STONE LATTICES. I: CONSTRUCTION THEOREMS

C. C. CHEN AND G. GRATZER

1. Introduction. Stone lattices were (named and) first studied in 1957 (5).
Since then, a great number of papers have been written on Stone lattices and a
very satisfactory theory evolved. Despite the fact that all chains with 0, 1 as
well as all Boolean algebras are Stone lattices, it turns out that many of the
nice theorems on Boolean algebras have analogues, in fact, generalizations for
Stone lattices. To give just two examples: the characterization of Boolean
algebras in terms of prime ideals (Nachbin (6)) is generalized in (5) (see also
(9)); Stone's representation theory (8) is generalized in (4); see also (2).

Despite a wealth of results, one would be hard-pressed to provide examples
of Stone lattices tailored to some specific needs, which would go beyond chains,
Boolean algebras and direct products thereof. In this paper we describe a
method of construction of Stone lattices. The basic idea is to associate with
every Stone lattice two ‘‘simpler’ structures (and a connecting map), forming
a triple. The Basic Theorem states that there is a one-to-one correspondence
between Stone lattices and triples.

The Basic Theorem could be viewed as a method of construction of Stone
lattices from simpler components. Various theorems of this type are proved in
this paper. Furthermore, the Basic Theorem could be interpreted as stating
that the structure of Stone lattices can be best studied by investigating the
structure of the “simpler” components. This viewpoint will be developed in
Part II of this paper (see pp. 895-903 of this issue).

In this paper we construct, after some preliminary considerations (§ 2), the
triple associated with a Stone lattice and prove the Uniqueness Theorem (§ 3).
Then in §4 we have the Construction Theorem. A description of homo-
morphisms and isomorphisms in terms of triples is discussed in § 5. The final
section (§ 6) is devoted to ‘““fill in”’ theorems, which roughly speaking construct
the missing entries of triples in certain situations.

2. Preliminaries. We denote the lattice operations by V and A. The least
and greatest element of a lattice will be denoted by 0 and 1. As usual, a lattice
(L; V, A ) will simply be denoted by L.

The pseudo-complement x* of the element x of the lattice L is defined by

x Ay = 0if and only if y = x%*,
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that is, x* is the greatest element ‘‘disjoint from’’ x. If every element of L has a
pseudo-complement, then L is a pseudo-complemented lattice. Note that a
pseudo-complemented lattice always has 0 and 1 (= 0%).

A Stone lattice L is a pseudo-complemented, distributive lattice in which

(2.1) a* VvV a** =1,

holds for all @ € L.
The following rules of computation (see, e.g., 1; 3; 4) will be used frequently:

(2.2) a = b implies b* = o*;
(2.3) @ = a*;

(2.4) e = ¥

(2.5) @t A =0;
(2.6) (@ V b)* = a* A B
(2.7) (@ A DY = a** A D
(2.8) (@ A DY* = a* Vv b¥;
2.9) (a V0¥ = a** v b,

Note that (2.2)—(2.7) hold in any pseudo-complemented lattice, while (2.8)
and (2.9) do not hold in general; all rules, (2.1)—(2.9), hold in Stone lattices.

For a distributive lattice L, with 0 and 1, C(L) will denote the set of com-
plemented elements of L, the centre of L. Note that C(L) is a sublattice of L.

A Stone algebra is a Stone lattice L in which 0, 1, and * are also considered as
basic operations. If L, and L; are Stone algebras, ¢ a homomorphism of L,
into Ly, then ¢ is a (lattice) homomorphism that preserves 0, 1, and *. A
subalgebra is a sublattice, containing 0, 1, and closed under *. If L, and L; are
lattices with 0, 1, an e-homomorphism (e for extremal) is a homomorphism,
preserving 0 and 1, an e-sublattice is a sublattice containing 0 and 1.

Let £ (L) denote the set of all dual ideals of the lattice L, ordered under set
inclusion. For a € L, the dual ideal generated by a is [¢) = {x|x = a}. D (L)
is a lattice; if L has a 1, then Z (L) has a zero: {1} = [1); Z (L) always has a
largest element: L. The map: x — [x) is a dual homomorphism of L into & (L),

that is,
(2.10) [x V) =[x) A ),
(2.11) [x Ay) = [x) V [y).

