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Abstract

We study a stochastic differential equation with an unbounded drift and general Holder
continuous noise of order A € (0, 1). The corresponding equation turns out to have a
unique solution that, depending on a particular shape of the drift, either stays above
some continuous function or has continuous upper and lower bounds. Under some mild
assumptions on the noise, we prove that the solution has moments of all orders. In addi-
tion, we provide its connection to the solution of some Skorokhod reflection problem.
As an illustration of our results and motivation for applications, we also suggest two
stochastic volatility models which we regard as generalizations of the CIR and CEV
processes. We complete the study by providing a numerical scheme for the solution.
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Introduction

Stochastic differential equations (SDEs) whose solutions take values in a given bounded
domain are widely applied in several fields. Just as an illustration, we can consider the Tsallis—
Stariolo—Borland (TSB) model employed in biophysics, defined as

0Y1(0)

MO ==17 Y2(r)

dt+odW(), 6>0,0>0, 0.1)

with W being a standard Wiener process. If "72 € (0, 1], the TSB process is ‘sandwiched’
between —1 and 1 (for more details, see e.g. [16, Subsection 2.3] or [17, Chapter 3 and
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Chapter 8]). Another example is the Cox—Ingersoll-Ross (CIR) process [12, 13, 14], defined
via an SDE of the form

dX (1) = (01 — 6:X())dt + o/X(OAW(D), 61, 62, ¢ > 0.

Under the so-called Feller condition 26; > o2, the CIR process is bounded below (more pre-
cisely, is positive) almost surely (a.s.), which justifies its popularity in the modeling of interest
rates and stochastic volatility in finance. Moreover, by [29, Theorem 2.3], the square root
Y2() := +/X(@) of the CIR process satisfies an SDE of the form

1 (6, —0c2/4 o
dVo(t)= = | ———— — Yo (®) ) dt + —dW(s), 0.2
2(0) 2( 0 LYo (1) +3 (0 0.2)
and the SDEs (0.1) and (0.2) both have an additive noise term and an unbounded drift with
points of singularity at the bounds (£1 for the TSB and 0 for the CIR), which have a ‘repelling’
action, so that the corresponding processes never cross or even touch the bounds.

The goal of this paper is to study a family of SDEs of a type similar to (0.1) and (0.2),
namely

t
YO =Y+ [ b Y5 +20). 1€10.7), 03)
0
where the drift b is unbounded. We consider separately two cases:

(A) In the first case, b is a real function defined on the set {(z,y) € [0, T] x R |y > ¢(#)}
such that b(z, y) has an explosive growth of the type (y — ¢(¢))™" as y | ¢(t), where ¢ is
a given Holder continuous function and y > 0. We will see that the process Y satisfying
(0.3) is bounded below by ¢, i.e.

Y(©)> @), as., tel0,T], 0.4)

which we will called a one-sided sandwich.

(B) In the second case, b is a real function defined on the set {(¢, y) € [0, T] x R | () <y <
¥ (1)} such that b(t, y) has an explosive growth of the type (y — ¢(¢))™" as y | ¢(¢) and
an explosive decrease of the type —(y(f) — y)~ as y 1 ¥ (), where ¢ and i are given
Holder continuous functions such that ¢(f) < ¥ (¢), € [0, T], and y > 0. We will see
that in this case the solution to (0.3) turns out to be sandwiched, namely

() <Y(@) <y (1) as., tel0,T], 0.5)

as a two-sided sandwich.

The noise term Z in (0.3) is an arbitrary A-Holder continuous noise, A € (0, 1). Our main
motivation to consider Z from such a general class, instead of the classical Wiener process,
lies in the desire to go beyond Markovianity and include memory in the dynamics (0.3) via the
noise term. It should be noted that the presence of memory is a commonly observed empirical
phenomenon (in this regard, we refer the reader to [6, Chapter 1], where examples of datasets
with long memory are collected, and to [32] for more details on stochastic processes with long
memory). The particular application which we have in mind throughout this paper comes from
finance, where the presence of market memory is well known and has been extensively studied
(see e.g. [3, 15, 36] or [35] for a detailed historical overview of the subject). Processes with
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memory in the noise have been used as stochastic volatilities, allowing for the inclusion of
empirically detected features such as volatility smiles and skews in long-term options [10]; see
also [8, 9] for more details on long-memory models and [21] for short memory coming from
the microstructure of the market. Some studies (see e.g. [1]) indicate that the roughness of the
volatility changes over time, which justifies the choice of multifractional Brownian motion [4]
or even general Gaussian Volterra processes [25] as drivers. Separately we mention the series
of papers [26, 27, 28], which study an SDE of the type (0.2) with memory introduced via a
fractional Brownian motion with H > %:

dy(t) = (% - 92Y(t)) dt+odB™ (1), 60y, 65, 0 >0, te[0, TI. 0.6)

Our model (0.3) can thus be regarded as a generalization of (0.6) accommodating a highly
flexible choice of noise to deal with the problems of local roughness mentioned above.

In this paper, we first consider the existence and uniqueness of a solution to (0.3), then
focus on the moments of both positive and negative orders. It should be stressed that the
inverse moments are crucial for e.g. numerical simulation of (0.3), since it is necessary to
control the explosive growth of the drift near bounds. We recognize that similar problems
concerning equations of the type (0.3) with lower bound ¢ =0 and the noise Z being a frac-
tional Brownian motion with H > % were addressed in [23]. There, the authors used pathwise
arguments to prove the existence and uniqueness of the solution, whereas a Malliavin-calculus-
based method was applied to obtain finiteness of the inverse moments. Despite its elegance,
the latter technique requires the noise to be Gaussian and, moreover, is unable to ensure the
finiteness of the inverse moments on the entire time interval [0, 7]. These disadvantages of the
Malliavin method resulted in restrictive conditions involving all parameters of the model and
T in the numerical schemes in e.g. [22, Theorem 4.2] and [38, Theorem 4.1].

The approach we take is to use pathwise calculus together with stopping times arguments for
the inverse moments as well. This allows us, on the one hand, to choose from a much broader
family of noises well beyond the Gaussian framework and, on the other hand, to prove the
existence of the inverse moments of the solution on the entire interval [0, 7. The corresponding
inverse moment bounds are presented in Theorems 2.4 and 4.2.

In addition, we establish a connection of a certain class of sandwiched processes to
Skorokhod’s notion of reflected processes (see e.g. [33, 34] for more details). Note that (0.4)
contains a strict inequality, i.e. the one-sided sandwich Y does not reflect from the boundary ¢.
However, as ¢ — 0, the process Y, of the form

t < t
Yg(t)ZY(O)+/() mds—\/(; Ol(S, Yg(S))dS‘i‘Z(f),

with «: [0, T] x R — R being a Lipschitz function, converges to the solution of a certain
Skorokhod reflection problem, with fé mds converging to the corresponding regula-
tor. This result substantially expands and generalizes [29], where a similar result was obtained
specifically for processes of the form (0.6).

This paper is organized as follows. In Section 1, the general framework is described and the
main assumptions are listed. Furthermore, some examples of possible noises Z are provided
(including continuous martingales and Gaussian Volterra processes). In Section 2, we provide
the existence and uniqueness of the solution to (0.3) in the one-sided sandwich case, and we
derive upper and lower bounds for the solution in terms of the noise and study the finiteness of

https://doi.org/10.1017/apr.2022.56 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2022.56

930 G. DI NUNNO ET AL

E [sup,e[o’ﬂ |Y(t)|’] and E [Supte[O,T] Y@ — <p(t))_’], r> 1. In Section 3, we establish a con-
nection between one-sided sandwiched processes and Skorokhod’s reflected processes. Section
4 is devoted to studying the two-sided sandwich case (0.5): existence, uniqueness, and proper-
ties of the solution are provided. Our approach is readily applied to introduce the generalized
CIR and CEV processes (see [2, 11]) in Section 5. Finally, to illustrate our results, we provide
simulations in Section 6. Details on the simulation algorithm are given in Appendix A.

1. Preliminaries and assumptions

In this section, we present the framework for the noise Z and the drift functional b from
Equation (0.3), and we provide some auxiliary results that will be required later.
We will start from the noise term Z in (0.3).

Assumption 1.1. Z = {Z(z), t € [0, T} is a stochastic process such that
(Z1) Z(0)=0a.s.;

(Z2) Z has Holder continuous paths of order A € (0, 1), i.e. there exists a random variable
A = A (w) > 0 such that

1Z(t) — Z(s)| < Alt —s|*, t,s€[0, T]. (1.1)

Note that we do not require any particular assumptions on the distribution of the noise (e.g.
Gaussianity), but for some results we will need the random variable A from (1.1) to have
moments of sufficiently high orders. In what follows, we list several examples of admissible
noises and properties of the corresponding random variable A.

Example 1.1. (Holder continuous Gaussian processes.) Let Z = {Z(f), ¢t > 0} be a centered
Gaussian process with Z(0) =0, and let H € (0, 1) be a given constant. Then, by [5], Z has
a modification with Holder continuous paths of any order A € (0, H) if and only if for any
A € (0, H) there exists a constant C; > 0 such that

1
<E|Z(t)—Z(s)|2)2 <GCli—s*, s, tel0,T) (1.2)

Furthermore, according to [5, Corollary 3], the class of all Gaussian processes on [0, T], T €
(0, 00), with Holder modifications of any order A € (0, H) consists exclusively of Gaussian
Fredholm processes

T
Z(1) :/ K(t, s)dB(s), te€][0,T],
0

with B ={B(z), t € [0, T]} being some Brownian motion and K € L3([0, T1?) satisfying, for all
A€ (0, H),

T
/ K, u) — K(s, w)|>du < Gy |t — s|**, s, t€]0, T,
0

where Cj > 0 is some constant depending on A.

