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Generalized symmetry

J.B. Wilker

Let X be a set and G a group wnich acts on X and is
generated by two elements a and b . Motivated by a geometric
problem of L. Fejes Té6th, we define a subset S C X to have

[a, bl-symmetry if its images under a and b satisfy

#n Sb = S ., The problem of finding all sets with [a, b]-
symmetry when an arbitrary 2-generator group G acts on an
arbitrary space X 1is shown to be equivalent to the same problem
in the special case when the 2-generator free group acts on
itself by right translation. This action is modelled in the
hyperbolic plane in a way that helps to reveal the [a, b]-
symmetric subsets of the free group.

1. The concept of generalized symmetry

Let X bve a set and G a group actingon X . Let f, g, h be
elements of G and S a subset of X . We say that S has generalized

symmetry of the first type if Sf ns? = Sh and S has generalized

symmetry of the second type if Sf U 9 = Sh . Here Sf denotes the image

of S wunder the permutation of X which corresponds to f .

The term generalized symmetry is appropriate because if g=h=¢e ,

the identity, the first equation becomes

Sf nS =S5 or Sf >S5

and the second equation becomes
Squ=S or Sch.
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Taken together, these imply that Sf =S5 or that f is an ordinary
symmetry of S5 .

Our two types of generalized symmetry are closely related. By taking

complements through the equations which define them and making use of the
fact that (Sfj’ = (S')f and so on, we see that Sf nsd = Sh implies

(S')f u ("9 = (S’)h and vice versa. Since a set has one type of
generalized symmetry precisely when its complement has the other, we
restrict attention to the first type of generalized symmetry. One might
object that this precludes consideration of sets with both types of
generalized symmetry. In point of fact, nothing new is lost by this

restriction because a doubly symmetric set S must satisfy Sf =59 = Sh
and this indicates that f, g , and &k are ordinary symmetries of S or

ordinary symmetries followed by a common mapping.
An arbitrary element k € G can be applied to both sides of the

equation Sf nsd = Sh to yield the equivalent equation ka n Sgk = Shk .
Qur condition for generalized symmetry is therefore homogeneous and can be

brought to canonical form by taking %k to be f’l, g_l , or Y. Ve

adopt the canonical form with k = h_l

1

so that the defining equation reads

% n Sb =S with a=fh "~ and b = gh_l playing equivalent roles. When

this equation holds we say that S has [a, b]-symmetry and we write
S € [a, B] .

There are two different problems associated with generalized symmetry.
In the first we are given a and b € G and we seek the most general
S c X such that S € [a, ] . In the second, we are given S < X and we
seek the most general q and b € G such that S € [a, b] . This paper
treats only the first problem. Because of this, there is no point in
taking G to be any larger than the group generated by a and b . 1In

what follows, we assume G =f{g, b) .

2. Motivation

The motivation for these considerations is a question put to me by L.
Fejes T6th. In his question, X 1is euclidean mn-space, g =7 is a

translation, # = K 1is a dilatation, and we are asked to find the most
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general set S which satisfies S n ST = SK . In order to mention a few

examples, we allow a taste of the second problem to flavour our discussion.
If S is a simplex and T is any translation such that S n ST has

non-void interior, then there is a X such that S n ST = SK . In fact
this property can be used to characterize the simplex (see [2], [5], and

references cited there). If § is a hypercube and T 1is translation part
of the way along a body diagonal then there is a X such that

Sn ST = SK . The first indication that much more pathological sets can
also possess this kind of symmetry is the observation that if S is the
usual Cantor set on the real line, T is translation by 2/3 in either

direction and K 1is the appropriate dilatation with scale factor 1/3 ,
then S n ST = SK .

In [5] there is a fairly complete discussion of the problem of Fejes
T6th. In that paper we refer to solutions of S n ST = SK by writing

~1 - . .
S € (T, XK) rather than S ¢ EK , TK 1] . This is quite natural
considering the statement of the problem. However the present notation
‘seems more appropriate because of its greater symmetry and its connection

with various solutions to the problem. Many geometrically appealing sets
satisfying S n ST = SK are double cones with their vertices at the fixed

points of the dilatations K-l and TK_l . Notice that the simplex and
the hypercube both admit this description.

