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Abstract

We use Hodge theoretic methods to study homotopy types of complex projective manifolds
with arbitrary fundamental groups. The main tool we use is the schematization functor
X �→ (X ⊗ C)sch, introduced by the third author as a substitute for the rationalization
functor in homotopy theory in the case of non-simply connected spaces. Our main result
is the construction of a Hodge decomposition on (X ⊗C)sch. This Hodge decomposition is
encoded in an action of the discrete group C×δ on the object (X ⊗ C)sch and is shown to
recover the usual Hodge decomposition on cohomology, the Hodge filtration on the pro-
algebraic fundamental group, and, in the simply connected case, the Hodge decomposition
on the complexified homotopy groups. We show that our Hodge decomposition satisfies a
purity property with respect to a weight filtration, generalizing the fact that the higher
homotopy groups of a simply connected projective manifold have natural mixed Hodge
structures. As applications we construct new examples of homotopy types which are not
realizable as complex projective manifolds and we prove a formality theorem for the
schematization of a complex projective manifold.
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Introduction

Modern Hodge theory is concerned with the interaction between the geometry and the topology of
complex algebraic varieties. The general idea is to furnish topological invariants of varieties with
additional algebraic structures that capture essential information about the algebraic geometry of
these varieties. The very first example of such a result is the existence of the Hodge decomposition
on the Betti cohomology of a complex projective manifold (see e.g. [GH94]), and more generally the
existence of Deligne’s mixed Hodge structures on the cohomology of arbitrary varieties [Del72,
Del74]. A more sophisticated invariant was developed by Deligne, Griffiths, Morgan and Sulli-
van [DGMS75], who combined the Hodge theory of Deligne and the rational homotopy theory of
Quillen and Sullivan to construct a Hodge decomposition on the rational homotopy type of a com-
plex projective manifold. Their construction was later extended by Morgan, who, in the simply
connected case, proved the existence of a mixed Hodge structure on the complexified homotopy
groups [Mor78], and by Hain, who constructed a mixed Hodge structure on the Mal’cev comple-
tion of the fundamental group [Hai87]. More recently Simpson constructed [Sim92] an action of the
discrete group C×δ on the full pro-algebraic fundamental group of a smooth projective complex
variety. This action can be viewed as a Hodge decomposition on the pro-algebraic fundamental
group.

In [Toë06, Toë02] a new homotopy invariant of a space X was constructed – the schematiza-
tion (X ⊗ C)sch of X. The main goal of the present paper is to define a Hodge decomposition on
(X ⊗ C)sch when X is a projective manifold, and to show that this structure recovers all of the
Hodge structures on cohomology, rational homotopy groups and completions of the fundamental
groups mentioned above. For this, the various Hodge decompositions will be viewed as actions of
the group C×δ. For example, the Hodge decomposition on the cohomology of a projective variety,
Hn(X,C) � ⊕

Hn−p(X,Ωp
X), can be understood via the action of C×δ, which has weight p on the

direct summand Hn−p(X,Ωp
X). As a manifestation of this principle we construct an action of

the group C×δ on the object (X ⊗ C)sch.
In order to state this result, let us recall that, for any pointed connected space X, the schematic

homotopy type (X ⊗ C)sch is a pointed connected simplicial presheaf on the site of affine complex
schemes with the faithfully flat topology. Furthermore, this simplicial presheaf satisfies the following
conditions (see § 1 for details).

(a) The sheaf of groups π1((X ⊗ C)sch, x) is represented by the pro-algebraic completion of the
discrete group π1(X,x).

(b) There exist functorial isomorphisms Hn((X ⊗ C)sch,Ga) � Hn(X,C).

(c) If X is a simply connected finite CW -complex, there exist functorial isomorphisms

πi((X ⊗ C)sch, x) � πi(X,x) ⊗ Ga.

The object (X ⊗ C)sch is therefore a good candidate for a unificator of the various homotopy
invariants previously studied by Hodge theory. Our main result is the following.
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Theorem A. For any pointed smooth projective complex variety X, there exists an action of C×δ on
(X ⊗ C)sch, functorial in X, called the Hodge decomposition. This action recovers the usual Hodge
decompositions on cohomology, on completed fundamental groups, and in the simply connected case
on complexified homotopy groups.

We will now give an overview of the content of the paper.

Rational homotopy theory and schematic homotopy types
It is well known [Qui69, Sul78] that the rational homotopy type XQ of an arbitrary space X is
a pro-nilpotent homotopy type. As a consequence, homotopy invariants of the space X which are
not of nilpotent nature are not accessible through XQ. For example, the fundamental group of
XQ is isomorphic to the Mal’cev completion of π1(X,x), and in particular the full pro-algebraic
fundamental group of X is beyond the scope of the techniques of rational homotopy theory.

In order to develop a substitute of rational homotopy theory for non-nilpotent spaces, the third
author introduced the notion of a pointed schematic homotopy type over a field k, and the notion
of a schematization functor (see [Toë06]). When the base field is of characteristic zero, a pointed
schematic homotopy type F is essentially a pointed and connected simplicial presheaf on the site
of affine k-schemes with the flat topology, whose fundamental group sheaf π1(F, ∗) is represented
by an affine group scheme, and whose homotopy sheaves πi(F, ∗) are products (possibly infinite)
of copies of the additive group Ga. The fundamental group π1(F, ∗) of a schematic homotopy type
can be any affine group scheme, and its action on a higher homotopy group πi(F, ∗) can be an ar-
bitrary algebraic representation. Furthermore, the homotopy category of augmented and connected
commutative differential graded algebras (concentrated in positive degrees) is equivalent to the full
subcategory of pointed schematic homotopy types F such that π1(F, ∗) is a unipotent affine group
scheme (see Theorems 1.1.2 and 1.1.5). In view of this, pointed schematic homotopy types are
reasonable models for a generalization of rational homotopy theory.

For any pointed connected homotopy type X and any field k, it was proved in [Toë06, The-
orem 3.3.4] that there exists a universal pointed schematic homotopy type (X ⊗ k)sch, called the
schematization of X over k. The schematization is functorial in X. Its universality is explicitly
spelled out in the following two properties (see [Toë06, Definition 3.3.1] and [Toë06, Lemma 3.3.2]).

(a) The affine group scheme π1((X ⊗ k)sch, x) is the pro-algebraic completion of the group π1(X,x).
In particular, there is a one-to-one correspondence between finite dimensional linear repre-
sentations π1(X,x) and finite dimensional linear representations of the affine group scheme
π1((X ⊗ k)sch, x).

(b) For any finite dimensional linear representation V of π1(X,x), also considered as a represen-
tation of the group scheme π1((X ⊗ k)sch, x), there is a natural isomorphism on cohomology
groups with local coefficients

H•(X,V ) � H•((X ⊗ k)sch, V ).

Moreover, for a simply connected finite CW-complex X, one can show [Toë06, Theorem 2.5.1]
that the homotopy sheaves πi((X ⊗ Q)sch, x) are isomorphic to πi(X,x)⊗Ga, and that the simplicial
set of global sections of the simplicial presheaf (X ⊗ Q)sch is a model for the rational homotopy type
ofX. This fact justifies the use of the schematization functor as a generalization of the rationalization
functor to non-nilpotent spaces.

The Hodge decomposition
As shown in [KPT05, § 4.1], when X is the underlying topological space of a compact smooth mani-
fold, its schematization (X ⊗ C)sch can be explicitly described using complexes of differential forms
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with coefficients in flat connections on X. If X is furthermore a complex projective manifold, this
description together with Simpson’s non-abelian Hodge correspondence gives a model of (X ⊗ C)sch

in terms of Dolbeault complexes with coefficients in Higgs bundles. Since the group C×δ acts natu-
rally on the category of Higgs bundles and on their Dolbeault complexes, one gets a natural action
of C×δ on (X ⊗ C)sch. The main properties of this C×δ action are summarized in the following
theorem.

Theorem B (Theorem 2.4.4). Let X be a pointed smooth projective variety over C, and let

(Xtop ⊗ C)sch

denote the schematization of the underlying topological space of X (for the classical topology).
Then, there exists an action of C×δ on (Xtop ⊗ C)sch, called the Hodge decomposition, such that
the following conditions are satisfied.

(1) The induced action of C×δ on the cohomology groups Hn((Xtop ⊗ C)sch,Ga) � Hn(Xtop,C)
is compatible with the Hodge decomposition in the following sense. For any λ ∈ C×δ and
y ∈ Hn−p(X,Ωp

X) ⊂ Hn(Xtop,C) one has λ(y) = λp · y.
(2) Let π1((Xtop ⊗ C)sch, x)red be the maximal reductive quotient of π1((Xtop ⊗ C)sch, x) =

π1(Xtop, x)alg. Then, the induced action of C×δ on π1((Xtop ⊗ C)sch, x)red is the one defined
in [Sim92].

(3) If Xtop is simply connected, then the induced action of C×δ on

πi((Xtop ⊗ C)sch, x)(C) � πi(Xtop, x) ⊗ C

is compatible with the Hodge decomposition defined in [Mor78] in the following sense. Let
F •πi(Xtop) ⊗ C be the Hodge filtration defined in [DGMS75, Mor78], then

F pπi(Xtop) ⊗ C ⊂ πi(Xtop) ⊗ C

is spanned by the subset

{x ∈ πi(Xtop ⊗ C) | ∃ q � p so that λ(x) = λq · x,∀λ ∈ C×}.
(4) Let Rn be the space of isomorphism classes of simple n-dimensional linear representations of

π1((Xtop ⊗ C)sch, x). Then, the induced action of C× on the space

Rn � Hom(π1(Xtop, x), Gln(C))/Gln(C)

defines a continuous action of the topological group C× (for the classical topology).

The weight spectral sequence
For a general space X, the schematization (X ⊗ C)sch turns out to be extremely difficult to compute.
For instance, essentially nothing is known about the higher homotopy groups πi((X ⊗ C)sch, x).

To facilitate computations of this type we propose an approach based on Curtis’ spectral sequence
in conventional topology [Cur63, Cur65]. For a general pointed schematic homotopy type F , we will
construct a weight tower W (∗)F 0, which is an algebraic analog of Curtis’ construction from [Cur63,
Cur65]. To this tower we associate a spectral sequence, called the weight spectral sequence, going
from certain homology invariants of F to its homotopy groups. In general, this spectral sequence will
not converge. However, when X is a smooth projective complex manifold, we can use the existence
of the Hodge decomposition in order to prove that the weight spectral sequence of (Xtop ⊗ C)sch

degenerates at E2 and that its E∞ term computes the higher homotopy groups of (Xtop ⊗ C)sch.
More precisely, suppose that (X,x) is a pointed smooth and projective complex manifold with
schematization F := (Xtop ⊗C, x)sch. Then for any q � 1 the weight tower of F induces a filtration

· · · ⊂ F
(p)
W πq(F, ∗) ⊂ F

(p−1)
W πq(F, ∗) ⊂ · · · ⊂ F

(0)
W πq(F, ∗) = πq(F, ∗)
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and a spectral sequence {Ep,q+pr (W (∗)F 0)}, so that

Ep,p+q∞ � F
(p−1)
W πq(F, ∗)/F (p)

W πq(F, ∗),
and Ep,q• degenerates at E2 (see Theorem 3.5.1).

As a corollary we get the following description of the homotopy groups of the schematization.
Let G denote the complex pro-reductive completion of π1(X,x) and let O(G) be the algebra of
regular functions on G. By definition π1(X,x) comes with a Zariski dense representation into G,
which can be combined with the left regular representation of G on O(G) to define a local system
of algebras on X which by abuse of notation will be denoted again by O(G). We will call O(G) the
universal reductive local system on X. With this notation we have the following result.

Corollary C (see Corollary 3.5.3). If F := (Xtop ⊗ C, x)sch is the schematization of a complex
projective manifold, then:

(1) πq(F, ∗) � lim πq(F, ∗)/F (p)
W πq(F, ∗);

(2) the vector spaces F
(p−1)
W πq(F, ∗)/F (p)

W πq(F, ∗) only depend on the graded algebra H∗(X,O(G)),
where H∗(X,O(G)) is the cohomology algebra of X with coefficients in the universal reductive
local system.

Corollary C provides strong evidence that the schematization of a smooth and projective complex
manifold is much more simple than the schematization of a generic topological manifold. Note that,
even though the weight spectral sequence {Ep,q+pr (W (∗)F 0)} is purely topological and exists for
any schematic homotopy type F , the proof of the degeneration of this sequence uses some weight
properties of the action of C×δ induced by our Hodge decomposition. It is a striking fact that even
if this action is not an action of the multiplicative group Gm, the notion of weight retains some of
its algebraic character and ultimately forces the spectral sequence to degenerate.

Restrictions on homotopy types
For any pointed connected homotopy type X, the schematization (X ⊗ C)sch can be used to define a
new homotopy invariant of the spaceX, which captures information about the action of π1(X) on the
higher homotopy groups πi(X). More precisely, we will define Supp(πi((X ⊗ C)sch, x)), the support
of the sheaf πi((X ⊗ C)sch, x), as the subset of isomorphism classes of all simple representations of
π1(X,x) which appear in a finite dimensional subquotient of πi((X ⊗ C)sch, x) (see § 4.1.1).

The existence of the Hodge decomposition described in Theorem B imposes some restrictions on
the homotopy invariants Supp(πi((X ⊗ C)sch, x)). Our first observation is the following corollary.

Corollary D (Corollary 4.1.3). Let X be a pointed complex smooth projective algebraic variety,
and let R(π1(X,x)) be the coarse moduli space of simple finite dimensional representations of
π1(X,x).

(1) The subset Supp(πi((Xtop ⊗ C)sch, x)) ⊂ R(π1(X,x)) is stable under the action of C× on
R(π1(X,x)).

(2) If ρ ∈ Supp(πi((Xtop ⊗ C)sch, x)) is an isolated point (for the topology induced from the
analytic topology of R(π1(X,x))), then the local system on X corresponding to ρ underlies a
polarizable complex variation of Hodge structures.

(3) If πi((Xtop⊗C), x) is an affine group scheme of finite type, then each simple factor of the semi-
simplification of the representation of π1(X,x) on the vector space πi((Xtop ⊗C), x) underlies
a polarizable complex variation of Hodge structures on X.

(4) Suppose that π1(X,x) is abelian. Then, each isolated character χ ∈ Supp(πi((Xtop ⊗C)sch, x))
is unitary.
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The previous corollary suggests that one can study the action of the fundamental group of a
projective variety on its higher homotopy groups by means of the support invariants. However, the
reader should keep in mind that the invariant Supp(πi((X ⊗ C)sch, x)) is related to the action of
π1(X,x) on πi(X,x) ⊗ C in a highly non-trivial way, which at the moment can be understood only
in some very special cases. Nonetheless, one can use Corollary D to produce explicit families of new
examples of homotopy types which are not realizable by smooth and projective algebraic varieties
(see Theorem 4.1.7).

In the same vein we discuss two other applications. First, in Theorem 4.2.3, we present a
formality result, asserting that the schematization (Xtop ⊗ C)sch of a smooth projective complex
variety X is completely determined by the pro-reductive fundamental group π1(X,x)red and the
cohomology algebra H∗(X,O(π1(X,x)red)). This theorem generalizes and extends the formality
result of [DGMS75]. Finally we provide topological conditions on a smooth projective manifold X
under which the image of the Hurewitz morphism πn(X) −→ Hn(X) is a sub-Hodge structure
(Theorem 4.3.1).

Organization of the paper

The paper is organized in four main sections. In the first one we recall the definitions and main
results concerning affine stacks and schematic homotopy types from [Toë06]. In particular, we recall
Theorem 1.4.1, which shows how equivariant co-simplicial algebras are related to the schematization
functor. The proofs have not been included, and can be found in [Toë06, KPT05].

In the second section we construct the Hodge decomposition on (X ⊗ C)sch. For this, we will first
review the non-abelian Hodge correspondence between local systems and Higgs bundles of [Sim92].
We explain next how to describe the schematization of a space underlying a smooth manifold in
terms of differential forms. Finally, after introducing the notion of a fixed-point model category
that will be used to define the Hodge decomposition, we conclude the section with a proof of
Theorem B.

In the next section we define the weight tower of any schematic homotopy type, and define
the associated spectral sequence in homotopy. Then, the Hodge decomposition constructed in the
previous section is used in order to prove the degeneration statement in Corollary C.

In the last section we show how the existence of the Hodge decomposition imposes restrictions on
homotopy types. In particular, we construct a whole family of examples of homotopy types which
are not realizable by smooth projective complex varieties. We also prove a formality statement
generalizing the formality theorem of [DGMS75] to the schematization, as well as an application of
the existence of the Hodge decomposition to the study of the Hurewitz map.

To keep the exposition more focused we concentrate here on the Hodge theoretic aspects of
our construction. This necessitates delegating several technical details (in particular several proofs)
concerning background material in schematic homotopy theory to the companion but independent
paper [KPT05].

Related and future works

The construction used in order to define our Hodge decomposition is similar to the one used by
Hain in [Hai98]. However, the two approaches differ, as the construction of [Hai98] is done relatively
to some variations of Hodge structures, whereas we are taking into account all local systems. We do
not think that Corollary D can be obtained by the techniques of [Hai98], as it uses in a non-trivial
way the C×-equivariant geometry of the whole moduli space of local systems. Note also that the
results of [Hai98] do not use at all the non-abelian Hodge correspondence whereas our constructions
highly depend on it.

587

https://doi.org/10.1112/S0010437X07003351 Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X07003351


L. Katzarkov, T. Pantev and B. Toën

Recently, Katzarkov, Pantev and Simpson defined a notion of an abstract non-abelian mixed
Hodge structure [KPS00] and discussed the existence of such structures on the non-abelian coho-
mology of a smooth projective variety. The comparison between the [KPS00] approach and the
construction of the present work seems very difficult, essentially because both theories still need to
be developed before one can even state any conjectures comparing the two points of view. In fact, it
seems that a direct comparison of the two approaches is not feasible within our current understand-
ing of the Hodge decomposition on the schematic homotopy type. Indeed, the object (Xtop ⊗ C)sch

is insensitive to the topology on the space of local systems on X, and therefore an important part
of the geometry (which is captured in the construction of [KPS00]) is lost. This problem is reflected
concretely in the fact that the C×-action on (Xtop ⊗ C)sch given by our Hodge decomposition is
only an action of the discrete group C×δ, and therefore does not give rise to a filtration in the sense
of [KPS00]. The fact that the object (X ⊗ C)sch does not vary well in families is another conse-
quence of the same problem. This is similar to the fact that the pro-algebraic fundamental group
does not know that local systems can vary in algebraic families (see [Del94, 1.3]). One way to resolve
this problem would be to consider the schematization of a space (Xtop ⊗ C)sch as the C-points of
a schematic shape, which is a bigger object involving schematizations (Xtop ⊗A)sch over various
C-algebras A. We believe that such an object does exist and that it can be endowed with a mixed
Hodge structure, extending our construction on (Xtop ⊗ C)sch.

As explained before, our construction of the Hodge decomposition uses equivariant co-simplicial
algebras as algebraic models for schematic homotopy types. These algebraic models are very close
to the equivariant differential graded algebras of [BS93, GHT99]. The main difference between the
two approaches is that we use co-simplicial algebras equipped with an action of an affine group
scheme, whereas in [BS93, GHT99] the authors use algebras equivariant for a discrete group action.
In a sense, our approach is an algebraization of their approach, adapted for the purpose of Hodge
theory. Our formality theorem (Theorem 4.2.3) can also be considered as a possible answer to a
problem in [GHT99, § 7, Problem 2].