Finally, using Lemma 1.1, one can prove that the corresponding random variable A can be
chosen to have moments of all positive orders. Namely, assume that A € (0, H) and take p > 1
such that % < H — A. If we take

1
T 1
1Z(x) — Z(y)I? g
A=A, 1 p(/ / P dxdy) , (1.3)
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then for any r > 1,
EA" < o0,

and for all s, ¢ € [0, T1,
1Z(t) — Z(s)| < Alt —s|*;

see e.g. [31, Lemma 7.4] for fractional Brownian motion or [5, Theorem 1] for the general
Gaussian case.

In particular, the condition (1.2) presented in Example 1.1 is satisfied by the following
stochastic process.

Example 1.2. The fractional Brownian motion B = (B (), 1> 0} with H € (0, 1) (see e.g.
[30]) satisfies (1.2), since

1
(BI18" ()~ BY)?)" = It = sl <711 =1

i.e. B has a modification with Holder continuous paths of any order A € (0, H).

In order to proceed to the next example, we first need to introduce a corollary of the well-
known Garsia—Rodemich—Rumsey inequality (see [20] for more details).

Lemma 1.1. Let f: [0, T] — R be a continuous function, p > 1, and o > 117. Then for all t, s €
[0, T one has

1
T T _ »
[f (x) = fIP dx dy) ,

o lx—ylert

@) = F()] < Aaplt — 5177 ( /O

with the convention 0/0 = 0, where

2 1
Ap=2""" <ﬁ> . (1.4)
ap—1
Proof. The proof can be easily obtained from [20, Lemma 1.1] by putting in the notation of
1
[20] W(u) := |u|? and p(u) := |u|a+3, where 8 = p > 1 in our statement. O

Example 1.3. (Non-Gaussian continuous martingales.) Denote by B={B(¢), t€ [0, T]} a
standard Brownian motion and o = {o(¢), ¢ € [0, T} an Itd integrable process such that, for
all B >0,

sup Eo?t?P(u) < o0. (1.5)
uel0,T]

Define ;
Z(t)::/a(u)dB(u), te[0, T].
0

Then, by the Burkholder—Davis—Gundy inequality, for any 0 <s < ¢ < T and any 8 > 0,

t 1+8 t
E|Z(r) — Z(s)|*"*F < C4E [( / az(u)du> ] <Cp(t—s)f / Eo>t2P (u)du

<Cp sup Ea?T?(u)(t—s)'*P.
uel0,7T]

(1.6)
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Therefore, by the Kolmogorov continuity theorem and an arbitrary choice of 8, Z has a

modification that is A-Holder continuous of any order A € (0, %)

Next, for an arbitrary A € (O, %), choose p > 1 such that A + % < % and put

T 1
20— Zo)P )\
A=A P(/ / e — 2 ddy) ’

where A; | Ly is defined by (1.4). By the Burkholder-Davis—Gundy inequality, for any r > p,

we obtain

E|Z(t) — Z(s)|" < |t — s|%Cr sup Eo’(u), s,t€[0,T].
uel0,7T]

Hence, using Lemma 1.1 and the Minkowski integral inequality, we have

" Tizw-zow V)
e =at,, ( [(/ [ ) D

<A / T (®] IZ(M) ZW)I")’
= x+ P

dudvy
lu— vl)‘l"|r2

14
<A” | ¢/ | sup Eo'Y(r) / f lu — v| 2" 2dudy < oo,
At 5op 1€[0,T]

since % —Ap—2>—1;ie. EA" < oo for all r > 0. Note that the condition (1.5) can actually
be relaxed (see e.g. [7, Lemma 14.2]).

Next, let us proceed to the drift » and initial value Y(0). Let ¢: [0, T] — R be a A-Holder
continuous function, where A € (0, 1) is the same as in Assumption (Z2), i.e. there exists a
constant K = K such that

() — ()l <Kt —s*, 1,5€[0, T,
and for an arbitrary a; € R, define
Dy :={(t,y)[1€[0, T], y € (¢(1) + ai, 00)}. (1.7)

Assumption 1.2. The initial value Y(0) > ¢(0) is deterministic, and the drift b satisfies the
following assumptions:

(A1) b: Dy — R is continuous;

(A2) for any & > 0 there is a constant ¢, > 0 such that for any (t, y1), (t, y2) € De,
|b(, y1) — b(t, y2)| < celyr — yals

(A3) there are positive constants yx, ¢, and y such that for all (t, y) € Do \ Dy,,

bt,y) > — .
Y= 0=y
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(A4) the constant y from Assumption (A3) satisfies the condition
1—2
> - . 9
v A

with A being the order of Holder continuity of ¢ and paths of Z.

Example 1.4. Let «1: [0, T] — (0, 00) be an arbitrary continuous function, and let o: Dy — R
be such that

leea(t, y1) — aa(t, y2)| < Cly1 —y21, (&, y1), (t, y2) € Do,

for some constant C > 0. Then

b(fa)’)3= al—(t)_OQ(t?y)v (t’ y)EDO,
O —e@®)

satisfies Assumptions (A1)—(A4) (provided that y > %)-

We finalize this initial section with a simple yet useful comparison-type result that will be
required in what follows.

Lemma 1.2. Assume that continuous processes {X1(t), t > 0} and {X»(¢t), t > 0} satisfy (a.s.)
the equations of the form

t
Xi(t) = X(0) + / fi(s, Xi(s))ds + Z(1), t>0, i=1,2,
0

where X(0) is a constant and f1, f>: [0, 00) Xx R — R are continuous functions such that for
any (t, x) € [0, 00) X R,

fi@, x) < fo(t, x).
Then X1(t) < X»(?) a.s. for any t > Q.

Proof. The proof is straightforward. Define

t
At) = Xo(1) — X1(1) = / (fa(s, X2()) — fi(s, Xi(s)) ds, t=0,
0
and observe that A(0) = 0 and that the function A is differentiable with

A’ (0) = f2(0, X(0)) — f1(0, X(0)) > 0.

Itis clear that A(r) = Ag_(O)t + o(1), t — 0+, whence there exists the maximal interval (0, t*) C
(0, 00) such that A(¢) > 0 for all 7 € (0, £*). It is also clear that

t* =sup{t>0|Vs e (0, 1):A(s) > 0}.

Assume that t* < co. By the definition of * and continuity of A, A(*) = 0. Hence X (t*) =
Xo(1*) = X* and
AT =05, X5 — 15, X*) > 0.

As A() = AN ()t — 1)+ o(t — 1), t — ¥, there exists such ¢ > 0 that A(r) <0 for all ¢ e
(t* — ¢, r*), which contradicts the definition of #*. Therefore * = 0o, and for all ¢ > 0,

X1(1) < X2(2).
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2. One-sided sandwich SDE

In this section, we discuss existence, uniqueness and properties of the solution of (0.3)
under Assumptions (A1)—(A4). First, we demonstrate that (A1)—(A3) ensure the existence and
uniqueness of the solution to (0.3) until the first moment of hitting the lower bound {¢(?), ¢ €
[0, T']}. We then prove that (A4) guarantees that the solution exists on the entire interval [0, T,
since it always stays above ¢(f). The latter property justifies the name one-sided sandwich in
the section title. Finally, we derive additional properties of the solution, still in terms of some
form of bounds.

Remark 2.1. Throughout this paper, the pathwise approach will be used; i.e. we fix a Holder
continuous trajectory of Z in most proofs. For simplicity, we omit the w in brackets in what
follows.

2.1. Existence and uniqueness result

As mentioned before, we shall start from the existence and uniqueness of the local solution.

Theorem 2.1. Let Assumptions (A1)—(A3) hold. Then the SDE (0.3) has a unique local solution
in the following sense: there exists a continuous process Y ={Y(t), t € [0, T1} such that

t
Y@ =Y(0) + / b(s, Y(s))ds + Z(t), VtelO0, 1o,
0

with

T9: =sup{r € [0, TT| Vs € [0, 1):Y(s) > ¢(s)}
=inf{r€[0, T]|Y®) =} AT.

Furthermore, if Y’ is another process satisfying Equation (0.3) on any interval [0, f] C [0, ),
where

1) := sup{s € [0, T] | Vu € [0, 5):Y'(u) > p(s)},

then 1) = 1) and Y(t) = Y'(¢) for all t € [0, T0).
Proof. For a fixed ¢ € (0, Y(0) — ¢(0)), define for (z, y) € [0, T] x R

~ b(t’ y)’ (t, y)ED‘?’
be(t,y):=
bt, () +¢e),  (1,y)&Ds.