Further connections with [5] will be mentioned as we progress. This
paper is, in effect, an elaboration of the general considerations which

proved significant in [5].

3. The [a, b]-hull

If the sets Si (2 € I) all satisfy Si N Si = Si then so does
their intersection, S5 = ﬂ{Si 1 € I} . Given any subset R C X we can

define

E=n{5:5>R and S € {a, b}
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Since X € [a, b] , R is well defined. Evidently R is the smallest set
containing R and belonging to [a, b] . We refer to R as the {a, b]-
hull of R .

In [5] we obtained the following description of R . Iet RO = R and

for n >0 1let

Then R= U R . One corollary of our first theorem is an improved
n=0

description of R prompted by a remark of M.F. Newman.

Recall that G = {a, b} is the group generated by a and b . Let

G < G be the semigroup with identity generated by a-'l and b_l . For

each n=1, let G ' c G be the set of at most 2° elements which can

be expressed as words of length »n 1in a-l and b-l . If XOC X and
G0 c G, let
GO 9
X0={ :xGXO and gGGO}.
THEOREM 1. Let S be g subset of X . Then S € [a, b] if and
only if

(Z) for all x€X, =z €8S dimplies xG c S,

-n
(i1) for all x € X and n=1, xG c S implies x €5,

Proof. The condition £ n .S'b =S5 1is obviously equivalent to
(1)' ¥ nsP o5, and

(11)' P nfcs.

Now (i)' is equivalent to $% 5 S and Sb S S , and therefore to

-1 -1
555 and 5§58 . Since G is a semigroup with identity this

last pair of conditions is equivalent to § = SG and this in turn is
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equivalent to condition (Z) of the theorem.

Condition (ii)' is equivalent to say, for all y, 2 €85, ya = zb =x

implies x € S and this is equivalent to saying, for all x € X ,

-1 -1
22 €5 and « €S implies x € S or, alternatively, for all

~1
x €X , xG Cc § implies x € S . This is the case »n =1 of condition
(1) of the theorem. An easy induction shows that condition (Z7) is self-
improving and therefore that the general condition is equivalent to the

special case with »n =1 .

COROLLARY 1. If R 1is aq subset of X then R, the [a, bl-hull of
R, is given by

- - _
F=r" vi{rex:m=1 with «° g%} .

Proof. Any set with [a, b]-symmetry which contains R must contain

Rl = RG by Theorem 1 (7) and then must contain

¢ _ 67
R2={xEX:3nzl with =~ C R’}

by Theorem 1 (7Z). It follows that Rl v R2 c R . To prove that
R UR, = R we must verify that it has [a, b]-symmetry and we do this by
checking conditions (Z) and (iZ) of Theorem 1.

¢~ _ G ¢
= i i C
If x € Rl s X CRl Rl and if x € R2 with x Rl , the

infinite tail of xG lies in Rl and the finitely many elements in

n-1 -~
U xG lie in R2 . It follows that Rl UR2 satisfies condition (7).
m=1

-n -
It .'x:G c Rl U R2 then the i points z, € .’L'G must satisfy

R for some mi Z21. If m= ma.x{m m n} then

’m 3 * >
1’2 P

x C R and x € R2 . It follows that Rl U R satisfies condition

2
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(i1} as well.
COROLLARY 2. Suppose that for all =x € X , there exists

m=mlx) =1 such that x« € G . Then if R is a subset of X ,

% =g"
Proof. If x f Rl = RG , then for arbitrarily large values of k ,
G—km G—km
x ¢ Rl ,because x € x . The proof of Corollary 1 indicates that

if a point x 1is added to R via R2 , then for all sufficiently large

~7
values of n , X cC Rl . Our opening remark therefore shows that if

z ¢ R ,then =z f R, , and hence x ¢ R .