Originally, a conjectural construction of the Hodge decomposition was proposed in [Toë00], where
the notion of a simplicial Tannakian category was used. The reader may notice the Tannakian nature
of the construction given in § 2.3.

Finally, a crystalline version of our main result has been recently worked out by Olsson in [Ols07],
who has deduced from it some new results on homotopy types of algebraic varieties over fields of
positive characteristics (already on the level of the pro-nilpotent fundamental group). Olsson is also
working on a p-adic version of non-abelian Hodge theory, based in the same way on the theory of
schematic homotopy types.

Notation and conventions
Let ∆ denote the standard simplicial category. Recall that its objects are the ordered finite sets
[n] := {0, . . . , n}. For any category C and any functor F : ∆ −→ C or F : ∆op −→ C, we write Fn
for the object F ([n]).

We fix a universe U with ∆ ∈ U and let Aff/C be the category of those affine schemes over C
which belong to U. In this paper any affine scheme is assumed to be an object in Aff/C (i.e. always
belongs to U), unless it is explicitly stated otherwise. Throughout the paper we will tacitly identify
Aff/C with the opposite category of the category of C-algebras belonging to U, and the objects
of Aff/C will be sometimes considered as algebras via this equivalence.

We will use the Grothendieck site (Aff/C)ffqc = Aff/C equipped with the faithfully flat and
quasi-compact topology.

We fix a second universe V such that U ∈ V, and let SSet be the category of simplicial sets in V.
We denote by SPr(C) the category of SSet-valued presheaves on the site (Aff/C)ffqc. We will always
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consider the category SPr(C) together with its local projective model category structure described
in [Bla01] (see also [Toë06, Definition 1.1.1]), and the words equivalence, fibration and cofibration
will always refer to this model structure. The homotopy category of SPr(C) will be denoted by
Ho(SPr(C)), and its objects will be called stacks. In the same way morphism of stacks will always
refer to a morphism in Ho(SPr(C)). When we need to consider objects or morphisms in SPr(C) we
will use the expressions simplicial presheaves and morphism of simplicial presheaves instead.

Any presheaf of sets on (Aff/C)ffqc can be considered as a presheaf of constant simplicial sets,
and so as an object in SPr(C). In particular, the Yoneda embedding gives rise to a functor from
Aff/C to SPr(C) which induces a functor from Aff/C to Ho(SPr(C)). This last functor factors as

Aff/C �� Sh(Aff/C)ffqc
i �� Ho(SPr(C)),

where the first functor is the usual Yoneda embedding, and the functor i sees a sheaf of sets as a
simplicial presheaf constant in the simplicial direction. The first functor is well known to be fully
faithful, and the functor i has a left adjoint sending F to the sheaf π0(F ) (see below). As for any
sheaf of sets the adjunction morphism F → π0(i(F )) is obviously an isomorphism, the functor i is
fully faithful. We conclude that the functor

Aff/C −→ Ho(SPr(C))

is also fully faithful. Via this embedding, all affine schemes will be considered both as objects in
SPr(C) and as objects in Ho(SPr(C)).

We denote by SPr∗(C) the model category of pointed objects in SPr(C). For any pointed simpli-
cial presheaf F ∈ SPr∗(C) we write πi(F, ∗) for the homotopy sheaves of F (see for example [Toë06,
1.1.1]). Objects in Ho(SPr∗(C)) will be called pointed stacks, and those with π0(F ) = ∗ pointed
connected stacks.

Our references for model categories are [Hir03, Hov98], and we will always suppose that model
categories are V-categories (i.e. the set of morphisms between two objects belongs to V).

For any simplicial model category M , Hom(a, b) will be the simplicial set of morphisms between
a and b in M , and RHom(a, b) will be its derived version. The objects RHom(a, b) are well defined
and functorial in the homotopy category Ho(SSet). The simplicial Hom in the model category of
pointed objects M∗ will be denoted by Hom∗, and its derived version by RHom∗.

All complexes considered in this paper are cochain complexes (i.e. the differential increases
degrees). We will use freely (and often implicitly) the dual Dold–Kan correspondence between
positively graded complexes of vector spaces and co-simplicial vector spaces (see [Kri93, 1.4]).

Finally, for a group Γ which belongs to the universe U, we will denote by Γalg (respectively Γred)
its pro-algebraic completion (respectively its pro-reductive completion). By definition, Γalg is the
universal affine group scheme (respectively affine and reductive group scheme) which admits a
morphism (respectively a morphism with Zariski dense image) from the constant sheaf of groups Γ.

1. Review of the schematization functor

In this first section, we review the theory of affine stacks and schematic homotopy types introduced
in [Toë06]. The main goal is to recall the theory and fix the notation and the terminology. For
further details and proofs the reader may wish to consult [Toë06, KPT05].

1.1 Affine stacks and schematic homotopy types

To begin with, let us recall some basic facts about co-simplicial algebras. For us, an algebra will
always mean a commutative unital C-algebra which belongs to V.
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We will denote by Alg∆ the category of co-simplicial algebras in the universe V. By definition
Alg∆ is the category of functors from the standard simplicial category ∆, to the category of C-
algebras in V. For any co-simplicial algebra A ∈ Alg∆, one can consider its underlying co-simplicial
C-vector space, and associate to it its normalized cochain complex N(A) (see [Kri93, 1.4]). Any
morphism f : A −→ B in Alg∆, induces a natural morphism of complexes

N(f) : N(A) −→ N(B).

We will say that f is an equivalence if N(f) : N(A) −→ N(B) is a quasi-isomorphism.
The category Alg∆ is endowed with a simplicial closed model category structure for which the

fibrations are epimorphisms, the equivalences are defined above, and the cofibrations are defined
by the usual lifting property with respect to trivial fibrations. This model category is known to be
cofibrantly generated, and even finitely generated (see [Hov98, § 2.1]).

The category we are really interested in is the full subcategory of Alg∆ of objects belonging
to U. This category is also a finitely generated simplicial closed model category, which is a submodel
category of Alg∆ in a very strong sense. For example, it satisfies the following stability properties,
which will be tacitly used in the rest of this work. Both properties can be deduced easily from
the fact that the model categories in question are finitely generated, and the fact that the sets of
generating cofibrations and trivial cofibrations (as well as their domains and codomains) of Alg∆

all belong to U.

(1) If A is a co-simplicial algebra which is equivalent to a co-simplicial algebra in U, then there
exists a co-simplicial algebra in U, which is cofibrant in Alg∆, and which is equivalent to A.

(2) Let Ho(Alg∆
U ) denote the homotopy category of co-simplicial algebras belonging to U. Then

the natural functor Ho(Alg∆
U ) −→ Ho(Alg∆) is fully faithful. Its essential image consists of

co-simplicial algebras which are isomorphic in Ho(Alg∆) to co-simplicial algebras in U.

Let CDGA denote the model category of commutative differential (positively) graded C-algebras
belonging to V (see [BG76]). Let

Th : Ho(Alg∆) −→ Ho(CDGA)

denote the functor of Thom–Sullivan cochains introduced in [HS87, Theorem 4.1]. In modern lan-
guage, the functor Th is equivalent to the functor of homotopy limits along the category ∆ in the
model category CDGA (see [Hir03, § 20]). The functor Th has an inverse

D : Ho(CDGA) −→ Ho(Alg∆),

which is defined as follows. Let D : C+ −→ Vect∆ denote the denormalization functor (described
e.g. in [Kri93, 1.4]) from the category C+ of cochain complexes of C-vector spaces concentrated in
positive degrees to the category Vect∆ of co-simplicial vector spaces. Recall from [Kri93, 1.4] that
D admits functorial morphisms (the shuffle product)

D(E) ⊗ D(F ) −→ D(E ⊗ F ),

which are unital associative and commutative. In particular, if A ∈ CDGA is a commutative dif-
ferential graded algebra, one can use the shuffle product to define a natural commutative algebra
structure on D(A) by the composition D(A) ⊗ D(A) −→ D(A ⊗ A) −→ D(A). This defines a
functor

D : CDGA −→ Alg∆,

which preserves equivalences, and thus induces a functor on the level of homotopy categories

D : Ho(CDGA) −→ Ho(Alg∆).

Now Theorem 4.1 in [HS87] implies that Th and D are inverse equivalences.
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Since the functors D and Th induce equivalences of homotopy categories, readers who are not
comfortable with co-simplicial objects can replace co-simplicial algebras by commutative differential
graded algebras in the discussion below. However, in order to emphasize the homotopy theoretic
context of our construction we choose to work systematically with co-simplicial algebras rather than
commutative differential graded algebras.

Next we define the geometric spectrum of a co-simplicial algebra. More precisely we define a
functor

Spec : (Alg∆)op −→ SPr(C)

by the formula
SpecA : (Aff/C)op �� SSet

SpecB � �� Hom(A,B),

where as usual Hom(A,B) denotes the simplicial set of morphisms from the co-simplicial algebra
A to the commutative algebra B. In other words, if A is given by a co-simplicial object [n] �→ An,
then the presheaf of n-simplices of SpecA is given by (SpecB) �→ Hom(An, B).

The functor Spec is a right Quillen functor. Its left adjoint functor O associates to each simplicial
presheaf F the co-simplicial algebra of functions on F . Explicitly

O(F )n := Hom(Fn,Ga),

where Ga := SpecC[T ] ∈ Aff/C is the additive group scheme.
The right derived functor of Spec induces a functor on the level of homotopy categories

R Spec : Ho((Alg∆)op) −→ Ho(SPr(C)),

and similarly the left derived functor of O induces a functor

LO : Ho(SPr(C)) −→ Ho((Alg∆)op).

Note that the restriction of R Spec to the full subcategory of Ho(Alg∆) consisting of objects iso-
morphic to a co-simplicial algebra in U is fully faithful. Furthermore, for any object A ∈ Ho(Alg∆),
isomorphic to some co-simplicial algebra belonging of U, the adjunction morphism

A −→ LO(R SpecA),

in Ho(Alg∆), is an isomorphism [Toë06, Corollary 2.2.3]. We are now ready to define affine stacks.

Definition 1.1.1 [Toë06, Definition 2.2.4]. An affine stack is a stack F ∈ Ho(SPr(C)) isomorphic
to R SpecA, for some co-simplicial algebra A belonging to U.

The following important result characterizes pointed connected affine stacks, and relates them
to homotopy theory over the complex numbers.

Theorem 1.1.2 [Toë06, Theorems 2.4.1 and 2.4.5]. Let F ∈ Ho(SPr∗(C)) be a pointed stack. The
following three conditions are equivalent.

(1) The pointed stack F is affine and connected.

(2) The pointed stack F is connected and for all i > 0 the sheaf πi(F, ∗) is represented by an affine
unipotent group scheme (see [DG70, IV, § 2]).

(3) There exists a cohomologically connected co-simplicial algebra A (i.e. H0(A) � C), which
belongs to U, and such that F � R SpecA.

Recall that a commutative and unipotent affine group scheme over C is the same thing as a
linearly compact vector space (see [DG70, IV, § 2, Proposition 4.2(b)] and [Saa72, II.1.4]).
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This implies that for F a pointed connected affine stack, and i > 1, the sheaves πi(F, ∗) are associ-
ated to well defined C-vector spaces πi(F, ∗) ∈ U, by the formula

πi(F, ∗) : (Aff/C)opffqc
�� Ab

SpecB � �� HomC-Vect(πi(F, ∗), B).

If F � R SpecA, the vector spaces πi(F, ∗) are isomorphic to the co-homotopy groups πi(Th(A)) of
the corresponding commutative differential graded algebra as defined in [BG76, 6.12].

Let us recall now that, for a pointed simplicial presheaf F , one can define its simplicial presheaf
of loops (see [Toë06, § 1.4]) Ω∗F . The functor Ω∗ : SPr∗(C) −→ SPr(C) is right Quillen, and can be
derived to a functor defined on the level of homotopy categories

RΩ∗F : Ho(SPr∗(C)) −→ Ho(SPr(C)).

Definition 1.1.3. A pointed and connected stack F ∈ Ho(SPr∗(C)) is called a pointed affine
∞-gerbe if the loop stack RΩ∗F ∈ Ho(SPr(C)) is affine.

By definition, a pointed affine ∞-gerbe is a pointed stack, and will always be considered in
the category of pointed stacks Ho(SPr∗(C)). In the same way, a morphism between pointed affine
∞-gerbes will always mean a morphism in Ho(SPr∗(C)).

A pointed schematic homotopy type will be a pointed affine ∞-gerbe which in addition satisfies
a cohomological condition. Before we state this condition, let us recall that for any algebraic group
G, for any finite dimensional linear representation V of G and any integer n > 1 one can define a
stack K(G,V, n) (see [Toë06, § 1.2]), which is the unique pointed and connected stack having

π1(K(G,V, n), ∗) � G, πn(K(G,V, n), ∗) � V, πi(K(G,V, n), ∗) � 0 for i �= 1, n,

together with the given action of G on V , and such that the truncation morphism K(G,V, n) −→
K(G,V, n)�1 � K(G, 1) possesses a section in Ho(SPr∗(C)). With this notation we have the following
definitions.

Definition 1.1.4. (1) A morphism of pointed stacks f : F −→ F ′ is a P -equivalence if, for any
algebraic group G, any linear representation of finite dimension V and any integer n > 1, the
induced morphism

f∗ : RHom∗(F
′,K(G,V, n)) −→ RHom∗(F,K(G,V, n))

is an isomorphism.
(2) A pointed stack H is P -local if for any P -equivalence f : F −→ F ′ the induced morphism

f∗ : RHom∗(F
′,H) −→ RHom∗(F,H)

is an isomorphism.
(3) A pointed schematic homotopy type is a pointed affine ∞-gerbe which is P -local.

By definition, a pointed schematic homotopy type is a pointed stack, and will always be consid-
ered in the category of pointed stacks Ho(SPr∗(C)). In the same way, a morphism between pointed
schematic homotopy types will always mean a morphism in Ho(SPr∗(C)).

The following theorem is a partial analog for pointed schematic homotopy types of Theo-
rem 1.1.2.

Theorem 1.1.5 [Toë06, Theorem 3.2.4], [KPT05, Corollary 3.6]. Let F be a pointed and connected
stack. Then, F is a pointed schematic homotopy type if and only if it satisfies the following two
conditions.
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(1) The sheaf π1(F, ∗) is represented by an affine group scheme.

(2) For any i > 1, the sheaf πi(F, ∗) is represented by a unipotent group scheme. In other words,
the sheaf πi(F, ∗) is represented by a linearly compact vector space in U (see [Saa72, II.1.4]).

We finish this section by recalling the main existence theorem of schematic homotopy theory.
The category SSet can be embedded into the category SPr(C) by viewing a simplicial set X as a
constant simplicial presheaf on (Aff/C)ffqc. With this convention we have the following important
definition.

Definition 1.1.6 [Toë06, Definition 3.3.1]. Let X be a pointed and connected simplicial set in U.
A schematization of X over C is a pointed schematic homotopy type (X ⊗ C)sch, together with a
morphism in Ho(SPr∗(C)),

u : X −→ (X ⊗ C)sch,
which is a universal for morphisms from X to pointed schematic homotopy types.

We have stated Definition 1.1.6 only for simplicial sets in order the simplify the exposition.
However, by using the singular functor Sing (see for example [Hov98]), from the category of topo-
logical spaces to the category of simplicial sets, one can define the schematization of a pointed
connected topological space. In what follows we will always assume implicitly that the functor Sing
has been applied when necessary and we will generally not distinguish between topological spaces
and simplicial sets when considering the schematization functor.

Theorem 1.1.7 [Toë06, Theorem 3.3.4]. Any pointed and connected simplicial set (X,x) in U
possesses a schematization over C.

As already mentioned, specifying a commutative and unipotent affine group scheme over C is
equivalent to specifying a linearly compact vector space. This implies that the sheaves
πi((X ⊗ C)sch, x) are associated to well defined C-vector space πi((X ⊗ C)sch, x) ∈ U by the formula

πi((X ⊗ C)sch, x) : (Aff/C)opffqc
�� Ab

SpecB � �� HomC-Vect(πi((X ⊗ C)sch, x), B).

Furthermore, the natural action of the affine group scheme π1((X ⊗ C)sch, x) on πi((X ⊗ C)sch, x) is
continuous in the sense that it is induced by an algebraic action on the vector space πi((X ⊗ C)sch, x).

In general the homotopy sheaves πi((X ⊗ C)sch, x) are relatively big (they are not of finite type
over C, even when X is a finite homotopy type) and are hard to compute. The only two general
cases where one knows something are the following.

Proposition 1.1.8 [Toë06, Corollaries 3.3.7, 3.3.8 and 3.3.9]. Let X be a pointed connected
simplicial set in U, and let (X ⊗ C)sch be its schematization.

(1) The pointed stack (X ⊗ C)sch is connected (i.e. π0((X ⊗ C)sch) = ∗).
(2) The affine group scheme π1((X ⊗ C)sch, x) is naturally isomorphic to the pro-algebraic

completion of the discrete group π1(X,x) over C.

(3) There is a natural isomorphism

H•(X,C) � H•((X ⊗ C)sch,Ga).

(4) If X is simply connected and of finite type (i.e. the homotopy type of a simply connected
and finite CW -complex), then, for any i > 1, the group scheme πi((X ⊗ C)sch, x) is naturally
isomorphic to the pro-unipotent completion of the discrete groups πi(X,x). In other words,
for any i > 1,

πi((X ⊗ C)sch, x) � πi(X,x) ⊗Z Ga.
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1.2 Equivariant stacks
For the duration of this section we fix a presheaf of groups G on (Aff/C)ffqc, which will be considered
as a group object in SPr(C). We will make the assumption that G is cofibrant as an object of SPr(C).
For example, G could be representable (i.e. an affine group scheme), or a constant presheaf associated
to a group in U.

Let G-SPr(C) be the category of simplicial presheaves equipped with a left action of G, which is
again a closed model category (see [SS00]). Recall that the fibrations (respectively equivalences) in
G-SPr(C) are defined to be the morphisms inducing fibrations (respectively equivalences) between
the underlying simplicial presheaves. The model category G-SPr(C) will be called the model category
of G-equivariant simplicial presheaves, and the objects in Ho(G-SPr(C)) will be called G-equivariant
stacks. For any G-equivariant stacks F and F ′ we will denote by HomG(F,F ′) the simplicial set of
morphisms in G-SPr(C), and by RHomG(F,F ′) its derived version.

Next recall that to any groupG one can associate its classifying simplicial presheaf BG ∈ SPr∗(C)
(see [Toë06, § 1.3]). The object BG ∈ Ho(SPr∗(C)) is well defined up to a unique isomorphism by
the following properties:

π0(BG) � ∗, π1(BG , ∗) � G, πi(BG , ∗) = 0 for i > 1.

Consider the coma category SPr(C)/BG , of objects over the classifying simplicial presheaf BG ,
endowed with its natural simplicial closed model structure (see [Hov98]). Recall that fibrations,
equivalences and cofibrations in SPr(C)/BG are defined on the underlying objects in SPr(C). We
set BG := EG /G, where EG is a cofibrant model (fixed once and for all) of ∗ in G-SPr(C).