Note that Zg is continuous and globally Lipschitz with respect to the second variable, and hence
the SDE

t
L=vO+ [ B Teo)ds +20. re10.7,
0
has a unique solution. Define

1. := inf{r € [0, T | Y. (0 =) +e}nT.
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By the definition of ., for all # € [0, 7,) we have (¢, IN/E (1)) € D,. This means that for all 7 €
[0, 7],

t

Y.()=Y(0) + / b(s, Ye(s))ds + Z(1);
0

ie. ?8 is a solution to (0.3) on [0, 7).
Conversely, let Y/, be a solution to (0.3). Define

t) = inf{re [0, T]| Y. () = p(t) + e} AT

and observe that for all ¢ € [0, 1:8/],
t
Yé(t) =Y(0) +f b, (s, Yg(s))ds +Z(t), te]l0,T],
0

which, by uniqueness of ?g, implies that 7/ = 7, and IN/; = 175 on [0, t.]. Since the choice of &
is arbitrary, we get the required result. O

Theorem 2.1 shows that Equation (0.3) has a unique solution until the latter stays above
{o(®), t € [0, T1}. However, an additional condition (A4) on the constant y from Assumption
(A3) allows us to ensure that the corresponding process Y always stays above ¢. More
precisely, we have the following result.

Theorem 2.2. Let Assumptions (Al)—(A4) hold. Then (0.3) has a unique solution Y =
(Y(®), t€]0, T} such that
Y(t) > o), tel0,T].

Proof. Let Y be the local solution to (0.3) discussed in Theorem 2.1, and assume that
r:=inf{r € [0, T]| Y(¢¥) = (1)} € [0, T]. For any & < min {ys, Y(0) — ¢(0)}, where y, is from
Assumption (A3), consider

T := sup{r € [0, 7] | Y(t) = p(t) + ¢}.

By the definitions of t and ,,
T
0(T) —@(te) —e =Y (1) — Y(1e) = / b(s, Y(s))ds + Z(t) — Z(ze).
Te

Moreover, for all ¢ € [z, T), we have (¢, Y(¢)) € Do \ D¢, so, using the fact that ¢ <y, and
Assumption (A3), we obtain that for f € [z, 7),

c 2 €
(Y — @)y ~ e’
Finally, by the Holder continuity of ¢ and Z,

b(t, Y (1)) > 2.1

—(Z(7) = Z(7e)) + (9(7) — 9(1)) < (A + K)(T — Te)* = :A(T — 7)™

Therefore, taking into account all of the above, we get

- T T—T
A(r—rg)’\zf ids—kszu—i-e,
T ey gy
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ie.
C(r—_yta) —A(t—1) +&<0. 2.2)
&

Now consider the function Fy: RT™ — R such that
c -
Fo(f)= —t — Ar" + .
eV

According to (2.2), Fe(t — 1) <0 for any 0 < ¢ < min {y,, Y(0) — ¢(0)}. It is easy to verify
that F; attains its minimum at the point

and

where

Note that, by (A4), we have % > 1. Hence it is easy to verify that there exists £* such that
for all & < &*, F¢(1*) > 0, which contradicts (2.2). Therefore, T cannot belong to [0, 7], and Y
exceeds ¢. O

Remark 2.2.

1. The result above can be generalized to the case of infinite time horizon in a straightfor-
ward manner. For this, it is sufficient to assume that ¢ is locally A-Hdlder continuous;
Z has locally Hélder continuous paths, i.e. for each T > 0 there exist a constant K7 > 0
and random variable A = Ar(w) > 0 such that

o) — &) < Krlt—sI*, 1Z() = Z()| < Arlt—sI*,  £,5€[0,T1;
and Assumptions (A1)—(A4) hold on [0, 7] for any T > 0 (in this case, the constants c,,
V4, and ¢ from the corresponding assumptions are allowed to depend on T).
2. Since all the proofs above are based on pathwise calculus, it is possible to extend the

results to stochastic ¢ and Y(0) (provided that Y(0) > ¢(0)).

2.2. Upper and lower bounds for the solution

As we have seen in the previous subsection, each random variable Y(¢), ¢ € [0, T], is a pri-
ori lower-sandwiched by the deterministic value ¢(7) (under Assumptions (A1)—(A4)). In this
subsection, we derive additional bounds from above and below for Y(¢) in terms of the random
variable A characterizing the noise from (1.1). Furthermore, such bounds allow us to establish
the existence of moments of Y of all orders, including the negative ones.

Theorem 2.3. Let Assumptions (A1)—(A4) hold, and let A be the random variable such that
|Z(1) — Z(s)| < At —s|*,  t1,5€]0, T.

Then, for any r > 0, the following hold:
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1. There exist positive deterministic constants M1(r, T) and My(r, T) such that
Y()|" <M\(r, T) + Ma(r, T)A", t€]0, T].

2. Additionally, if A can be chosen in such a way that EA” < 0o, then

1€[0,T]

]E|: sup |Y(t)|':| < 00.

Proof. It is enough to prove item 1 for r =1, as the rest of the theorem will then become
clear. Define n := M and let

t1:=sup{se[0, T]|Vue[O0, s]:Y(u) > o(u) + n} .

Our initial goal is to prove the inequality of the form
t
Y@l < 1Y(0)| + TAr + Ar / |Y(s)lds + AT + max. lp@)| + 1, (2.3)
0 uelv,

where
AT = 1+ max @e(u)|+n |+ max b u, p(u)+n
7]( u[,]|()| ) ue[,]|( () )|

and ¢, is from Assumption (A2). Let us get (2.3) by considering the cases t < 7y and ¢ > 11

separately.
Case t < 71. For any s € [0, ], we have (s, Y(s)) € Dy, and therefore, by Assumption (A2), for
all s € [0, 1],
b(s, Y(s)) — b (s, ¢(s) +m)| = ¢y [Y(s) — () —nl.
Hence

b(s, Y(s))| < ¢yl Y($) + ¢y <MIEIES)(T] lpQu)| + 77> + max. b (u, (u) + )l
=Ar(1 +[Y(s)D.

Therefore, taking into account that |Z(#)| < AT?*, we have

t

|Y()| = ‘Y(O) + / b(s, Y(s))ds + Z(t)
0

t
<|Y(O)] + /O Ib(s. Y()\ds + |Z(0)]
t
<|Y(0)| + TAr +Ar f |Y(s)|ds + AT
0
t
<|Y(0)| + TAr +AT/ |Y(s)lds + AT* + max |o(u)| + 7.
0 uel0,T]

Case > 71. From the definition of 7; and continuity of Y, Y(r;) = n. Furthermore, since
Y(s) > ¢(s) for all s >0, we can consider

7(t) := sup {s € (71, ] | Y(s) < o(s) + n}.
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Note that [Y(72(2))| < max,e(o,7] le@)| + 1, so

Y@ < [Y(1) = Y(©2())] + [Y(12(0))]

< |Y() - Y(02(0)| + max_[o()] + 1. 24
uel0,7T]
If 75(¢) < t, we have that (s, Y(s)) € D,, for all s € [12(?), t]; therefore, similarly to Step 1,
[b(s, Y()| < Ar(1 + [Y(9)]),
SO ,
Y1) — Y(n2(0)| = / ()b(s, Y(s))ds + (Z(1) — Z(2(1)))
(!
t
5/ [b(s, Y(s)lds + |Z(2) — Z(r2(1))]
(1)
t
<TAr +AT/ |Y(s)|ds + AT",
0
whence, taking into account (2.4), we have
t
Y01 < Tag A7 [ [¥G)ds + AT+ max fol+1
0 uel0,T]
t
<|Y()|+TAr +AT/ [Y(s)lds + AT* + max |¢(u)| + 1. (2.5)
0 uel0,T]
Now, when we have seen that (2.3) holds for any ¢ € [0, T], we apply Gronwall’s inequality to
get
Y| < <|Y(0)| + TA7 + AT + max_|o(u)| + n> ™7
uel0,T]
=:M1(1,T)+ M>(1, T)A,
where

Y(0) — ¢(0
Mi(1,T):= (|Y(0>| AT+ max o)+ %) oA

M>(1,T):= The™7.
O

Theorem 2.4. Let Assumptions (A1)—(A4) hold, and let A be the random variable such that
Z() — Z(s) < Ale—sI*, 1,50, T].
Then, for any r > 0, the following hold:

1. There exists a constant M3(r, T) > 0, depending only on 1, T, A, y, and the constant ¢
from Assumption (A3), such that for all t € [0, T1,

(Y()) — (1)) < Ma(r, T)RA 75T, (2.6)

where

— 1—x—yA
K ‘= max {A’ K, (2ﬂ)k—l <(Y(0) (/2)(0)) /\y*) }
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with ]
AT _ AT
p=""C 0,

cl-x

2. Additionally, if A can be chosen in such a way that EA AT < 00, then

E |: sup (Y(©) — go(t))’i| < 00.
te[0,7T]

Proof. Just as in Theorem 2.3, it is enough to prove that there exists a constant L > 0 that
depends only on 7', X, y, and the constant ¢ from Assumption (A3) such that for all 7 € [0, T7,

L
YO) —o() = ——;

A vi—1

then the rest of the theorem will follow.