COROLLARY 3. Suppose that for all = €X and m=>21, z &G .
Then if R 1s a subset of X,

=8 u {xex: |xG _&° | < o} .

Proof. Under the conditions of the corollary the expression

- (oo} _n
xG = U xG
n=0
. s s s . G G . .
is a disjoint union. It follows that |x  ~R | < ® if and only if
a6
x c R for sufficiently large values of n .

4. An example

Let X be the euclidean plane and let a and b Dbe the translations

(z, y) > (x, y) + (1, 0) and (x, y) > (x, y) + (0, 1) respectively. The
orbit of (0, 0) wunder the group G =f{a, b) 1is the integer lattice Z2 s
and we seek the most general set S C Z2 such that 5% n Sb =5 .

The semigroup G  consists of all integer translations

(¢, y) ~ (x, y) + (s, t) with 8 =0 and t =0 . The set 6" reduces
to the = + 1 translations of this type with s + ¢ = -n . It follows
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that (0, O)G is equal to the third quadrant of 2% and if

(:z:o, yo] € Z2 , [xo, yO)G is equal to the third quadrant translated by
(z:o, yo) . These sets possess [a, b]-symmetry and constitute the minimal
non-void examples.
In order to find the most general set with [a, b]-symmetry we can use
2

Theorem 1, Corollary 3. If @ # Rc Z2° , Rl = RG is a union of

translates of the third quadrant and a line of Z2 parallel to a

coordinate axis either misses it, meets it in a negatively directed ray,or

is contained in it. If & = ¢ meets R then so does =z = ¢' for

15

e' =¢ . Since Rl # ¢ it is clear that « = ¢ meets Rl as @ > -
We define

e, =suple € Z : x =¢ meets R

0 l}

and, on the basis of similar considerations,

do =sup{d € Z : y = d meets Rl} .

Ir e, and do are both equal to +®, then for any

2 1 = =
(xo, yo] €z - Rl , the lines x =x, and y =y

o meet Rl at

0

{xo, yl) and (xl, yo) . The set (xo, yO)G - Rl contains at .most

[xo-xl) (yo—yl) points, (:x:o, yo) € R, , and it follovs that 7 =2

If 2, and dO are both finite, then (co, do) € Rg, but points of
the form {eg+1, y) or (x, d#1) do not belong to R, . It follows that

R is equal to the third quadrant translated by (co, do] .

If co

belong to Rg, but those of the form (co+l, y) do not. It follows that

is finite and dO = 4o , points of the form (co, y) all

R 1is equal to the halfplane & = cq A similar consideration applies if

= 40 . inite.
y and do is finite
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An instructive modification of this example is to roll the integer

lattice into a cylinder Z x Zm by identifying (%, y) and (x, y+m) for
some m > 1 . The transformation a continues to be aperiodic but » now

satisfies bm = ¢ . Every point of the cylinder satisfies

—m

)G and Theorem 1, Corollary 2, applies. The [a, b]-

(x, y) € (2, y
symmetric sets are @ , the half-infinite cylinders zx = ey s and the whole

cylinder.

5. The orbit partition

If (G is a group acting on a space X , the sets xG (x € X) are
called the orbits of G . Two orbits either coincide or are disjoint and
so they give a partition of X , X = U{Xi : 4 € I} . In our case
G =(a, b) and the orbits X, (i €I) all satisfy xg = X? =X, and
therefore possess [a, b]-symmetry. It follows that if § is an arbitrary

set with [a, b]l-symmetry then its orbital parts S, =8 n X, all possess

[a, bl-symmetry. The most general set S € [a, b] can therefore be

written in the form

s=U{s; : ¢ €I}

3

where S.c X, and S. € [a, b] .
i 1 7
It is not in general true that if the sets Sj (§ € J) all satisfy

S? n S? = Sﬁ then so does their union, § = U{Sj : j € J} . However this

is true if

%ﬁnf:ake4c%ﬂn£:je4,

k J J

and in particular it is true if S? n SZ =@ whenever J # k . One way to

achieve this is to let S; c X3 where X = U{Xj : § €J} is the G-orbit

partition of X . For then it follows that S? n Si c X? n Xz = Xj nX, ,

and hence S? n Si = ¢ whenever J # k . This shows that any set of the
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form given at the end of the last paragraph must possess [a, b]-symmetry.
THEOREM 2. Let X = U{Xi : 1 € I} be the (a, bY-orbit partition of
X . Then a subset Sc X belongs te [a, bl <If and only if

s=U{s; : ¢ €I}

where S.c X.
z i

and .5'7: € [a, b1 .

