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Equivariant Map Queer Lie Superalgebras

Lucas Calixto, Adriano Moura, and Alistair Savage

Abstract. An equivariant map queer Lie superalgebra is the Lie superalgebra of regular maps from
an algebraic variety (or scheme) X to a queer Lie superalgebra q that are equivariant with respect
to the action of a finite group T acting on X and q. In this paper, we classify all irreducible finite-
dimensional representations of the equivariant map queer Lie superalgebras under the assumption
that T' is abelian and acts freely on X. We show that such representations are parameterized by
a certain set of I'-equivariant finitely supported maps from X to the set of isomorphism classes
of irreducible finite-dimensional representations of . In the special case where X is the torus, we
obtain a classification of the irreducible finite-dimensional representations of the twisted loop queer
superalgebra.

1 Introduction

Equivariant map algebras can be viewed as a generalization of (twisted) current al-
gebras and loop algebras. Namely, let X be an algebraic variety (or, more generally,
a scheme) and let g be a finite-dimensional Lie algebra, both defined over the field
of complex numbers. Furthermore, suppose that a finite group I' acts on both X and
g by automorphisms. Then the equivariant map algebra M(X, g)" is defined to be
the Lie algebra of I'-equivariant regular maps from X to g. Equivalently, consider the
induced action of T on the coordinate ring A of X. Then M(X, g)" is isomorphic to
(g ® A)T, the Lie algebra of fixed points of the diagonal action of T on g ® A. Re-
cently, the representation theory of equivariant map algebras, either in full generality
or in special cases, has been the subject of much research. We refer the reader to the
survey [NS13] for an overview.

Lie superalgebras are generalizations of Lie algebras and are an important tool
for physicists in the study of supersymmetries. The finite-dimensional simple com-
plex Lie superalgebras were classified by Victor Kac in [Kac77], and the irreducible
finite-dimensional representations of the so-called basic classical Lie superalgebras
were classified in [Kac77,Kac78]. It is thus natural to consider equivariant map su-
peralgebras, where the target Lie algebra g mentioned above is replaced by a finite-
dimensional Lie superalgebra. In [Savl4], the third author classified the irreducible
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finite-dimensional representations of M (X, g)* when g is a basic classical Lie super-
algebra, X has a finitely-generated coordinate ring, and I' is an abelian group acting
freely on the set of rational points of X. These assumptions make much of the the-
ory parallel to the non-super setting. The goal of this paper is to move beyond the
setting of basic classical Lie superalgebras. In particular, we address the case where
g is the so-called queer Lie superalgebra. In this case, very little is known about the
representation theory of the equivariant map Lie superalgebra, even when I' is trivial
or X is the affine plane or torus (the current and loop cases, respectively), although
the representations of the corresponding affine Lie superalgebra have been studied in
[GS08].

The queer Lie superalgebra q(#n) was introduced by Kac in [Kac77]. It is a simple
subquotient of the Lie superalgebra of endomorphisms of C"" that commute with an
odd involution (see Remark 2.15). It is closely related to the Lie algebra s[(n+1), in the
sense that q(n) is a direct sum of one even and one odd copy of s[(n +1). Although
the queer Lie superalgebra is classical, its properties are quite different from those of
the other classical Lie superalgebras. In particular, the Cartan subalgebra of q(n) is
not abelian. (Here, and throughout the paper, we use the term subalgebra even in the
super setting, and avoid the use of the cumbersome term subsuperalgebra.) For this
reason, the corresponding theory of weight modules is much more complicated. The
theory requires Clifford algebra methods, since the highest weight space of an irre-
ducible highest weight q(n)-module has a Clifford module structure. Nevertheless,
the theory of finite-dimensional q(7)-modules is well developed (see, for example,
[Pen86, PS97, Gor06]). It is the fact that the queer Lie superalgebra is similar to the
Lie algebra sl(n + 1) in some ways while, on the other hand, having very different
structure and representation theory that explains the special attention this Lie super-
algebra has received.

To investigate the representation theory of the Lie superalgebra q(n) ® A, where
A is a commutative unital associative algebra, the first step is understanding the irre-
ducible finite-dimensional representations of its Cartan subalgebra ) ® A, where b is
the standard Cartan subalgebra of q(n). Therefore, in this paper, we first give a char-
acterization of the irreducible finite-dimensional h ® A-modules (Theorem 4.3). Next,
we give a characterization of quasifinite irreducible highest weight q(n) ® A-modules
in Theorem 5.6. Such modules generalize finite-dimensional modules. Using these re-
sults, we are able to give a complete classification of the irreducible finite-dimensional
representations of the equivariant map queer Lie superalgebra in the case where the al-
gebra A is finitely generated and the group T is abelian and acts freely on MaxSpec(A).
Our main result, Theorem 7.3, is that the irreducible finite-dimensional modules are
parameterized by a certain set of I'-equivariant finitely supported maps defined on
MaxSpec(A). In the special cases where X is the torus or affine line, our results yield a
classification of the irreducible finite-dimensional representations of the twisted loop
queer Lie superalgebra and twisted current queer Lie superalgebra, respectively.

This paper is organized as follows. In Section 2, we review some results on com-
mutative algebras, associative superalgebras (in particular Clifford algebras), and Lie
superalgebras (especially the queer Lie superalgebra). We introduce the equivariant
map Lie superalgebras in Section 3. In Section 4, we give a characterization of the
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irreducible finite-dimensional representations of the Lie superalgebra h ® A. In Sec-
tion 5, we define quasifinite and highest weight modules, and we give a characteriza-
tion of the quasifinite modules. In Section 6, we introduce evaluation representations
and their irreducible products. These play a key role in our classification. Finally, in
Section 7, we classify all the irreducible finite-dimensional modules of q(7) ® A and

(a(n) ® A)".

Notation

We let Z be the ring of integers, N the set of nonnegative integers, and Z, = {0,1},
the quotient ring Z/27Z. Vector spaces, algebras, tensor products, etc. are defined over
the field of complex numbers C unless otherwise stated. Whenever we refer to the
dimension of an algebra or ideal, we refer to its dimension over C.

2 Preliminaries
2.1 Associative Superalgebras

We collect here some results that will be used in the sequel. Let A denote a commuta-
tive associative unital algebra and let MaxSpec(A) be the set of all maximal ideals of
A.

Definition 2.1 (Supp(I)) 'The support of an ideal I C A is defined to be the set
Supp(I) = {m € MaxSpec(A) | I € m}.

A proof of the following lemma can be found, for instance, in [Savl4, §2.1].

Lemma 2.2 Let I and ] be ideals of A.

(i)  IfI is of finite codimension, then Supp(I) is finite.

(ii) If A is finitely generated and I has finite support, then I is of finite codimension in
A.

(iii) IfI and ] have disjoint supports, then I] =1nJ.

(iv) If A is Noetherian, then every ideal of A contains a power of its radical.

