢ and y. Let y = —1. Then
(u+v)? , 201 + 2uwv)  (u+v)?
— 7 +2{ - 7
(1+¢) 142 (1+¢)

(v+v)? 201+ 2uw)

(1 +c)? 14 2¢
Setting dF(z, ~1,u,v)/dz = 0 we obtain z¢ = 1—2(1 + ¢)?(1 + 2uwv)/(1 + 2¢)(u + v)’.
But F(zo,—-1,u,v) = 2{1 + (1 + 2uv)/(1 + 2¢)zo} > 0 because we must have —c <
zo < 1. Also observe that F(—c,~1,u,v) = (u —v)? >0 and FQ,-1,u,v) = 2{1+
(L4 2uww)/(14+2¢)} > 0. Then F(z,y,u,v) 2 0 when v = —1. If » = 1. then
(1,y,u,v) = F(—y,—1,u,v) 2 0. Let y = c. Then
(u+v)2acz (v+v)" 21+ 2uv)
(1+¢)? (1+c)’ 142

Au+v)? 21+ 2w)

(1+c¢) 14 2¢

F(z,-1,u,v) =

Yz +2

F(z,c,u,v) = + 2¢{

}z +2
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Letting dF(z,c,u,v)/dz = 0 weobtain z; = ¢{ (2(1 +o)?(1+ 2uv))/((l + 2¢)(u + v)z)
—-1}.

Observe that F(z;,¢,u,v) 2> 0 because we must have y =c < z; < 1. If z = —c,
then by setting dF(—c,y,u,v)/dy = 0 we obtain y; = —=z;, and so F(—c,y;,u,v) =
F(zy,c,u,v) 2 0. f z =y, then it is easy to see that

(w+v)} 142w, , 1+ 2uv
F =2{2 -~ 1- P
(371:1'“,1)) { [(l_l_c)z 1+26 ]:E + 1—'—26}
Therefore F(z,y,u,v) is never negative for the given z, y, u, v and c. 0

The following Lemma can also be proved using a similar argument and so we omit

its proof.
LeMMa 2.3. Let 0 <c <1, —e<o <1, —c<u<l, 1<y <e, ~-1<v <o,
y<z and v < u. Then

(1 +2zy)(1 + 2uv)  2(z +y)(u +v)

Fla =1
(z,y,u,0) =1+ 1126 T

2 0.

LEMMA 2.4. Let 0 <c<1l, ~c€2<1, —¢c€u<gl, -1<y<ec,1gv<ec,
y < z and v € w. Furthermore, let

(z+y)(u+v)

2.4. - < - I
(2.4.1) (1+¢) s <%
and

1+ 2zy)(1 + 2uv)
2.4. 2¢ ( <1+ 2
{2.4.2) 142¢ < 1+ 20 + 2c
Then

. (1 + 2zy)(1 + 2uwv)  2¢(z + y)(u +v) 2
4 = —_— < .
F(z,y,u,v) 1420 + T4e +2¢4-1<0

PROOF: Since (02F/8a?)(32F/0y?) — (8°F/028y)’ = —(82F/028y)’ < 0, the
maximum of F(z,y,u,v) occurs on the boundary. Note that 82F/8z0y cannot be
equal to zero, because that contradicts (2.4.2). Observe that F(x,y,u,v) is symmetric
in (#,y) and (u,v). Therefore it would be enough to show that F(z,y,u,v) < 0 for
ihe boundary values involving z and y. Since (z -+ y)(u +v) < 0, without loss of
generality we assume that 2 4y <0 and v 4+ v > 0.

(i) If z=—c,then
u+v 142w 14+2uwv  2¢(u + v)

F(- =2 - - 2 _
( Cay)u’v) C{1+C 1+ 2 }y+ 1+ 2¢ 11 c + 2¢ 1,

where, by (2.4.1), -1 € y < —c.
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Now we check F(—c,y,u,v) for y= —c and y = —1.
(i)(1) Let y = —c. Then

—4(u+v)  (1+267)(1 + 2uv)
1+¢ 1+ 2¢

F(—c,—c,u,v) = +2c¢2 -1<0,

because 1+ 2uv < 1+2¢c and for z =y = —¢, ~2c(u + v) < ~2¢(1 + ¢),
by (2.4.1).
(1)(2) Let y=—1. Then

2¢(1 -+ 2uv)

2¢% — 1.
14 2¢ +2e

F(—¢,—-1,u,v) = —2¢(u +v) +

For ¢ = —c and y = —1 we obtain from (2.4.1) and (2.4.2) that 2¢ < u 4+ v and
1+ 2uv € 1 + 2¢. Substituting these in F(—¢,—1,u,v), it follows that

F(=c,—1,u,v) € =2¢* +2¢-1<0.