Next we define a pair of adjoint functors

G-SPr(C)
De ��

SPr(C)/BG ,
Mo

��

where De stands for descent and Mo for monodromy. If F is a G-equivariant simplicial presheaf,
then De(F ) is defined to be (EG ×F )/G, where G acts diagonally on EG ×F . Note that there is a
natural projection De(F ) −→ EG /G = BG , and so De(F ) is naturally an object in SPr(C)/BG .

The functor Mo which is right adjoint to De can be defined in the following way. For an object
F −→ BG in SPr(C)/BG , the simplicial presheaf underlying Mo(F ) is defined by

Mo(F ) : (Aff/C)op �� SSet

Y
� �� HomBG(EG ×Y, F ),

where HomBG denotes the simplicial set of morphisms in the coma category SPr(C)/BG , and EG
is considered as an object in SPr(C)/BG by the natural projection EG −→ EG /G = BG . The
action of G on Mo(F ) is then defined by making G act on EG . We have the following useful result.

Lemma 1.2.1 [KPT05, Lemma 3.10]. The Quillen adjunction (De,Mo) is a Quillen equivalence.

The previous lemma implies that the derived Quillen adjunction induces an equivalence of
categories

Ho(G-SPr(C)) � Ho(SPr(C)/BG).

Definition 1.2.2. For any G-equivariant stack F ∈ Ho(G-SPr(C)) define the quotient stack [F/G]
of F by G as the object L De(F ) ∈ Ho(SPr(C)/BG) corresponding to F ∈ Ho(G-SPr(C)).

The construction also implies that the homotopy fiber of the natural projection

p : [F/G] −→ BG

is naturally isomorphic to the underlying stack of the G-equivariant stack F .
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An important example of a quotient stack to keep in mind is the following. Suppose that G acts
on a sheaf of groups V . Then, G acts also naturally on the simplicial presheaf K(V, n). The quotient
[K(V, n)/G] of K(V, n) by G is naturally isomorphic to K(G,V, n) described in the previous section.

1.3 Equivariant co-simplicial algebras and equivariant affine stacks
Suppose that G is an affine group scheme and consider the category of linear representations of
G. By definition this is the category of quasi-coherent sheaves of O-modules in V, on the big site
(Aff/C)ffqc, which are equipped with a linear action of the presheaf of groups G. Equivalently, it is
the category of co-modules in V over the co-algebra O(G) of regular functions on G. This category
will be denoted by Rep(G). Note that it is an abelian C-linear tensor category, which admits all
V-limits and V-colimits. The category of co-simplicial G-modules is defined to be the category
Rep(G)∆ of co-simplicial objects in Rep(G).

Recall from [KPT05, § 3.2] that there exists a simplicial finitely generated closed model structure
on the category Rep(G)∆, such that the following properties are satisfied.

(a) A morphism f : E −→ E′ is an equivalence if and only if, for any i, the induced morphism
H i(f) : H i(E) −→ H i(E′) is an isomorphism.

(b) A morphism f : E −→ E′ is a cofibration if and only if, for any n > 0, the induced morphism
fn : En −→ E′

n is a monomorphism.
(c) A morphism f : E −→ E′ is a fibration if and only if it is an epimorphism whose kernel K is

such that, for any n � 0, Kn is an injective object in Rep(G).

The category Rep(G) is also endowed with a symmetric monoidal structure, given by the tensor
product of co-simplicial G-modules (defined levelwise). In particular we can consider the category
G-Alg∆ of commutative unital monoids in Rep(G)∆. It is reasonable to view the objects in G-Alg∆

as co-simplicial algebras equipped with an action of the group scheme G. Motivated by this remark
we will refer to the category G-Alg∆ as the category of G-equivariant co-simplicial algebras. From
another point of view, the category G-Alg∆ is also the category of simplicial affine schemes of V
equipped with an action of G.

Every G-equivariant co-simplicial algebra A has an underlying co-simplicial G-module again
denoted by A ∈ Rep(G)∆. This defines a forgetful functor

G-Alg∆ −→ Rep(G)∆,

which has a left adjoint L, given by the free commutative monoid construction.
As proved in [KPT05, § 3.2], there exists a simplicial cofibrantly generated closed model structure

on the category G-Alg∆, such that the following two properties are satisfied.

(i) A morphism f : A −→ A′ is an equivalence if and only if the induced morphism in Rep(G)∆ is
an equivalence.

(ii) A morphism f : A −→ A′ is a fibration if and only if the induced morphism in Rep(G)∆ is a
fibration.

Similarly to the non-equivariant case, we could have defined a model structure of G-equivariant
commutative differential graded algebras. This is the category G-CDGA of commutative monoids
in C+(Rep(G)) – the symmetric monoidal model category of positively graded cochain complexes
in Rep(G).

Again, there is a cofibrantly generated closed model structure on the category G-CDGA, char-
acterized by the following two properties.

(1) A morphism f : A −→ A′ in G-CDGA is an equivalence if and only if the induced morphism
in C+(Rep(G)) is a quasi-isomorphism.
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(2) A morphism f : A −→ A′ in G-CDGA is a fibration if and only if the induced morphism in
C+(Rep(G)) is a fibration (i.e. An −→ A′

n is surjective for any n � 0).

As in the non-equivariant case, there exists a denormalization functor

D : Ho(G-CDGA) −→ Ho(G-Alg∆). (1.3.1)

Indeed, the denormalization functor and the shuffle products exist over any C-linear tensor abelian
base category, and in particular over the tensor category Rep(G). Therefore one can repeat the
definition of the functor Th in [HS87, 4.1] and produce a functor of G-equivariant Thom–Sullivan
cochains:

Th : Ho(G-Alg∆) −→ Ho(G-CDGA), (1.3.2)
which is an inverse of D. This allows us to view any G-equivariant commutative differential graded
algebra as a well defined object in Ho(G-Alg∆) and vice versa. We will make a frequent use of this
point of view in what follows.

For any G-equivariant co-simplicial algebra A, one can define its (geometric) spectrum SpecG
A ∈ G-SPr(C), by taking the usual spectrum of its underlying co-simplicial algebra and keeping track
of the G-action. Explicitly, if A is given by a morphism of co-simplicial algebras A −→ A ⊗O(G),
one finds a morphism of simplicial schemes

G× Spec A � Spec (A⊗O(G)) −→ Spec A,

which induces a well defined G-action on the simplicial scheme Spec A. Hence, by passing to the
simplicial presheaves represented by G and Spec A, one gets the G-equivariant simplicial presheaf
SpecG(A).

This procedure defines a functor

SpecG : (G-Alg∆)op −→ G-SPr(C),

which by [KPT05, § 3.2] is a right Quillen functor. The left adjoint of SpecG will be denoted by
OG : G-SPr(C) −→ G-Alg∆.

One can form the right derived functor of SpecG:

R SpecG : Ho(G-Alg∆)op −→ Ho(G-SPr(C)),

which possesses a left adjoint LOG. One can then compose this functor with the quotient stack
functor [−/G], and obtain a functor

[R SpecG(−)/G] : Ho(G-Alg∆)op −→ Ho(SPr(C)/BG),

which still possesses a left adjoint due to the fact that [−/G] is an equivalence of categories. We
will denote this left adjoint again by

LOG : Ho(SPr(C)/BG) −→ Ho(G-Alg∆)op.

As proved in [KPT05, Proposition 3.14], if A ∈ Ho(G-Alg∆)op is isomorphic to some
G-equivariant co-simplicial algebra in U, then the adjunction morphism

A −→ LOG(R SpecG A)

is an isomorphism. In particular, the functors R SpecG and [R SpecG(−)/G] become fully faithful
when restricted to the full subcategory of Ho(G-Alg∆) consisting of G-equivariant co-simplicial
algebras isomorphic to some object in U. This justifies the following definition.

Definition 1.3.1 [KPT05, § 3.2]. An equivariant stack F ∈ Ho(G-SPr(C)) is a G-equivariant affine
stack if it is isomorphic to some R SpecG(A), with A being a G-equivariant co-simplicial algebra
in U.
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We conclude this section with a proposition showing that stacks of the form [R SpecG (A)/G]
are often pointed schematic homotopy types. Therefore the theory of equivariant differential graded
algebras gives a way to produce schematic homotopy types.

Proposition 1.3.2 [KPT05, § 3.2]. Let A ∈ G-Alg∆ be a G-equivariant co-simplicial algebra
in U, such that the underlying algebra of A has an augmentation x : A −→ C and is connected
(i.e. H0(A) � C). Then, the quotient stack [R SpecG (A)/G] is a pointed schematic homotopy type.
Furthermore, one has

πi([R SpecG (A)/G], x) � πi(R Spec A,x) for i > 1,

and the fundamental group π1([R SpecG (A)/G], x) is an extension of G by the pro-unipotent group
π1(R Spec A,x).

1.4 An explicit model for (X ⊗ C)sch

Let X be a pointed and connected simplicial set in U. In this section we describe an explicit model
for (X ⊗ C)sch which is based on the notion of equivariant affine stacks.

Let G be the complex pro-reductive completion of the discrete group π1(X,x). By definition G
comes with a universal homomorphism π1(X,x) −→ G with a Zariski dense image. The universal
homomorphism induces a morphism X −→ B(G(C)) of simplicial sets. This latter morphism is
well defined up to homotopy, and we choose a representative once and for all. Let p : P −→ X be
the corresponding G-torsor in SPr(C). More precisely, P is the simplicial presheaf sending an affine
scheme SpecA ∈ Aff/C to the simplicial set P (A) := (EG(A)×BG(A)X). The morphism p : P −→ X
is then a well defined morphism in Ho(G-SPr(C)), the group G acting on P = (EG ×BGX) by its
action on EG , and trivially on X. Alternatively we can describe P by the formula

P � (X̃ ×G)/π1(X,x),

where X̃ is the universal covering of X, and π1(X,x) acts on X̃ × G by the diagonal action (our
convention here is that π1(X,x) acts on G by left translation). We assume at this point that X̃ is
chosen to be cofibrant in the model category of π1(X,x)-equivariant simplicial sets. For example,
we may assume that X̃ is a π1(X,x)-equivariant cell complex.

We consider now the G-equivariant affine stack R SpecG LOG(P ) ∈ Ho(G-SPr(C)), which comes
naturally equipped with its adjunction morphism P −→ R SpecG LOG(P ). This induces a well
defined morphism in Ho(SPr(C)):

X � [P/G] −→ [R SpecG LOG(P )/G].

Furthermore, as X is pointed, this morphism induces a natural morphism in Ho(SPr∗(C))

u : X −→ [R SpecG LOG(P )/G].

With this notation we now have the following important theorem.

Theorem 1.4.1 [KPT05, Theorem 3.20]. The natural morphism

u : X −→ [R SpecG LOG(P )/G]

is a model for the schematization of X.

Let (X,x) be a pointed connected simplicial set in U, let G be the pro-reductive completion of
the group π1(X,x), and let X̃ be the universal covering of X. Again, we assume that X̃ is chosen
to be cofibrant as a π1(X,x)-simplicial set. Consider O(G) as a locally constant sheaf of algebras
on X via the natural action of π1(X,x). Let

C•(X,O(G)) := (O(G)X̃ )π1(X,x)
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be the co-simplicial algebra of cochains on X with coefficients in O(G) (see [KPT05, § 3.2] for
details). This co-simplicial algebra is equipped with a natural G-action, induced by the regular
representation of G. One can thus consider C•(X,O(G)) as an object in G-Alg∆. We have the
following immediate corollary.

Corollary 1.4.2 [KPT05, Corollary 3.21]. With the previous notations one has

(X ⊗ C)sch � [R SpecGC
•(X,O(G))/G].

Remarks. The previous corollary shows that the schematic homotopy type (X ⊗ C)sch can be explic-
itly described by the G-equivariant co-simplicial algebra of cochains on X with coefficients in O(G).
For example, it is possible to describe the C-vector spaces πi((X ⊗ C)sch, x)(C) for i > 1 by using
the minimal model for the corresponding commutative differential graded algebra Th(C•(X,O(G))).
This was the original description given by Deligne in his letter to the authors in January 2001.

The previous corollary can be restated in terms of the pro-algebraic completion of π1(X,x)
rather than the pro-reductive one. In fact if in the statement in Corollary 1.4.2 we take G to be
π1(X,x)alg, the statement remains valid and the proof is exactly the same. In summary: if G is the
pro-algebraic completion of π1(X,x), and C•(X,O(G)) is the G-equivariant co-simplicial algebra of
cochains on X with coefficients in G, one again has (X ⊗ C)sch � [R SpecGC•(X,O(G))/G].

2. The Hodge decomposition

In this section, we will construct the Hodge decomposition on (Xtop ⊗ C)sch, when Xtop is the
underlying homotopy type of a smooth projective complex algebraic variety. This Hodge decompo-
sition is a higher analog of the Hodge filtration on the pro-algebraic fundamental group defined by
Simpson in [Sim92]. More precisely, it is an action of the discrete group C×δ on the pointed stack
(Xtop ⊗ C)sch, such that the induced actions on its fundamental group, cohomology and homotopy
groups coincide with the various previously defined Hodge filtrations of [Mor78, Hai87, Sim92].

The construction we propose here is based on two results. The first is the explicit description
(reviewed in § 1.4) of (Xtop ⊗ C)sch in terms of the equivariant co-simplicial algebra of cochains on
Xtop with coefficients in the universal reductive local system. The second is the non-abelian Hodge
theorem of [Sim92] establishing a correspondence between local systems and Higgs bundles as well
as their cohomology.

Here is a short outline of the construction. Let G be the pro-reductive completion of π1(Xtop, x),
and let C•(Xtop,O(G)) be the G-equivariant co-simplicial algebra of cochains on Xtop with co-
efficients in the local system of algebras O(G) (see § 1.4). First we use the non-abelian Hodge
correspondence to show that this G-equivariant co-simplicial algebra can be constructed from the
Dolbeault cohomology complexes of certain Higgs bundles. Since the category of Higgs bundles is
equipped with a natural C×-action, this will induce a well defined action of C×δ on the pointed
stack [R SpecGC•(Xtop,O(G))/G] which, as we have seen, is isomorphic to (Xtop ⊗ C)sch.

In order to implement this program we first recall the non-abelian Hodge correspondence be-
tween local systems and Higgs bundles in the form presented by Simpson in [Sim92]. In particular
we explain briefly how this correspondence extends to the relevant categories of Ind -objects. Next
we make precise the relation between the explicit model for the schematization presented in Corol-
lary 1.4.2 and certain algebras of differential forms. We also define the notion of a fixed-point model
category, which generalizes the notion of a model category of objects together with a group action.
Finally we use these results to endow (Xtop ⊗ C)sch with an action of the group C×δ. This action is
what we call the Hodge decomposition of (Xtop ⊗ C)sch.

598

https://doi.org/10.1112/S0010437X07003351 Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X07003351


Schematic homotopy types and non-abelian Hodge theory

2.1 Review of the non-abelian Hodge correspondence
In this section we recall some results concerning the non-abelian Hodge correspondence of [Sim92]
that will be needed for the proof of the formality theorem, and for the construction of the Hodge
decomposition.

Let X be a smooth projective algebraic variety over C, and let Xtop be the underlying topological
space (in the complex topology). As we explained in the first chapter the functor Sing allows us also
to view Xtop as a simplicial set. Fix a base point x ∈ Xtop. Let LB(X) be the category of semi-simple
local systems of finite dimensional C-vector spaces on Xtop. It is a rigid C-linear tensor category
which is naturally equivalent to the category of finite dimensional semi-simple representations of
the fundamental group π1(Xtop, x).

The category of semi-simple C∞-bundles with flat connections on X will be denoted by LDR(X).
The objects in LDR(X) are pairs (V,∇), where V is a C∞-bundle, ∇ : V −→ V ⊗A1 is an integrable
connection, and A1 is the sheaf of C∞-differential forms on X. LDR(X) is also a rigid C-linear tensor
category with monoidal structure given by

(V,∇V ) ⊗ (W,∇W ) := (V ⊗W,∇V ⊗ IdW + IdV ⊗∇W ).

The functor which maps a flat bundle to its monodromy representations at x, induces an equivalence
(the Riemann–Hilbert correspondence) of tensor categories LB(X) � LDR(X).

Recall next that a Higgs bundle on X is a C∞-vector bundle V , together with an operator
D′′ : V −→ V ⊗ A1, satisfying (D′′)2 = 0, and Leibniz’s rule D′′(a · s) = ∂(a) · s + a · D′′(s), for
any section s of V and any function a. We will denote by LDol(X) the category of poly-stable Higgs
bundles (V,D′′) with vanishing rational Chern classes (see [Sim92, § 1]). Again, LDol(X) is a rigid
C-linear tensor category, with monoidal structure given by

(V,D′′
V ) ⊗ (W,D′′

W ) := (V ⊗W,D′′
V ⊗ IdW + IdV ⊗D′′

W ).

A harmonic bundle on X, is a triple (V,∇,D′′), where V is a C∞-bundle such that (V,∇) is
a flat bundle, (V,D′′) is a Higgs bundle, and the operators ∇ and D′′ are related by a harmonic
metric (see [Sim92, § 1]). A morphism of harmonic bundles is a morphism of C∞-bundles which
preserves ∇ and D′′ (actually preserving ∇ or D′′ is enough, see [Sim92, Lemma 1.2]). The category
of such harmonic bundles will be denoted by LD′(X), and is again a C-linear tensor category. The
existence of the harmonic metric implies that (V,∇) is semi-simple, and that (V,D′′) is poly-stable
with vanishing Chern classes. Therefore, there exists the following natural projections.

LD′(X)

������������

������������

LDR(X) LDol(X)

The essence of the non-abelian Hodge correspondence is captured in the following theorem.

Theorem 2.1.1 [Sim92, Theorem 1]. The natural projections

LD′(X)

������������

������������

LDR(X) LDol(X)

are equivalences of C-linear tensor categories.

Remark. The two projection functors of the previous theorem are functorial in X. As a conse-
quence of the functoriality of the equivalence LDR(X) � LD′(X) � LDol(X), one obtains that it is
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compatible with the fiber functors at x ∈ X:

LDR(X) −→ LDR({x}) � Vect,

LD′(X) −→ LD′({x}) � Vect,

LDol(X) −→ LDol({x}) � Vect.

For an object (V,∇) ∈ LDR(X), one can form its de Rham complex of C∞-differential forms

(A•
DR(V ),∇) := A0(V ) ∇ ��A1(V ) ∇ �� · · · ∇ ��An(V ) ∇ �� · · · ,

where An(V ) is the space of global sections of the C∞-bundle V ⊗An, and An is the sheaf of (complex
valued) smooth differential forms of degree n on X. These complexes are functorial in (V,∇), and
compatible with the tensor products, in the sense that there exist morphisms of complexes

(A•
DR(V ),∇V ) ⊗ (A•

DR(W ),∇W ) −→ (A•
DR(V ⊗W ),∇V ⊗ IdW + IdV ⊗∇W ),

which are functorial, associative, commutative and unital in the arguments (V,∇V ) and (W,∇W ).
In other words, the functor (V,∇) �→ (A•

DR(V ),∇), from LDR(X) to the category of complexes, is
a symmetric pseudo-monoidal functor. We denote by

H•
DR(V ) := H•(A•

DR(V ),∇)

the cohomology of the de Rham complex of (V,∇).

For an object (V,D′′) of LDol(X), one can define its Dolbeault complex of C∞-differential
forms as

(A•
Dol(V ),D′′) := A0(V ) D′′

��A1(V ) D′′
�� · · · D′′

��An(V ) D′′
�� · · · .