Now let V = V5 @ V; be a Z,-graded vector space. The parity of a homogeneous
element v € V; will be denoted by |v| = i, i € Z,. An element in Vj is called even,
while an element in V; is called odd. A subspace of V is a Z,-graded vector space
W = Wy @ Wy € V such that W; ¢ V; for i € Z,. We denote by C™" the vector space
C™ @ C", where the first summand is even and the second is odd.

An associative superalgebra A is a Z,-graded vector space A = Az ® Aj equipped
with a bilinear associative multiplication (with unit element) such that A;A; ¢ A;,,
for i, j € Z,. A homomorphism between two superalgebras A and B is a map g: A —
B, which is a homomorphism between the underlying algebras, and, in addition,
g(A;) € B; fori € Z,. The tensor product A ® B is the superalgebra whose vec-
tor space is the tensor product of the vector spaces of A and B, with the induced
7Z,-grading and multiplication defined by (a; ® b;)(a,®b,) = (—1)|“2||b1| a1a, ® bib,,
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for homogeneous elements a; € A, and b; € B. An A-module M is always understood
in the Z,-graded sense, that is, M = My ® M7 such that A;M; ¢ M;,, for i, j € Z,.
Subalgebras and ideals of superalgebras are Z,-graded subalgebras and ideals. A su-
peralgebra that has no nontrivial ideal is called simple. A homomorphism between
A-modules M and N is a linear map f: M — N such that f(xm) = xf(m), for all
x € Aand m € M. A homomorphism is of degree |f| € Z if f(M;) S N5 for i € Z,.
We denote by M (m|n) the superalgebra of complex matrices in m|n-block form

(<)

whose even subspace consists of the matrices with B = 0 and C = 0, and whose odd
subspace consists of the matrices with A= 0and D = 0. If V = V5@ Vi isa Z,-graded
vector space with dim V5 = m and dim V; = #, then the endomorphism superalgebra
End(V) is the associative superalgebra of endomorphisms of V, where

End(V); ={T €End(V) | T(V;) € Viyj, j€ L}, i€Zy.
Note that fixing ordered bases for V5 and V; gives an isomorphism between End( V')

and M (m|n).
For m > 1, let P € M(m|m) be the matrix

01 I
-I,| 0 )

and define Q(m); := {T € M(m|m); | TP = (-1)'PT}, for i € Z,. Then Q(m) =
Q(m)y @ Q(m); is the subalgebra of M(m|m) consisting of matrices of the form

(414):

where A and B are arbitrary m x m matrices.

Theorem 2.3 ([CW12,p.94])  Consider C™" as an M(m|n)-module via matrix mul-
tiplication. Then the unique irreducible finite-dimensional module, up to isomorphism,

of M(m|n) (resp. Q(m)) is C™I" (resp. C™Im),

For an associative superalgebra A, we shall denote by |A| the underlying (i.e., un-
graded) algebra. Denote by Z(|A|) the center of |A|. Note that Z(|A|) = Z(|A])5 &
Z(|A|)7, where Z(|A]); = Z(JA]) n Ay, for i € Z,.

Theorem 2.4 ([CW12, Th.3.1]) Let A be a finite-dimensional simple associative su-
peralgebra.

(1)  IfZ(JA])7 = 0, then A is isomorphic to M(m|n), for some m and n.

(i) IfZ(JA|)7 # 0, then A is isomorphic to Q(m), for some m.

Definition 2.5 (Clifford algebra) Let V be a finite-dimensional vector space and
f:V x V - C be a symmetric bilinear form. We call the pair (V, f) a quadratic pair.
Let ] be the ideal of the tensor algebra T(V') generated by the elements

x®x—f(x,x)l, xeV,
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and set C(V, f) := T(V)/]. The algebra C(V, f) is called the Clifford algebra of the
pair (V, f) over C.

Remark 2.6 ([Hus94, Ch.12, Def. 4.1and Th.4.2]) For a quadratic pair (V, f), there
exists a linear map 6: V. — C(V, f) such that the pair (C(V, f), 8) has the following
universal property: For all linear maps u: V' — A such that u(v)? = f(v,v)14 for

all v € V, where A is a unital algebra, there exists a unique algebra homomorphism
u:C(V,f)—> Asuchthat u’6 = u.

Clifford algebras also have a natural superalgebra structure. Indeed, T(V') pos-
sesses a Z,-grading (by even and odd tensor powers) such that J is homogeneous, so
the grading descends to C(V, f). Thus, the resulting superalgebra C(V, f) is some-
times called the Clifford superalgebra.

Lemma 2.7 ([Musl2, Th. A.3.6]) Let (V, f) be a quadratic pair with f nondegener-
ate. Then C(V, f) is a simple associative superalgebra.

Remark 2.8 It follows from Lemma 2.7, together with Theorems 2.3 and 2.4, that
any Clifford superalgebra associated with a nondegenerate pair (i.e., the symmetric
bilinear form associated with this pair is nondegenerate) has only one irreducible
finite-dimensional module up to isomorphism.

2.2 Lie Superalgebras

Definition 2.9 (Lie superalgebra) A Lie superalgebra is a Z,-graded vector space

g = g5 © g7 with bilinear multiplication [ -, - ] satisfying the following axioms:

(i)  The multiplication respects the grading: [g;, g;] € gi+; forall i, j € Zj.

(i) Skew-supersymmetry: [a,b] = —(-1)1%l’I[b, a], for all homogeneous elements
a,beg.

(iii) Super Jacobi Identity: [a, [b, c]] = [[a, b], ¢] + (=1)1I*[b, [a, ¢]], for all homo-
geneous elements a, b, ¢ € g.

Example 2.10 Let A = A5 ® A7 be an associative superalgebra. We can make A into
a Lie superalgebra by letting [a, b] := ab — (~1)!%l!lpq, for all homogeneous a, b € A,
and extending [ -, - | by linearity. We call this the Lie superalgebra associated with A.
The Lie superalgebra associated with End(V) (resp. M(m|n)) is called the general
linear Lie superalgebra and is denoted by gl(V') (resp gl(m|n)).

Just as for Lie algebras, a finite-dimensional Lie superalgebra g is said to be solv-
able if g(") = 0 for some n > 0, where we define inductively g(® = gand g™ =
[g" D, g(" D] for n > 1.

Lemma 2.11 ([Kac77, Prop.5.2.4]) Let g = g5 ® g7 be a finite-dimensional solvable

Lie superalgebra such that [ gy, g7] € (95> 95)- Then every irreducible finite-dimensional
g-module is one-dimensional.
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Lemma 2.12 ([Savl4, Lem. 2.6]) Suppose g is a Lie superalgebra and V is an irre-
ducible g-module such that Jv = 0 for some ideal J of g and nonzero vectorv € V. Then
Jv=o.

The next two results are super versions of well-known results in representation
theory. Namely, the Poincaré-Birkhoft-Witt Theorem (or PBW Theorem) and Schur’s
Lemma, respectively.