If L is a distributive lattice with 1, then so is & (L) ; then the centre of & (L)
is especially interesting:

(2.12) fora € L, I € C(Z(L)),thereexistsb € Lsuchthat[b) =1 A [a).

In other words, an I € C(Z (L)) shares with all principal dual ideals the
property that its meet with a principal dual ideal is again a principal dual ideal.
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3. The triple associated with a Stone algebra. Let L be a Stone algebra.
Then its centre C(L) is a subalgebra of L; by (2.1), C(L) is a Boolean algebra.
It is easy to see that

(38.1) a € C(L)ifandonlyif a = b* forsomed € Lif and onlyif a = a**.
Now set

(3.2) x ~ v if and only if x** = y**,

Then ~ is a congruence relation of the Stone algebra L, and

(3.3) L/~=C(L).

Thus, C(L) is a homomorphic image (in fact, a retract) of L under the homo-
morphism x — x**. Each congruence class contains exactly one element of
C(L), which is the largest element in the congruence class. Hence, ~ partitions
Linto {F, ¢ € C(L)}, where F, = {x| x** = ¢}, c € C(L).

Note that x € F;if and only if x* = 0; therefore an x € F; is called a dense
element; F1 will be denoted by D(L), and called the dense set of L. It is easily
seen that D(L) is a dual ideal of L, and D(L) is a distributive lattice with 1,
since 1 € D(L).

Leta,b € C(L),a £b. Then

(3.4) x— (xVa*) Nb,x € F,
is an embedding of F, into F,. In particular,
(3.5) x—x V a*

embeds F, into D(L) = Fy. It is easy to see that b € D(L) is of the form
x V a* forsomex € F,if and only if b = «* in L. Thus, F, is isomorphic with
{x| x = a* x € D(L)}. Consider the map

(3.6) ¢fia—ap* = {x|x € D), x = a*}, a € C(L).
Then ¢* is an e-homomorphism of C(L) into £ (D(L)). We call ¢ the structure
map.

The riple associated with L is {C(L), D(L), ¢*). It is clear now that the
triple determines all the F,, a € C(L). We claim that the triple determines all
of L; in other words, forx € F,, vy € F;, x < yin L is determined by the triple.
(2.2) implies that if x < y, then x** < y** thatis, ¢ < b. Since x =< y if and
only if

aVx=aVy and xVa* =2y V d¥
andx Va =g¢a,a £y V a, we obtain:
3.7) forx € Fg,y € Fp,x = 9 in L if and only if
ea=b and x Va* <y V-

Identify an x € L, x € F, with the ordered pair (x V ¢*, a). Then, as noted
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above, the pair we obtain is of the form (2, a), witha € C(L), z € a¢?, and we
have all such pairs.

To describe the partial ordering in terms of the triple, we need one more
notation. For every a € C(L), the dual ideal a¢* is in the centre of Z(C(L));
indeed, the complement of a¢* is a*¢L. Thus, by (2.12), for every a € C(L),
there is a map p, of D(L) onto a¢” given by

(3.8) [%ps") = a¢” A [x), x € D(L),a € C(L).

Of course, xp,X = x V a*; however, this would not give p,r intrinsically (i.e., in
terms of the triple). Combining (8.7) and (3.8) we obtain:

(3.9) (x,a) = (y,b)if and only if ¢ < b and x = yp,L.

UNIQUENESS THEOREM. A4 Stone algebra L is determined up to isomorphism by
the triple (C(L), D(L), ¢*).

4. The Construction Theorem. How can we abstractly characterize
triples associated with Stone algebras? Let us define a triple (C, D, ¢ ):
(i) Cis a Boolean algebra;
(ii) D is a distributive lattice with 1;
(iii) ¢ is an e-homomorphism from C into & (D).

CoNsTRUCTION THEOREM. Let (C, D, ¢ ) be a triple. Then we can construct a
Stone algebra L such that

(C(L),D(L), ¢"*) = (C, D, ¢);
that is, C = C(L), D = D(L), and ¢ = ¢*.

Remark. The construction in the following proof originated in 1962. A related
construction is discussed in (7). The class of algebras considered here and the
class considered in (7) do not contain each other, but they have a large inter-
section. Our structure maps correspond to certain functions from C X D into
D of (7). The algebra constructed in (7) consists of equivalance classes of
ordered pairs. Thus, the connections of the two constructions are not clear.