Again, these complexes are functorial and compatible with the monoidal structure, in the sense
explained above. We denote by

H•
Dol(V ) := H•(A•

Dol(V ),D′′)

the cohomology of the Dolbeault complex of (V,D′′).
Finally, for a harmonic bundle (V,∇,D′′) ∈ LD′(X), one can consider the operator D′ := ∇−D′′

on V , and the subcomplex (Ker(D′),D′′) of the Dolbeault complex (A•
Dol(V ),D′′) consisting of

differential forms α with D′(α) = 0. Note that (Ker(D′),D′′) = (Ker(D′),∇) is also the subcomplex
of the de Rham complex (A•

DR(V ),∇) of forms α with D′(α) = 0. This complex will be denoted by

(A•
D′(V ),∇) = (A•

D′(V ),D′′) := (Ker(D′),D′′) = (Ker(D′),∇).

Again, the functor (V,∇,D′′) �→ (AD′(V ),∇) is compatible with the tensor product in the sense
explained above. In this way we obtain the following natural diagram of complexes.

(A•
D′(V ),∇) = (A•

D′(V ),D′′)

������������������

������������������

(A•
DR(V ),∇) (A•

Dol(V ),D′′)

An important property of the correspondence in Theorem 2.1.1 is the following compatibility and
formality result with respect to de Rham and Dolbeault complexes. In the following theorem,
(H•

DR(V ), 0) (respectively (H•
Dol(V ), 0)) denotes the complex with underlying graded vector space

H•
DR(V ) (respectively H•

Dol(V )) and with zero differential.

Theorem 2.1.2 [Sim92, Lemma 2.2]. Let (V,∇) ∈ LDR(X) and (V,D′′) ∈ LDol(X) be the corre-
sponding Higgs bundle via Theorem 2.1.1. Then, there exists a functorial diagram of
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quasi-isomorphisms of complexes.

(formality) (A•
DR(V ),∇) (A•

D′ ,D) = (A•
D′(V ),D′′)�� ��

���������������������

���������������������
(A•

Dol(V ),D′′)

(H•
Dol(V ), 0) (H•

DR(V ), 0)

The diagram (formality) is moreover functorial for pull-backs along morphisms of pointed smooth
and projective manifolds Y → X.

In the next section we will use Theorem 2.1.2 extended to the case of Ind -objects. We will
freely use the definitions and general properties of categories of Ind -objects in [Saa72, AGV72a].
The categories of Ind -objects (belonging to the universe U) in LB(X), LDR(X), LDol(X), and
LD′(X) will be denoted respectively by TB(X), TDR(X), TDol(X), and TD′(X). The equivalences of
Theorem 2.1.1 extend verbatim to C-linear tensor equivalences

TB(X) � TDR � TD′(X) � TDol(X).

Similarly the pseudo-monoidal functors

LDR(X) �� C+

(V,∇) � �� (A•
DR(V ),∇),

LDol(X) �� C+

(V,D′′) � �� (A•
Dol(V ),D′′),

LD′(X) �� C+

(V,∇,D′) � �� (A•
D′(V ),D′′),

to the category C+ of complexes of C-vector spaces concentrated in non-negative degrees, extend
naturally to pseudo-monoidal functors from the categories of Ind -objects

TDR(X) �� C+

{(Vi,∇i)}i∈I � �� colimi∈I(A•
DR(Vi),∇i)

TDol(X) �� C+

{(Vi,D′′
i )}i∈I � �� colimi∈I(A•

Dol(Vi),D
′′
i ),

TD′(X) �� C+

{(Vi,∇i,D
′′
i )}i∈I � �� colimi∈I(A•

D′(Vi),D′′
i ).

By convention, objects in TDR (respectively TDol and TD′) will again be denoted by (V,∇) (re-
spectively (V,D′′) and (V,∇,D′′)). If (V,∇) (respectively (V,D′′) and (V,∇,D′′)) is the Ind -object
{(Vi,∇i)}i∈I ∈ TDR(X) (respectively {(Vi,D′′

i )}i∈I ∈ TDol(X) and {(Vi,∇i,D
′′
i )}i∈I ∈ TD′(X)), we

will also put

(A•
DR(V ),∇) := colimi∈I(A•

DR(Vi),∇i),
(A•

Dol(V ),D′′) := colimi∈I(A•
Dol(Vi),D

′′
i ),

(A•
D′(V ),D′′) := colimi∈I(A•

D′(Vi),D′′
i ).

Theorem 2.1.2 then extends to the following formality result for Ind -objects.
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Corollary 2.1.3. Let (V,∇) ∈ TDR(X) and (V,D′′) ∈ TDol(X) be the corresponding Higgs bundle
via Theorem 2.1.1 for Ind -objects. Then, there exists a functorial diagram of quasi-isomorphisms
of complexes.

(Ind-formality) (A•
DR(V ),∇) (A•

D′ ,D) = (A•
D′(V ),D′′)�� ��

���������������������

���������������������
(A•

Dol(V ),D′′)

(H•
Dol(V ), 0) (H•

DR(V ), 0)

The diagram (Ind-formality) is moreover functorial for pull-backs along morphisms of pointed
smooth projective manifolds Y → X.

The categories TB(X), TDR(X), TDol(X) and TD′(X) are naturally C-linear tensor abelian cate-
gories. Furthermore, they possess all U-limits and U-colimits. This last property allows one to define
an action of the monoidal category Vect, of vector spaces in U, on the categories TB(X), TDR(X),
TDol(X) and TD′(X), making them into module categories over the monoidal model category Vect
(see [Hov98, § 4.2]). Precisely, this means that there exist bilinear functors (external products)

⊗ : Vect × T?(X) −→ T?(X),

where T?(X) is one of the categories TB(X), TDR(X), TDol(X) and TD′(X). Moreover these functors
satisfy the usual adjunction property

Hom(A⊗ V,W ) � HomVect(A,Hom(V,W )),

where Hom(V,W ) ∈ Vect is the vector space of morphisms coming from the linear structure on
T?(X).

Using these external products, one can define the notion of an action of an affine group scheme G
on an object V ∈ T?(X). Indeed, let O(G) be the Hopf algebra of functions on G. Then, a G-action
on V ∈ T?(X) is a morphism

V −→ O(G) ⊗ V,

which turns V into a co-module over the co-algebra O(G). Dually an action of G on V is the data
of a factorization of the functor

hV : T?(X) �� Vect

V ′ � �� Hom(V ′, V )

through the category of linear representations of G. These definitions will be used in the next section,
and we will talk freely about action of an affine group scheme G on an object of TB(X), TDR(X),
TDol(X) and TD′(X).

Remark 2.1.4. Let C be a Tannakian category with C = Rep(G) for some pro-algebraic group G.
There are two natural actions (by algebra automorphisms) of the groupG on the algebra of functions
O(G). These actions are induced respectively by the right and left translation action of G on itself.
If we now view O(G) as an algebra object in C via say the left action, then the right action of G
turns O(G) into a G-equivariant algebra object in C.

2.2 Schematization and differential forms
In this section (X,x) will denote a pointed connected compact smooth manifold andXtop will denote
the underlying topological space of X. Let LB(X) be the category of semi-simple local systems of
finite dimensional C-vector spaces on Xtop. It is a rigid C-linear tensor category which is naturally
equivalent to the category of finite dimensional semi-simple representations of the fundamental
group π1(Xtop, x).
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The category of semi-simple C∞ complex vector bundles with flat connections on X will be de-
noted as before by LDR(X). Recall that the category LDR(X) is a rigid C-linear tensor category, and
the functor which maps a flat bundle to its monodromy representations at x, induces an equivalence
of tensor categories LB(X) � LDR(X) (this again is the Riemann–Hilbert correspondence).

Let GX := π1(Xtop, x)red be the pro-reductive completion of the group π1(Xtop, x). Note that it
is the Tannaka dual of the category LB(X). The algebra O(GX) of regular functions on GX can be
viewed as the left regular representation of GX . Through the universal morphism π1(Xtop, x) −→
GX , we can also consider O(GX) as a linear representation of π1(Xtop, x). This linear representation
is not finite dimensional, but it is admissible in the sense that it equals the union of its finite
dimensional subrepresentations. Therefore, the algebra O(GX) corresponds to an object in the C-
linear tensor category TB(X), of Ind -local systems on Xtop. By convention all of our Ind -objects
are labeled by U-small index categories.

Furthermore, the algebra structure on O(GX) gives rise to a map

µ : O(GX) ⊗O(GX) −→ O(GX),

which is easily checked to be a morphism in TB(X). This means that if we write O(GX) as the
colimit of finite dimensional local systems {Vi}i∈I , then the product µ will be given by a compatible
system of morphisms in LB(X),

µi,k : Vi ⊗ Vi −→ Vk,

for some index k ∈ I with i � k ∈ I. The morphism µ (or equivalently the collection of morphisms
µi,k) endows the object O(GX) ∈ TB(X) with a structure of a commutative unital monoid. Through
the Riemann–Hilbert correspondence TB(X) � TDR(X), the algebra O(GX) can also be considered
as a commutative monoid in the tensor category TDR(X) of Ind -objects in LDR(X).

Let {(Vi,∇i)}i∈I ∈ TDR(X) be the object corresponding to O(GX). For any i ∈ I, one can form
the de Rham complex of C∞-differential forms

(A•
DR(Vi),∇i) := A0(Vi)

∇i ��A1(Vi)
∇i �� · · · ∇i ��An(Vi)

Di �� · · · .
In this way we obtain an inductive system of complexes {(A•

DR(Vi),Di)}i∈I whose colimit complex
was defined to be the de Rham complex of O(GX)

(A•
DR(O(GX)),∇) := colimi∈I(A•

DR(Vi),∇i).

The complex (A•
DR(O(GX )),∇) has a natural structure of a commutative differential graded algebra,

coming from the commutative monoid structure on {(Vi,∇i)}i∈I ∈ TDR(X). Using wedge products
of differential forms, these morphisms induce in the usual fashion morphisms of complexes

(A•
DR(Vi),∇i) ⊗ (A•

DR(Vj),∇j) −→ (A•
DR(Vk),∇k),

which, after passing to the colimit along I, turn (A•
DR(O(GX )),∇) into a commutative differential

graded algebra.
The affine group scheme GX acts via the right regular representation on the Ind -local system

O(GX). As explained in Remark 2.1.4 this action is compatible with the algebra structure. By
functoriality, we get an action of GX on the corresponding object in TDR(X). Furthermore, if GX
acts on an inductive system of flat bundles (Vi,∇i), then it acts naturally on its de Rham complex
colimi∈I(A•

DR(Vi),∇i), by acting on the spaces of differential forms with coefficients in the various
Vi. Indeed, if the action of GX is given by a co-module structure

{(Vi,∇i)}i∈I −→ {O(GX) ⊗ (Vi,∇i)}i∈I ,
then one obtains a morphism of Ind-C∞-bundles by tensoring with the sheaf An of differential
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forms on X

{Vi ⊗An}i∈I −→ {O(GX) ⊗ (Vi ⊗An)}i∈I .
Taking global sections on X, one has a morphism

colimi∈I An(Vi) −→ colimi∈I An(Vi) ⊗O(GX),

which defines an action of GX on the space of differential forms with values in the Ind-C∞-bundle
{Vi}i∈I . Since this action is compatible with the differentials ∇i, one obtains an action of GX on
the de Rham complex colimi∈I(A•

DR(Vi),∇i). Furthermore since the action is compatible with the
algebra structure on O(GX) it follows that GX acts on colimi∈I(A•

DR(Vi),∇i) by algebra auto-
morphisms. Thus, the group scheme GX acts in a natural way on the complex (A•

DR(O(GX)),∇),
turning it into a well defined GX -equivariant commutative differential graded algebra.

Using the denormalization functor (see (1.3.1)) D : Ho(GX -CDGA) −→ Ho(GX -Alg∆), we obtain
a well defined GX -equivariant co-simplicial algebra denoted by

C•
DR(X,O(GX )) := D(A•

DR(O(GX )),∇) ∈ Ho(GX -Alg∆).

We summarize this in the following definition.

Definition 2.2.1. Let (X,x) be a pointed connected smooth manifold, and letGX := π1(X,x)red be
the pro-reductive completion of its fundamental group. TheGX -equivariant commutative differential
graded algebra of de Rham cochains of X with coefficients in O(GX) will be denoted by

(A•
DR(O(GX)),∇) ∈ Ho(GX -CDGA).

Its denormalization will be denoted by

C•
DR(X,O(GX )) := D(A•

DR(O(GX )),∇) ∈ Ho(GX -Alg∆).

Any smooth map f : (Y, y) −→ (X,x) of pointed connected smooth manifolds induces a mor-
phism GY := π1(Y, y)red −→ GX := π1(X,x)red, and therefore a well defined functor

f∗ : Ho(GX -Alg∆) −→ Ho(GY -Alg∆).

Clearly the pull-back of differential forms via f induces a well defined morphism in Ho(GY -Alg∆),

f∗ : f∗C•
DR(X,O(GX )) −→ C•

DR(Y,O(GY )).

This morphism depends functorially on the morphism f , and so we get a well defined functor

(X,x) �→ [R SpecGX
C•

DR(X,O(GX ))/GX ],

from the category of pointed connected smooth manifolds to the category of pointed schematic
homotopy types. To simplify notation, we will denote this functor by (X,x) �→ (X ⊗ C)diff .

Proposition 2.2.2 [KPT05, Proposition 4.8]. For a pointed connected smooth and compact
manifold (X,x), there exists a functorial isomorphism in Ho(SPr∗(C))

(Xtop ⊗ C)sch � (X ⊗ C)diff .

2.3 Fixed-point model categories
Before we define the Hodge decomposition on the schematization ((Xtop ⊗ C)sch, x), we will need
some preliminary results about fixed-point model categories.

Let M be a cofibrantly generated model category with U-limits and colimits, and let Γ be a group
in U. Suppose that the group Γ acts on M by auto-equivalences. This means that the action is given
by a monoidal functor Γ −→ End(M) (see [Sim92, § 6] for a precise definition). For γ ∈ Γ and
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x ∈ ob(M), let γ · x denote the image of x under the auto-equivalence γ. Similarly for a morphism
f in M we will use the notation γ · f for the image of f by the auto-equivalence γ.

Define a new category MΓ of Γ-fixed points in M as follows.

(a) An object in MΓ is the data consisting of an object x ∈ M , together with isomorphisms
uγ : γ · x −→ x specified for each γ ∈ Γ, satisfying the relation uγ2 ◦ (γ2 · uγ1) = uγ2·γ1. Such
an object will be denoted by (x, u).

(b) A morphism (x, u) −→ (y, v), between two objects in MΓ, is a morphism f : x −→ y in M ,
such that for any γ ∈ Γ one has (γ · f) ◦ uγ = vγ ◦ f .

The following proposition is a particular case of the existence of a model structure on the
category of sections of a left Quillen presheaf introduced in [HS98, Theorem 17.1]. The proof is a
straightforward adaptation of [Hir03, Theorem 13.8.1].

Proposition 2.3.1. There exist a unique structure of a cofibrantly generated model category on
MΓ such that a morphism f : (x, u) −→ (y, v) is an equivalence (respectively a fibration) if and
only if the underlying morphism in M , f : x −→ y, is an equivalence (respectively a fibration).

From the definition of a fixed-point model category it follows immediately that any Γ-equivariant
left Quillen functor F : M −→ N induces a left Quillen functor FΓ on the model category of fixed
points FΓ : MΓ −→ NΓ. Furthermore, if GΓ is the right adjoint to FΓ, then the functors

LFΓ : Ho(MΓ) −→ Ho(NΓ), RGΓ : Ho(NΓ) −→ Ho(MΓ)

commute with the forgetful functors

Ho(MΓ) −→ Ho(M), Ho(NΓ) −→ Ho(N).

Our main example of a fixed-point model category will be the following. Fix an affine group
scheme G, and let Γ be a group acting on G, by group automorphisms. We will suppose that Γ and
G both belong to U. The group Γ acts naturally (by auto-equivalences) on the category G-Alg∆ of
G-equivariant co-simplicial algebras. To be more precise, the group Γ acts on the Hopf algebra B
corresponding to G. Then, for any co-module u : M →M ⊗B over B, and γ ∈ Γ, one defines γ ·M
to be the B-co-module with co-action

M
u ��M ⊗B

Id⊗γ ��M ⊗B.

This defines an action of the group Γ on the category Rep(G) of linear representations of G. By
functoriality, this action extends to an action on the category of co-simplicial objects, Rep(G)∆.
Finally, as this action is by monoidal auto-equivalences, it induces a natural action on the category
of G-equivariant co-simplicial algebras, G-Alg∆.

In the same way, the group Γ acts on the category G-SPr(C) of G-equivariant simplicial pre-
sheaves. For any F ∈ G-SPr(C) and γ ∈ Γ, we write γ · F for the G-equivariant simplicial presheaf
whose underlying simplicial presheaf is the same as the one for F and whose G-action is defined by
composing the G-action on F with the automorphism γ : G −→ G.

The right Quillen functor SpecG : (G-Alg∆)op −→ G-SPr(C) commutes with the action of Γ,
and therefore induces a right Quillen functor on the model categories of fixed points:

SpecΓ
G : ((G-Alg∆)Γ)op −→ (G-SPr(C))Γ.

The group Γ also acts on the comma category SPr(C)/BG . For γ ∈ Γ, and u : F → BG an object
in SPr(C)/BG , γ · u : F → BG is defined by the composition

F
u �� BG

γ �� BG .
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One can then consider the left Quillen functor De : G-SPr(C) −→ SPr(C)/BG defined in § 1.2.
Since this functor is Γ-equivariant, it induces a functor of the categories of fixed points

DeΓ : (G-SPr(C))Γ −→ (SPr(C)/BG)Γ,

which is a Quillen equivalence (see Lemma 1.2.1). For F ∈ Ho((G-SPr(C))Γ), the corresponding
object in Ho((SPr(C)/BG)Γ) will be denoted by [F/G]Γ. By composing with the right derived
functor of SpecΓ

G one obtains a functor

[R SpecΓ
G(−)/G]Γ : Ho((G-Alg∆)Γ)op −→ Ho((SPr(C)/BG)Γ).

Finally, the forgetful functor SPr(C)/BG −→ SPr(C) becomes Γ-equivariant if we endow SPr(C)
with the trivial Γ-action. The forgetful functor induces a well defined functor

Ho((SPr(C)/BG)Γ) −→ Ho(SPr(C)Γ).

By composing with [R SpecΓ
G(−)/G]Γ one gets a new functor, which will be the one we are ultimately

interested in

[R SpecΓ
G(−)/G] : Ho((G-Alg∆)Γ)op −→ Ho(SPr(C)Γ).

This last functor sends a G-equivariant co-simplicial algebra fixed under the Γ-action to a Γ-fixed
point object in the model category of stacks.

2.4 Construction of the Hodge decomposition
First recall the notion of an action of a group Γ on a pointed stack F ∈ Ho(SPr∗(C)).

Definition 2.4.1. An action of a group Γ on a pointed stack F ∈ Ho(SPr∗(C)) is a pair (F0, u),
consisting of a Γ-equivariant pointed stack F0 ∈ Ho(Γ -SPr∗(C)), and an isomorphism u of pointed
stacks (i.e. an isomorphism in Ho(SPr∗(C))) between F and the pointed stack underlying F0.