Lemma 2.13 ([Musl2, Th. 6.1.1]) Let g = g5 ® g7 be a Lie superalgebra and let By, B,
be totally ordered bases for gy and gy, respectively. Then the monomials

Uy UV Vs, U;j€By, vi€By and u;<--<uy, v<-oo-< Vs,

form a basis of the universal enveloping superalgebra U(g).

Lemma 2.14 ([Kac77, Schur’s Lemma, p.18]) Let g be a Lie superalgebra and V be
an irreducible g-module. Define Endg(V); := {T ¢ End(V); | [T, g] = 0}, for i € Z,.
Then,

El’ldg(V)a = (Cld, El’ldg(V)T = C(/),
where ¢ = 0 or ¢ = —id.

2.3 The Queer Lie Superalgebra

Recall the superalgebra Q(m) defined in Section 2.1. If m = n + 1, then the Lie su-
peralgebra associated with Q(#) will be denoted by q(#n). The derived subalgebra
q(n) = [q(n),q(n)] consists of matrices of the form (2.1), where the trace of B is
zero. Note that §(#) has a one-dimensional center spanned by the identity matrix
Ipu+2. The queer Lie superalgebra is defined to be the quotient superalgebra

q(n) =q(n)/Clypsa.

By abuse of notation, we denote the image in q(n) of a matrix X € §(n) again by X.
The Lie superalgebra q(n) has an even part isomorphic to s[(#n + 1) and an odd part
isomorphic (as a module over the even part) to the adjoint module. One can show
that q(n) is simple for n > 2 (see [Musl2, §2.4.2]). From now on, q = q(#n) where
n>2.

Remark 2.15 Some references refer to G(n) as the queer Lie superalgebra. However,
in this paper, we reserve this name for the simple Lie superalgebra q(n).

Denote by N™, H, N* the subset of strictly lower triangular, diagonal, and strictly
upper triangular matrices in s[(n + 1), respectively. We define

{5 1 en} {515 1 es)
= {(A) 1 aen) nfz{(%)‘w},

h=bhyg®by, and n*=nfen:
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Lemma 2.16 ([Musl2, Lem. 2.4.1]) We have a vector space decomposition
(2.2) g=n"@ehen'

such that n* and b are graded subalgebras of q ,with n* nilpotent. The subalgebra by is
called the standard Cartan subalgebra of q.

We now describe the roots of q with respect to . For each i =1,...,n +1, define
€; € h% by
. hjo})_
i\ 7o =4,
where h is the diagonal matrix with entries (aj,...,d,41). For1<i,j<n+1, welet

E;,j denote the (1 +1) x (n +1) matrix with a 1in position (i, j) and zeros elsewhere,

and we set
_ E,')j 0 ro_ 0 E,‘)]‘
ej= ( 0 E., ) and ¢; ;= £, "k

Given « € h%, let
Qo = {x eq|[h x]=a(h)xforall he ha}.
We call a a root if « # 0 and g, # 0. Let A denote the set of all roots. Note that gy = b
and, for a = ¢; —€j,1< i # j<n+1, wehave
qo = Ce;j @ (Ceﬁ)j.

In particular,

q= @ da-

aeht
hn

A root is called positive (resp. negative) if g Nn* # 0 (resp. g, Nn~ # 0). We denote by
A™ (resp. A7) the subset of positive (resp. negative) roots. A positive root « is called
simple if it cannot be expressed as a sum of two positive roots. We denote by IT the set
of simple roots. Thus,

A" ={ei—¢j|1<i<j<n+1}, H={ei—eq|l<i<n+1},
A" =-A%, A=ATUA".

It follows that
=@ q« and n" = P qa.
aeAt aeA~

The subalgebra b = h @ n* is called the standard Borel subalgebra of q.

Notice that, since n > 2, we have [hy, hy] = bg. Indeed, forall i,j € {1,...,n+1}
with i # j, we can choose k € {1,...,n + 1} such that k # i, k # j, and then

1
€ii—€jj= E[ez,',i - e;‘,p e;,i + e;’,j - Ze;c,k]'

Thus, the result follows from the fact that elements of the form e;; - ¢; ;, for i, j €
{L,...,n+1} and i # j, generate by.
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2.4 Irreducible Finite-dimensional g-modules

Lemma 2.17 ([Musl2, Prop. 8.2.1]) Forevery A € f)g, there exists a unique irreducible
finite-dimensional h-module W () such that hv = A(h)v, for all h € by andv € W(A).
Moreover, any irreducible finite-dimensional h-module is isomorphic to W (1) for some
A ez

0

Let V be an irreducible finite-dimensional gq-module. For y € h%, let
Vi={veV|hv=yu(h)vforalhebg}cV

be the u-weight space of V. Since by is an abelian Lie algebra and the dimension of
V is finite, we have V, # 0 for some y ¢ h%. We also have q4 V), € V44, forall a € A,
Then, by the simplicity of V, we have the weight space decomposition

V=@ V..

pehz

Since V has finite dimension, there exists A € b% such that V) # 0 and q,V) =0
for all @ € A*. Since [hy, h] = 0, each weight space is an h-submodule of V. If W
is an irreducible h-submodule of V), then W = W(A) by Lemma 2.17. Now, the
irreducibility of V together with the PBW Theorem (Lemma 2.13), implies that

Vyz W(/l) and U(n’)VA =V.

In particular, this shows that any irreducible finite-dimensional g-module is a highest
weight module, where the highest weight space is an irreducible h-module. On the
other hand, given an irreducible finite-dimensional h-module W (1), we can consider
the Verma type module associated with it. Namely, regard W (1) as a b-module, where
n"W(A) = 0, and consider the induced q-module U(q) ®y(p) W(A). This module
has a unique proper maximal submodule, which we denote by N(1). Define V(1) =
(U(q) ®u(e) W(A))/N(A). Then V(1) is an irreducible q-module and every weight
of V(1) is of the form

A= > maa, mgeNforallaell
aell

Remark 2.18 It is important to note here that we allow homomorphisms of mod-
ules to be nonhomogeneous. If we were to require such homomorphisms to be purely
even, the Clifford algebra associated with a nondegenerate pair could have two irre-
ducible representations (see Remark 2.8) and q(#) could have two irreducible highest
weight representations of a given highest weight.

Let P(A) = {p € b= | V(A), # 0}. We will fix the partial order on P(1) given by
w1 > po if and only if gy — py € Q*, where Q" := ¥ ..y Na denotes the positive root
lattice of g.
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3 Equivariant Map Queer Lie Superalgebras

In this section we introduce our main objects of study: the equivariant map queer Lie
superalgebras. Henceforth, we let A denote a commutative associative unital algebra
and q = q(n), with n > 2.

Consider the Lie superalgebra q ® A where the Z,-grading is given by (q® A); =
q; ® A, j € Zs, and the bracket is determined by

(08 fix2® fi] =[x, %] ® fifss xi€q fieA, ie{l,2}.

We will refer to a Lie superalgebra of this form as a map queer Lie superalgebra, in-
spired by the case where A is the ring of regular functions on an algebraic variety.