Proof. Set
(4.1) L={(x,a)a € C xE€ ag}
and
(4.2) (x,a) =< {y,b)ifand only if ¢ £ b, x = yp,,

where p, is defined by (3.8) in terms of ¢, that is,
(4.3) [xpe) = ad A [x), «x € D,ac C.

We will prove that the relation defined in (4.2) makes L a Stone algebra which
(with two trivial changes) satisfies the statement of the Construction Theorem.

https://doi.org/10.4153/CJM-1969-096-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1969-096-5

888 C. C. CHEN AND G. GRATZER

We start with some formulas concerning p,:

(4.4) dp, = d,fora € C,d € a¢ and dp, = d implies d € a¢;

(4.5) dp, = d, fora € C,d € D;

(4.6) dps A dpyr = d,fora € C,d € D (&' is the complement of a);
4.7 PaPs = Papp, for a, b € C;

(4.8) dpa N dpy = dpgyy, fora, b € C,d € D;

(4.9) dpapy = dpg V dpy, for a, b € C,d € D.

Proof. (4.4)-(4.6) follow immediately from (4.3). Now,

(dpaps) B3 do) Ao = 1) A ap Abd=10) A (@A B)6 =D [dpur):

thus we obtain (4.7). To prove (4.8) we compute:
[doeve) = [d) A (@ V b)$ = [d) A (a9 V bo)

— (@) A ad) V (&) A D9) = [dn) V [des) P2 [dn, A dpy).
The proof of (4.9) is similar.

L is a partially ordered set. Indeed, (4.5) implies that =< is reflexive, (4.4)
yields that < is anti-symmetric, and (4.7) yields that < is transitive. The join
and meet in L can be described as follows:

(4.10) (x,a) N {y,b) = (xpp A\ Ypaya N b);
(4.11) (x,a)V (y,b) = ((xpr ANY¥)V (X A ypar),aVb).

To prove (4.10), we have to verify first that the right-hand side is in L; in-
deed, xp, € b, and yp, € ap by (4.3). Therefore, xp, € ap A bp = (a A b)¢ and
Yoo € (@ A D)o, thusxpy, A yp, € (@ A b)é. Now (x.a) = {(xpy A ¥ps. @ A D) is
trivial, since @ = a A b and xpspp ‘4P xp, V xps = Xpy A ¥po. Thus, the right-
hand side of (4.10) is a lower bound for {x, a ) and {y, ). Now let (3, ¢) be any

lower bound for {x,a) and {y,b). Then a = ¢,b = ¢, and hence a A b = .
Further, xp, = 2, yp. = 2, hence,

4.8) and (4.7
(pr A\ yPa)Pc( ) = ( ) Xpoae N\ YPane = Xpe N\ Yp¢ = 2.

Thus, {(xp» A Vps, @ A b) = (z, ¢), completing the proof of (4.10).
To prove (4.11) we first verify that its right-hand side belongs to L. By (4.4),
it is enough to show that it is invariant under pq,; indeed,

((pr’ AN y) \% (x AN ypa’))PaVb = (pr’pa\/b A\ ypaVb) \% (xpaVb A yPa’PaVb)
= (use (4.7) and x = xps, ¥ = ¥ps) (Xporna A Yoobavs) V' (Xpapave A Ypuparnv)

4.7
) Copaprr A 900) V' (50 A Ypopwr) = Gipwr A 3) V(5 A pur)-
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The inequality
((pr’ A y) \% (.’X? AN ypa'))Pa = (pr’Pa A ypa) \% (xpa A yPa'Pa)
= (xpyrpa A ¥pa) V (£ A ypo) = (by (4.3),yp0 = 1) (xprrpa A ¥ps) V x = x,

and the fact that ¢ V b = a show that

<(pr' AN y) V (x A ypa')ya \% b) g <xy a>y
and similarly,
(o A Y) V (x A ypar),a Vb)z (y,0).

Now let {z,¢) € L, (3,¢) = (x,a)and {(y,b). Thenc = a V b,2p, = x, and
zpp = v (by (4.2)). Thus,

4.8)

2Pave = BP@AbIVe = ZPanv’ /\ 2Py

4.7 .
(= )Zpapb: N 2py Z (since zp, = %, and 20, = V) Xpyr A 7.