Put
1

e=¢(w):= o -
(2B) 7T N 7T

Note that A is chosen in such a way that
() — ()] + 12(0) — Z(s)| < Alt —s*,  1.5€[0, T],
and furthermore, ¢ < Y(0) — ¢(0) and & < y,. Fix an arbitrary ¢ € [0, T]. If Y(r) — ¢(t) > ¢,

then, by definition of &, an estimate of the type (2.6) holds automatically. If Y(¢) — ¢(¢) < ¢,
then, since Y(0) — ¢(0) > &, one can define

7(1) ;= sup{s € [0, 1] | Y(s) — p(s) = €}.
Since Y(s) — ¢(s) <& <y, for all s € [7(?), t], one can apply Assumption (A3) and write
t
Y(0) — () =Y(r (1) — ¢(1) + /( : b(s, Y(s))ds + Z(t) — Z(z (1))
T(¢
t
=e+@(t(®) — e+ / b(s, Y(s))ds + Z(t) — Z(z (1))
(1)
¢ x A
>e+ —(@{—1t(t)— At — ()"
134
Consider the function F:R4 — R such that
¢ XA
F.(x)=e+ —x— Ax".
i34

It is straightforward to verify that F, attains its minimum at

1
ANy o~
X = | — eT-A AT—x,
C
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and, taking into account the explicit form of ¢,

RAPe g AT yh o~ 1
F(x*)_8+ L eT- X AT-Z — Lgl—AAI—)L
cl-x cl-x
2
=¢— Bel-* AT
1
- 1-2
2 vit+i IIBVAJr)LflA]/)Hr)» I
&

ie., if Y(t) < ¢(t) + &, we have that
Y(1) — (1) = Fo(t — T(1) = Fo(xy) = %

and thus for any ¢ € [0, T]

e 1 L
Y(H) 2 90+ = = p(t) + — 7 =,
2 2 VAT BYAFA= 1A VAiti—1 A 7T
where |
L :: —H.
D yiFa—1 ﬂ YAFri—1
This completes the proof. O

Remark 2.3. As one can see, the existence of moments for Y comes down to the existence of
moments for A. Note that the noises given in Examples 1.1 and 1.3 fit into this framework.

Remark 2.4. The constant M3(r, T) from Theorem 2.4 can be explicitly written as

YA r(1—

Ms(r, T) = 2y)\+A T Byith )1

3. Connection to Skorokhod reflections

We have seen that, under Assumptions (Z1)—(Z2) and (A1)-(A4), the solution Y to (0.3)
exceeds ¢. Note that since the inequality in (0.4) is strict, Y is not a reflected process in the
sense of Skorokhod (see e.g. the seminal paper [33] for more details). However, it is still pos-
sible to establish a connection between reflected processes and a certain class of sandwiched
processes.

For any ¢ > 0, consider an SDE of the form

13 e t
Ye([)=Y(O)+/0 mds—/(; a(s, Ye(s))ds + Z(1), 3.1

where Z = {Z(¢), t € [0, T} is a stochastic process satisfying Assumptions (Z1)-(Z2); y >

1 ,\A where A is the order of Holder continuity of ¢ and the paths of Z; Y(0) > ¢(0); and «:

[0, T] x R — R is a continuous function such that

le(2, y1) —a(t, y2)| <clyt —y2l, y1, 2 €R, (3.2)
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for some constant ¢ > 0. It is clear that the drift b.(t,y):= m — a(t, y) satisfies

Assumptions (A1)—(A4), and hence there exists a unique solution Y, to (3.1) and Y, (¢) > ¢(),
tel0,T].
Next, consider the Skorokhod reflection problem of the form

t
Yo(1)=Y(0) — / a(s, Yo(s))ds + Z(1) + Lo(2), (3.3)
0

where the process Lo = {Ly(¢), t € [0, T} is called the ¢-reflection function (or ¢-regulator)
for Yy and is defined as follows:

(i) Lo(0)=0a.s.,
(i) Lo is non-decreasing a.s.,
(iii) Lo is continuous a.s.,
(iv) the points of growth for Ly occur a.s. only at the points where Yy(7) — ¢(f) = 0, and
v) Yo(t) > (1), te[0, T], as.

Note that the solution to the Skorokhod reflection problem (3.3) is not just a stochastic process
Yo but the pair (Y, Lo) with Ly being a ¢-reflection function for Yj. Regarding the problem
(3.3), we have the following result.

Theorem 3.1. If a Skorokhod reflection problem (3.3) has a solution (Yy, Lo), it is unique.

Proof. First note that, without loss of generality, we can put ¢ = 0. Indeed, let (Yo, Lg) be
a solution to the Skorokhod reflection problem (3.3) with the lower boundary ¢. Then the
process satisfies

t
Y{(5) = Y¢(0) — f a?(s, YC(s))ds + Z¢ () + Lo (D), (3.4)
0

where Y?(0):= Y(0) — ¢(0), a?(t,y):= a(t,y+ (), Z9(t) := Z(t) — (p(t) — ¢(0)). It is
easy to check that Ly is a O-reflection function for Y, i.e. (Y, Lo) is a solution to the
Skorokhod reflection problem (3.4) with the lower boundary 0. Similar reasoning allows us to
establish that the opposite is also true: if (Y?, L) is a solution to (3.4), then (Yy = Yg + ¢, Loy)
is a solution to (3.3), and hence (3.3) has a solution if and only if (3.4) does; the uniqueness
of the solution of one Skorokhod problem implies the uniqueness of the solution of the other.
Therefore, in this proof we assume that ¢ = 0.

The rest of the proof essentially follows [33, 34]. The only difference is that we have a
general Holder continuous noise Z instead of a classical Brownian motion, but the additive
form of Z in (3.3) makes the arguments shorter.

Let (Yo, Lo) and (Y}, L;,) be two solutions to (3.3). Define

AT (1) = Yo(t) — Y(’)(t) if Yp(r) — Y(/)(t) >0,
’ 0 otherwise,

Y (1) — Yo(?) if Yj(t) — Yo(1) > 0,

0 otherwise.

A™(t) = {

By definition of a solution to Skorokhod reflection problem, both A™ and A~ are continuous
with probability 1. Let
(1) := sup{s € [0, 1] | AT (s) =0}.
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If 7(¢r) < t, we have that for all s € (z(¢), f]
AT(s)>0

and therefore Yy(s) > Y(/)(s) > 0. This means that Yy does not hit zero on (t(?), ], so Lo(t) =
Lo(t(#)) by definition of the reflection function. Moreover, since Yy — Y(’) is continuous,
Yo(t(1)) — Y (t(1)) = 0, and hence

t

Yo(1) — Y1) = — /() (aeCs, Yo(s)) — a(s, Yy(s))) ds + Lo(z (1)) — Lo(2).
T(t

However, Yo(f) — Y;(t) > 0 and Ly(t(1)) — Ly (t) < 0; therefore

At <

t
/() (auls, Yo(s)) — a(s, Y(s))) ds
(1

1
< / (s, Yo(s)) — x(s, Y)(5))| ds
0
t
< c/ |Yo(s) — Y)(s)| ds,
0
which also holds true if 7(f) = ¢ (i.e. if AT (f) = 0). Similarly,

t
A= [ [¥o(o) - Yo ds
0

and hence, for all ¢ € [0, T1,
t
[Yo(t) — Yj(0)| < c fo |Yo(s) — Y)(s)| ds. (3.5)

The equality of Yo(#) and Y{)(#) with probability 1 now follows immediately from Gronwall’s
lemma and (3.5), which in turn immediately implies that Ly(¢) = L6(t) a.s. [l

Note that Theorem 3.1 does not clarify whether the solution to (3.3) exists. Moreover, the
existence arguments from [33, 34] cannot be straightforwardly translated to the problem (3.3),
since e.g. [34, Lemma 4] exploits the independence of increments of the driver, which is not
available to us because of the generality of Z. However, the next result not only proves the
existence of the solution to (3.3) but also establishes the connection between (3.1) and (3.3).

Theorem 3.2. Let Y, be the solution to (3.1). Then, with probability I,

sup |Y:(¥) — Yo(#)] = O, sup
1€[0,T] t€[0,T)

! &
/0 T =gy B L@ =0 ase 0. (36

where (Yy, Lo) is the solution to the Skorokhod reflection problem (3.3).

Proof. Fix an arbitrary path w € Q such that Z(w, ) is A-Holder continuous with respect to
t (in what follows, w in brackets will be omitted). For any fixed ¢, Y. (¢) is non-increasing with
respect to ¢ by Lemma 1.2, and hence the limit

Yo() := lim Y, (¢)
el0
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is well defined. Since « is continuous,
als, Ye(s)) = a(s, Yo(s)), €10.
Moreover, (3.2) implies that there exists a constant C > 0 such that
la@ NI =CA+1yDh, t€[0,T], yeR;
hence, by Lemma 1.2 and Theorem 2.3, for any ¢ € (0, 1] and s € [0, T],
la(s, Ye(s))] < C(L+ [Ye(s)]) = C(1 + [Y1(s)]) = C(1 + M1 (L, T) + Ma(1, T)A).

Therefore, by the dominated convergence theorem, for any ¢ € [0, T]

t t
/ (s, Ye(s))ds — / a(s, Yo(s)ds, ¢0.
0 0

In particular, this means that the left-hand side of

! e

Ye () — Y(0) + /0 m‘“

t
als, Ye(s))ds — Z(t) = /
0

converges for any ¢ € [0, 1], and hence there exists the limit

! &
Lo(?):= i ————————ds.
o) Ji’%/o ACE )

It remains to prove that Ly is the g-reflection function for Y. For the reader’s convenience, the
rest of the proof will be split into four steps.

Step 1. It is easy to see by definition that Ly(0) =0, Ly( - ) is non-decreasing, and Yo (¢) >
o), tel0, T].