Definition 3.1 (Equivariant map queer Lie superalgebra) Let I be a group acting
on A and on q by automorphisms. Then I' acts diagonally on q ® A. We define

(q@A) ={zeq®A|yz=zforallyeT}

to be the Lie subalgebra of ® A of points fixed under the action of I'. We call (q® A)"
an equivariant map queer Lie superalgebra. Note that if T is the trivial group, then
(g0 A =q®A.

Example 3.2 (Multiloop queer superalgebras) Let n, my, ..., my be positive inte-
gers and consider the group

k
F: (yl,...,yk | ylm' :1, yzy] :)’j)’i’ V].S l,]§k> ;@Z/M,Z

An action of I' on ¢ is equivalent to a choice of commuting automorphisms o; of q
such that ;"' =id, foralli = 1,...,n. Let A = C[t{,..., t;] be the algebra of Laurent
polynomials in k variables and let X = Spec(A) (in other words, X is the k-torus
(C*)*). Foreachi =1,...,k,let & € C be a primitive #;-th root of unity, and define
an action of I on X by

yi(Zl,...,Zk) = (zl,...,zi_l,fizi,zi+1,...,zk).
This induces an action on A, and we call
M(q, 015y Oy 15 mg) = (q© A)F

the (twisted) multiloop queer superalgebra relative to (o1, ..., 0x) and (my, ..., my).
If T is trivial, we call it an untwisted multiloop queer superalgebra. If n = 1, then
M(q, 01, m) is called a (twisted or untwisted) loop queer superalgebra. These have
been classified, up to isomorphism, in [GP04, Th. 4.4]. This classification uses the
fact that the outer automorphism group of q is isomorphic to Z4 (see [Ser84, Th. 1]).

Definition 3.3 (Annu(V), Supp(V)) Let V bea (q ® A)'-module. We define
Ann (V) to be the sum of all T-invariant ideals I € A, such that (q® I)TV = 0. If p
is the associated representation, we set Anny (p) := Anny (V). We define the support
of V to be the support of Ann, (V') (see Definition 2.1). We say that V has reduced
support if Anny (V) is a radical ideal.
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4 Irreducible Finite-dimensional Representations of the Cartan
Subalgebra
In this section we study irreducible finite-dimensional f ® A-modules. The goal is to
show that, for each such module, there exists a finite-codimensional ideal I € A, such
that I is maximal with respect to the property (h ® I)V = 0. Once this is done, we

can proceed using similar arguments to those used in the study of irreducible finite-
dimensional h-modules (see [Musl2, Prop. 8.2.1] or [CW12, §1.5.4], for example).

Lemma 4.1 Let V be an irreducible finite-dimensional h ® A-module and let I ¢ A
be an ideal such that (hg ® I)V = 0. Then (h;® I)V = 0.

Proof Let p be the associated representation of h ® A on V. We must prove that
p(b; ® I) = 0. Note that

[p(heA),p(hreD)] =p([b@AbreI]) cp([h,bi]eI) cp(hyeI)=0.

Thus, p(h; ® I) € Endyega(V);. Suppose that p(z) # 0 for some z € hy ® I. Then,
possibly after multiplying z by a nonzero scalar, we may assume by Schur’s Lemma
(Lemma 2.14) that p(z)* = —id. But then we obtain the contradiction

-2id =2p(2)* = [ p(2), p(2)] = p([2.2]) = 0,
where the last equality follows from the fact that [z, z] € bz ® I. [ |

Proposition 4.2  Let V be an irreducible b ® A-module. Then V is finite-dimensional
if and only if there exists a finite-codimensional ideal I of A such that (h @ I)V = 0.

Proof Suppose V is an irreducible finite-dimensional h ® A-module, and let p be
the associated representation. Let I be the kernel of the linear map

¢:A—Homc(V®h,V), a—(veh—p(h®a)v), acA veV, heb.

Since V is finite-dimensional, I is a linear subspace of A of finite-codimension. We
claim that [ is an ideal of A. Indeed, if r € A, a €  and v € V, then we have

¢(ra)(v @ by) = p(hg @ ra)v = p([by. byl @ ra) v
=p([br@rbr@al)v=p(hr®r)p(h;®a)v +p(b; & a)p(hy & r)v = 0.
Thus, ¢(ra)(V ® by) = 0 forall r € A, a € I, or equivalently, p(hg ® AI) = 0. In
particular,
[p(br®AI),p(h® A)] < p(hy® AI) =0,

which implies that p(h; ® AI) € Endyea(V);. Suppose now that ¢(ra)(v ® h) # 0
for some v € V and h € hy. Then p(h ® ra) # 0, with h ® ra € hy ® AL Thus, as in the
proof of Lemma 4.1, we are lead to the contradiction (possibly after rescaling h ® ra):

-2id =2p(h®ra)* = [p(h ®ra),p(h® ra)] € p( bs ® (rar)a) =0,

where, in the last equality, we used that p(hy ® AI) = 0. Since V' ® by is spanned by
simple tensors of the form v ® h, v € V, h € by, it follows that ¢(ra)(V ® h;) = 0, and
so ra € I. Thus I is a finite-codimensional ideal of A such that (h ® I)V = 0.
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Conversely, suppose that (h ® I) V = 0 for some ideal I € A of finite codimension.
Then V factors to an irreducible h ® A/I-module with (h5® A/I)v € Cv forallv e V
by Schur’s Lemma (Lemma 2.14). On the other hand, let {xy,..., x} be a basis of
hy ® A/I Since V is irreducible, the PBW Theorem (Lemma 2.13) implies that

V=UmheA/v= >  xj-x,Cv,
1<ip<-<is<k

where iy, ...,is € {1,..., k}. Hence, V is finite-dimensional. [ |
Let
L(h®A)=
{we(bg®A)* | y(bz®I) = 0, for some finite-codimensional ideal I ¢ A}

and let R(h ® A) denote the set of isomorphism classes of irreducible finite-dimen-
sional h ® A-modules. If y € £L(h ® A) and

S={IcA|Ilisanideal, and y(h5®I) =0},

weset Iy, = g L.

Theorem 4.3 For any y € L(h ® A), there exists a unique, up to isomorphism,
irreducible finite-dimensional ) ® A-module H(y) such that xv = y(x)v, for all x €
hy ® A andv € H(y). Conversely, any irreducible finite-dimensional ) ® A-module is
isomorphic to H(y), for some w € £L(h ® A). In other words, the map

L(hoA)>R(Hh®A), vy~ Hy),

is a bijection.

Proof Assume first that V is an irreducible finite-dimensional h ® A-module and
that xv = 0 for all x € h ® A and v € V. Then, by Lemma 4.1, we have (h ® A)V = 0.
So we take H(0) to be the trivial module.