Similarly, 2pas = & A ¥pa, hence

Z0avy = (xpy A y) \% (x AN ypa’)y
establishing

(z,¢) = ((xpr A y) V (x A ypar),a V b).

This completes the proof of (4.11).
Thus, L s a lattice.

L s a distributive lattice. Let (x, a), {y,b), (2, ¢) be in L. Now compute:
4.10
A= (ma) A 3NV Ee) M o A vpa AB)V o)

4.11
S LD Hpy A yooer A 21V [595 A 300 A 20amy ] (@ A B) V 6)
an

B=(@a)V &) A ((30)V &c)

Gil) ((per N2) V (x A zpar)ya Ve) AN {(per A2)V (¥ A 205),0 V ¢)
={d,(eVe)A (Vo))
where
d = [(xper A 2) V (x A zpa)]loove A [(per A 2) V (¥ A 2p0)lpave

=do\/d1\/d2\/d3,
in which

4.7
do = Xpepove N\ 2ppve N\ Ype'Pave N\ 2pave (= ) XpoAet N\ YParer N 2,
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since 2ppy e = 2PcPrve = 2pc = %, and 2pyy . = 2;
di = xpopove A Zpove N Ypave N 2pvPav e
= Zponet N\ Ypave N 5
d2 = Xppyo N\ Ypaper N 35

ds = Xppyc N\ YPave N Zpary iy
Observe that

4.9 '

YPane’ ( = ) Yoo V Yper = VPa P YPaVes

hence dy 2 d;. Similarly, dy = ds. Thus, d = do V ds. Now it is easy to check

that A = B, since (a Ab) Vc= (aVe)A (V) and

([(xps A ¥pa)per A 2] V (Xps A YPa A 20@ann)’))Pav dAGY ©

= (prPaVcPc' N Ypapoy cPer N ZPaVchVc) \Y (prPaVc N YPapsve N zPu’Vb'PaVchVc)
= (xpopapnc’ A YPapore A 2) V (Xpspayve A YpapPov e N 2parvyr)
= (Xpope' A Ypaner A 2) V (Xpy A Ypa A 2parysr)
=do V (Xps A ¥pa A 2parvsy) = do V ds = d.

Hence, by (4.2), A =z B. Since A = B in every lattice, we have proved that

A = Bj; that is, L is distributive.
Using (4.10) and (4.11), the following formulas are easy to check:

(4.12) (1,0) S (x,a) < (1, 1);
(4.13) x,a)* = (1,d');
(4.14) C(L) = {{1,a) ac C};
(4.15) D(L) = {(d,1)|d € D};
(4.16) (1,a)¢" = {{d,1)|d € ag};
(4.17) @, a)* V (x,a)y* = (1, 1).

Thus, L is a distributive lattice with 0 and 1 by (4.12), L is pseudo-
complemented by (4.13), L is a Stone lattice by (4.17), and the triple associated
with L is (C(L), D(L), ¢*) as given by (4.14)—-(4.16). Thus, if we identify
C(L) with C, and D(L) with D, then by (4.16), ¢* = ¢; hence, this Stone
algebra satisfies the requirements of the Construction Theorem.

5. Isomorphisms and homomorphisms. The Uniqueness Theorem and
the Construction Theorem can be combined to obtain the Basic Theorem which
states that there is a one-to-one correspondence between Stone algebras and
triples. However, this is true only up to isomorphism. Hence, to state this
precisely we have to define the isomorphism of triples:

An isomorphism of the triples (C, D, ¢) and (Cy, D1, ¢1) is a pair ¢, x),
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where ¢ is an isomorphism of C and Ci, x is an isomorphism of D and D;, such
that the diagram

c ¢ 2(D)
¥ 2 (x)

C1 ————}Q(Dl)

¢1

is commutative.
In the diagram, Z (x) stands for the isomorphism of Z (D) and Z (D))
induced by x.

Basic THEOREM. Two Stone algebras are isomorphic if and only if the
associated triples are isomorphic. Every triple is isomorphic to a triple associated
with a Stone algebra.

This theorem follows from the Uniqueness Theorem and the Construction
Theorem.

A homomorphism from the triple (C, D, ¢ ) into (Ci, Dy, ¢1) is a pair (¢, x),
where ¢ is a homomorphism of C into Ci, x is a homomorphism of D into D,
such that 1x = 1, and

(5.1) PeX = XPay for a € C.

