
A MINIMAL CUBIC GRAPH OF GIRTH SEVEN 

W . F . McGee 

(rece ived Apri l 9 , I960) 

A " c u b i c " g raph is one with t h r e e edges inc ident on each 
v e r t e x . Le t v and e be the n u m b e r of v e r t i c e s and e d g e s , r e ­
s p e c t i v e l y . Then 3v = 2e for a cubic g r a p h . The g i r t h of a graph 
is the s m a l l e s t n u m b e r of edges in any n o n - t r i v i a l polygon. A 
m i n i m a l g raph i s one with the s m a l l e s t n u m b e r of edges with i t s 
p a r t i c u l a r p r o p e r t i e s . The m i n i m a l cubic g r aphs of g i r t h s one 
to e igh t , excluding s e v e n , a r e d i s c u s s e d in T u t t e ! s pape r [ l ] . 
A m i n i m a l cubic g raph of g i r t h s even i s given h e r e . 

A b a s i c f ea tu re of cubic g r a p h s of odd g i r th i s the 
" n e c e s s a r y s u b g r a p h " shown in f igure 1 for g i r t h s t h r e e , five 
and s e v e n . If we a s s u m e tha t the r e q u i r e d g raph has only the 
v e r t i c e s of the " n e c e s s a r y " s u b g r a p h , we m a y c o n s t r u c t the 
g raph i t se l f by s t a r t i n g f rom one e x t e r i o r v e r t e x and drawing 
in the r e m a i n i n g l ines to "fill up" each v e r t e x in t u r n , r e m e m ­
b e r i n g not to fo rm any polygons with too few e d g e s . Th is works 
for g i r t h s t h r e e and f ive . Howeve r , for g i r th s even , we can 
d r a w in only s ix such l i n e s , and ut i l iz ing the s y m m e t r y of the 
g r a p h , we can show tha t i t i s not pos s ib l e to comple t e the g raph 
in th i s w a y . Now, the n e c e s s a r y subgraph for g i r th seven has 
twen ty - two v e r t i c e s , so we need m o r e . E v e r y cubic g raph has 
an even n u m b e r of v e r t i c e s (3v = 2e) and so we need at l e a s t 
twen ty - fou r v e r t i c e s . C o x e t e r ' s g r a p h [2] , with twen ty -e igh t 
v e r t i c e s , had the r e c o r d . Howeve r , by applying the c r i t e r i o n 
for the n e c e s s a r y subg raph a t s u c c e s s i v e i n n e r v e r t i c e s , we 
c a n obta in a g r a p h with twen ty - four v e r t i c e s (shown in f igure 2) 
and so it i s min imal . 

Thi s graph has a Ha mi It o nia n c ircui t , and i s redrawn in 
figure 3 to exhibit t h i s . F r o m figure 3, we see 45° rotational 
s y m m e t r y about the centre , and reflect ion symmetry about the 
dark l i n e s . This shows the equivalence under symmetry opera­
t ions of edges marked with the same l e t t er . Further , on 
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redrawing, using the Hamiltonian circuit through the edges cb 
instead of ca as the outside r ing, we see the equivalence of 
edges marked b and a. 

The proof of the inadequacy of a graph with twenty-two 
ve r t i ces , and the suggestion for the search for this graph, were 
given by Dr . W . T . Tutte during his lec tures on l inear graphs . 
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