(ii) If z =1, then (by (2.4.1)), y = —1 and ¢ = 0. Therefore
F(1,-1,u,v) = -2 — 2uv < 0.
(iti) If y=—1, then

c(u+v) 14 2uv 14+2uv  2¢(u+v)

+ - 2¢2 - 1.
1+c 72 ° T2 1+c T4

F(z,—1,u,v) = 2{
We check F(z,-1,u,v) for £ = —c and =z = 1. By (i)(2), F(—¢,—1,u,v) < 0 and by

(i), F(1,-1,4,v) € 0.
(iv) H y =+c, then (by (2.4.1)), z = ~c=0 and u = v = 0. Therefore

F(—c¢,c,u,v) <0 when ¢ =0.

Thus F(z,y,u,v) is never positive.

0

LEMMA 2.5. If we change = to —y and y to —z or change u to —v and v to —u
in Lemma 2.4, we obtain

(L+ 2zy)(1 +2uv)  2¢(z +y)(u +v)
14+ 2¢ 1+¢

+22 -1<0.

https://doi.org/10.1017/5S0004972700017433 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700017433

402 M. Jahangiri (6]

LEMMA 2.6. The polynomial R4(z) in Theorem 1.3, has all its zeros on |z| = 1.

Proor: Using trigonometric identities we can write
Qa(2;0) = 1+ 2(1 + cos #)z + 2(1 + 2cos ¢)22 + 2(1 + cos $)2° + 2*
where ¢ = (4 — )8 = [(4 — a)7]/(4 + f — @). Now
(2.6.1) Ry(z) =1+ 24z + B2* 4+ 242° + 2*

where A = (z+y)(u+v)/(1+¢), B=2(1+2zy)(1+2uv)/(1+2c),0<c=cos¢ <
1, ez =cos¢py L1, ~cSu=cosyp; <1, -1 y=cosgy ¢, -1 v =
cosYPy < ¢, y<z and v < u.

If R4(2) has zero in |z] < 1, it must have a zero in |z] > 1, and vice-versa.
Therefore, to prove that R4(z) has all its zeros on |z| = 1, it is sufficient to show that
Ra(z) # 0 in |z| < 1. Write Rq(z) = (22 + 012 +1)(2? + a2z + 1) = p(z)g(z) where
a; = A— VAT +2-F and ay = A+VAZ Y 2_B. By Lemma 2.2., A24+2—-B >0
so a; and ap are real. Now we need to show that p(z) £ 0 and ¢(z) # 0 in |z| < 1.
For this, it is sufficient to show that —2 < a; and a; < 2 since a; € a3.

For the first case, we observe that —2 < a; because —2 < A — VAT 3+ 2 B ifand
only if 24 B 4 44 > 0, which is true by Lemma 2.3. For the second case, we observe
that oy < 2 because 2+ B — 44 > 0 by Lemuma 2.3. This completes the proof. 1]

3. PROOF oF THEOREM 1.3

3.1. By Lemma 2.6, R4(z) has all its zeros on |z| = 1 and can be written as Ry(z) =
1+2Az+ Bz? + 242 + z* where A and B are as in (2.6.1). Then there exist §; and
6, with 0 < 6, € 0; < n such that

Ry(z) =1 +2(cosy + cos82)z + 2(1 + 2 cos 8 cos 8)2% + 2(cos 8; + cos b)z® + 2*
where
(3.1.1) A =cos8; + cosf; and B = 2(1 + 2cos b cos ;).
Because ps(z) and g4(2) are in K(a,.B), then (by Lemma 2.1),
(3.1.2) —(I+o)<z+y,u+v<l+cand —1 €1+ 2zy, |+ 2uv & | + 2¢.
So, by (2.6.1) and (3.1.1),
(3.1.3) —(1+4+c¢)<cosf;+cosl, <l+cand —1<1+2cosbcosfy <1+ 2.