Step 2. Let us prove the continuity of Lg on (0, T). Take ¢ € (0, T) and assume that Ly(r+) —
Lo(t—) = ¢ > 0 (one-sided limits of Lo—and hence of Yp—exist by monotonicity of Lg). Since

t
Yo(t) = ¥(0) — / (s, Yo(s))ds + Z(t) + Lo(0),
0

this implies that Yy(z+) — Yo(r—) = £. Moreover, since L is non-decreasing, Lo(t—) < Lo(t) <
Lo(t4), which in turn implies that Yo(r—) < Yo(¢) < Yo(1+).

Consider now the only two possible cases.

Case 1: Yo(t—) — o(t—) = Yo(t—) — ¢(t) =y > 0. Since the left-sided limit Y(r—) exists
and ¢ is continuous, there exists § > 0 such that for all s € [t —§, 7], Yo(s) — ¢(s) > % > 0.
Moreover, since Y is assumed to have a positive jump in # and Y (¢+) exists, one can choose 6 >
0 such that Yy(s) — ¢(s) > % >0 forall s €[t —§, t+ 8]. Thus, for any t1, t € [t — &, t + 8],

o) e L &
L 1l i < ———ds=0,
0(t2) = Lo(t) = lim /t Ve — 0@ =20 Sy, Mol) —ployr @

1

and hence in this case Ly(r—) = Lo(t+) = Lo(?), which contradicts the assumption Lo(t+) —
Lo(t—)=1¢> 0.
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Case 2: Yo(t—) — (1) =0, Yp(t+) — ¢(t) = £ > 0. Choose &1, §; > 0 such that g1 < 1, t +
81 <T,and

£
e1 +2" (K + A)S8] + 28 +2C (1 +M(1, T)+M(1, T)A +2 max, Iso(s)|> 8 < >
s€[0,
(3.7
where K is such that |p(s1) — @(s2)| < K|s1 — 52|, 51, 52 € [0, T], A is from (Z2), C is such
that |a(s, y)| < C(1 + |y|), and M(1, T), M>(1, T) are such that

sup |Yi(s)] <M (1, T)+ Mo(1, T)A.
5€[0,T]

Next, note that there exists §> < 81 such that Yy(t — 62) — (¢t — 82) < &1 and Yo(t + 62) — (¢ +

8r) > £. Moreover, there exists g1 < &' A g such that Y, (t— 82) — p(t — §2) < &1, and since
2 1 2

£
Ye,(t+82) — @(t + 82) = Yot + 82) — (t + 82) > ok (3.8)
one can define
Ti=sup{s € (t— 82, t+82) | Ye,(s) — @(s) = &1}

By continuity, Y,(t) — @(t) =1, and by the definition of 7, Y,,(s) — ¢(s) > & for all s €
[T, t+ &2). Hence

2
(Ye, (5) — @(s))Y

t+62
— / als, Ye,($))ds + Z(t + 62) — Z(7)

t+62
Ye, (14 82) = Ye, () +/
T

=1+ 82) + (Yo, (1) — 9(1)) + (9(1) — 91 + 62))

t+62 &
_—d
* / Yo — oo "
t+87
— f a(s, Ye,(s))ds + Z(t + 82) — Z(7)

&

<@t+8)+e1 +K(t+8— 1) + (148 — 1)
&
1

+C (1 + sup |Y€2(s)|> t+66—1)+AG+8 —1).
5€[0,T]

Note that

sup [Ye,(s)| < sup [Yi(s)| +2 max [p(s)|
s€[0,T] s€[0,T] s€[0,T]

<Mi(1, T)+M>(1, T)A +2 max |p(s)|,
s€[0,T]
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whence, by (3.7) and the fact that j—% <1,
1

Yot +82) — p(t + 82) < e1 +27 (K + A)8] + 281

+2C <1 +M (1, T)+Mx(1, VA +2 I?(?);] |§0(S)|) )
selv,

N s

which contradicts (3.8).
The contradictions in both cases above prove that Ly is continuous at any point 7 € (0, T).

Step 3. Let us show that L is continuous at 0 and at 7.
Left-continuity at T. Let T > T. Define

(Z(t):{w(t), 1€ [0, Tl, 2(;):{2(0’ telo, Tl’
o), telT,T], ZT). 1e[T. 7.

(1. y) = a(t,y), tel0,T],
T, y), telT, T,

and consider

t

Y.()=Y(0) + / (s, Yo(s))ds + Z(1).

e 4 !
o (Vels)—(s))” _/o

Arguments similar to those above prove that ?o(t) = limg o Y, (1) and

- ¢ £
L :: 1. N—d
o= /0 T — )"

are well defined and continuous at any point ¢ € (0, 7). Moreover, 175, Zo, and 170(1‘) coirg:ide
with Y, Lo, and Y respectively on [0, T']; hence Ly and Yy are left-continuous at 7" € (0, T').

Right-continuity at 0. By Lemma 1.2, each Y, exceeds the process U defined by

t
Uil =Y(0) — f a(s, U(s))ds + Z(1).
0

Define t:= inf{r € [0, T | U(¢) — ¢(¢t) = Y(0)/2}. Then, for any ¢ € [0, T], we have Y (¢) —
) > U@l) —pt) > @, and hence

t

’

2
Lo=lim [ — & gs<lim— ¢ =
el0 Jo (Ye(s) — @(s))Y 2,0 Y7 (0)

i.e. Lo(04+) =0=Ly(0).

Step 4. It remains to prove that Ly has points of growth only in those ¢ € [0, T] such that
Yo(t) = ¢(¢). Let t be such that Yo(r) — () =y > 0. Then, by continuity of Y, there exists an
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interval [t — 8, t + 8] such that Yo(s) — ¢(s) > % for all s € [t — 8, t + 5], and hence, for any
>0, Ye(s) —p(s) > 2 5. Therefore,

P 21ty
L(t+6)—L(t—8):lim/ — = ds<limT——e=0,
€l (Ye(s) — @(s)) el0 yr

i.e. ¢ is not a point of growth for L.

Therefore, Ly is a ¢-reflection function for Yy, and the pair (Yo, L) is the unique solu-
tion to the Skorokhod reflection problem (3.3) as required. Note that the uniform convergence
from (3.6) immediately follows from the continuity of Ly (and hence Y() and the pointwise
convergence established above. U

Remark 3.1. Theorem 3.2 can be regarded as a generalization of Theorem 3.1 from [29],
which considered the sandwiched process of the type

t
Ye(t) = Y(0) + f ( £ —ng(s)> ds +oB(1),
0 Ye(s)

where B! is a fractional Brownian motion with a Hurst index H > 3 L Whene | 0,7, converges
to a reflected fractional Ornstein—Uhlenbeck (RFOU) process, and the reflection function of the
latter can be represented as

t

Lo()=lim | ——ds, 1€[0.T].

el0 Jo Ye(s)
Theorem 3.2 shows that the reflection function of the RFOU process can also be represented
as
Lo(t) = hm/ ds, tel0,T],
Y e,y (5)
where

4 £
Ye, () =Y(0)+ /O (m - bys,y(s)> ds + 0B (1),

and the value of the limit does not depend on y .

Remark 3.2. Note that the arguments in this subsection are pathwise, and hence they hold
without any changes if the lower boundary ¢ is itself a stochastic process.

4. Two-sided sandwich SDE

The fact that, under Assumptions (A1)—(A4), the solution Y of (0.3) stays above the function
@ is essentially based on the rapid growth to infinity of b(z, Y(¢)) whenever Y(¢) approaches ¢(?),
t > 0. The same effect is exploited to get an equation whose solution has both upper and lower
boundaries.

Specifically, let ¢, : [0, T] — R be A-Holder continuous functions, A € (0, 1), such that
() < Y (), t € [0, T]. For an arbitrary pair aj, az € R define

Day,ap = {1, ) [1€]0,T], y € (p() + a1, ¥ (1) —a2)} 4.1
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and consider an SDE of the form (0.3), with Z being, as before, a stochastic process with A-
Holder continuous trajectories, and with the initial value Y(0) and the drift b satisfying the
following assumption.

Assumption 4.1. The initial value ¢(0) < Y(0) < ¥ (0) is deterministic, and the drift b is such
that the following hold:

(B1) The function b: Dy o — R is continuous.
(B2) For any pair €1, &3 > 0 such that €1 + &3 < ||¢ — ¥lloo, there is a constant cg, ¢, > 0
such that for any (t, y1), (t, y2) € Dey 1,

[b(t, y1) — b(t, y2)| < Cey 65 l¥1 — ¥2I-

(B3) There are constants y, vy« >0, y, < %H(p — VY lloo, and ¢ > 0 such that for all (t,y) €
Do,0 \ Dy,.0,

C
b ) = )
R

and for all (t, y) € Do 0 \ Do,y,,
c
bt,y) < ——"—
W@® -y
(B4) The constant y from Assumption (B3) satisfies the condition

1—2
> 9
V==

with A being the order of Holder continuity of ¢, ¥, and paths of Z.

Example 4.1. Let «;: [0, T] — (0, 00), a: [0, TT — (0, o0) and &3: Dp,o — R be continuous,
with
los (2, y1) — e3(t, y2)| < Clyr —y2l, (£, 1), (¢, y2) € Do0,

for some constant C > 0. Then

ai(1) as (1)
b(t,y):= — — Y, 0,T1,yeDy,o,
() OOy D=y as(t,y), t€[0,T],yeDyyo

. . . 1—A
satisfies Assumptions (B1)-(B4) provided that y > -*.

Following the arguments of Subection 2.1, it is straightforward to verify that the following
result holds.