Assume now that y € £(h ® A) and y # 0. Define a symmetric bilinear form f,,
on by = h; ® A/I,, by

(41) So(ey) =y([x0]), xyeby.
Let by = {x € by | fy(x,hy) = 0} denote the radical of fy, and set
hoAll,  bg®A/l, by

v (kery) @b}~ kery ® by
We can regard y as a linear functional on (¢y)g. Since v # 0 and dim((cy)g) =
1, there exists a unique z € (cy )y such that y(z) = 1. Define the factor algebra
Ay = U(cy)/(z - 1). Consider the natural linear maps i: (¢y); < T((cy);) and
P T((ey)y) > Ay. Itis straightforward to check, via the universal property of Clif-
ford algebras (see Remark 2.6), that the pair (A, p o i) is isomorphic to the Clifford
algebra of ((cy )7 3 fy)- By Remark 2.8, this Clifford algebra admits only one, up to
isomorphism, irreducible finite-dimensional module. Let H(y) denote such a mod-
ule. We can consider an action of h ® A on H(y) via the map

h®A ¢y = U(cy) > Ay.
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Note that H(y) is an irreducible U (¢, )-module (and thus an irreducible ¢, -module).
Therefore, H(v) is an irreducible finite-dimensional h ® A-module. In particular, we
have that

xv=y(x)v, forallx e hy® Aand v € H(y).

It remains to prove the converse statement in the lemma. Let V' be any irreducible
finite-dimensional f ® A-module with associated representation p. Since hy ® A is
central in h ® A, there exists y € (hy ® A)* such that xv = y(x)v, forall x € bz ® A,
v € V. On the other hand, by Proposition 4.2, there exists an ideal I of A of finite-
codimension such that (h ® I)V = 0. In particular, we have that y(h; ® I) = 0, so
v € L(h® A), and that V factors to an irreducible h ® A/I,-module. If by, is defined
to be the radical of the bilinear form (4.1), then p(b) € gl(V') is central. Since p is
irreducible and p(hy) consists of odd elements, it follows that p(h;) = 0. Hence, V

is an irreducible finite-dimensional C((¢y )7, 3 fy)-module, and so V = H(y). [ |

5 Highest Weight Modules

In [Savl4], the irreducible finite-dimensional modules of an equivariant map Lie su-
peralgebra were investigated in the case where the target Lie superalgebra is basic clas-
sical. In particular, it was proved that such modules are either generalized evaluation
modules or quotients of analogues of Kac modules of some evaluation modules for
a reductive Lie algebra. It was heavily used that the highest weight space of any irre-
ducible finite-dimensional module is one-dimensional, and also that tensor products
of irreducible modules with disjoint supports are again irreducible modules.

In Section 4, we saw that irreducible finite-dimensional modules for the Cartan
superalgebra h ® A are irreducible modules for certain Clifford algebras. In partic-
ular, the dimension of such modules is not necessarily equal to one. In addition, it
is not true, in general, that the tensor product of irreducible modules with disjoint
supports is irreducible (see Example 6.1). Thus, the arguments used in [Sav14] require
modification.

From now on, we consider q € q ® A as a Lie subalgebra via the natural isomor-
phism q = q ® C. We also fix the triangular decomposition of q given in (2.2).

Definition 5.1 (Weight module) Let V bea q® A-module. We say that V is a weight
module if it is a sum of its weight spaces, i.e.,

V=@ Vi, whereVy={veV|hv=A(h)vforallhebg}.
Aep*

If V) #0,thenA € bg is called a weight of V and the nonzero elements of V) are called
weight vectors of weight A.

Definition 5.2 (Quasifinite module) A weight q ® A-module is called quasifinite if
all its weight spaces are finite-dimensional.
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Definition 5.3 (Highest weight module) A q® A-module V is called a highest weight
module if there exists a nonzero vector v € V such that

U(@eA)y=V, (n"®A)v=0, and U(hy® A)v=Cr.
We call v a highest weight vector.

Proposition 5.4 If V is an irreducible finite-dimensional q ® A-module, then V is a
highest weight module. Moreover, the weight space associated with the highest weight is
an irreducible h ® A-module.

Proof Since by is an abelian Lie algebra and the dimension of V is finite, V,, # 0
for some y ¢ b%. Also note that (qq ® A)V,, S V,uq, for all @ € A. Then, by the
simplicity of V, it is a weight module. Since V is finite-dimensional, there exists a
maximal weight A € bz such that V) # 0. It follows immediately that

(‘ll+ ® A)V,\ =0.
Considering V) as an ) ® A-module, we can choose an irreducible h ® A-submodule
H(y) ¢ Vy. Thus, U(hy® A)v ¢ Cv, forall v € H(y). Now by the simplicity of V, we

have U(q®A)v = V forany v € H(y). In particular, the PBW Theorem (Lemma 2.13)
implies that V), = H(y). [ |

Fix y € £L(h ® A) and define an action of b ® A on H(y) by declaring n* ® A to
act by zero. Consider the induced module

V(y) =U(q® 4) ®u(oea) H(Y).
This is a highest weight module, and a submodule of V() is proper if and only if its
intersection with H(y) is zero. Moreover, any q ® A-submodule of a weight module
is also a weight module. Hence, if W € V() is a proper q ® A-submodule, then

w=pWw,
utd

where A = yl;,_. Therefore, V() has a unique maximal proper submodule N () and

V(y) = V(¥)/IN(y)
is an irreducible highest weight g ® A-module.
By Proposition 5.4, every irreducible finite-dimensional q ® A-module is isomor-
phic to V(y) for some y € £L(h ® A). Notice also that the highest weight space of
V() is isomorphic, as an hh ® A-module, to H(y).

Lemma 5.5 Letye L(h® A)and let I be an ideal of A. Then y(hg ® I) = 0 if and
only if (q@ NV (y) = 0.

Proof Suppose that y(hy ® I) = 0 and set A = y[y.. We know that V(y), = H(y)
as h ® A-modules, and, by Lemma 4.1, we have that (h ® I) V(y), = 0. Now, let v be a
nonzero vector in V(y),. By Lemma 2.12, to prove that (q®I) V() = 0, it is enough
to prove that (q ® I)v = 0. It is clear that (h ® I)v = 0 and, since v is a highest weight
vector, we also have that (n™ ® I')v = 0. It remains to show that (n™ ® I)v = 0.
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Fora = Y%, a;a;, with a; € N and where the «; are the simple roots of q, we define
the height of « to be

ht(a) = i a;.

By induction on the height of «, we will show that (q_, ® I)v = 0. We already have
the result for ht(ar) = 0 (since qo = b). Suppose that, for some m > 0, the results hold
whenever ht(a) < m. Fix « € A* with ht(a) = m + 1. Then

(5.1) M ®A)(ge®ve[n @A g ®Iv+(q @ )(n" ®A)v
= ([n+,q_a] ®I)v =0,

where the last equality follows from the induction hypothesis, since any element of
[n*,g_q] is either an element of g_,, with ht(y) < ht(a), or an element of n*. Now
suppose that there exists a nonzero vector w € (q_q ® I)v € V)_4. By (5.1), we have
(n*® A)w = 0, and, since V is irreducible, we have V = U(q® A)w. But, by the PBW
Theorem (Lemma 2.13), this implies that V (), = 0, which is a contradiction. This
completes the proof of the forward implication. The reverse implication is obvious.

|

Theorem 5.6 Lety € L(h ® A). The following conditions are equivalent.