THEOREM 1. Let L and L, be Stone algebras, {C, D, ¢) and {Ci, D1, ¢1) the
associated triples, respectively. Let o be a homomorphism of L into Ly, and a¢, ap
the restriction of o to C and D, respectively. Then {ag, ap) 1S a homomorphism
of the triples. Conversely, let (y, x ) be a homomorphism of the triples. For x € L,
define

(5.2) xa = Y A (x V 2¥)x.
Then a is a homomorphism of L into L1, and o = ¢, ap = X-

In other words, homomorphisms of Stonme algebras are the same as homo-
morphisms of triples.

Proof. To prove the first statement we have to verify (5.1) withy =a¢, x =0ap.
Then (5.1) reads:

(53) Xpex = (xa)Paa-
x V a* (xa)py = (xa) V (ay)*, hence

xpx = (x V a¥)a = xa V a*a = xa V (aa)* = (xa)pga-

Recall that xp,

Conversely, let (5.1) hold. We represent the elements of L and L; as in (4.1).
Then the definition of « reads:

(%, a)o = (xx, ap).
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Obviously, ag = ¢, ap = x. To verify that « is a homomorphism we have to
verify the following three formulas:

(5.4) ({x,a) A (3, 0))a = (x,a)a A (3,0)a,
(5.5) (@, a) V (3, 0))a = (x,a) V (3,b)a,
(5.6) (x, aY*a = ({x, a)a)*.

Using (4.10), (4.11), and (4.13), these are equivalent to
(5.7 (s A ypa) x = (®X)poy A (YX) Py,

(5.8) (o Ay) V (x Aypar))x = ((xx)powr Ayx) V (xx A X)),

together with the fact that ¥ and x are homomorphisms and 1x = 1. (5.7) and
(5.8) are trivial by (5.1). This completes the proof of Theorem 1.

COROLLARY. A homomorphism a: L — Ly is onto (one-to-one) if and only if the
restriction of o to C(L) and D (L) are onto (one-to-one).

In conclusion, we mention that (5.1) is equivalent to
(5.9) ap C ay¢; fora € C.
In some applications, (5.9) is more convenient to use.

6. Fill in theorems. For a given Boolean algebra C, distributive lattice D
with 1, when does there exist a ¢ such that (C, D, ¢) is a triple?

THEOREM 3. (C, D, ?) can always be filled in to make it a triple if C is a
Boolean algebra and D a distributive lattice with 1, provided |C| > 1. If |C| = 1,
then |D| = 1.

In other words, the centre and the dense set are independent.

Proof. Trivial: we take an arbitrary prime ideal P of C and set x¢ = D for
x ¢ Pand x¢ = {1} forx € P.

Triples, associated with subalgebras, can easily be determined.

LemMA 1. Let L, be a subalgebra of the Stone algebra L. Then C, = Ly (M C(L)
1s a subalgebra of C(L) and Dy = Ly M D (L) is a sublattice of D (L) containing 1.
The triple associated with Ly is (C1, D1, ¢1), where ¢ is given by a¢y = a¢ (M D,
for a € Ci.

By an easy computation, one obtains the proof.
The converse of Lemma 1 is again a fill in theorem.

THEOREM 4. Let L be a Stone lattice, Cy a subalgebra of C(L), and D; a sublattice
of D(L) containing 1. We can fill in (Ci, D1, ? ) such that it will become the triple
assoctated with a subalgebra of L if and only if

(6.1) dpl € Dy ford € Dy, a € Ch.
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Proof. If Ly is a subalgebra, and (Ci, Dy, ¢1) the associated triple, then for
d € Dy, a € Cy, we have (see the comment following (3.8)):

dpaL =d \Y a* E Lly
and
d Vv a*)* (2.6) d* AN a** =0 A a** =0,
thus dp,* € Ly M D(L) = Dy, verifying (6.1).
Now, let us assume (6.1), and define ¢1: C; — Z (D1) by a¢; = a¢® M Dy,

for a € Ci. Obviously, ¢ preserves 0 and 1. Furthermore, for a,b € Cj,

(a A b)¢1 = (a A b)d)L le = ((1¢L N b¢L) N D1 = a¢>1f\ b¢1
Finally, for a,b € Cy,
(a Vb)p1= (a Vb)¢* N\ Dy = (ag® V bp*) M Dy

2 (ag" M D1) V (¢ M Dy) = ady V béy;
now if x € (@ V b)¢s, then

x€(@Vd)e" = (a A @Ad)" =ap"™V (b Ad)¢",

and therefore x = x, A x3, withx, € a¢?, x, € (b A a')¢F = bp” M a’¢*, where
Xe = xpL and xp € xpy L. Thus, by (6.1), x, € Di, x, € D;; hence, we obtain
X =%, A xp € (ad® N Dy) V (b¢* M Dy) = a¢y V by, completing the proof
of Theorem 4.