Theorem 4.1. Let Assumptions (B1)—(B4) hold. Then the equation (0.3) has a unique solution
Y={Y(@), t€[0, T} such that

@O <Y®) <y, 1€][0,T] 4.2)

Moreover, using the arguments in the proof of Theorem 2.4, one can check that the bounds
(4.2) can be refined as follows.
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Theorem 4.2. Let r > 0 be fixed.

1. Under Assumptions (B1)—(B4), there exists a constant L > 0 depending only on A, v,
and the constant ¢ from Assumption (B3) such that the solution Y to the equation (0.3)
has the property

~ 1 ~ 1
o)+ LA VP < Y(H) < Y(@)—LA 71 tel0,T],

where

(Y(0) — 0(0)) A ys A (¥(0) — y(o))> 1—x_y,\}
2 )

A := max {A, K, (4;6))‘_1 (

with
A 1

AT=E — AT=X

pi="— ="

T—
>0
2V )T

and K being such that
lo(t) — ()| + 1Y (1) — Y(s)| < K|t — s, 1,5€[0,T1.

2. If A can be chosen in such a way that EA e oo, then

E|: sup (Y(r) — ¢(t))r:| <oo and E|: sup (Y(2) — Y(t))’:| < 00.

te[0,T] te[0,T]

5. Stochastic volatility: generalized CIR and CEV

In this section, we show how two classical processes used in stochastic volatility modeling
can be generalized under our framework.

5.1. CIR and CEY processes driven by a Holder continuous noise

Let ¢ =0. Consider

K
b()’) =" - Qy,
y 1—a
where k, 0 > 0 are positive constants, « € (0, 1), and the process Z is a process with A-Holder
continuous paths with & + A > 1. It is easy to verify that for y = 1%~ Assumptions (A1)-(A4)
hold and the process Y satisfying the SDE

dY(t) = ( £ 9Y(z)> dr + dZ(1) (5.1)

YTa (1)

exists and is unique and positive. Furthermore, as noted in Theorems 2.3 and 2.4, if the cor-
responding Holder continuity constant A can be chosen to have all positive moments, ¥ will
have moments of all real orders, including the negative ones.

The process X = {X(¥), t € [0, T]} such that

X()=YTa(r), tel0,T],
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can be interpreted as a generalization of a CIR (if « = %) or CEV (for general «) process in
the following sense. Assume that A > % Fix the partition 0 =1y <] <t < ... <t, =t, where
te[0, T], |At] := maxg—; __, (tx — tx—1). It is clear that

.....

X0 =XO0) + Y (X0 = X(te-1) = XO) + Y (VT 1) = YT (1),

k=1 k=1

so using the Taylor expansion we obtain that

" 1 «
X =X(©0) + Z(myl"‘(tk—l)(Y(fk) —Y(t—1))
k=1

2a—1
I—a

oz@n’k v v )
+ m( (t) — Y(t—1)) >,

with ©,  being a real value between Y(#) and Y (fx—1).
Note that, by Theorem 2.3 (for « € [% 1)) or Theorem 2.4 (for a € (O, %)),

20—1
sup O, <oo.
n>1, ’
k=0,1,....n

Moreover, using Equation (5.1) and Theorem 2.4, it is easy to prove that Y has trajectories
which are A-Holder continuous. Therefore, since A > %,
20—1
n I—a

nk _ 2
; A= ap V) = Ytn) = 0. A1 =0, (5.2)

and

3 ) — V) = —— 3 X ) (¥ 1) — Vi)
— ) B B -« — B B

1 < Tk K
=—— ) X(-1) f — — 0Y(s) | ds+ (Z(t) — Z(tx-1))
l—«a P o

Y(s)T-=
= 1 Xn:Xa(l‘k 1)/[1< ( K _QXI—Ot(S)) ds (5.3)
I-a k=1 B tr—1 X*(s)
1 n
R ;Xa(tk*])(z(tk) — Z(tr-1))

t t
— L / (k — 60X (s))ds + L / X*($)dZ(s), |At]— 0.
l—« 0 l—« 0

Note that the integral with respect to Z in (5.3) exists as a pathwise limit of Riemann—Stieltjes
integral sums, owing to sufficient Holder continuity of both the integrator and integrand; see
e.g. [37].
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Taking into account all of the above, X satisfies (pathwise) the SDE of CIR (or CEV) type,
namely

K 0 1
dX(t) = <1— — —X(t)) dt + ——X*()dZ(t)
—a 11—« l -«

= (K — 0X(0))dt + VX% ()dZ(?),

54)

where the integral with respect to Z is the pathwise Riemann—Stieltjes integral.

Remark 5.1. The integral fot X*(s)dZ(s) arising above is a pathwise Young integral; see e.g.
[18, Section 4.1] and references therein.

Remark 5.2. Note that the reasoning described above also implies that, for « € [%, 1) and
A > %, the SDE (5.4), where the integral with respect to Z is understood pathwise, has a
unique strong solution in the class of non-negative stochastic processes with A-Holder con-

tinuous trajectories. Indeed, {Y ﬁ(r), t € [0, TT} with Y defined by (5.1) is a solution to (5.4).
Moreover, if X is another solution to (5.4), then by the chain rule [37, Theorem 4.3.1], the
process {X I=e(p), t€[0, T]} must satisfy the SDE (5.1) until the first moment of hitting zero.
However, the SDE (5.1) has a unique solution that never hits zero, and thus X 1= coincides
with Y.

Remark 5.3. Some of the properties of the process Y given by (5.1) in the case of A = % and
Z being a fractional Brownian motion with H > % were discussed in [26].

5.2. Mixed-fractional CEV process

Assume that «, 6, v, Vo are positive constants, B = {B(¢), t € [0, T]} is a standard Wiener
process, BY = {BH(t), t € [0, T]} is a fractional Brownian motion independent of B with H €

0, 1), Z=viB+ 1B «ac (% 1) is such that H A % +a > 1, and the function b has the

form
K avl2
b(y) = — — =L — Oy

ym 2y
Then the process Y defined by the equation

2

K avy i
ay(t) =  — —0Y(t) | dt + vidB(t) + v2dB~ (1) (5.5)
Y= 2(1 —a)Y ()

exists, is unique and positive, and has all the moments of real orders.

IfH > %, just as in Subsection 5.1, the process X(¢) := Yﬁ (1), t € [0, T], can be interpreted
as a generalization of the CEV process.

Proposition 5.1. Let H > % Then the process X(t):= Y (t)ﬁ, t € [0, T, satisfies the SDE of
the form

AX(t) = (L _ ixm) dt + X (0)dB() + —2—X*(dB" (1), (5.6)
1l -« 1l -« l—«o 1—X

where the integral with respect to B is the regular It6 integral (with respect to the filtration
generated jointly by (B, B)), and the integral with respect to B is understood as the L*-limit
of Riemann—Stieltjes integral sums.
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Remark 5.4. Note that B is a martingale with respect to the filtration generated jointly by
(B, B), X% is adapted to this filtration, and

t
/ E[X?%(s5)]ds < oo,
0

i.e. the Itd integral fé X“%(s5)dB(s) is well defined.

Proof. We will use an argument that is similar to the one presented in Subsection 5.1,
with one main difference: since we are going to treat the integral with respect to the Brownian
motion B as a regular Itd integral, all the convergences (including convergence of integral sums
with respect to B) must be considered in the L? sense. For the reader’s convenience, we split
the proof into several steps.

Step 1. First we will prove that the integral fot X% (s)dB™ (s) is well defined as the L2-limit of
Riemann—Stieltjes integral sums. Let 0 =179 <] <t < ... <t, =t be a partition of [0, ¢] with
the mesh |At| := maxg—o,.. n—1 (tk+1 — )-

Chooseke(%,H),Ne(O, %),and8>05uchthatk+)»’>1and)»+s<H,)J+a<%.

Using Theorem 2.4 and the fact that for any A’ € (0, %) the random variable Az /4, which

corresponds to the noise Z and Holder order A’ + & can be chosen to have moments of all
orders, it is easy to prove that there exists a random variable Yy having moments of all orders
such that

X“() = X*(9) < Yxlt =5/, 5,1€(0, T, as.
By the Young-Loeve inequality (see e.g. [19, Theorem 6.8]), it holds a.s. that

t n—1
‘ /0 X*(s)dB" (s) = Y X*(t)(B" (tr11) — B (1)
k=0

n—l1 Tk+1
< Z / X%(5)dB" (s) — X*(1:)(B (tr11) — B (1))
k=0 Tk

n—1

H
= 21=(A2) Z (XDt [B™ Ittt
k=0

where
A

m—1
Uty = (SUP > i) _f(sl)|'{> :

il 1=

with the supremum taken over all partitions I1[z, /'] = {f =59 < ... < s, =1} of [1, ']
It is clear that, a.s.,

’
m—1 A

1
XDt = | sup Y IX*Csip1) = X ()|
Mk tey11 1=0

m—1 A

<Y Y

<Tx sup (S141 —51)
H[tkatk+l] k=0

< Yx|Ar}*e
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and similarly
(B sitneini) < M| A1,
where Apgn has moments of all orders and
1B (5) = B (5)| < Agulr — s,

whence

n—1

‘ / X*(s)dB" ()= Y X*(t)(B" (t41) — B (rk»

k=0

r 2
—1
15 -
<E <—21_Q+N) > XDt [B h;[tk,zm])
k=0

2
2 AN +2e
<E ABHTX22 2(A+)J (Z | At ) —0

as |At| — 0. It is now enough to note that each Riemann-Stieltjes sum is in L? (thanks to the
fact that E[ SUPye(0.7] X"(t)] < oo for all r > 0), so the integral fé X*(s)dB™ (s) is indeed well
defined as the L2-limit of Riemann—Stieltjes integral sums.