COROLLARY. If X has cardinality e of the continuum, it possesses
£ subsets with la, bl-symetry.

Proof. The group G ={a, b)) has at most ”O elements. It follows

that each orbit has at most NO points and so there must be ¢ orbits.

On each orbit we have at least the 2-fold choice Si = Xi or Si =@ and

this shows that there are at least £ subsets of X with [a, D ]-
symmetry. On the other hand X has only F  subsets!

Theorem 2 was mentioned in [5] for the sake of its corollary. It is
important in our present treatment because it shows that we can solve the
problem of [a, b ]-symmetry orbit by orbit. This is very convenient
because we have a useful model of the way in which a group acts on an

orbit.

6. Transitive action

let G be a group and H a subgroup. Let X =G/H = {Hg : g € G}
be the set of right cosets of H in & . Then G acts on X by right
translation: an element » € G maps Hg € X to Hgr € X . There is only

one orbit under this action because Hgl is mapped to ng by
911g2 . The subgroup H < G is the stabilizer of the point H# € X .

It turns out that this is the only way a group (G can act

transitively on a set X . To see this, choose a base point x € X and

0
let H Dbe the subgroup of (¢ which fixes z, - If x €X and g €G
satisfy xg =z then the coset .'_r-o(x) = Hg can be assigned as a
coordinate to name the point x . This coordinate coset can be described
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as the set of all elements of ¢ which map xo to z . It follows that

the action of G on X 1is equivalent to right translation on these right

cosets. For if »r € G maps x to y then gr maps xo to y , Hgr

is the coordinate for y , and the mapping of coordinates carries Hg to

Hgr . This observation goes back to Burnside ([7], Chapter Ix).

The correspondence between points x € X and right cosets Eb(x) c G

extends to a correspondence between subsets S < X and unions of right

cosets Tc G where T = 56(5) = U{Eb(x) : x €S} . This extended
correspondence commutes with the action of G : if S corresponds to T

then S° corresponds to T» . The mapping ;b from subsets of X to

coordinatizing subsets of G has an inverse which we will call ;O . A

moment's thought shows that z is given by the elegant expression

0

Let us change G-coordinates on X from the base point xo to the

base point ¥y - Ir yg =z, and the stabilizer of xy is Eb(xo] =H

3
iq s . s - _ -1
then the stabilizer of y, is the conjugate subgroup yo[yo) = kHk ~ . If

xr € X satisfies x = x%, then it also satisfies « = ygg, and its Yo~

based coordinate is
— ~1 —
Yola) = (kB ) Rg = kHg = kao(z) .
It follows that the coordinate of a subset S C X changes from x (S) to

0

Y, (8) = Kz (S) .

In our case G =f{a, b) might not act transitively on X but we can
always obtain transitive action by passing to the individual orbits. For
simplicity, we temporarily assume that our G does act transitively on X
and we carry on with the notation of the preceding paragraphs. We have

remarked that the coordinate function 56 commutes with the action of G .

It follows that a subset S C X satisfies £ n Sb =S5 if and only if the
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subset 56(5) =Tc G satisfies TanTh =T .

If a subset 7 < G has [a, bl-symmetry,then so does kT for any
k € G . This follows immediately if we multiply the equation Ta nTb =T
on the left by k . If T = 56(5) , one point of view is that the various

sets kI are the different names for S corresponding to different base
points in X . However if %k 1lies in the normalizer of H , there is an
alternative point of view. Under this condition, if T = U{ng : g€ J} s
then kT = U{ngj : 4 ed) = U{Hkgj : § € J} . Since kT is a union of
right cosets of H , ?O(kT) is a well defined [a, b]-symmetric subset of

X, and it will be different from S if kT is different from T .