(i)  The module V() is quasifinite.
(ii)  There exists a finite-codimensional ideal I of A such that (q® I)V (y) = 0.
(iii) There exists a finite-codimensional ideal I of A such that y(hz®I) = 0.

If A is finitely generated, then the above conditions are also equivalent to the following:
(iv) The module V () has finite support.

Proof (i) = (ii): Let A = y|y_ be the highest weight of V/(y). Let a be a positive root
of g and let I, be the kernel of the linear map

A= Home(V(¥)1 ® 4o, V(¥)r-a)s [ (vOur (ue fv),
feA veV(y), ueq_,.
Since V() is quasifinite, I, is a linear subspace of A of finite-codimension. We claim
that I, is, in fact, an ideal of A. Indeed, since « # 0, we can choose h € by such that
a(h) 0. Then, forallge A, f eI, ve V(y), and u € g4, we have
0=(heog)(ue f)v
=hogueflv+(uef)(heg)v
=—a(h)(uegf)v+(ua f)(heg)v.
Since (h ® g)v € V(y), and f € I,, the last term above is zero. Since we also have
a(h) # 0, this implies that (u® g f)v = 0. As thisholds forallv € V(y), and u € q_g,
we have g f € I,. Hence, I, is an ideal of A.
Let I be the intersection of all the I,,. Since q is finite-dimensional (and thus has
a finite number of positive roots), this intersection is finite and thus I is also an ideal

of A of finite-codimension. We then have (n~ ® I) V (), = 0. Since A is the highest
weight of V (), we also have (n* @ I)V()) = 0. Thensince h®I € [n* @ A,n” ®I],
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we have (h®I)V(y), = 0. Thus, (q®I)V(y), = 0. Since V(y), # 0, it follows from
Lemma 2.12 that (q ® I) V() = 0.

(ii) = (iii): Let v be a highest weight vector of V (). Then y(x)v = xv = 0 for any
xebg®I Thus y(hg ®I) = 0.

(iii) = (1): If y(hy ® I) = 0, then, by Lemma 5.5, we have (q ® I)V(y) = 0. Then
V() is naturally a module for the finite-dimensional Lie superalgebra q ® A/I. By
the PBW Theorem (Lemma 2.13), we have

V(y) =U(a@ A/D)V(y)r=Um™ @ A/D)V(y),

and V (y), is finite-dimensional. Another standard application of the PBW Theorem
completes the proof.

Now suppose A is finitely generated. We prove that (ii) < (iv). By definition,
Supp, (V(y)) = Supp(Anna(V(y))), where Anns(V (y)) is the largest ideal of A
such that (q ® I) V(y) = 0. Thus, (ii) is true if and only of Annu (V (v)) is of finite-
codimension. Since A is finitely generated, Ann,(V (y)) is of finite-codimension if
and only if it has finite support (see Lemma 2.2, parts (i) and (ii)). [ |

Corollary 5.7  Let V be an irreducible finite-dimensional q ® A-module. Then there
exists an ideal I of A of finite-codimension such that (q® I)V = 0.

Proof Since finite-dimensional modules are clearly quasifinite, the result follows
from Theorem 5.6. u

6 Evaluation Representations and their Irreducible Products

If R and § are associative unital algebras, all irreducible finite-dimensional modules
for R® S are of the form Vi ® Vi, where Vi and Vg are irreducible finite-dimensional
modules for R and S, respectively. Furthermore, all such modules are irreducible.
When R and S are allowed to be superalgebras, the situation is somewhat different.
In particular, Vg ® V; is not necessarily irreducible, as seen in the next example.

Example 6.1 By Remark 2.8, the unique irreducible finite-dimensional Q(1)-mod-
ule is C'". However, C'' ® C'" is not an irreducible Q(1) ® Q(1)-module, since
Q(1) ® Q(1) = M(1]1) as associative superalgebras and, again by Remark 2.8, the
unique irreducible finite-dimensional M(1|1)-module is also C'!'.

In general, if g', g* are two finite-dimensional Lie superalgebras, and V' is an irre-
ducible finite-dimensional g*-module, for i = 1, 2, then the g' ® g>-module V! ® V? is
irreducible only if Endg: (V') = 0 for some i = 1,2 (recall that dim(End (V');) # 0
implies, by Schur’s Lemma (Lemma 2.14), that End:i (V'); = C¢;, where ¢7 = -1).
When End i (V) = C¢;, ¢ = —1for i =1and i = 2, we have that

V={veV'eV?| (% ® ¢2)v = v}, where 51 =V-1¢y,
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is an irreducible g' ® g?-submodule of V! ® V2 such that V' @ V2 = V @ V (see
[Che95, p. 27]). Set henceforth

Vigv? =

Vie v?2 if V! ® V2 is irreducible,
VeVvieV? if V!® V2isnot irreducible.

In [Che95, Prop. 8.4] it is proved that every irreducible finite-dimensional g' ®
g%-module is isomorphic to a module of the form V'®V?2, where V' is an irreducible
finite-dimensional g’-module for i = 1,2. If p; denotes the representation associated
with the gi—module Vi, then p1®p, will denote the representation associated with the
g' ® g>-module V'®V?2. Inductively, we define the g' @ --- ® gF-module

Vig...evh = (Vig...evkhavk

with associated representation denoted by p;® - -- ®py. We will call ® the irreducible
product. As the next lemma shows, it is associative, up to isomorphism.

Lemma 6.2 Fori=1,2,3, let g’ be a Lie superalgebra and let V' be an irreducible
finite-dimensional g'-module. Then (V'®V*)®V? = VI®(V@V?) asg' @ g° @
g°-modules.

Proof By [Che95, Prop. 8.4], the unique, up to isomorphism, irreducible finite-
dimensional g'® (g> ®g>)-module contained in V'® (V2@ V?)is VIg(V28V?). On
the other hand, the unique irreducible finite-dimensional (g' ® g*) @ g*>-module con-
tainedin (V'@ V?) @ V3 is (VI®V?)8V>. Now, since g' @ g’ @ g’ 2 g' @ (g° @ ¢°) =
(¢" ® g*) ® g’ as Lie superalgebras, and (V' ® V) ® V? =2 V! @ (V? ® V?) as
g' ® g% ® g>-modules, we conclude that (V!®V?)®V?3 = VIg(VRV?). [ |

Proposition 6.3  Let V(y,) and V(y2) for y1,y2 € L(h ® A) be two irreducible
finite-dimensional g ® A-modules with disjoint supports. Then

V(y1 +v2), or

V(y) @ V(y2) = {V(WI +92) ® V(y1 + y2).