Step 2. Now we would like to get the representation (5.6). In order to do that, one should
follow the proof of the It6 formula in a similar manner as in Subsection 5.1. Namely, for a
partition 0 =ty < t] <t <... <1, =1 one can write

X0 =XO)+ Y (Yo - Y ()

k=1
1 n—1 .
=XO) +1— g (Y (o - Y — 1)
1 ol 20—1 5
taa —a)z % (Y = (- )(Y (1) = Yt — 1) )
1 aQa — " 3u2
T U=y Z <®nlk (Y(1) — Y (15— 1))3>

where ©,,  is a value between Y (tx—1) and Y (#).
Note that, using Theorems 2.3 and 2.4, it is easy to check that for any A’ € (% %) there
exists a random variable Yy having moments of all orders such that

1Y(2) = Y(s)| < Yylt — s/

Furthermore, by Theorem 2.3 (for o € [% l)) and Theorem 2.4 (for o € ( % %)) it is clear that
there exists a random variable ® > 0 that does not depend on the partition and has moments of
all orders such that ®, ; < ®, whence

n 3g—2 " n L2
3 (@,,{,:‘ (Y1) — Y(rk1>)3> <0 G- Ho, jarg—o.

k=1 k=1
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Using Step 1, it is also straightforward to verify that
1 n—1
— Y (Y )Y@ — Yt )
— Z( ()Y (1) = Y(t51)

—> — / (k — 0X(s)) ds + _— / X*(5)dB(s)

2 f X% (s)dB" (5)
1—x Jo
T A=
————— | YT=a(s)ds, |At|—0
2(1 —a)? Jo
and
1
YT (¢ Y(t, Yt — 1
S a>2§< (DY @) — Y = D))
g 2a-1
- —/ Y=o (s)ds, |At|— 0,
2(1—a)* Jo
which concludes the proof. (|

6. Simulations

To conclude the work, we illustrate the results presented in this paper with simulations.
Details on the approximation scheme used in this section can be found in Appendix A. All
the simulations were performed in the R programming language on a system with Intel Core
19-9900K CPU and 64 Gb RAM. In order to simulate values of fractional Brownian motion
on a discrete grid, we used the R package somebm utilizing the circulant embedding approach
from [24, Section 12.4.2].

6.1. Simulation 1: square root of fractional CIR process

As the first example, consider a particular example of the process described in Subsection
5.1, namely the square root of the fractional CIR process:

Yt—YO—}-l/t K _ov(s) ) ds+ ZB @), tel0,T] 6.1
()—()§0<m (S))SE ), €1V, 1], (6.1)

where Y(0), k, 6, and ¢ are positive constants and B is a fractional Brownian motion with
Hurst index H > % In our simulations, wetake T=1,Y(0)=1,k=3,0=1,0 =1, H=0.7.
Ten sample paths of (6.1) are given in Figure 1.

6.2. Simulation 2: two-sided sandwiched process with equidistant bounds
As the second example, we take

B ‘ 1 1 .
Y(z)_2.5+/0 ((Y(s)—cos(Ss))4 _(3+c0s(55)—Y(s))4>ds+3B @, 1€l0,1],
(6.2)
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FIGURE 1. Ten sample paths of (6.1); T=1,Y(0)=1,k=3,0=1,0 =1,H=0.7,n=20.
<
o LW N,
V) R
> L et
WS
= ¥
00 02 0.4 06 08 10
Time
FIGURE 2. Ten sample paths of (6.2).
with

Y(t) — () =3+ cos (5f) —cos (51) =3, te][0,1].

Ten sample paths of (6.2) are presented in Figure 2.

6.3. Simulation 3: two-sided sandwiched process with shrinking bounds
As our final illustration, we consider

[ 1 1 "
Y(r) = /0 ((Y(s)+e_s)4—(e_S_Y(s))4>ds+B @, e, 1], 6.3)

with
Y —p)=2e"—0, t— o0.

Ten sample paths of (6.2) are presented in Figure 3.
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FIGURE 3. Ten sample paths of (6.3).

Appendix A. The numerical scheme

In this section, we present the scheme used in Section 6 to simulate the paths of sandwiched
processes. One must note that this scheme does not have the virtue of preserving ‘sandwiched-
ness’, and it has a worse convergence rate than some alternative schemes (see e.g. [22, 38]
for the case of fractional Brownian motion). On the other hand, it allows for much weaker
assumptions on both the drift and the noise and is much simpler from the point of view of
implementation.

We first consider the one-sided sandwich case. In addition to (A1)-(A4), we will require
local Holder continuity of the drift b with respect to ¢ in the following sense:

(A5) for any ¢ > 0 there exists ¢, > 0 such that for any (¢, y), (s, y) € De,
|b(t, y) — b(s, y)| < celt — s]*.

Obviously, without loss of generality one can assume that the constant ¢, is the same for
Assumptions (A2) and (AS).

We stress that the drift b is not globally Lipschitz, and furthermore, for any ¢ € [0, T], the
value b(¢, y) is not defined for y < ¢(r). Hence classical Euler approximations applied directly
to the equation (0.3) fail, since such a scheme does not guarantee that the discretized version of
the process stays above ¢. A straightforward way to overcome this issue is to discretize not the
process Y itself, but its approximation Y obtained by ‘leveling’ the singularity in the drift.
Namely, fix

ng > max |b(t, o(t ,
0 IE[O’T]I( (@) + yl

where y, is from Assumption (A3). For an arbitrary n > ng, define the function y,: [0, T] — Dy
by
ya() := min{y > @(1): b(t, y) < n},

and consider

Bult, y) := b(t,y),  y=yu0), )

n, y <)’n(t)-
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1 1
By (A3), b(t,y)>n for all y e <<p(t), o) + (%)V), therefore y,(f) > ¢(t) + (£)” and thus,

by (A2), N N
[Dn(t, y1) — bu(t, y2)l <culyr —y2I, t€[0,T], yi,»eR,

~ ~ N (A.2)
[bu(t1, y) —bu(t2, Y| <culti — 2", 1, 0€[0,T], yeR,

1
where ¢, denotes the constant from (A2) and (AS) which corresponds to ¢ = (%)7 In
particular, this implies that the SDE

dY (1) = bu(t, Y (0)dt + dZ(1),  Y™(0) = Y(0) > ¢(0), (A.3)

has a unique pathwise solution which can be approximated by the Euler scheme.

Remark A.1. In this section, by C we will denote any positive constant that does not depend
on the order of approximation n or the partition, and whose exact value is not important. Note
that C may change from line to line (or even within one line).

Regarding the process Y™, we have the following result.

Proposition A.1. Let Assumptions (A1)—(A4) hold. Then, for any r > 0, there exists a constant
C > 0 that does not depend on n such that

max Y70 <C(1+A").
t€[0,T]

Proof. Fix n > np, take ¢ > 0, and consider the processes

Yo(t)=Y(0) + /0 Z (b(s. Ye(s)) + &) ds + Z(1)
and .
70 (1) = ¥(0) + /0 (Zno(s, 7o) (5)) — s) ds + Z(1).
It is easy to see that there exists C > 0 that does not depend n such that
(B (1. 9)] < C(L+ yD;

therefore there exists C > 0 such that
t
T (1) < Y(0) + €T + / (B (s, O (5))1ds + Z(1)
0
t
<C+ C/ |Y{0)(s)|ds + AT
0

Hence, by Gronwall’s inequality,

max |Y ()| < C(1+A)
1€[0,7]

for some constant C > 0. Moreover, by Theorem 2.3, there exists C > 0 such that

max |Y:()| <C(1+A).
te[0,7T]
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The result now follows from the fact that, by Lemma 1.2,
Yl < Y"1 <Ye(r), 1[0, T1. O

Before proceeding to the main theorem of the section, let us provide another simple
auxiliary proposition.

Proposition A.2. Let Assumptions (A1)—(A4) hold. Assume also that the noise Z satisfying
Assumptions (Z1)—(Z2) is such that

E[1Z(t) — Z(&)P] < Crplt — s, s,t€[0,T),

for some positive constant Cy , >0 and p>1 such that Ay := A — 1% > m with y from
Assumption (A4). Then

P ( min_(Y(1) — (1)) < a) =0Tl e 0.
t€[0,T]
Proof. By Lemma 1.1,

1
. 1
20 — Z) < Ay plt — s <// |Z(x) — Z(y)|dedy)p’

lx — y|*»

2 A
A, =230 ().
’ Ap—2
Note that the random variable

1
T\Z@) —Z0)P . \”
”‘A“’<ff X —y dxdy)

T
EAL= A7 / / BIZ0) =200,

b=y

where

is finite a.s., since

< TZA‘KPCM,

< Q.