THEQOREM 3. Let G ={a, b} act transitively on X , let z, be a
v

point of X, and let H be the subgroup of G uwhich fizes Ly - There is

a one-to-one correspondence between the subsets S < X which satisfy

£ n Sb =S and the subsets T < G which satisfy Ta nTb =T and are
equal to a union of right cosets of H . Under this correspondence the set

T 4s given by
T=xo(S)={g€G:xgES}

and the set S <s given by

_ T
S = xO(T) = .

The example of Section 4 provides a simple illustration of Theorem 3.

When G =(a, b) = 22 acts on itself the subsets T C G which satisfy

Ta nTh =T are ¢ , translates of the third quadrant, halfplanes x = e

and y < do and G itself. When G acts on the cylinder 2 x Z , the

subgroup H 1is equal to (B at every base point. The [a, bl-symmetric
subsets of G which can be expressed as a union of right cosets of H are

@ , the halfplanes =z < ey and G 1itself. These give rise to the

[a, b]-symmetric subsets of Z X Zm .
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7. The free group

When a group G acts on a set X there is a homomorphism of G into
perm X . Related to Theorem 2 is the fact that X admits a partition into
G-orbits, X = U{Xi : © € I} . Related to Theorem 3 is the fact that once

we choose a base point x, € Xi , then Xi can be modelled as a right coset
space Xi = G/Hi . A transformation of (G fixes every point in the orbit
X; if it lies in K, , the intersection of the stabilizers 91‘11:9_1

(g € G) . A transformation of (¢ fixes every point in X if it lies in
K =

ﬂ{Ki : 2 €I} . Thus K 1is the kernel of the homomorphism of G into
perm X .

In our case when G ={a, b) acts on X , it is important to notice
that the [a, b]-symmetric subsets of X are determined not by G but by
its homomorphic image in perm X . Suppose F =(a, B) has G as a
homomorphic image and this homomorphism carries o > a and B > b . The
group F acts on X through its homomorphism onto G and the image of F
in perm X is the same as that of G . It follows that [a, Bl-symmetric
subsets of X are the same as [a, bl-symmetric subsets of X . The
utility in this is that Theorem 3 can be applied with F in the role of
G . If F 1is chosen to be the free group on two generators then F maps
homomorphically onto every 2-generator group G . Theorem 4 is an
alternative to Theorem 1, Corollary 1, in providing a universal answer to

the question of which sets possess [a, b]-symmetry.

THEOREM 4. 7Zet F =(a, B) be the free group on two gemerators.
The problem of finding the [a, bl-symmetric subsets of an arbitrary set X
is equivalent to the problem of finding the subsets T ©F which satisfy
To nT8 =T and T = U{Hfﬁ : § € J} for arbitrary subgroups H CF .

8. Geometry of the free group

It may appear that our abstract approach to the question of
generalized symmetry has taken us rather far from its geometric origin.
This is not the case. In Section 4 we saw that the free abelian group on
two generators acting on itself by right translation is equivalent to the

group generated by two perpendicular translations in the euclidean plane
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acting on any orbit. In this section we shall see that the free group on
two generators acting on itself by right translation is equivalent to the
group generated by two sufficiently long, perpendicular translations in the
hyperbolic plane acting on any orbit. This observation was prompted by a

remark of B.H. Neumann.

He pointed out that the L-valent graph of the free group on two
generators can be represented very elegantly within the square
|z] + ly] =1 . The edges of this graph are all parallel to the coordinate
axes but they are not all of the same length. The origin is a vertex and
its nearest neighbours are the four points (%%, 0) and (0, #%¥) . BEach
of these vertices has for its nearest neighbours the origin and three new
points a distance % away. This pattern continues so that each vertex at
graph theoretic distance »n - 1 from the origin is joined to three
vertices at graph theoretic distance #n from the origin by edges of length

172"

Figure 1 shows this graph with its edges "coloured" and directed to
make its automorphism group equal to the free group on generators g and
b . This group is sharply transitive on the vertices of the graph, so once
one vertex is labelled e , the remaining vertices v can be labelled by
the automorphism which moves e to v , When this is done, the action of

any automorphism can be determined by right translating the vertex labels.