A morphism (F,F0, u) −→ (F ′, F ′
0, u

′) between two stacks F and F ′ equipped with Γ-actions is
the data of two morphisms a : F → F ′ and b : F0 → F ′

0, in Ho(SPr∗(C)) and Ho(Γ -SPr∗(C)), such
that the diagram

F
a ��

u

		

F ′

u′
		

F0 b
�� F ′

0

commutes in Ho(SPr∗(C)).

With these definitions, the pointed stacks equipped with a Γ-action form a category. By defi-
nition, this category is also the 2-fiber product of the categories Ho(SPr∗(C)) and Ho(Γ -SPr∗(C))
over Ho(SPr∗(C)), and is therefore equivalent to Ho(Γ -SPr∗(C)) via the functor (F,F0, u) �→ F0.
Using this equivalence, we will view the pointed stacks equipped with a Γ-action as objects in
Ho(Γ -SPr∗(C)).

Now, fix a complex smooth projective algebraic variety X, a point x ∈ X and let Xtop be the
underlying topological space for the classical topology. Consider the ‘fiber-at-x’ functor

ωx : LDol(X) −→ Vect.

With this choice (LDol(X),⊗, ωx) becomes a neutral Tannakian category, whose affine group scheme
of tensor automorphisms will be denoted by GX . In [Sim92] Simpson introduced and studied an
action of C×δ on GX . The discrete group C×δ acts on the category LDol(X) as follows. For λ ∈
C×δ, and (V,D′′), write D′′ = ∂ + θ, where θ is the Higgs field of (V,D′′). Then, we define λ ·
(V,D′′) to be (V, ∂ + λ · θ). This defines an action of C×δ by tensor auto-equivalences of LDol(X).
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Since ωx is invariant under the action of the group C×δ on LDol(X) it follows that the group scheme
GX is endowed with a natural C×δ-action.

Let TDol be the category of those Ind -objects in LDol(X), which belong to U. Recall that TDol

has a natural structure of a C-linear tensor category. Furthermore, the action of C× extends to an
action by tensor auto-equivalences of TDol. The resulting fiber functor ωx : TDol −→ Vect has a right
adjoint p : Vect −→ TDol, which is still C×-invariant. The image of the trivial algebra 1 under p is
therefore a monoid in TDol (commutative and unital, as usual). Moreover, as p is fixed under the
action of C×, p(1) is naturally fixed under C× as a commutative monoid in TDol. In other words

p(1) ∈ (Comm(TDol))C
×
,

where Comm(TDol) denotes the category of commutative monoids in TDol. Through the equivalence
of TDol with the category of linear representations of GX , the commutative monoid p(1) corresponds
to the left regular representation of GX on the algebra of functions O(GX).

Consider now the adjunction morphism

c : p(1) −→ p(ωx(p(1))) � p(O(G)) � O(GX) ⊗ p(1),

where the tensor product on the right is the external tensor product of p(1) with the vector space
O(GX). The morphism c defines a structure of O(GX)-co-module on the commutative monoid p(1).
The fact that p is fixed under C×δ implies that p(1) is naturally a fixed point of the category
of commutative monoids in TDol, which are equipped with an action of the affine group scheme
GX . Indeed, this is equivalent to the fact that the multiplication morphism GX × GX −→ GX is
C×δ-equivariant.

The object p(1) ∈ TDol is an inductive system of objects in LDol(X), i.e. an inductive system of
Higgs bundles {(Vi,D′′

i )}i∈I . One can consider, for any i ∈ I, the Dolbeault complex (A•
Dol(Vi),D

′′
i )

(see § 2.1), and thus define an inductive system of complexes (A•
Dol(Vi),D

′′
i )i∈I . The colimit along

I of this inductive system was denoted by (A•
Dol(p(1)),D′′). The commutative monoid structure on

p(1) induces a well defined commutative differential graded algebra structure on (A•
Dol(p(1)),D′′).

Now, as p(1) is a commutative monoid fixed under the C×δ-action, (A•
Dol(p(1)),D′′) possesses a

natural action of C×δ defined in the following way. For λ ∈ C×δ, let λ · p(1) ∈ TDol(X) be the image
of p(1) under the action of C×δ on TDol(X), and let

uλ : λ · p(1) � p(1)

be the isomorphism coming from the structure of being a fixed object. We define an automorphism
φλ of (A•

Dol(p(1)),D′′) by the following commutative diagram

(A•
Dol(p(1)),D′′) uλ ��

φλ

		

(A•
Dol(λ · p(1)),D′′)

[λ]
		

(A•
Dol(p(1)),D′′) uλ

�� (A•
Dol(λ · p(1)),D′′)

where [λ] is the automorphism of (A•
Dol(λ · p(1)),D′′) which is multiplication by λp on the dif-

ferential forms of type (p, q). The assignment λ �→ φλ defines an action of C×δ on the complex
(A•

Dol(p(1)),D′′). Moreover, this action is compatible with the wedge product of differential forms,
and is therefore an action of C×δ on the commutative differential graded algebra (A•

Dol(p(1)),D′′).
Finally, the action of GX on p(1) induces a well defined action of GX on the commutative

differential graded algebra (A•
Dol(p(1)),D′′). Here the argument is the same as in the definition of

the GX -equivariant commutative differential graded algebra (A•
DR(O(GX)),D) given in § 2.2. The

group scheme GX acts on the underlying Ind-C∞-bundle of p(1), and therefore on the spaces of
differential forms with coefficients in this bundle. This action preserves the operator D′′ coming from
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the structure of Higgs bundle, and therefore induces an action of GX on the Dolbeault complex
(A•

Dol(p(1)),D′′).
Moreover this action is compatible with the action of C×δ on (A•

Dol(p(1)),D′′) and on GX , and
gives rise to a fixed point

(A•
Dol(p(1)),D′′) ∈ (GX -CDGA)C

×δ
.

In summary we have defined the following object. Let CRep(GX) be the category of (Z�0-graded)
complexes of the linear representations of GX which belong to U. The group C×δ acts on GX , and
therefore on the category GX -CDGA of commutative and unital algebras in CRep(GX). The algebra
(A•

Dol(1),D′′) is then an object in the fixed category (GX -CDGA)C
×δ

. Using the denormalization
functor which sends a differential graded algebra to a co-simplicial algebra, one can then consider

C•
Dol(X,O(GX )) := D(A•

Dol(p(1)),D′′) ∈ Ho((GX -Alg∆)C
×δ

).

This GX -equivariant co-simplicial algebra is the Dolbeault counterpart of C•
DR(X,O(GX )) appear-

ing in Definition 2.2.1.

Proposition 2.4.2. Let A := C•
Dol(X,O(GX )) ∈ Ho((GX -Alg∆)C

×δ
).

(a) After forgetting the action of GX , there exists a natural C×δ-equivariant augmentation mor-

phism in Ho((Alg∆)C
×δ

),

e : A −→ C.

(b) The underlying pointed stack of the C×δ-equivariant pointed stack

Spec C
e∗ ��R SpecC

×δ
(A) �� [R SpecC

×δ

GX
(A)/GX ]

is functorially isomorphic to (Xtop ⊗ C)sch in Ho(SPr∗(C)).

Proof. For the proof of part (a) note that there is a natural morphism of C×δ-fixed commutative
differential graded algebras A −→ A0, obtained by projection on the zeroth term of the co-simplicial
object A. By definition, A0 is the space of C∞-sections of the Ind -object p(1) ∈ TDol. In particular
we can compose the above morphism with the evaluation at x ∈ X, followed by the evaluation at
e ∈ GX to get a C×-equivariant morphism

A −→ A0 −→ p(1)x � O(GX) −→ C.

This proves part (a) of the proposition.
For the proof of part (b) recall first that the GX -equivariant commutative differential graded

algebra (A•
Dol(p(1)),D′′) admits an interpretation as the colimit of the inductive system

{(A•
Dol(Vi),D

′′
i )}i∈I of complexes with GX -action. Theorems 2.1.1 and 2.1.2 (or Corollary 2.1.3)

imply that (A•
Dol(p(1)),D′′) is naturally isomorphic in Ho(GX -CDGA) to the colimit of the cor-

responding inductive system of connections {(A•
DR(Vi),∇i)}i∈I . On the other hand this inductive

system of connections corresponds in turn to the Ind -local system O(π1(X,x)red) � O(π1(X,x)red).
Therefore, (A•

Dol(p(1)),D′′) is naturally isomorphic in Ho(GX -CDGA) to (A•
DR(O(GX)),∇)

defined in the last paragraph. Proposition 2.2.2 implies the existence of a functorial isomorphism in
Ho(SPr∗(C)),

(Xtop ⊗ C)sch � [R SpecGX
A/GX ].

In conclusion, we have constructed a C×δ-equivariant stack [R SpecC
×δ

GX
A/GX ] ∈ Ho(C×δ-SPr∗(C)),

and a functorial isomorphism between its underlying pointed stack and (Xtop ⊗ C)sch. By definition,
this is the data of a functorial C××-action on the pointed stack (Xtop ⊗ C)sch.

We are now ready to define the Hodge decomposition.
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Definition 2.4.3. The Hodge decomposition on the schematic homotopy type (Xtop ⊗ C)sch is the
C×δ-action defined by Proposition 2.4.2. By abuse of notation we will write

(Xtop ⊗ C)sch ∈ Ho(SPr∗(C)C
×
)

for the schematic homotopy type of Xtop together with its Hodge decomposition.

The functoriality statement in Theorems 2.1.1 and 2.1.2 immediately implies that the Hodge
decomposition is functorial. Note however that the construction depends on the choice of the point
x ∈ Xtop and so the functoriality is well defined only for pointed morphisms of algebraic varieties.
Finally we have the following natural compatibility result.

Theorem 2.4.4. Let X be a pointed smooth and projective algebraic variety over C, and let

(Xtop ⊗ C)sch ∈ Ho(SPr∗(C)C
×δ

)

be the schematization of Xtop together with its Hodge decomposition.

(i) The induced action of C×δ on the cohomology groups Hn((Xtop ⊗ C)sch,Ga) � Hn(Xtop,C)
is compatible with the Hodge decomposition in the following sense. For any λ ∈ C×, and
y ∈ Hn−p(X,Ωp

X) ⊂ Hn(Xtop,C), one has λ(y) = λp · y.
(ii) Let π1((Xtop ⊗ C)sch, x)red be the maximal reductive quotient of π1((Xtop ⊗ C)sch, x). The in-

duced action of C×δ on π1((Xtop ⊗ C)sch, x)red � π1(Xtop, x)red coincides with the one defined
in [Sim92].

(iii) If Xtop is simply connected, then the induced action of C× on

πi((Xtop ⊗ C)sch, x) � πi(Xtop, x) ⊗ C

is compatible with the Hodge decomposition defined in [Mor78]. More precisely, suppose that
F •πi(Xtop) ⊗ C is the Hodge filtration defined in [Mor78], then

F pπi(Xtop) ⊗ C = {x ∈ πi(Xtop ⊗ C) | ∃ q � p, such that λ(x) = λq · x, ∀λ ∈ C×}.
(iv) Let Rn be the set of isomorphism classes of n-dimensional simple linear representations of

π1((Xtop ⊗ C)sch, x). Then, the induced action of C× on the set

Rn � Hom(π1(Xtop, x), Gln(C))/Gln(C)

defines a continuous action of the topological group C× (for the analytic topology).

Proof. (i) Since the group scheme GX := π1(Xtop, x)red is reductive, its Hochschild cohomology
with coefficients in finite dimensional local systems vanishes. Therefore, one has

Hn((Xtop ⊗ C)sch,Ga) � Hn(R SpecGX
A,Ga)GX � Hn(B)GX � Hn(BGX ),

where B = (A•
Dol(p(1)),D′′) is the GX -equivariant co-simplicial algebra defined during the construc-

tion of the Hodge decomposition. Here BGX is isomorphic to the commutative differential graded
algebra of Dolbeault cochains A•

Dol(1, ∂), of the trivial Higgs bundle (1, ∂). Therefore,

BGX �
⊕
p

(Ap,•(X), ∂)[−p].

Moreover, the action of λ ∈ C× on x ∈ Ap,q(X) is given by λ(x) = λp · x. This implies that the
induced action of C× on Hn((X ⊗ C)sch,Ga) is the one required.

(ii) This is clear by construction.
(iii) IfXtop is simply connected, then π1(Xtop, x)red = ∗, and therefore one has that (Xtop ⊗ C)sch

is naturally isomorphic to
R Spec(C•

Dol(X,1)),
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where C•
Dol(X,1) is the dernormalization of (A•

Dol(1), ∂). The action of C× has weight p on Ap,q(X).
This action also corresponds to a decreasing filtration F • of (A•

Dol(1), ∂) by sub-CDGA, where F p

consists of differential forms of type (p′, q) with p′ � p.
The vector space πi((X ⊗ C)sch, x)(C) � πi(X,x)⊗C is the ith homotopy group of the mapping

space RHomcdga((A•
Dol(1), ∂),C), which is in turn naturally isomorphic to the ith homotopy group

of the commutative differential graded algebra (A•
Dol(1), ∂), as defined in [BG76]. In other words, it

is the dual of the space of indecomposable elements of degree i in the minimal model of (A•
Dol(1), ∂).

As the action of C× on (A•
Dol(1), ∂) is compatible with the Hodge filtration F •, the induced action of

C× on πi(X,x)⊗C is compatible with the filtration induced by F • on the space of indecomposables.
This filtration being the Hodge filtration defined in [Mor78], this proves part (iii).

(iv) This follows from part (iii) and [Sim92, Proposition 1.5].

3. Weights

As we have already mentioned, the Hodge decomposition on (Xtop ⊗ C)sch constructed in the pre-
vious section is only a part of a richer structure, which includes a weight filtration. In the simply
connected case, the weight filtration is constructed in [Mor78], and its existence reflects the fact
that the Hodge structures defined on the complexified homotopy groups are only mixed Hodge
structures. The existence of the weight filtration on the rational homotopy type of a projective X
is related to the fact that any simply connected homotopy type (or more generally any nilpotent
homotopy type) is a successive extension of abelian homotopy types.

3.1 Linear stacks and homology theory
In this section we present a linear version of the schematic homotopy types, and use it to define
homology of schematic homotopy types. In particular we define an abelianized version of an affine
stack F : the homology type of F . This abelianized version is used in the construction of the weight
tower of a schematic homotopy type. We also construct natural Hurewitz maps between schematic
homotopy types and the associated schematic homology types. These maps are used in § 4.3 to
answer a question of Eyssidieux in classical Hodge theory.

Let O be the sheaf on (Aff/C)ffqc represented by the affine line A1. By definition O is a sheaf of
C-algebras and can be viewed as an object in SPr(C). We consider the category SMod(O), of objects
in SPr(C) equipped with a structure of O-modules (and morphisms preserving this structure). In
other words, SMod(O) is the category of simplicial objects in the category Mod(O) of presheaves of
O-modules on Aff/C (note that we do not impose any sheaf conditions and consider all presheaves
of O-modules).

Forgetting the O-module structure defines a forgetful functor

SMod(O) −→ SPr(C).

This functor has a left adjoint

−⊗O : SPr(C) −→ SMod(O).

The category SMod(O) has a natural model structure for which the fibrations and equivalences
are defined in SPr(C) through the forgetful functor. We will call the model category SMod(O) the
category of linear stacks. It is Quillen equivalent (via the Dold–Kan correspondence) to the model
category of non-positively graded cochain complexes of O-modules. In particular its homotopy cate-
gory Ho(SMod(O)) is equivalent to D�0((Aff/C)ffqc,O), the non-positively graded derived category
of O-modules on the ringed site ((Aff/C)ffqc,O).
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Let E be a co-simplicial C-vector space. We define a linear stack Spel E (Spel stands for spectre
linéaire) by the formula

Spel E : (Aff/C)op �� SSet

A
� �� Hom(E,A),

where Hom(E,A) is the simplicial set having Hom(En, A) as sets of n-simplicies. The O-module
structure on Spel E is given by the natural A-module structure on each simplicial set Hom(E,A).
Note that the simplicial presheaf underlying Spel E is isomorphic to Spec (Sym•(E)), where
Sym•(E) is the free commutative co-simplicial C-algebra generated by the co-simplicial vector
space E.

The functor Spel is a right Quillen functor (see [Toë06, Lemma 2.2.2] for a similar fact)

Spel : Vect∆ −→ SMod(O),

from the model category of co-simplicial vector spaces (with the usual model structure for which
equivalences and fibrations correspond via the Dold–Kan correspondence to quasi-isomorphisms and
epimorphisms) to the model category of linear stacks. Therefore the functor Spel can be derived
into a functor

R Spel : Ho(Vect∆) −→ Ho(SMod(O))
(actually Spel preserves equivalences, so Spel � R Spel). It is easy to check that this functor is fully
faithful when restricted to the full subcategory of U-small co-simplicial vector spaces.

Definition 3.1.1. The essential image of the functor R Spel, restricted to U-small co-simplicial
vector spaces, is called the category of linear affine stacks.

Note that as R Spel E � R Spec (Sym•(E)), the forgetful functor

Ho(SMod(O)) −→ Ho(SPr(C))

sends linear affine stacks to affine stacks.
Let F be an affine stack, and let A = LO(F ) be the co-simplicial algebra of cohomology on F ,

which can be chosen to belong to U. Viewing A as a co-simplicial vector space by forgetting the
multiplicative structure one gets a linear affine stack

H(F,O) := Spel A,

which we will call the homology type of F . The functor F �→ H(F,O) is left adjoint to the forgetful
functor from linear affine stacks to affine stacks. In particular, one has an adjunction morphism of
affine stacks

F −→ H(F,O),
and it is reasonable to interpret this morphism as the abelianization of the schematic homotopy
type F .

By construction, the ith homotopy sheaf of H(F,O) is the linearly compact vector space dual to
H i(F,O) (a linearly compact vector space is an object in the category of pro-vector spaces of finite
dimension). It is denoted by Hi(F,O) and is called the ith homology sheaf of F . The adjunction
morphism above induces Hurewitz maps

πi(F ) −→ Hi(F,O)

which are well defined for all i.

3.2 The weight tower
First we introduce a general notion of a weight filtration on an affine stack.
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The weight tower of an affine stack. Let T be the category corresponding to the poset of natural
numbers N: its objects are natural numbers and Hom(n,m) is either empty if n < m, or a point
if n � m. The category SPr∗(C)T of functors from T to SPr∗(C) is a model category for which
equivalences and fibrations are defined levelwise (see e.g. [Hir03]). We will call the model category
SPr∗(C)T the model category of towers in SPr∗(C). We will call the objects in the homotopy category
Ho(SPr∗(C)T) towers of pointed stacks.

We will define a functor

W ∗ : Ho(ASc∗) −→ Ho(SPr∗(C)T),
from the homotopy category of pointed and connected affine stacks to the homotopy category of
towers of pointed stacks. This construction is an algebraic counterpart of a well known topological
construction (see [Cur63, Cur65]), and will be achieved using the homotopy theory of simplicial
affine group schemes discussed in detail in [KPT05].

As explained in [KPT05], there exists a model category of (U-small) simplicial affine group
schemes sGAff, whose equivalences are the morphisms inducing isomorphisms on all homotopy
groups (these homotopy groups are affine group schemes, and are defined in a standard manner;
see [KPT05, § 3.1]). The homotopy category of simplicial affine group schemes is then denoted by
Ho(sGAff).