Now, by applying Theorem 2.4 and Remark 2.4 with respect to the Holder order A, =2 — =,
one can deduce that for all ¢ € [0, T]

1
Y1) — () = —

M3,p(1, T)K;/xpﬂpfl

where

Yip 1-2p
M3,p(l’ T) c— D VApTip—T ﬂykp+xp—1 >0,
)Lp 1
All—x,, A 7
Bpi= L — >0,
Cl*)\p
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and

— I=Ap—y2p
ZN\I, ‘= max {AP, K,, (zlgp))"p—l <(Y(O) Z(O)) Ay*> } ’

with y,, ¢, and y being from Assumption (A3), and with K, being such that
lo(d) — ()| < Kplt =517, 5,1€[0, T].

Therefore

P ( min (Y(f) — ¢(2)) < 8) <P 1 i =¢
1€[0,T]

M3,p(1 ’ T)K;kp+kl,—l

" 1 YAipt+ip—1
=P(A,>(——
M (1, T)e

< (M3 (1, T)) T~ TR [A g7 2 Hhr ]

=0l e 0.

O

Finally, let A={0=1#y <t <... <ty =T} be a uniform partition of [0, T], tx = Tﬁk, k=
0,1,...,N,|A|:= % For the given partition, we introduce

(1) := max{t, i <1},
k(1) := maxik, 1 <t},

) (A4)
T4(f) ;= minfty, 1 > 1},
k4+(t) ;= min{k, t; >1t}.
For any n > ng, define
t
PV = Y(0) + / b (7-(5), 70 ) ds + Z(r— (o) (A.5)
0

i.e.
YN (ti1) = YN() + bulty, YVt (tig1 — 1) + Z(tig1) — Z(t:)

with linear interpolation between the points of the partition. Recall that for each n > ng the
function y,: [0, T] — Dy is defined as

yn(®) := minfy > ¢(2): (¢, y) < n},
and consider
3y = sup ] n(® — @(@)). (A.6)

tel0,T

1
Remark A.2. By (A3), it is easy to see that &, := (£)? <§,. Moreover, §, | 0 as n — oco.
Indeed, by the definition of y,,, for any fixed ¢ € [0, T] and n > ny,

V() = Yut1(0)
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and hence §,, > 8,,41. Now, consider an arbitrary ¢ € (0, y,) and take
e 1= [gg});} b(t, (1) + £)],
with [ - ] denoting the integer part. Then
b(t,p(t)+¢) <ne +1
for all ¢ € [0, T]. On the other hand, by Assumption (A3),

b(t, () + &) > ne + 1

X|=

forall & < (ngi-l) , which implies that for each 7 € [0, T,

Yne+1(1) — (1) <&,

i.e. 8,41 < &. This, together with §, being decreasing, yields that §, | 0 as n — oo.

Theorem A.1. Let Assumptions (Z1)—(Z2) and (A1)—(AS5) hold. Assume also that the noise Z
is such that
E [1Z() —Z(s)|P] <Cplt—s*, s,tel0,Tl,

where p > 2 is such that Ap :== A — > 1+y’ vy is from (A3), and C,, p, is a positive constant.
Then
yipt+ip—1 1 Cn
E| sup |[Y()—YV"() <c<5,, 2 ﬂ)
1€[0,T1] N*»

where C is some positive constant that does not depend on n or the mesh of the partition
Al = ]%, On is defined by (A.6), 5, — 0, n — oo, and ¢y, is from (A.2).

Proof. Just as in the proof of Proposition A.2, observe that

1Z(t) — Z(s)| < Aplt — s|*,

1
T\Z0) —Z0P 7
”‘A“’(// X —y dmy) ’

and note that the condition p > 2 implies that

where

TN

EAZ < (EAD)” <oo.

It is clear that

]E[ sup |Y(t)—’1?Nv"(t)|]

1€[0,T]

§]E|: sup ‘Y(t)—?“')(t)ﬂ +]E|: sup ‘17@)(0—?1\’»"(:)}].

te[0,T] te[0,T]
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Let us estimate the two terms in the right-hand side of the inequality above separately. Observe
that

b(ts y):zn(tvy)v (t’ )’)EID(S,N

with 3, defined by (A.6). Consider the set

Ay = {weQ| ten[l()ir%'] Y(w, 1) — @) > 8,}

and note that
b, Y(0)1 4, = bu(t, Y(D)1 4,,

i~.e., for all w € A, the path Y(w, 1) satisfies the equation (A.3) and thus coincides with
Y™ (w, t). Hence

1€[0,T]

E [ sup ‘Y(t) - W)(t))]

=E| sup |Y()-FO0| 14, [+E| sup [v() =70 1014,
t€[0,T] t€[0,T]

—E| sup ‘Y(r)—%")(t)‘ﬂg\ A,
te[0,7T]

1

.
<[E ( sup ‘Y(t) —17('”(;)‘) \/IP ( min (Y1) — (1)) > 5n>.
0.1 1€[0.7]

By Theorem 2.3 and Proposition A.1 applied with respect to A, = A — %,

E <sup ‘Y(t)—?(")(t)Dz
:

te[0,T

2 2
<C|E <sup |Y(t)|> +E (sup ‘?(")(t)D

te(0,T] 1€[0,T]

50(1+EA§) <00,

and by Proposition A.2 there exists a constant C > 0 such that

yiptip—1

\/P (;g[loi,r}] Y(w, 1) — (1)) > 5n> <Cs °

Therefore, there exists a constant C > 0 that does not depend on 7 or N such that

y)\p+)»p*1

E [ sup (Y(t) . 17“”(0@ <cs, T . (A7)

te[0,T]
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Next, taking into account (A.2), for any ¢ € [0, T] we can write

Bals, Ts)) = B (r_ (s), 7 (s))‘ ds

t

() — 70| < /0
t
+
0

+ AplA*r

Bu(r- (), V) =By (79, T )| s

t
gchl’/2|A|M)+ch1’/2/ ‘Y(”)(s)—YN’”(s))ds+Ap|A|AP,
0

whence, since EA ), < 00,

E| sup |77 —?N’"(r)‘
s€[0,1]
t
gc,,TP/2|A|*p+ch1’/2/ E[ sup Y(”)(u)—?N’”(u))] ds+ C|A,
0 uel0,s]

and, by Gronwall’s inequality, there exists a constant C > 0 such that

~ — C 1 Cn
E| sup ’Y(")(t) — YN'”(t)‘ < %
t€[0,T] N*»
This, together with (A.7), completes the proof. (]

Remark A.3. The processes from Examples 1.1, 1.2, and 1.3 satisfy the conditions of
Theorem A.1.

The two-sided sandwich case presented in Section 4 can be treated in the same manner.
Instead of Assumption (AS5), one should use the following:
(BS) forany e1, &2 >0, &1 + &2 < |[l¢ — ¥|lc, there is a constant ¢, ¢, > 0 such that for any
(t’ y), (S, y) S D£1,829

|b(t, ) — b(s, )| < Cey.enlt — 517,

where Dy, ¢, is defined by (4.1). Namely, let

np > max {[2[1&);] |b(t, (t) + v, tg[l&P}] |b(t, ¥ (1) —y*)l} ,

where y, is from Assumption (B3). For an arbitrary n > ng define
ye(t) := min{y € (p(t), ¥ (1)): b(t, y) < n},
Y (6):= max{y € (p(0), ¥(1): bz, y) > —n},
and consider the functions Zn: [0, T] x R — R of the form

~ b(t,y), W) <y<y ),
bu(t,y):= {n, y<yn(®), (A.8)
—n, y >y ).
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Observe that, just as in the one-sided case,

bu(t, y1) — bu(t, y2)l < culyt —y2l,  t€[0,TI, yi,y2€R,

- - (A9)
bu(t1,y) — bu(ta, Y| <cnlti —t2|*, 11,0 €[0,T], yeR,

where ¢, denotes the constant from Assumptions (B2) and (BS) which corresponds to ¢ =
1
(%) v . In particular, this implies that the SDE
dYO (1) = Ba(t, VO (0)dt + dZ(r), T = Y(0) > ¢(0), (A.10)

has a unique pathwise solution and, just as in the one-sided case, can be simulated via the
standard Euler scheme:

t
’Y‘N,n(t) = Y(0) + / Zn (‘L’i(s)’ ’Y‘i\’:(ns)) ds + Z(t_(1)). (A.11)
0
Now, define
5, = max { sup (4(1) — (1), sup (Y () —y¥ (t»} (A.12)
t€[0,T] t€[0,T]

and note that 8, — 0, n — 00, just as in the one-sided case.
Now we are ready to formulate the two-sided counterpart of Theorem A.1.

Theorem A.2. Let Assumptions (Z1)—(Z2) and (B1)—(BS5) hold. Assume also that the noise Z
is such that
E[1Z(t) — Z(&)P] < Crplt — s, s,t€[0,T),

where p > 2 is such that A, := % — 1% - ﬁ
Then

R yipt+ip—1 1 Cn
E [ sup |Y(1)— YN’”(t)q <C <5n 4 ﬂ) ,

y is from (A3), and C), p is a positive constant.

1€[0,T] N*»

where C is some positive constant that does not depend on n or the mesh of the partition
A= ]%, On is defined by (A.12), &, — 0, n — 0o, and c, is from (A.9).

Remark A.4. Theorems A.1 and A.2 guarantee convergence for all A € (0, 1), but in practice

the scheme performs much better for A close to 1. The reason is as follows: in order to make
Yiptip—1

S 2 small, one has to consider large values of n; this results in larger values of (1 + ¢;,)e“"

that, in turn, have to be ‘compensated’ by the denominator N*». The bigger Ap is, the smaller

the values of n (and hence of N) can be.
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