The connection of homomorphism and triples was completely cleared up in
§ 5. A corresponding “fill in”’ problem is given by the following situation:

(€, D, ¢)
fj Jg
(Cy, Dy, ?)

where f and g are onto homomorphisms.

THEOREM 5. We are given the triple (C, D, ¢ ), the ‘‘defective”’ triple {Cy, Dy, ?),
and a pair of onto homomorphisms f: C — Cy, g: D — D1 (preserving 1). There
exists a ¢1, making (Ci, Dy, ¢1) a triple, and (f, g) a homomorphism of the
associated Stone algebras, if and only if

(6.2) (ap)g = {1} for alla € Of ..

Proof. The necessity of (6.2) follows either by direct computation or by
using the commutative diagram of § 5 and the fact that 0¢; = {1}.

To prove the sufficiency, we first verify that (6.2) implies the following
condition:

(6.3) af = bf implies (ap)g = (bp)g fora,b € C.
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Indeed, af = b¢ implies (¢ A b')f = af A b'f = 0; thus by (6.2), and
a A b € 0f1, we obtain (@ A b')¢g = {1}, that is, apg A b'¢g = {1}. Since
bgg is the complement of d'¢g in Z(D,), we conclude that agg & bog. By
symmetry, a¢g 2 bog, and we have proved (6.3).

For b € Ci, set b1 = adg, where b € a¢. By (6.3), ¢1 is well-defined. The
remainder of the proof is routine.

Finally, we state, without proof, a theorem, describing the connection of
triples and direct products.

TaEOREM 6. Let (Ci, Dy, ¢;) be the triple associated with the Stone algebra
L;,1=0,1,2. Then Ly = L1 X Ly tmplies that

(6.4) Co=C1 X Co and D, = Dy X D,,
and
(6.5) (a1, a2)po = a191 X az0.

Conversely, if for (Co, Do, o), and for the ‘‘defective” iriples (C; D, ?),
1 =1,2, (6.4) holds, then (and only then) the ‘‘defective’’ triples can be filled in by
&1, 2, such that Ly = Ly X Ly holds for the associated Stone algebras.

Remark. The statements of the theorem are true “‘up to isomorphism’’.

REFERENCES

1. G. Birkhoff, Lattice theory, third ed., Amer. Math. Soc. Colloq. Publ., Vol. 25 (Amer. Math.
Soc., Providence, R.1., 1967).

2. G. Bruns, Ideal representations of Stone lattices, Duke Math. J. 82 (1965), 555-556.

3. O. Frink, Pseudo-complements in semi-lattices, Duke Math. J. 29 (1962), 505-514.

4. G. Gritzer, A generalization of Stone's representation theorem for Boolean algebras, Duke
Math. J. 30 (1963), 469-474.

5. G. Gritzer and E. T. Schmidt, On a problem of M. H. Stone, Acta Math. Acad. Sci. Hungar. 8
(1957), 455-460.

6. L. Nachbin, Une propriété caractéristique des algébres booléiennes, Portugal. Math. 6 (1947),
115-118.

7. W. C. Nemitz, Implicative semi-lattices, Trans. Amer. Math. Soc. 117 (1965), 128-142.

8. M. H. Stone, Topological representations of distributive laitices and Brouwwerian logics,
Casopis Pést. Mat. Fys. 67 (1937), 1-25.

9. J. Varlet, On the characterization of Stone lattices, Acta Sci. Math. (Szeged) 27 (1966), 81-84.

Queen’s University,
Kingston, Ontario;
Nanyang University,
Singapore, Malaysia;
University of Manitoba,
Winnipeg, Manitoba

https://doi.org/10.4153/CJM-1969-096-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1969-096-5