To show that R4(z) belongs to K(a, 8), it is sufficient (by Lemma 2.1.), to show
that 8, is never greater than G /(4 + B — ) and 8, is neverless than [(4 — a)7]/(4 + 8 — a).
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3.2. First we show that 6; is always between 0 and fn/(4+ f — a). Assume that
0, ={Anr/(44+ 8 — a)} + € where € > 0. Then

(3.2.1) -1 < cosfy < cosby < —e.
‘rom (3.1.3) and (3.2.1) it follows that
—(1+4¢) € cosby + cosf; < —2c and 1+ 2¢2 <1+ 2cosb; cosf, <1+ 2c.
Therefore, by (2.6.1) and (3.1.2),
(14 < (z+y)(u+v) < —2¢(1+¢),

and
(14 2¢)(1 +2¢%) < (1 + 2zy)(1 + 2uv) < (1 + 2¢)°.

Note that the above two inequalities are the conditions (2.4.1) and (2.4.2).
Solving the first equation of (3.1.1) for cos §; and substituting this into the second
equation, we obtain cos?f, — Acos§, + 1/4B —1/2 =0. Then

1
(3.2.2) cosf; = E{A + A2+ 2- B}
Now from (3.2.1) and (3.2.2) it follows that

(3.2.3) —2<2cosf; = A+ VA2 +2- B < —2c.

We will show that (3.2.3) is never true. If A++vA% +2 - B < —2c, then 44c+B—
2+4c? > 0 which is not true (by Lemma 2.4.). If cos§; = 1/2(A - m < —c,
then by (3.1.1), cos; = A — cos; = 1/2(A+ vA? +2 —B). Since cos8; < —c (by
(3.2.1)), 4 + VAT Y2 _"B < —2¢. But by Lemma 2.4, this cannot be true. Therefore
we conclude that 6 is never greater than A= /(4 + 8 — «).

3.3. Finally, we show that 6, is never less than [(4 — a)r]/(4 + 8 — a). Suppose that
0 ={(4—-a)r/(4+0 —a)} — 6 where § > 0. Then

(3.3.1) c <cosfy coshy 1.

From (3.1.1)~(3.1.3) and (3.3.1) we obtain

2¢(1 +¢) < (z +y)(u+v) < (14 ¢)? and
(1 +2¢)(1 +2¢%) < (1 + 2zy)(1 + 2uv) < (1 + 2¢)%.
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These are the conditions (2.4.1) and (2.4.2) if we change z to —y and y to —=z, or
change v to —v and v to —u.
Solving the first equation of (3.1.1) for cos#, and substituting in the second one

we obtain
1
(332) cosf, = E{A:t v A? +2—B}.
From (3.3.1) and (3.3.2) it follows that

(3.3.3) 2c < 2cosf; = A+ /A2 +2-B 2.

We will show that (3.3.3) is never true. If 2c < A—+vA2+2 — B, then B4 Ac+
4¢? — 2 > 0. But this is impossible by Lemma 2.5.

If 2c < 2cos8; = A+ /A% + 2 —~ B, then by (3.1.1) and (3.3.1),

c<cosl = A—cosb, = -;—{A——\/A2+2-B}.

By Lemma 2.5, this is not possible. Therefore we conclude that @, is never less than

(4 —a)r/(4 4+ B — a). This completes the proof of Theorem 1.3. 0

4. CONCLUSION

Our intuition is that if n is a sufficiently small positive integer, then for given
polynomials p,(z) and g¢,(2) of the form

2m
Pam(2) = [ (1 + 26™%) or pamss(2) = (1 + 2)p2m(2)
k=1
where 0y = —02m+1-k, an argument similar to that used to prove Theorem 1.3 can

be used to show that if p,(z) and g¢.(z) belong to K(a, f) where 1 € @ € n and
a £ 3, then R,(2) = (pn * gn)(z) * Qg,_l)(z;e) also belong to K(a, 3). For example,
when n = 5, we obtain (from Theorem 1 of [1]) that ps(2) is in K(2, 8) if and only
i 7/(3+6) <6 <(1+06)/(3+0) and 3n/(3+ ) < 0, < 7. Now (analogous to
Lemma 2.6) we may show that Rs(z) has all its zeros on |z| = 1. This means that
Ns(z) can be written in the form pzm+1(2). Next (analogous to the proof of Theorem
1.3), we show that the zeros of Rs(z) are located so that Rs(z) belongs to K(2, 3).

For polynomials of large degree, the above method turns out to be lengthy and
rather involved. P’erhaps one can come up with a better technique which works for
polynomials of any degree. A reader interested in pursuing this problem may find the
studies in [5—10] and specially [1] (Section 4, p.56) of some use.
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