Figure 2 shows a topologically equivalent graph drawn in the unit
circle |z| < 1 . Adjacent edges meet at right angles and are represented
by arcs of circles perpendicular to ]z| =1 so that they correspond to

straight line segments in the Poincaré model of the hyperbolic plane. The
polygons joining e to a to ba to a—lba , and so on, and e to b

to ab to b—lab , and so on, have edges of equal length if and only if
their vertices lie on a cycle. These two polygons are guaranteed not to
interfere with one another if this cyele is a horocycle or hypercycle
rather than a circle. The minimum edge length arises in the case of the
horocycle and is equal to log(l+V§), which is twice the distance whose
angle of parallelism is /L . In this case the vertex labelled a 1is
located at z = V2/2 and the one labelled b 1is located at z = (V2/2)7 .

The resulting graph has an automorphism group consisting of hyperbolic
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FIGURE 2
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isometries. By colouring and directing its edges as in Figure 1 we reduce
this automorphism group to the free group on two generators. These

generators are the perpendicular translations @ and b given by

g s 222 o 2awer
Vez+2 V2iz+2

It is clear that the group generated by a and b acts without fixed
points on the orbit of 2z = 0 because these points comprise the vertices
of our graph. The group transports the open disk of hyperbolic radius
% log(l+V§) centred at 2 = 0 +to congruent disks centred at the other
vertices of our graph. Since these disks do not overlap, the group acts
without fixed points on the orbit of any point in their union. We are lead
to consider a fundamental region for the group generated by a and b .
This can be taken equal to the asymptotic quadrangle shown in Figure 3.
Since this quadrangle tiles the hyperbolic plane without overlap, the group
generated by a and b acts without fixed points on every orbit. This
means that the action on every orbit is equivalent to the group acting on
itself by right translation. We remark that our Figure 3 is essentially
the same as Magnus' Figure 19a ([3], p. 178),and therefore its history goes
back to 1882.

9. Subsets of the free group

A subset T of the free group F generated by a and b has
la, bl-symmetry if Ta n Tb =T . Theorem 1, Corollary 3, applies in this
context to say that if Rc F , its [a, b]-hull is given by

E=RF u{x € F: |xF -RF™| < =} .

The graph of the free group has Jjust been discussed,and if we modify the

labelling given a moment ago,we can obtain an effective graphical procedure

for computing R .
Our original labelling of Figure 1 is adapted to right translations.
Thus the vertex labelled w has neighbours aw to the east a_lw to the

west, bw to the north and b_lw to the south. If the labels are all
reversed without changing the convention about how a and b act on the
graph, we obtain a new labelling which is adapted to left translation. In

this labelling the vertex labelled u has neighbours wua +to the east,
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ua_l to the west, ub to the north,and ub_l to the south. Regardless of

the labelling of vertices it is natural to distinguish the directed edges

of the graph by calling them a, a_l, b , or b_l , according to whether
they proceed west to east, east to west, south to north, or north to south.
The left action labelling of vertices has the advantage that if the symbols
for the edges of the polygon from e to wu are taken in their natural

order they spell out u .

Now consider the left action labelling of the graph of F togefher
with the formuwla for computing R in F . The set F  consists of all
points which can be reached from e by steps directed south or west. We
say that these points lie south-west of e and take special note of the
fact that they comprise a vanishingly thin fraction of the third quadrant
points. In this descriptive language the set RF consists of all points
south-west of a point of R and xF  consists of all points south-west of
Z . It is not hard to form an intuitive picture of those &« for which
|xF -RF | < o .,

By using this graphical technique,we see that if R = {a_l, b—l} » then
the set Rl = RF~ § [a, b] . The set R2 adds the required point e to
give B =F . 1In spite of this simple example,there is a useful class of

sets R with the property that R = Rl = RF~ .