There exists a new notion of equivalences in Ho(sGAff), called P-equivalences, which are the
morphisms G∗ −→ H∗ whose induced morphism of co-simplicial Hopf algebras O(H∗) −→ O(G∗)
is a quasi-isomorphism (i.e. induced isomorphisms on the cohomology of the total complexes;
see [KPT05, Corollary 3.17]). The localization of Ho(sGAff) along P -equivalences is denoted by
HoP (sGAff). It is proved in [KPT05, § 3.2] that the localization functor l : Ho(sGAff) −→ HoP (sGAff)
possesses a fully faithful right adjoint

i : HoP (sGAff) −→ Ho(sGAff).

The functor i identifies HoP (sGAff) with the full subcategory of Ho(sGAff) consisting of P -local
objects. The localization functor l is also denoted by G∗ �→ GP∗ , and can be considered as an
idempotent endofunctor of Ho(sGAff) whose image is HoP (sGAff).

Recall also that the natural ‘classifying stack’ functor

sGAff �� SPr∗(C)
G∗

� �� BG∗

can be composed with the P -localization functor

Ho(sGAff) �� Ho(SPr∗(C))

G∗
� �� B(GP∗ ).

This functor induces a full embedding

HoP (sGAff) −→ Ho(SPr∗(C))

whose image consists precisely of all pointed schematic homotopy types (see [KPT05, Theorem
3.14]).

The functor of complex points H∗ �→ H∗(C) is an exact and conservative (see [DG70, III,
§ 3, Corollary 7.6]) functor from the category sGAff to the category SSet of simplicial sets in U.
Furthermore, this functor possesses a left adjoint, sending a simplicial set to the free simplicial affine
group scheme it generates.1 Using this adjunction, one can construct (as explained e.g. in [Ill71]) a
standard free resolution L∗G∗ −→ G∗. The object L∗G∗ is a bi-simplicial affine group scheme, such

1The free affine group scheme generated by a set I is the pro-algebraic completion of the free group over I .
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that each L∗Gn is the standard free resolution of Gn. We denote by LG∗ the diagonal of L∗G∗,
and consider the induced morphism of simplicial affine group schemes LG∗ −→ G∗. The morphism
LG∗(C) −→ G∗(C) is a homotopy equivalence (see [Ill71]), which implies that the morphism of
simplicial affine group schemes

LG∗ −→ G∗
induces isomorphisms (for all i � 0)

Πi(LG∗)(C) � Πi(G∗)(C)

and thus is an isomorphism in Ho(sGAff). Here, Πi(H∗) denotes the ith homotopy group of a sim-
plicial affine group scheme H∗, which is the affine group scheme representing the sheaf πi(hH∗ , e)
(for i > 0), or π0(hH∗) (for i = 0), where hH∗ is the simplicial presheaf represented by the under-
lying simplicial scheme H∗ (see [KPT05] for more details). In particular the induced morphism of
pointed simplicial presheaves

BLG∗ −→ BG∗
is an equivalence of pointed stacks. This construction gives a functorial morphism of simplicial affine
group schemes LG∗ −→ G∗ such that the induced morphism

BLG∗ −→ BG∗

is an equivalence of pointed stacks, and furthermore each affine group scheme LGn is free.
To any G∗ ∈ sGAff, we can now associate a new simplicial affine group scheme H ∈ sGAff which

is defined to be the levelwise maximal unipotent quotient H := LGuni
∗ of LG∗. The assignment

G∗ �→ H∗ can be thought of as the left derived functor of the pro-unipotent completion functor.
We now consider the lower central series

· · · ⊂ H
(i)
∗ ⊂ H

(i−1)
∗ ⊂ · · · ⊂ H

(1)
∗ ⊂ H

(0)
∗ = H∗,

given for any i � 1 by

H
(i)
∗ := [H(i−1)

∗ ,H∗] ⊂ H∗.

The filtration H
(i)
∗ on H∗ gives rise to a tower of morphisms of simplicial affine group schemes

H∗ �� · · · ��H∗/H
(i)
∗ ��H∗/H

(i−1)
∗ �� · · · ��H∗/H

(1)
∗ .

Passing to classifying stacks gives a tower of morphisms of pointed simplicial presheaves

BH ∗ �� · · · ��B(H∗/H
(i)
∗ ) ��B(H∗/H

(i−1)
∗ ) �� · · · ��B(H∗/H

(1)
∗ ).

Combining all these we get a functor

sGAff �� SPr∗(C)T

G∗
� �� {B(H∗/H

(i)
∗ )}i.

(3.2.1)

Lemma 3.2.1. The functor (3.2.1) preserves equivalences and induces a well defined functor

Ho(sGAff) −→ Ho(SPr∗(C)T).

Proof. First of all, by construction each Hn is a unipotent group scheme. Since sheaves represented
by affine and unipotent group schemes are stable under passage to finite limits and finite colimits,
we conclude that the homotopy sheaves πj(BH ∗, ∗) are unipotent. Therefore, Theorem 1.1.2 implies
that the pointed stacks BH ∗ are affine stacks.

Now suppose that G∗ −→ G′∗ is an equivalence in the model category sGAff. First we will
check that the induced morphism BH ∗ −→ BH ′

∗ is an isomorphism of pointed stacks. Indeed, since
these stacks are affine stacks, it is enough to show that the morphism BH ∗ −→ BH ′

∗ induces an
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isomorphism on the cohomology with coefficient in Ga (see [Toë06, Theorem 2.2.9]). As G∗ −→ G′∗
is an equivalence it induces a quasi-isomorphism LO(BG∗) −→ LO(BG ′

∗). Similarly the natural
morphism

LO(BLG∗) −→ LO(BLG ′
∗)

is a quasi-isomorphism. Owing to the fact that

BLG∗ � hocolimBLGn,

the problem reduces to showing that for each integer n the induced morphism on Hochschild
cohomology (i.e. on the cohomology computed in the abelian category of linear representations;
see [DG70, Exp I, § 5] and [Toë06, Lemma 1.5.1])

H∗(LGn,O) −→ H∗(Hn,O) (3.2.2)

is an isomorphism. But LGn is a free affine group scheme, and Hn are free unipotent affine group
schemes, and therefore

H i(LGn,O) = H i(Hn,O) = 0 for all i > 1.

Furthermore H1(K,O) � H1(Kuni,O) for any affine group scheme K and hence (3.2.2) is an
isomorphism.

This implies that BH ∗ −→ BH ′
∗ is an equivalence and so Lemma 3.2.1 reduces to the following

result.

Lemma 3.2.2. Let H∗ and K∗ be objects in sGAff, such that each Hn and Kn is a free unipotent
affine group scheme. Let f : H∗ −→ K∗ be an equivalence in sGAff. Then, for all i > 0, the induced
morphism

BH ∗/H
(i)
∗ −→ BK ∗/K

(i)
∗

is an equivalence of pointed stacks.

Proof. By induction it is enough to check that each morphism

BH (i)
∗ /H

(i+1)
∗ −→ BK (i)

∗ /K
(i+1)
∗

is an equivalence. To see this, we consider the induced morphism∏
i

H
(i)
∗ /H

(i+1)
∗ −→

∏
i

K
(i)
∗ /K

(i+1)
∗ .

This morphism can be seen as a morphism of simplicial filtered linearly compact Lie algebras, where
the filtration is given by the product decomposition

· · · ⊂
∏

i>i0+1

⊂
∏
i>i0

⊂ · · ·
∏
i

,

and the Lie algebra structure is given by the commutator bracket. Set Hab∗ := H∗/H
(1)
∗ and Kab∗ :=

K∗/K
(1)
∗ . One has the following commutative diagram of simplicial linearly compact vector spaces.∏

iH
(i)
∗ /H

(i+1)
∗ �� ∏

iK
(i)
∗ /K

(i+1)
∗

Hab∗





�� Kab∗





Sub-Lemma 3.2.3. Let H be a free unipotent affine group scheme, and let Hab := H(0)/H(1) be
the corresponding abelian unipotent group scheme considered as a linearly compact vector space.
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We let L(Hab) be the free linearly compact Lie algebra generated by Hab. Then the natural mor-
phism of (linearly compact) Lie algebras

L(Hab) −→
∏
i

H(i)/H(i+1)

is an isomorphism.

Proof of Sub-Lemma 3.2.3. This is the pro-unipotent analog of [Cur63, Proposition 3.2] and can
be proved in the following way (see also [LM83, Theorem 2.7]). We start by using the equivalence
of categories between unipotent affine group schemes and linearly compact unipotent Lie algebras
(these also are the pro-unipotent Lie algebras). Using this equivalence of categories we see that the
statement of the sub-lemma is equivalent to the following: Let V be a linearly compact vector space
and L(V ) be the free linearly compact Lie algebra generated by V . Then the morphism

L(V ) −→
∏
i

L(V )(i)/L(V )(i+1),

induced by the natural morphism V −→ L(V ) −→ L(V )(0)/L(V )(1), is an isomorphism of linearly
compact Lie algebras (here g(i) denotes the ith term in the lower central series of a linearly compact
Lie algebra g).

Let I be a set over which V is free (as a linearly compact vector space), and let g0 be the
(non-linearly compact) free Lie algebra over the set I. By [Bou72, Chapitre II, § 2, Proposition 7]
we know that the natural morphism

g0 −→
⊕
i

g
(i)
0 /g

(i+1)
0

is an isomorphism, where now the right-hand side is the associated graded Lie algebra with respect to
the lower central series of g0 in the non-linearly compact sense. There exists a forgetful functor from
linearly compact Lie algebras to Lie algebras, which possesses a left adjoint denoted by g �→ ĝ. This
left adjoint simply sends a Lie algebra g to the projective limit of its finite dimensional quotients.
The functor g �→ ĝ is moreover compatible with the lower central series, and takes the usual lower
centre series to the lower central series in the linearly compact sense. (This is equivalent to the
statement that for ĝ = limα gα we have ĝ(i) = limα g

(i)
α , for a Lie algebra g, which is true by

definition of the lower central series in the sense of linearly compact Lie algebras.) Therefore, taking
the image of the morphism

g0 −→
⊕
i

g
(i)
0 /g

(i+1)
0

by the completion functor provides the natural morphism

ĝ0 −→ ̂⊕
i

g
(i)
0 /g

(i+1)
0 �

∏
i

ĝ0
(i)/

̂
g
(i+1)
0 ,

which is then an isomorphism. Finally, using the universal property of L(V ) we see that L(V ) � ĝ0,
and thus we have proved that the morphism

L(V ) −→
∏
i

L(V )(i)/L(V )(i+1)

is an isomorphism as required. This completes the proof of Sub-Lemma 3.2.3.

We return to the proof of Lemma 3.2.2. As each Hn and Kn is free, the above sub-lemma implies
that the natural morphisms induce isomorphisms

L(Hab
∗ ) �

∏
i

H
(i)
∗ /H

(i+1)
∗ , L(Kab

∗ ) �
∏
i

K
(i)
∗ /K

(i+1)
∗ ,
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where L(V ) denotes the free simplicial linearly compact Lie algebra generated by a simplicial linearly
compact vector space V . Moreover, these isomorphisms are compatible with the natural filtrations
on L(Hab∗ ) and L(Kab∗ ) defined by the iterated brackets. Hence, it suffices to prove that the induced
morphism of linear affine stacks BH ab

∗ −→ BK ab
∗ is an equivalence. But, this follows immediately

by observing that BH ab
∗ is the homology type of BH ∗, and BK ab

∗ is the homology type of BK ∗.
Thus

BH ab
∗ � H(BH ∗,O) � H(BK ∗,O) � BK ab

∗ ,
and so Lemma 3.2.2 is proven.

This completes the proof of Lemma 3.2.1.

Lemma 3.2.1, combined with the equivalence between the homotopy category Ho(SHT∗) of
pointed schematic homotopy types and HoP (sGAff), yields a functor

W (∗) : Ho(SHT∗) −→ Ho(SPr∗(C)T).

By restricting this functor to the full subcategory of pointed and connected affine stacks one gets
the weight tower functor

W (∗) : Ho(ASc∗) −→ Ho(SPr∗(C)T),
from the homotopy category of pointed and connected affine stacks to the homotopy category of
towers of pointed stacks.

The weight tower of a schematic homotopy type. Now let F be a pointed schematic homotopy
type. Consider the natural projection

F −→ K(π1(F, ∗)red, 1),
where π1(F )red is the maximal reductive quotient of π1(F, ∗). Let F 0 denote the homotopy fiber
of this morphism. If F is the schematization of a simply connected space X, then F = F 0 is the
pro-nilpotent homotopy type of X. In general F 0 will be a nilpotent schematic homotopy type which
is different from the pro-nilpotent homotopy type of X. By Theorems 1.1.2 and 1.1.5 the stack F 0

is a pointed and connected affine stack. We can therefore consider its weight tower W (∗)F 0.

Definition 3.2.4. For a schematic homotopy type F , the weight tower of F is the object W (∗)F 0 ∈
Ho(SPr∗(C)T) defined above. For any i � 0, the ith graded piece of the weight tower of F , denoted
by Gr(i)W F 0, is defined to be the homotopy fiber of the morphism W (i+1)F 0 −→ W (i)F 0.

Caution. The construction F �→W (∗)F 0 is not fully functorial in F , simply because the assignment
F �→ π1(F, ∗)red is not functorial in F . However, F �→ π1(F, ∗)red and hence F �→ W (∗)F 0 are
functorial with respect to reductive morphisms.

Definition 3.2.5. A morphism f : F −→ G of pointed schematic homotopy types is reductive if
the image of the induced morphism π1(F, ∗) −→ π1(G, ∗)red is a reductive affine group scheme.

Equivalently, the morphism f is reductive if and only if the induced functor from the category of
linear representations of π1(G, ∗) to the category of linear representations of π1(F, ∗) preserves semi-
simple objects. In particular, any equivalence of pointed schematic homotopy types is a reductive
morphism.

Clearly, the construction F �→W (∗)F 0 induces a functor

W (∗) : Ho(SHT∗)red −→ Ho(SPr∗(C)T),

from the category Ho(SHT∗)red of pointed schematic homotopy types and reductive morphisms to
the homotopy category of towers of pointed stacks.
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Remark 3.2.6. If f : (X,x) −→ (Y, y) is a morphism of pointed smooth projective complex mani-
folds, then the induced morphism (Xtop ⊗ C, x)sch −→ (Y top ⊗ C, y)sch is a reductive morphism.
Indeed, we can factor every such f as the composition X → PN ×Y → Y of a closed immersion and
a projection. The projection induces an isomorphism on fundamental groups and so is obviously a
reductive morphism. For closed immersions the reductivity follows from the pluriharmonicity of the
equivariant harmonic map associated to a reductive local system; see [Sim97, Proposition 2.2].

By construction, there exists a natural morphism of towers of pointed stacks

F 0 −→W (∗)F 0,

corresponding to the projections

LG∗ −→ H∗ −→ H∗/H
(i)
∗

(here F 0 = BG∗ � BLG∗ is considered as the constant tower). By adjunction, this morphism
corresponds to a well defined morphism of pointed stacks,

F 0 −→ W (∞) := holim
i∈T

W (i)F 0.

The essential properties of this morphism are summarized in the following proposition.

Proposition 3.2.7. Let F be a pointed schematic homotopy type.

(1) For any i, the pointed stack W (i)F 0 is a pointed and connected affine stack.

(2) The natural morphism

F 0 −→W (∞) := holim
i∈T

W (i)F 0

is an equivalence of pointed stacks.

(3) For any i � 0, Gr(i)W F 0 is the underlying stack of a linear schematic homotopy type.

(4) There is an isomorphism of affine stacks

Gr(0)W F 0 � H(F 0,O).

(5) Let L be the (linearly compact) free Lie algebra generated by the (linearly compact) vector
space H•>0(F 0,O). For any p � 1 and q � 2, let Lp,q be the (closed) sub-vector space of L
consisting of elements generated by all brackets [x1, [x2, . . . , [xq]] . . .], with xj ∈ Hdj

(F 0,O)
and

∑
dj = p. Then, for any i � 1 and any p � 1 there is an isomorphism

πp(Gr(i)
W F 0, ∗) � Lp+i,i+1.

Proof. We have already proved items (1), (3) and (4) in the process of proving Lemmas 3.2.1
and 3.2.2. For the proof of part (2) we will keep the same notation as for the construction of
W (∗)F 0 (i.e. F 0 = BG∗ and H∗ = LGuni

∗ ). First of all, as we saw in the proof of Lemma 3.2.1 the
natural morphism

F 0 = BG∗ −→ BH ∗
induces an isomorphism on cohomology with coefficients in Ga. Since F 0 and BH ∗ are affine stacks
this implies that F 0 � BH ∗.

Furthermore, each W (i)F 0 is an affine stack and in particular a pointed schematic homotopy
type. Therefore, in order to prove that

F 0 � BH ∗ −→ holim
i∈T

W (i)F 0

is an isomorphism, it is enough to prove that the natural morphism of co-simplicial Hopf algebras

colim
i∈T

O(H∗/H
(i)
∗ ) −→ O(H∗) (3.2.3)
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is a quasi-isomorphism. However H∗ is unipotent, and so
⋂
H

(i)
∗ = {∗}. Thus (3.2.3) is even an

isomorphism.
It remains to prove part (5). For this we use the following lemma.

Lemma 3.2.8. Let V be a linearly compact vector space, L(V ) be the free linearly compact Lie
algebra generated by V , and A(V ) be the free linearly compact associative algebra generated by V .
Then, the morphism of linearly compact Lie algebras

L(V ) −→ A(V ),

induced by the natural inclusion V ↪→ A(V ), is injective and equals the (closed) Lie sub-algebra of
A(V ) generated by V . In particular, we have

L(V ) �
∏
p

Lp(V )

with Lp(V ) ⊂ Ap(V ) = V ⊗̂ p being the (closed) subspace of Ap(V ) generated by p-times iterated
brackets of elements of V .

Proof of Lemma 3.2.8. This is proved using the method we used to prove Sub-Lemma 3.2.3. The
corresponding statement in the non-linearly compact case can be found in [Bou72, Chapitre II, § 3,
Theorem 1]. Taking the linearly compact completion of it, we find the statement of the lemma.

The lemma immediately implies part (5) of the proposition by simply keeping track of an extra
grading on V . Thus Proposition 3.2.7 is proven.

Equivariant weight filtration. All of the constructions presented above have enough built-in
functoriality to be compatible with the extra structure of a discrete group action. Indeed, suppose
that F ∈ Ho(SPr∗(C)Γ) is a Γ-equivariant schematic homotopy type, where Γ is a discrete group.
The action of Γ can be understood as a morphism of simplicial monoids

Γ −→ End(F ).

Without loss of generality we can assume that F is fibrant as a pointed simplicial presheaf, and
therefore the last morphism can be written as a morphism of simplicial monoids,

Γ −→ REnd(F ),

which is well defined in the homotopy category of simplicial monoids.
Let G∗ be a cofibrant and P -local object in sGAff such that F 0 � BG∗. According to [KPT05,

Theorem 3.5], we have a natural morphism of simplicial monoids,

Γ −→ REndsGAff(G∗) � EndsGAff(G∗).