Proof LetI; = Anns(V(y;)) and let p; be the representation corresponding to
V(y;), for i =1,2. Then the representation p; ® p; factors through the composition

(6.1) 1©AS (qoA)e (18 A) 5> (9@ A/L) @ (48 A/DL),

where A is the diagonal embedding and the second map is the obvious projection on
each summand. By Lemma 2.2(iii), we have that I; n I, = I;I,, since the supports of
I and I, are disjoint. Thus A = I + I, and so A/I; 1, = (A/I;) ® (A/I;). We therefore
have the following commutative diagram:

1@ A—"—> (g A) @ (18 A)

|

q® A/LL, —— (¢® A/L,) ® (q® A/).
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It follows that the composition (6.1) is surjective. However, V(y;) ® V(l//z)
a(ge® A/ I) ® (q® A/I;)-module, is either irreducible or is isomorphic to V & V
whereas V ¢ V(y1) ® V(v,) is an irreducible (q ® A/L) ® (q® A/Iz) module. The
result then follows from the fact that V() ® V(v,), and hence V @ V, is generated
by vectors on which h ® A acts by y; + y5. ]

Note that if V(y1) and V() satisfy the hypothesis of Proposition 6.3, then
Vy)eV(y) 2 V(v +v2).

In general, the following result follows by induction.

Corollary 6.4  Suppose that V(y1),..., V(yi) are q ® A-modules with pairwise
disjoint supports. Then

R V() = V( i%‘)-

Now assume that T is a finite abelian group acting on both q and A by auto-
morphisms. We also assume that A is finitely generated and that I acts freely on
MaxSpec(A).

Definition 6.5 (Evaluation map) Suppose my, ..., mj are pairwise distinct maximal
ideals of A. The associated evaluation map is the composition

k k
Vi d® A > (@ A)/(q® [[m;) = Dla ® a/m).
i=1 i=1

Weletevy, . denote the restriction of evm, ..m, to (q® A)".

.....

Let my, ..., my be pairwise distinct maximal ideals of A, and foreach i =1,...,k,
let V; be an irreducible finite-dimensional ® A/m;-module, with corresponding rep-
resentation p;: q® A/ m; — g[( V;). Then the representation given by the composition

is denoted by
(6’2) a’ml ..... mk(P1)~‘-)pk))

and the corresponding module is denoted by

a’ml ..... mk(Vl,...,Vk),

Wedeﬁne:'é\‘/;1 m, (P15 -+ +» p) to be the restriction of &V, m, (p1. .., px) to (q®

A)L. The notation e’?{,l ,,,,, me (V1. Vi) is defined similarly.

If we consider tensor products instead of irreducible products, then the above are
called evaluation representations and evaluation modules, respectively.

Remark 6.6 Observe that by definition

—k
,,,,, me (P15 PE) 2 ®i=1 evm, (pi)
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Proposition 6.7  An irreducible finite-dimensional representation of q ® A is isomot-
phic to a representation of the form (6.2) if and only if it has finite reduced support.

Proof Let p be an irreducible finite-dimensional representation of q ® A. Assume

P = &y mi (P15 PR,

where my, ..., my are pairwise distinct maximal ideals of A and p; is an irreducible
representation of q ® A/m;. Let I = [Tf; m;. Then Supp(I) = {my,...,m} and
p(q®1) = 0. Thus, p has finite support. Furthermore we have that /T = 0%, m; =
[1%, m; = I and hence I is a radical ideal. This proves the forward implication.

Suppose now that p(q®I) = 0 for some radical ideal I of A of finite support. Thus,
I=+/T=TI/, m; for some distinct maximal ideals my, ..., m of A. Hence, p factors
through the map

k

k
a4 (@oA)/(ae]]m) = Dae/m).

i=1
Then, by [Che95, Prop. 8.4], there exist irreducible finite-dimensional representations
piofq® A/m;,i=1,..., k such that

Thus, p is isomorphic to a representation of the form (6.2). This completes the proof
of the reverse implication. ]

Definition 6.8 (X.) Let X, denote the set of finite subsets M ¢ MaxSpec(A) having
the property that m’ ¢ I'm for distinct m, m’ € M.

Lemma 6.9 ([Savl4, Lem. 5.6]) If {my,...,my} € X., then the map e’irrm1 ,,,,, my 1S
surjective.

Let R(q) denote the set of isomorphism classes of irreducible finite-dimensional
representations of q. Then I acts on R(q) by

IxR(q) =R (- [p]) = yvlp] = [poy™],
where [p] € R(q) denotes the isomorphism class of a representation p of q.

Definition 6.10 (€(q,A), £(q, A)T) Let &(q, A) denote the set of finitely supported
functions ¥: MaxSpec(A) — R(q) and let £(q, A)" denote the subset of €(q, A) con-
sisting of those functions that are I'-equivariant. Here the support of ¥, denoted
Supp(¥), is the set of all m € MaxSpec(A) for which ¥(m) # 0, where 0 denotes
the isomorphism class of the trivial (one-dimensional) representation.

If p and p’ are isomorphic representations of g, then the representations evy, (p)
and evy, (p”) are also isomorphic for any m € MaxSpec A. Therefore, for [p] € R(q),
we can define ev, [ p] to be the isomorphism class of evy, (p), and this is independent
of the representative p. For ¥ € &£(q, A) such that Supp(¥) = {my,...,mg}, we
define &y to be the isomorphism class of &, m, (¥(my),..., ¥ (mg)), which is
well defined by the above comments and Remark 6.6. If ¥ is the map that is identically
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0 on MaxSpec(A), then, by definition, évy is the isomorphism class of the trivial (one-
dimensional) representation of q ® A.

Lemma 6.11 Let'V € &(q, A)' and m € MaxSpec(A). Then forall y € T,
Em(¥(m)) = Eym(y¥(m)) = &ym (¥ (ym)).

Proof The proof is the same as that in [NSSI2, Lem. 4.13], where q is replaced by a
finite-dimensional Lie algebra. [ |

Definition 6.12 (&vy) Let¥ e &(q,A) andlet M = {m,...,m;} € X, contain
one element from each I'-orbit in Supp(¥). We define

&y = é?zrrnl _____ m (P (M), ¥(mg)).

By Lemma 6.11, &y is independent of the choice of M. If ¥ = 0, we define &, to be
the isomorphism class of the trivial (one-dimensional) representation of (q ® A)'.

Proposition 6.13 The map ¥ — &vy from £(q, A) to the set of isomorphism classes
of irreducible finite-dimensional representations of q ® A is injective.

Proof If¥Y = ¥ € £(q,A), then there exists m € MaxSpec(A) such that ¥(m) #
¥'(m). Without loss of generality, we may assume that ¥(m) # 0. Let Supp(¥) u
Supp(¥’) = {my, ..., m;}, where m = m; and consider the following ideal of A:

I=my---mg.