THEOREM 5. Let F =<{a, b)Y be the free group generated by a and
b and let F' c F be the semigroup with identity gemerated by a and
b. Then if Rc F' ,the la, bl-hull of R 1is given by R =RF .

Proof. The negative semigroup F  can be written in the form

1 -1

Fo={el) uFa  uFb .
If S =RF ,then S satisfies

Sa = RF a

R[{e} v Falu F_b_l]a

Ra u BF~ u RFb~1a

suRurRFb Ha ,

and similarly
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$b =50 [RuRFa b .

+ - - .
Since RC F ﬂ?LJRF b l]a consists of reduced words which end in g«

E}

and Ry RF—b-l]b consists of reduced words which end in b . It follows
that Sa nSh = S and since Rc ScR, R=25 .

COROLLARY. Let F ={a, b) be the free group generated by a and
b . Then F contains c¢ distinet subsets T which satisfy Ta nTb =T,

Proof. There are ¢ real numbers ¢t satisfying 0< £t < 1 . Each
such real number can be associated with a distinct binary "decimal' and
hence, by chainging O's to a's and 1's to b's , with a distinct

. s +
infinite sequence of a's and b's . Let Rt < F  be the subset whose

elements are initial segments of the series corresponding to t . Let

T, = RtF- . According to Theorem 5, the sets Tt all possess [a, b]-

symmetry. Since T, nF' =R, ,it follows that T, # T,

if . # t, .
1 2 1772

t t

This gives us ¢ different [a, b]-symmetric subsets of F ,and since F

8

has a total of 2 0 = ¢ subsets, the result follows.

This corollary stands in contrast to the result of Section 4 where we

showed that the free abelian group with generators a and b has only NO

la, b)-symmetric subsets.

10. Generalized symmetry in classical geometry

Let X Dbe euclidean mn-space and a and b two affinities,or let X

be hyperbolic, spherical,or elliptic n-~space and a and b two

isometries. Find the most general set S which satisfies £ n Sb =85
and describe the classes of these sets which are geometrically appealing.
This is the full problem which I would like to solve in further work under

the heading of generalized symmetry.
To solve the first part of this problem and find the most general set

which satisfies &% n Sb =8, let X = U{Xi 17 € I} be the {a, b)-orbit

partition of X and use Theorems 2, 3, and L4 together with the graphical
method of finding T's which satisfy Ta nTb =T in the free group F .
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The difficulty which this prescription conceals is the difficulty of
determining the groups G = (a, b) and expressing their orbits in the form

Xi = F/Hi . The following is a first step towards doing this.

THEOREM 6. Let G =(a, b) be a 2-generator subgroup of the
affinities of euclidean n-space or the isometries of hyperbolic, spherical

or elliptic mn~space. Then for almost every point « of the space, G
acts on the orbit :cG as if by right translation on itself.

Proof. The group G has at most countably many elements. Each of
these except the identity fixes a set of points of measure 0 . The union
of these countably many fixed point sets is therefore a null set. It
follows that almost every point x 1lies in the complementary set and is
stabilized only by the identity. Since stabilizers along an orbit are

conjugate subgroups, this means that almost every point & lies in an
orbit xG on which G acts without fixed points. This proves the result.

Theorem 6 allows us to neglect the atypical orbits if we are content
to find our [a, b]-symmetric subsets up to measure zero. However it
leaves unanswered the question of which abstract groups G = F/H can arise
and how. The next step in our continuing program is to collect information

on this question.

The problem of determining the finitely generated subgroups of the
classical geometric groups is a natural extension of the problem of
determining their finite subgroups. This problem is of interest in a
broader context than that of generalized symmetry. For example, the
construction which yields the Hausdorff-Banach-Tarski Paradox ([4],
Chapter XI) depends on the fact that the infinite group

G ={a, b : a2 = b3 = e) can arise in euclidean 3-space generated by a

halfturn and a 120° rotation about intersecting axes.
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