Let Γ̃ be a cofibrant replacement of Γ in the model category of simplicial monoids (see e.g. [Ber05,
Proposition 3.1] for the model structure of simplicial monoids). The above morphism can then be
represented as an actual morphism of simplicial monoids,

Γ̃ −→ EndsGAff(G∗),

giving rise to a Γ̃-action on G∗. Applying the constructions G∗ �→ LG∗ �→ LGuni
∗ �→W (∗)F preserves

the Γ̃-action, and gives rise to a Γ̃-object in the model category SPr∗(C)T. This yields a natural
functor

W (∗) : Ho(SHTΓ
∗ )red −→ Ho((SPr∗(C)T)Γ̃),

from the homotopy category of Γ-equivariant pointed schematic homotopy types and reductive mor-
phisms to the homotopy category of Γ-equivariant towers. This functor is a Γ-equivariant refinement
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of the functor W (∗) constructed before. Finally, it is well known that the natural functor

Ho((SPr∗(C)T)Γ) −→ Ho((SPr∗(C)T)Γ̃)

is an equivalence of categories (see [DK87]). Therefore, we get a functor

W (∗) : Ho(SHTΓ
∗ )red −→ Ho((SPr∗(C)T)Γ),

which is a Γ-equivariant version of our previous construction.

Remark 3.2.9. In the construction of the weight tower of a pointed schematic homotopy type F , we
ignored the natural action of the group π1(F, ∗)red on F 0. Yet another refinement of the construction
should take this action into account, and would produce a tower of π1(F, ∗)red-equivariant pointed
stacks. We strongly believe that such a refinement should exist but to produce it one will have
to overcome several serious technical obstacles. The main problem here is that the π1(F, ∗)red-
equivariance of the weight tower depends on the choice of a Levi decomposition, i.e. on the choice of a
splitting of the natural map F → K(π1(F, ∗)red, 1). One can check that such a splitting always exists
but to get a functorial construction one has to produce a canonical Γ-equivariant Levi decomposition.
This problem can be analyzed but it requires additional work (e.g. one has to describe an equivariant
version of the model structures on the category of simplicial affine group schemes) which will take us
beyond the scope of the present paper. Since we do not use these structures here we will not discuss
the pertinent technical issues but will record the refined statement in the following conjecture.

Conjecture 3.2.10. Suppose that Γ is a discrete group and let F be a Γ-equivariant homotopy
type. Then we have the following.

(a) There exists a canonical Γ-equivariant Levi decomposition of F and so the weight tower of F
admits a functorial π1(F, ∗)red-equivariant structure.

(b) The schematic homotopy type F can be reconstructed from its π1(F, ∗)red-equivariant tower
by the formula

F �
[
holim
i∈T

W (i)F 0
/
π1(F, ∗)red

]
.

3.3 Real structures
For a field extension L/K, one has a base change functor

−⊗K L : Ho(SPr∗(K)) −→ Ho(SPr∗(L)),

defined by the formula

(F ⊗K L)(X) = F (XK),

for any F ∈ Ho(SPr∗(K)), and any L-affine scheme X, viewed as a K-affine scheme XK through
the morphism Spec L −→ Spec K. The base change functor −⊗K L has a left adjoint

Ho(SPr∗(L)) −→ Ho(SPr∗(K)),

called the forgetful functor. This last functor is the left Kan extension of the forgetful functor from
affine L-schemes to affine K-schemes to simplicial presheaves.

The functor −⊗K L preserves pointed schematic homotopy types, and so the universal property
of the schematization implies that for any pointed and connected simplicial set (X,x) there exists
a natural morphism

(X ⊗ L, x)sch −→ (X ⊗K,x)sch ⊗K L.

This morphism is in general not an isomorphism, but it is known to be an isomorphism when L/K
is a finite extension.

619

https://doi.org/10.1112/S0010437X07003351 Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X07003351


L. Katzarkov, T. Pantev and B. Toën

Proposition 3.3.1. Let L/K be a finite extension of fields and let X be a pointed and connected
simplicial set. The natural morphism

(X ⊗ L, x)sch −→ (X ⊗K,x)sch ⊗K L

is an isomorphism of pointed stacks.

Proof. For any discrete group Γ, the natural morphism Γalg,L −→ Γalg,K ⊗K L is an isomorphism
of affine group schemes (here Γalg,k denotes the pro-algebraic completion of Γ over the field k). As
the schematization of X over a field k can be written (see [KPT05, Corollary 3.19]) as BGalg,k

∗ for
a simplicial group G∗ this implies the proposition.

We will use Proposition 3.3.1 to endow the stack (X ⊗ C, x)sch with a natural real structure

(X ⊗ C, x)sch −→ (X ⊗ R, x)sch ⊗R C.

In the case where X is a smooth compact manifold, this real structure can be directly seen at the
level of the equivariant algebra of differential forms (A•

DR(O(GX )),∇). Indeed, the Ind -flat bundle
O(GX) has a natural real form given as the Tannakian dual of the category of real flat bundles over
X. This induces a natural real structure on the de Rham complex (A•

DR(O(GX)),∇) which is the
real structure of (X ⊗ C, x)sch discussed above.

Of course, for a pointed schematic homotopy type F over R, one can construct a real weight
tower W (∗)F 0 ∈ Ho(SPr∗(R)T), compatible with the base change from R to C. This can be seen as
follows.

Let F be a pointed schematic homotopy type over R, and let F 0 be the homotopy fiber of
the projection F −→ K(π1(F, ∗)red, 1), where π1(F, ∗)red is the real maximal reductive quotient
of π1(F, ∗). Clearly, one has

π1(F ⊗R C, ∗) � (π1(F, ∗) ⊗R C).
Moreover, the natural morphism

(π1(F, ∗) ⊗R C)red −→ π1(F, ∗)red ⊗R C

is an isomorphism of reductive group schemes over C. Therefore

F 0 ⊗R C � (F ⊗R C)0.

Hence F 0 � BG∗, for a simplicial real affine group scheme G∗ (see [KPT05, Theorem 3.14]).
Consider now the functor H∗ �→ H∗(C), from the category of simplicial real affine group schemes to
the category Z/2− SSet of simplicial sets with an action of Z/2. This functor is exact, conservative
and has a left adjoint. It can therefore be used to construct a resolution LG∗ −→ G∗, which in turn
gives rise to the standard free resolution of G∗ ⊗R C used in the definition of the weight tower of
F ⊗RC. Finally, as the lower central series and the construction H �→ Huni are compatible with base
change from R to C, this shows that the weight tower W (∗)(F ⊗R C0) has a natural real structure
W (∗)(F 0) ∈ Ho(SPr∗(R)T) given by

W (i)(F 0) := B(LH ∗/LH (i)
∗ ), H∗ = LGuni

∗ .

This construction gives a functor

W (∗) : Ho(SHT∗(R))red −→ Ho(SPr∗(R)T),

from the homotopy category of pointed schematic homotopy types over R and reductive morphisms,
to the homotopy category of towers of real pointed stacks. The compatibility with the base change
from R to C is an isomorphism of towers of pointed stacks (functorial with respect to reductive
morphisms),

(W (∗)F 0) ⊗R C �W (∗)((F ⊗R C)0).
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3.4 The spectral sequence of a tower
Let {Fi} ∈ Ho(SPr∗(C)T) be a tower of pointed stacks:

· · · �� Fi �� Fi−1
�� · · · �� F1

�� F0 = •,
and let Wi denote the homotopy fiber of the morphism Fi+1 −→ Fi. The associated long exact
sequences of homotopy groups give rise to an exact couple of sheaves

· · · �� π∗(Fi) �� π∗(Fi−1)

������������
�� · · ·

��					
					

�� π∗(F1)

π∗(Wi−1)





π∗(Wi−2)





· · · π∗(W0)





and hence define a spectral sequence {Ep,qr (F∗)} of sheaves of groups (abelian when q − p > 1).
More explicitly consider first the groups

Zp,qr = Ker
(
πq−p(Wp−1) −→ πq−p(Fp)

Im(πq−p(Fp+r−1) → πq−p(Fp))

)
,

Bp,q
r = Ker(πq−p+1(Fp−1) −→ πq−p+1(Fp−r)).

The boundary operator πq−p+1(Fp−1) −→ πq−p(Wp−1) induces a morphism

∂ : Bp,q
r −→ Zp,qr ,

and we set

Ep,qr =
Zp,qr
∂Bp,q

r
.

The differential
dr : Ep,qr −→ Ep+r,q+r−1

r

is given by the composition

Ep,qr −→ Im(πq−p(Fp+r−1) → πq−p(Fp)) −→ Ep+r,q+r−1
r .

We refer to [GJ99, VI, § 2] for more details on this spectral sequence.
The convergence of this spectral sequence can be quite subtle in general. However, it is known

that under certain conditions it converges and its limit computes the groups π∗(holimFi). For our
purposes the following simple case of the complete convergence lemma of Bousfield and Kan will
suffice.

Lemma 3.4.1. Let {Fi} ∈ Ho(SPr∗(C)T) be a tower of pointed and connected affine stacks, and
let F := holimFi. Let {Ep,qr (F∗)} be the associated spectral sequence in homotopy, and assume
that there is an integer N such that dr = 0 for any r � N . Then the following two conditions are
satisfied.

(1) The limiting tableau of {Ep,qr (F∗)} is given by

Ep,q∞ � Ker(πq−p(F ) → πq−p(Fp−1))
Ker(πq−p(F ) → πq−p(Fp))

.

(2) The natural morphism

π∗(F ) −→ limπ∗(Fi)
is an isomorphism.

Proof. Consider the global section functor RΓ : Ho(SPr∗(C)) −→ Ho(SSet∗). The fact that H i(Spec
A,H) = 0 for any i > 0 and any affine unipotent group scheme H implies that RΓ(K(H,n)) �
K(H(C), n), for any unipotent affine group scheme H. Postnikov induction combined with
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[Toë06, Proposition 1.2.2] and Theorem 1.1.2 implies that for any pointed and connected affine
stack F the natural morphism

πi(RΓ(F ), ∗) −→ πi(F, ∗)(C)

is always an isomorphism. In particular, RΓ is a conservative functor which commutes with taking
homotopy groups. Recall also that the functor H �→ H(C) is an exact and conservative functor from
the category of sheaves of groups represented by affine group schemes to the category of groups.

Now, since each stack Fi is a pointed and connected affine stack, the spectral sequence {Ep,qr (F∗)}
consists of affine unipotent group schemes. Therefore, the spectral sequence {Ep,qr (F∗)}(C) is the
spectral sequence of the tower of pointed simplicial sets {Fi(C)} described in [GJ99, VI, § 2]. The
proposition now follows from [GJ99, VI, Corollary 2.22].

By construction the spectral sequence {Ep,qr (F∗)} is functorial in the tower {Fi}. Therefore, if a
discrete group acts on the tower of pointed stacks {Fi}, then it also acts on the spectral sequence
{Ep,qr (F∗)}. Similarly, if the tower {Fi} is defined over R, then so is the spectral sequence {Ep,qr (F∗)}.

3.5 Purity and degeneration of the weight spectral sequence
Let F be a pointed schematic homotopy type. The weight tower W (∗)F 0 gives rise to the weight
spectral sequence {Ep,qr (W (∗)F 0)} of F . By construction this spectral sequence is functorial in F
with respect to reductive morphisms.

Theorem 3.5.1. Let (X,x) be a pointed complex projective manifold and F = (Xtop ⊗C, x)sch be
its schematization. Then the weight spectral sequence {Ep,qr (W (∗)F 0)} of F degenerates at E2 (i.e.
dr = 0 for all r � 2).

Proof. The proof is based on a purity argument which is standard for usual Hodge structures.
Consider a category C defined as follows. The objects of C are linearly compact R-vector spaces

V (i.e. abelian unipotent affine group schemes over Spec R) together with an action of the discrete
group C×δ on the linearly compact C-vector space V ⊗R C. The morphisms in C are morphisms of
linearly compact R-vector spaces whose base extension to C commutes with the action of C×. The
category C is clearly an abelian category. For an object V in C, the action of an element λ ∈ C× on
v ∈ V ⊗R C will be denoted by λ(v), while λ · v will denote the scaling action of C× coming from
the C-vector space structure.

Definition 3.5.2. An object V ∈ C is pure of weight n ∈ Z if for any λ ∈ U(1) ⊂ C× and any
v ∈ V ⊗R C one has

λn · λ(v) = λ(v),

where x �→ x denotes complex conjugation.

The full subcategory of objects in C which are pure of weight n is stable under passing to
extensions, sub-objects and cokernels. Furthermore, it is clear that there are no non-zero morphisms
between two objects in C which are pure of different weights. Finally, the (completed) tensor products
of linearly compact vector spaces turns C into a symmetric monoidal category, and the tensor product
of two pure objects of weights p and q gives a pure object of weight p+ q.

Going back to the proof of Theorem 3.5.1, note that the Hodge decomposition on (Xtop⊗C, x)sch

induces (see the discussion just after Lemma 3.2.8) an action of C×δ on the tower W (∗)F 0 and
hence on the weight spectral sequence {Ep,qr (W (∗)F 0)}. Furthermore, the natural real structure
(Xtop ⊗R, x)sch on the schematic homotopy type (Xtop ⊗ C, x)sch gives rise to a natural real struc-
ture on the weight spectral sequence {Ep,qr (W (∗)F 0)} of F . This shows that the spectral sequence
{Ep,qr (W (∗)F 0)} can be viewed as a spectral sequence in the abelian category C described above.
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Now, in order to check that dr : Ep,qr −→ Ep+r,q+r−1
r vanish for all r � 2, it suffices to check that

Ep,qr , as an object of C, is pure of weight −q. This, in turn, will follow if we can show that the object
Ep,q1 ∈ C is pure of weight −q. By Proposition 3.2.7(5) it is enough to check that Hq(F 0,O) is pure
of weight −q (recall that Lp,q can be identified with a subspace of Hd1(F

0,O) ⊗ · · · ⊗Hdq(F
0,O)

with
∑
dj = p).

Note that the natural morphism

F 0 −→ F = (Xtop ⊗ C, x)sch

is a GX -torsor, where GX is the pro-reductive completion of the group π1(X,x). Therefore, the
Leray spectral sequence implies that we have a natural isomorphism

Hq(F,O(GX )) � Hq(F 0,O).

As Hq(F 0,O) is the dual of Hq(F 0,O) we see that Hq(F 0,O) is the dual of Hq(F,O(GX )). As
an Ind -local system on X, O(GX) is isomorphic to

⊕
L L

dim L, where the sum is over the set of
isomorphism classes of simple C-linear representations of π1(X,x). More functorially, we have a
canonical map ⊕

V

V ∨
x ⊗ V → O(GX)

in the category of Ind -local systems (or Ind -Higgs bundles). Here the sum is taken over all simple
local systems V , Vx is the fiber of V at x, and V ∨

x is the dual space. Using the Tannakian point of
view this map can be constructed as follows.

Suppose that T is a Tannakian category, w : T → Vect is a fiber functor, and G is the Galois
group of (T,w). Consider the extension Ind(w) : Ind(T ) → Ind(Vect) of w to Ind -objects. The
functor Ind(w) has a right adjoint p, and the object O(G) in Ind(T ) is then isomorphic to p(1). For
an object V in T , we have a natural morphism w(V )∨ ⊗ V → p(1), which is adjoint to the trace
morphism in w(V )∨ ⊗ w(V ) → 1 in Ind(Vect). Thus, we get a natural morphism⊕

V

w(V )∨ ⊗ V → p(1).

When the Tannakian category T is semi-simple this map is an isomorphism. Moreover, as this
map is canonical, it is compatible with any group action on T . For instance, if T = TDol with the
standard C×δ-action, then

⊕
V w(V )∨ ⊗ V has naturally a C×δ-fixed structure, and the map above

is C×δ-equivariant.
Using the non-abelian Hodge correspondence the Ind -local system O(GX) corresponds to the

Ind -Higgs bundle
⊕

V V ⊗ V ∨
x where V runs through the set of isomorphism classes of stable Higgs

bundles with vanishing first and second Chern class. The space Hq(X,O(GX )) can therefore be
described as

Hq(X,O(GX )) �
⊕
(V,θ)

Hq(A•
Dol(V,D

′′)) ⊗ V ∨
x ,

where the right-hand side is the Dolbeault cohomology as recalled in § 2.1. Now, if (V,D′′) = (V, ∂+θ)
is a stable Higgs bundle of degree zero corresponding to a local system L on X, the Higgs bundle
(V , ∂ − θ) corresponds to the local system L complex conjugate of L (see [Sim92]). Therefore,
the complex conjugation acts on Hq(X,O(GX )) by sending a differential form v ∈ Ai,jDol(V, ∂ + θ)
to the form v ∈ Aj,iDol(V , ∂ − θ). On the other hand, λ ∈ C× acts on Hq(X,O(GX )) by sending a
differential form v ∈ Ai,jDol(V, ∂+θ) to the form λj ·v ∈ Ai,jDol(V, ∂+λ·θ). Therefore, for λ ∈ U(1) ⊂ C×,
one has (recall that q = i+ j here)

λq · λ(v) = λ(v) ∈ Aj,iDol(V , ∂ − λ · θ).
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This shows that, for any v ∈ Hq(X,O(GX )) and any λ ∈ U(1) ⊂ C×, one has λq · λ(v) = λ(v).
Dualizing, one gets that Hq(F 0,O) � Hq(X,O(GX ))∨ is pure of weight −q. Thus Theorem 3.5.1 is
proven.

Theorem 3.5.1 and Lemma 3.4.1 have the following important corollary.

Corollary 3.5.3. Let (X,x) be a pointed complex projective manifold. Let F = (Xtop ⊗ C, x)sch

be its schematization, let W (∗)F 0 be the corresponding weight tower and set

F
(p)
W πq(F 0, ∗) := Ker(πq(F 0, ∗) −→ πq(W (p)F 0, ∗)).

Then, one has the following:

(1) π1(F 0, ∗) = Ker(π1(F, ∗) −→ π1(F, ∗)red);

(2) πq(F 0, ∗) � πq(F, ∗), for all q > 1;

(3) πq(F 0, ∗) � lim πq(F 0, ∗)/F (p)
W πq(F 0, ∗);

(4) F
(p−1)
W πq(F 0, ∗)/F (p)

W πq(F 0, ∗) � Ep,q+p∞ � Ep,q+p2 (W (∗)F 0).

Corollary 3.5.3 gives a concrete way of computing the homotopy groups of the schematization
(Xtop⊗C, x)sch of a projective manifold, while very little is known of these groups for a general topo-
logical space X. Indeed, by Proposition 3.2.7(5) the complex (Ep,q1 , d1) can be described explicitly.
For instance, the groups Ep,q1 are given by

Ep,q1 � Lq−1,p ⊂
⊕

d1+···+dp=q−1

Hd1(F
0,O)⊗̂ · · · ⊗̂Hdp(F

0,O).

The differential d1 is given by the (co-)products listed in Proposition 3.2.7(5), whereas the vanishing
of d2 can be interpreted as the vanishing of Massey (co-)products (see [Arc99]).

4. Restrictions on homotopy types

In this section we will give some applications of the existence of a mixed Hodge structure on the
schematization of a projective manifold.

4.1 An example
In this section we will use the existence of the Hodge decomposition on (Xtop ⊗ C)sch in order to
give examples of homotopy types which are not realizable as homotopy types of smooth projective
varieties. These examples are obtained after defining new homotopy invariants of a space X in terms
of the stack (X ⊗C)sch and the action of π1(X,x) on the spaces πi((X ⊗ C)sch, x). The existence of
the Hodge decomposition implies strong restrictions on these invariants, and it is relatively easy to
find explicit examples of homotopy types violating these restrictions.