Note that a = q ® I is a Lie subalgebra of q ® A such that ev,(a) = g and evyy, (a) =0
forj=2,...,k
Suppose that &y ~ &y, and define

b 5= €Yoy (¥(2) )-8 evim, (¥(mi)),
pli=evm, (¥ (my))® - ®evm, (¥'(mk)),

with associated modules V and V”, respectively. Then p(a) = p’(a) = 0. We divide
the proof into three cases.
For the first case, assume that we have isomorphisms of q ® A-modules

eV, (¥Y(m)))®pz2p@®p and evy, (¥'(m))®p 2p ®p,

where p'and p’ are subrepresentations of evy, (¥(m;)) ® p and evp,, (¥/'(m)) ® p’,
respectively. Since &vy =~ &vyr, we must have p = p’, and so

evml(\I’(ml))GBdimv 2 (eVim, (¥(m))®p)az2(P®P)a2 (P @0 )la
= (eVim, (W' (M) @ p')a 2 eV, (¥ (my)) @ 4m Y,

where the first isomorphism follows from the fact that p(a) = 0 and the last follows
from the fact that p’(a) = 0. But this is a contradiction, since ¥(m;) # ¥'(m;).
For the second case, assume

eV, (¥'(m;)) ® p’ isirreducible and evy, (¥(m;))®@pzpap,
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where p € ev, (W(my)) ® p is a subrepresentation. Thus, p = evy, (¥/'(my)) ® p/,
which implies that

eV, (F(m1))® ™Y = (5@ B)[a 2 (evim, (¥'(m) @ p')

o Vi, (\Pl(ml))eﬂdim V"

So again we have a contradiction.
The remaining case, when both evy,, (¥/(m;)) ® p’ and evp,, (¥(m;)) ® p are ir-
reducible g ® A-modules, is similar. |

Corollary 6.14 For all ¥ € £(q,A)", we have that &, is the isomorphism class of
an irreducible finite-dimensional representation. Furthermore, the map ¥ ~ &y, from
&(q, A)T to the set of isomorphism classes of irreducible finite-dimensional representa-
tions of (q ® A)" is injective.

Proof The first statement follows from Lemma 6.9 and the definition of the irre-
ducible product. Suppose that ¥, ¥’ € &(q, A)" such that &y = &y, Let M =
{my,...,mg} € X, contain one element of each I'-orbit in Supp(¥) U Supp(¥’).
Then &y and &y, are the restrictions to (g ® A)' of &, m, (¥(m)), ..., ¥(my))
and &, m, (¥'(my),... ¥/ (my)), respectively. By Lemma 6.9, it follows that

.....

S (Y (M), ¥ (ME)) = &y, (P (M), P (M)

Then, by Proposition 6.13, we have ¥(m;) = ¥/ (m;) fori = 1,...,k. Thus, ¥ =
v, |

Remark 6.15 If the target Lie superalgebra q is replaced by a Lie algebra or a basic
classical Lie superalgebra g, then the tensor product of irreducible finite-dimensional
representations with disjoint supports is always irreducible (see [NSS12, Prop. 4.9] for
Lie algebras and [Sav14, Prop. 4.12] for basic classical Lie superalgebras). In particular,
the evaluation representation evy is an irreducible finite-dimensional representation
forall ¥ € (g, A), where evy is defined by replacing the irreducible product by the
tensor product in the definition of &vy.

7 Classification of Finite-dimensional Representations

In this section we present our main result: the classification of the irreducible finite-
dimensional q ® A-modules and (q ® A)"-modules. We assume that A is finitely
generated.

Theorem 7.1 The map

E(q,A) > R(q® A), Y - &y,

is a bijection, where R(q ® A) is the set of isomorphism classes of irreducible finite-
dimensional representations of q ® A. In particular, all irreducible finite-dimensional
representations are representations of the form (6.2).
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Proof By Proposition 6.13, it is enough to show that all irreducible finite-dimen-
sional representations of q ® A are of the form (6.2). Thus, it suffices, by Proposi-
tion 6.7, to show that, for every irreducible finite-dimensional q ® A-module V, we
have (q ® J)V = 0 for some radical ideal J € A of finite-codimension.

By Corollary 5.7, we have that (q ® I)V = 0 for some ideal I of A of finite codi-
mension. Let J = \/T be the radical of I. To prove that (q ® J)V = 0, it suffices, by
Lemma 2.12, to show that (q ® J)v = 0 for some nonzero vector v € V.

Consider now V asa q® A/I-module. We will show that (q® (J/I))v = 0 for some
nonzero v € V. Since A is finitely generated, and hence Noetherian, we have J* ¢ I
for some k € N, by Lemma 2.2(iv). Hence, (q ® (J/I))*) = g @ (J¥/I) = 0, and so
q ® (J/I) is solvable. On the other hand, since g is a simple Lie algebra, we have

[(@® U/D)n (@ /1)1l = [apa] © /1) < a5 ® (J*/1)
= [ag.ag] ® °/1) = [ (a ® U/1))g: (a ® (J/1))5]-

Then, by Lemma 2.11, there exists a one-dimensional q® (J/I)-submodule of V. Thus,
we have a nonzero vector v € V and 8 € (q ® J)* such that

pv =0(u)v, forallpeqe].

We want to prove that 6 = 0. If y € n* ® J, then 8(u)™v = p™v = 0 for m sufficiently
large, since V is finite dimensional and hence has a finite number of nonzero weight
spaces. Thus, O(n* ® J) = 0. It remains to show that 8(h ® J) = 0. Denote by 0’ the
restriction of § to g5 ® J. Then 0’ defines a one-dimensional representation of the Lie
algebra g7 ® /, and hence the kernel of 0’ must be an ideal of 45 ® J of codimension at
most one. Because qg is a simple finite-dimensional Lie algebra, it is easy to see that
this kernel must be all of g5 ® J, and hence 6" = 0. Since b € qg, we also have that
6(bg ® J) = 0. Therefore, Lemma 4.1 implies that (h ® J)v = 0. [ |

Now assume that I is a finite abelian group acting on both q and A by automor-
phisms. We also assume that T acts freely on MaxSpec(A).

Proposition 7.2  Every finite-dimensional (q ® A)'-module V is the restriction of a
q ® A-module V' whose support is an element of X,.. Furthermore, V is irreducible if
and only if V' is.

Proof The proof is the same as the proof of [Savl4, Prop. 8.5]. Although that ref-
erence assumes that the target Lie superalgebra g is basic classical, the proof of this
result only requires g to be a simple finite-dimensional Lie superalgebra. Note also
that the statement of [Savl4, Prop. 8.5] does not include the fact that the support of
V' is an element of X,.. However, this property is demonstrated in the proof. ]

Theorem 7.3  Suppose A is a finitely generated unital associative C-algebra and T is
a finite abelian group acting on A and q by automorphisms. Furthermore, suppose that
the induced action of T on MaxSpec(A) is free. Then the map

(71) E(0,A)" > R(q,A)F, W &y,

is a bijection, where R(q, A) is the set of isomorphism classes of irreducible finite-
dimensional representations of (q ® A)T.
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Proof The map (71) is surjective by Proposition 7.2, while injectivity follows from

Corollary 6.14. ]
Acknowledgment The third author would like to thank S.-J. Cheng for helpful con-
versations.
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