We should note also that our invariants are trivial as soon as one restricts to the case when
the action of π1(X,x) on πi((X ⊗ C)sch, x) is nilpotent. Therefore, it appears that our examples
cannot be ruled out by using Hodge theory on rational homotopy types in the way that it is done
for example in [DGMS75, Mor78].

Let us start with a pointed schematic homotopy type F such that π1(F, ∗) is an affine group
scheme. According to [Toë06, Proposition 3.2.9] the group scheme πi(F, ∗) is an abelian unipotent
affine group scheme for i > 1. Hence πi(F, ∗) is isomorphic to a (possibly infinite) product of the Ga.

Consider now the maximal reductive quotient of the affine group scheme π1(F, ∗),
π1(F, ∗) −→ π1(F, ∗)red.
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Using the Levi decomposition, let us choose a section of this morphism s : π1(F, ∗)red −→ π1(F, ∗).
The morphism s allows us to consider the induced action of π1(F, ∗)red on πi(F, ∗). But, since
πi(F, ∗) is a linearly compact vector space, and π1(F, ∗) is a reductive affine group scheme acting
on it, there exists a decomposition of πi(F, ∗) as a (possibly infinite) product

πi(F, ∗) �
∏

ρ∈R(π1(F,∗))
πi(F, ∗)ρ,

whereR(π1(F, ∗)) is the set of isomorphism classes of finite dimensional simple linear representations
of π1(F, ∗), and πi(F, ∗)ρ is a product (possibly infinite) of representations in the class ρ. Using the
fact that the Levi decomposition is unique up to an inner automorphism one can check that the set
{ρ ∈ R(π1(F, ∗)) | πi(F, ∗)ρ �= 0} is independent of the choice of the section s. With this notation
we have the following definition.

Definition 4.1.1. Let F be a pointed schematic homotopy type. The subset

Supp(πi(F, ∗)) = {ρ ∈ R(π1(F, ∗)) | πi(F, ∗)ρ �= 0} ⊂ R(π1(F, ∗))
is called the support of πi(F, ∗) for every i > 1.

Note that for a pointed and connected simplicial set in U the supports Supp(πi((X ⊗ C)sch, x))
of X are homotopy invariants of X.

Suppose now that Xtop is the underlying pointed space of a smooth projective algebraic variety
over C. Then, the stack (Xtop ⊗ C)sch comes equipped with the Hodge decomposition defined in
the previous section. The naturality of the construction of the Hodge decomposition implies the
following result.

Lemma 4.1.2. For any i > 1, the subset Supp(πi((Xtop⊗C)sch, x)) is invariant under the C×-action
on R(π1((Xtop ⊗ C)sch, x)) � R(π1(Xtop, x)).

By [Sim94, Proposition 6.1], we know that R(π1(Xtop, x)) is the set of complex points of an
affine algebraic variety of finite type. Therefore, it can be endowed with the analytic topology and
considered as a topological space. As a consequence of the previous lemma we get the following
corollary.

Corollary 4.1.3. Let X be a pointed smooth projective complex algebraic variety.

(1) If ρ ∈ Supp(πi((Xtop⊗C)sch, x)) is an isolated point (for the induced topology of R(π1(X,x))),
then its corresponding local system on X underlies a polarizable complex variation of Hodge
structure.

(2) If πi((Xtop ⊗ C)sch, x) is an affine group scheme of finite type, then each simple factor of the
semi-simplification of the representation of π1(X,x) to the vector space πi((Xtop ⊗ C)sch, x)
underlies a polarizable complex variation of Hodge structure on X.

(3) Suppose that π1(X,x) is abelian. Then each isolated character χ ∈ Supp(πi((Xtop ⊗C)sch, x))
is unitary.

Proof. Clearly parts (2) and (3) of the corollary are direct consequences of part (1). For the proof of
part (1) note that the fact that the action of C× on the space R(π1(X,x)) is continuous yields that
ρ ∈ Supp(πi((Xtop ⊗ C)sch, x)) is fixed by the action of C×. Part (1) of the corollary now follows
from [Sim92, Corollary 4.2].

The previous corollary shows that the existence of the Hodge decomposition imposes severe
restrictions on the supports Supp(πi((Xtop⊗C)sch, x)), and therefore on the homotopy type of Xtop.
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The next theorem will provide a family of examples of homotopy types which are not realizable as
homotopy types of smooth projective varieties.

Before stating the theorem let us recall the notion of a good group (see [Toë06, § 3.4]). Recall
that for a group Γ we denote by Γalg its pro-algebraic completion.

Definition 4.1.4. A group Γ (in U) is called algebraically good (relative to C) if the natural
morphism of pointed stacks

(K(Γ, 1) ⊗ C)sch −→ K(Γalg, 1)

is an isomorphism.

Remark. An immediate but important remark is that a group Γ is algebraically good if and only if
for any linear representation of finite dimension V of Γalg the natural morphism Γ −→ Γalg induces
an isomorphism

H•
H(Γalg, V ) � H•(Γ, V ),

where H•
H denotes Hochschild cohomology of the affine group scheme Γalg.

Besides finite groups, there are three known classes of examples of algebraically good groups
(see [KPT05, § 4.5] for proofs and details):

(i) any finitely generated abelian group is an algebraically good group;

(ii) any fundamental group of a compact Riemann surface is an algebraically good group;
(iii) a successive extension of a finitely presented free group is an algebraically good group.

In addition to the goodness property we will often need the following finiteness condition.

Definition 4.1.5. Let Γ be an abstract group. We will say that the group Γ is of type (F ) (over
C) if:

(a) for every n and every finite dimensional complex representation V of Γ, the group Hn(Γ, V )
is finite dimensional;

(b) H•(Γ,−) commutes with inductive limits of finite dimensional complex representations of Γ.

Remark 4.1.6. (i) The condition (F ) is a slight relaxation of a standard finiteness condition in com-
binatorial group theory. Recall [Bro94, ch. VIII] that a group Γ is defined to be of type F P∞ if the
trivial ZΓ-module Z admits a resolution by free ZΓ-modules of finite type. It is well known [Bro94,
§VIII.4] that if Γ is of type F P∞, then all cohomologies of Γ with finite type coefficients are also
of finite type and that the cohomology of Γ commutes with direct limits. In particular such a Γ will
be of type (F ).

(ii) As usual, it is convenient to try and study the cohomology of a group Γ through its topological
incarnation as the cohomology of the classifying space of Γ. In particular, if K(Γ, 1) admits a
realization as a CW-complex having only finitely many cells in each dimension, it is clear that both
F P∞ and (F ) hold for Γ.

(iii) If Γ is an algebraically good group of type (F ), then for any linearly compact representation
V of Γalg, possibly of infinite dimension, one has

H∗(Γ, V ) � H∗(Γalg, V ).

Indeed, every linearly compact representation of Γalg is the inductive limit of its finite dimensional
subrepresentations, and the Hochschild cohomology of Γalg always commutes with inductive limits.

In the next theorem we use the notion of a group of Hodge type, which can be found in e.g. [Sim92,
§ 4].

626

https://doi.org/10.1112/S0010437X07003351 Published online by Cambridge University Press

https://doi.org/10.1112/S0010437X07003351


Schematic homotopy types and non-abelian Hodge theory

Theorem 4.1.7. Let n > 1 be an integer. Let Y be a pointed and connected simplicial set in U
such that: π1(Y, y) = Γ is an algebraically good group of type (F ); πi(Y, y) is of finite type for any
1 < i < n; and πi(Y, y) = 0 for i � n.

Let ρ : Γ −→ Glm(Z) be an integral representation and let ρC : Γ −→ Glm(C) be the induced
complex linear representation. Denote by ρ1, . . . , ρr the simple factors of the semi-simplification
of ρC.

Let X be the homotopy type defined by the following homotopy cartesian diagram.

Z ��

		

Y

		
K(Γ,Zm, n) �� K(Γ, 1)

Suppose that there exists a smooth and projective complex algebraic variety X, such that the n-
truncated homotopy types τ�nXtop and τ�nZ are equivalent, then the real Zariski closure of the
image of each ρj is a group of Hodge type.

Proof. The theorem is based of the following lemma, describing the homotopy groups of (Z⊗C)sch.

Lemma 4.1.8 [KPT05, Proposition 4.14]. For any i > 1 there are isomorphisms of affine group
schemes

πi((Z ⊗ C)sch, x) � πi(Z, x) ⊗ Ga.

Theorem 4.1.7 now follows from the previous lemma, Corollary 4.1.3 and [Sim92, Lemma 4.4].

As an immediate consequence we get the following corollary.

Corollary 4.1.9. If in Theorem 4.1.7, the real Zariski closure of the image of one of the represen-
tations ρj is not a group of Hodge type, then Z is not the n-truncation of the homotopy type of a
smooth and projective algebraic variety defined over C.

A list of examples of representations ρ satisfying the hypothesis of the previous corollary can be
obtained using the list of [Sim92, § 4]. Here are two explicit examples.

(A) Let Γ = Z2g, and ρ be any reductive integral representation such that its complexification ρC
is non-unitary. Then, one of the characters ρj is not unitary, which implies by [Sim92, 4.4.3]
that the real Zariski closure of its image is not of Hodge type.

(B) Let Γ be the fundamental group of compact Riemann surface of genus g > 2, and let m > 2.
Consider any surjective morphism ρ : Γ −→ Slm(Z) ⊂ Glm(Z). Then the real Zariski closure
of ρ is Sln(R) which is not of Hodge type (see [Sim92, § 4]).

4.2 The formality theorem
In this section we will show that for a pointed smooth and projective manifold X the pointed
schematic homotopy type (Xtop ⊗ C)sch is formal. This result is a generalization of the formality
result of [DGMS75], and could possibly be used to obtain other restrictions on homotopy types of
projective manifolds. We leave this question for the future, and restrict ourselves here to present a
proof of the formality theorem.

To state the main definition of this section, let us recall that for any affine group scheme G,
and any G-equivariant commutative differential graded algebra A, or any G-equivariant co-simplicial
algebra A, one has the cohomology algebra H•(A). This algebra is in a natural way a graded algebra
with an action of G, and therefore can be considered as a G-equivariant commutative differential
graded algebra with trivial differential.
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Definition 4.2.1. Let G be an affine group scheme.

(1) A G-equivariant commutative differential graded algebra A is G-formal if it is isomorphic to
H•(A) in Ho(G-CDGA).

(2) A G-equivariant co-simplicial algebra A is G-formal if it is isomorphic in Ho(G-Alg∆) to the
denormalization D(H•(A)).

(3) A pointed schematic homotopy type F is formal if it is isomorphic in Ho(SPr(C)) to an object
of the form [R SpecGA/G], with A a G-formal G-equivariant co-simplicial algebra, and G an
affine reductive group scheme.

Let X be a pointed and connected simplicial set in U, and GX := π1(X,x)red be the pro-
reductive completion of its fundamental group. One can consider the GX-equivariant commutative
differential graded algebra H•(C•(X,O(GX ))) of cohomology of X with coefficients in the local
system of algebras O(GX). As this cohomology algebra is such that H0(C•(X,O(GX ))) � C,
Proposition 1.3.2 implies that [R SpecGX

H•(X,O(GX ))/GX ] is a pointed schematic homotopy
type.

Definition 4.2.2. The formal schematization of the pointed and connected simplicial set X is the
pointed schematic homotopy type

(X ⊗ C)for := [R SpecGX
H•(X,O(GX ))/GX ] ∈ Ho(SPr∗(C)).

The main theorem of this section is the following formality statement, which in particular answers
Problem 2 in [GHT99, § 7].

Theorem 4.2.3. Let X be a pointed smooth and projective complex manifold and Xtop its under-
lying topological space. Then, there exists an isomorphism in Ho(SPr∗(C)), functorial in X,

(Xtop ⊗ C)sch � (Xtop ⊗ C)for.

Proof. By using Proposition 2.2.2, it is enough to produce a functorial isomorphism in
Ho(GX -CDGA),

(A•
DR(O(GX )),∇) � H•

DR(X,O(GX )),
where H•

DR(X,O(GX )) ∈ Ho(GX -CDGA) is the cohomology algebra of (A•
DR(O(GX)),∇).

But, writing O(GX) as an Ind -object (V,∇) ∈ TDR(X), corresponding to (V,∇,D′′) ∈ TD′(X),
and applying Corollary 2.1.3, one obtains a diagram of quasi-isomorphisms,

(A•
DR(O(GX )),D) (A•

D′(V ),D′′)�� �� (H•
DR(X,O(GX )), 0).

By the compatibility of the functor (V,∇) �→ (A•
D′(V ),D′′) with the tensor products, this diagram

is actually a diagram of GX -equivariant commutative differential graded algebras. Passing to the
homotopy category, one obtains well defined and functorial isomorphisms in Ho(GX -CDGA),

(A•
DR(O(GX )),∇) � H•

DR(X,O(GX )).

The theorem is proven.

Remark 4.2.4. The above theorem implies in particular that for a smooth projective variety X
the algebraic geometric invariants we have considered in this paper are captured not only by the
cochain differential graded algebra but also by the corresponding graded algebra of cohomology.
More precisely, if G denotes the pro-reductive completion of π1(X), and O(G) denotes the algebra
of functions on G viewed as a local system on X, then the schematization (X ⊗ C)sch and in
particular the support invariants of X are all determined by the G-equivariant graded algebra of
cohomology H•(X,O(G)). We do not know if, as for the rational homotopy type, the C×-action on
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(X ⊗ C)sch is also determined by its action on the group G and the G-equivariant graded algebra
H•(X,O(G)).

The functoriality conclusion in Theorem 4.2.3 has the following striking consequence.

Corollary 4.2.5. Let f, g : (X,x) −→ (Y, y) be two morphisms between pointed smooth and
projective complex manifolds. Suppose that:

(1) the induced morphisms f, g : π1(X,x)red −→ π1(Y, y)red are equal;

(2) for any simple local system L on Y the induced morphisms

f, g : H∗(Y,L) −→ H∗(X, f∗(L) = g∗(L))

are equal.

Then the two morphisms of pointed stacks f, g : (Xtop ⊗ C, x)sch −→ (Y top ⊗ C, y)sch are equal as
morphisms in Ho(Spr∗(C)).

4.3 Hurewitz maps
In this section we use the Hodge decomposition on the schematic homotopy type of a smooth
projective X in order to show that under certain conditions the image of the Hurewitz map

πn(X) → Hn(X,Z)

is a sub-Hodge structure. For n = 2 this answers a question of Eyssidieux.

Theorem 4.3.1. Suppose that X is smooth and projective over C satisfying:

(a) π1(X) is good;

(b) πi(X) is finitely generated for 1 < i < n.

Then Im[πn(X) → Hn(X,Z)] is a Hodge substructure.

Proof. The natural map s : X → (X ⊗ C)sch induces the following commutative diagram.

πn(X) ⊗ C
s ��

ψ


















Hu
		

πn((X ⊗ C)sch)

Husch

		
Hn(X,C)

∼= �� Hn((X ⊗ C)sch,O)

(4.3.1)

Since the schematic Hurewitz map is functorial for morphisms in the homotopy category of simplicial
presheaves and since (X ⊗ C)sch can be considered as a C×-equivariant object in this category, it
follows that the image of Husch is preserved under the C×-action on Hn(X,C). Therefore it suffices
to show that the maps Husch and ψ have the same image.

By the commutativity of (4.3.1) we know that im(ψ) ⊂ im(Husch) and so we will be done if we
can show the opposite inclusion im(ψ) ⊃ im(Husch). For this we will need the following lemma.

Lemma 4.3.2. Let X be a smooth complex projective variety satisfying conditions (a) and (b) in
Theorem 4.3.1. For every complex finite dimensional representation V of π1(X), the morphism s
induces a bijection

s∗ : Homcont
π1(X)(πn((X ⊗ C)sch), V ) →̃ Homπ1(X)(πn(X), V ),

where Homπ1(X)(πn(X), V ) denotes the space of π1(X)-equivariant morphisms between the abelian

groups πn(X) and V , and Homcont
π1(X)(πn((X ⊗ C)sch), V ) denotes the space of π1(X)-equivariant

continuous morphisms between the linearly compact vector spaces πn((X ⊗ C)sch) and V .
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Proof. Let τ�n−1 : X → X�n−1 be the Postnikov truncation. Consider the following commutative
diagram.

X
τ�n−1 ��

s

		

X�n−1

s

		
(X ⊗ C)sch

τ�n−1 �� ((X ⊗ C)sch)�n−1

The vertical maps in this diagram induce a morphism between the five-term long exact sequences
coming from the Leray spectral sequence of the truncation maps.

Hn(((X ⊗ C)sch)�n−1, V )

(1)

		

�� Hn((X ⊗ C)sch, V )

∼=
		

�� Homcont
π1(X)(πn((X ⊗ C)sch), V )

s∗
		

��

Hn(X�n−1, V ) �� Hn(X,V ) �� Homπ1(X)(πn(X), V ) ��

�� Hn+1(((X ⊗ C)sch)�n−1, V )

(2)
		

���� Hn+1((X ⊗ C)sch, V )

∼=
		

�� Hn+1(X�n−1, V ) �� Hn+1(X,V )

To show that s∗ is an isomorphism, it suffices to show that (1) and (2) in the diagram are isomor-
phisms. This will follow if we know that the natural map X�n−1 → ((X ⊗ C)sch)�n−1 induces an
isomorphism between the schematic homotopy types (X�n−1 ⊗C)sch and ((X ⊗ C)sch)�n−1. This is
equivalent to showing that the stack (X�n−1⊗C)sch is (n−1)-truncated, which in turn follows from
the hypotheses (a) and (b) in the theorem and [KPT05, Proposition 4.21] applied to the morphism
X�n−1 → X�1. The lemma is proven.

To finish the proof of the theorem, take V = Hn(X,C)/ im(ψ). Now the composition

πn(X) ⊗ C
s ��πn((X ⊗ C)sch) Husch

��Hn(X,C) ��V

is zero by construction, and the lemma implies that the composition

πn((X ⊗ C)sch) Husch
��Hn(X,C) ��V

is zero as well. In particular, im(Husch) ⊂ im(ψ), which completes the proof of Theorem 4.3.1.

Remark 4.3.3. It is not hard to construct interesting examples of varieties X satisfying the hy-
potheses of Theorem 4.3.1. For instance we can start with a variety Z which is a K(π, 1) with good
fundamental group, e.g. Z can be a product of curves or an abelian variety, and take X to be a
smooth hyperplane section of dimension n.

Remark 4.3.4. Note that the lemma implies that πn((X ⊗ C)sch) is the π1(X)-equivariant unipotent
completion of πn(X). In particular, the image of πn(X) in πn((X ⊗ C)sch) is Zariski dense.
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Algèbres de Lie libres. Chapitre III: Groupes de Lie, Actualités Scientifiques et Industrielles,
No. 1349 (Hermann, Paris, 1972).

BG76 A. K. Bousfield and V. K. A. M. Gugenheim, On PL De Rham theory and rational homotopy
type, Mem. Amer. Math. Soc., vol. 179 (American Mathematical Society, Providence, RI, 1976).

BS93 E. H. Brown and R. H. Szczarba, Rational and real homotopy theory with arbitrary fundamental
groups, Duke Math. J. 71 (1993), 299–316.

Bro94 K. Brown, Cohomology of groups (Springer, Berlin, 1994).
Cur63 E. Curtis, Lower central series of semi-simplicial complexes, Topology 2 (1963), 159–171.
Cur65 E. Curtis, Some relations between homotopy and homology, Ann. of Math. (2), 82 (1965),

386–413.
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