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MULTIPLICATIVE INTEGRATION OF INFINITE
PRODUCTS

DAVID LOWELL LOVELADY

Introduction. Let G be a complete normed abelian group with norm Nj.
Let .S be an interval (bounded or otherwise) of real numbers. We propose to
study the Stieltjes integral equation

Moy =p+ | [i dFk[hl],

where pisin G, a isin .S, and each F; is a function on S each value of which is a
function from G to G. Our primary tools of investigation will be the works of
J. S. MacNerney [6; 7] and their extensions by the author [4; 5]. Our main
result, Theorem 4, will show that the equation above can be solved by a
product integral of infinite products of solutions for the summands of the
integrator. After obtaining our results, we shall specialize them to a linear
situation and then show how this specialization allows us to obtain representa-
tions for analytic functions having only invertible values in a complex Banach
algebra with identity.

Stieltjes integral equations. Let 04+, OM+, and E* be as in [6]. Let
H, N;,and N; be as in [5]. Let OA4 be the set to which V belongs only in case V
is a function from .S X S to H, and

i) Vx,y) + V(y,2) = V(x, z) whenever (x,y,2) is in S X S X .S and
l* =yl + |y — 2| = |xr — 2], and

(ii) there is & in 04+ such that No[V (e, b)] £ a(a, b) whenever (g, b) is in
S X S. lf @ and V are related as in (ii), then a will be said to dominate V. Let
OM be the set to which W belongs only in case Wis a function from .S X Sto H,
and

1) Wx,y)W(y, 2) = W(x,2) whenever (x,v,2) is in S X S X S and
|x — v + |y — 2| = |x — 2|, where the multiplication is composition, and

(ii) there is p in OM* such that No[W(ae, d) — I] £ u(e,b) — 1 whenever
(a,d)isin S X S, where I in H is given by I[p] = p. If W and u are related as
in (i), p will be said to dominate W.

Let OAC* (respectively OMC*) be that subset of 04+ (respectively OM™)
consisting of all continuous members of 04+ (respectively OM*). Let OAC
(respectively OMC) be that subset of 04 (respectively OM) consisting of all
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those members of 04 (respectively OM) dominated by members of 04 Ct
(respectively OM Ct). The following theorem is due to MacNerney [7].

THEOREM 1. There is a bijection E from OAC onto OMC such that if V is in
OAC and W is in OMC, then (i), (i), (iii), (iv), and (v) are equivalent.
i) W = E[V].
(i) W(a, b)[p] = JI° [T 4 V1[p] whenever (a,d, p) isin S X S X G.
(iii) Ve, b)[p] = 220 [W — I)[p] whenever (a, b, p) isin S X S X G.
(iv) There is (a, p) in OACT X OMC*, with u = E*[a], such that

N3[W(a” b) e V(ay b)] = I"'(a/r b) -1- 0[(0,, b)
whenever (a,d) is in S X S.
v) If (a,p) isin S X G, and k from S to G is given by h(t) = W(t, a)[p],

then h has bounded Ni-variation on each compact interval of S and s the only such
Sfunction such that

W) = p+ f VI,

whenever t is in S.

Remark. The notions of I and ¥ are to be taken as in [7]. The integral in (v)
is approximated by sums of the form > "._1 V(sax—2, Sox)[A(s2x—1)] where
(sx)*™;—o is a monotone sequence into .S with so = ¢ and s, = ¢. MacNerney
actually showed that E can be defined on all of O4, providing a bijection onto
all of OM, and the theorem remains true if the integral in (v) is replaced by the
Cauchy right integral. For present purposes, the theorem as stated above will
suffice.

The following theorem is an easy consequence of earlier work of the present
author [5, Theorems 5 and 7] (see also [4, Theorem 6]).

THEOREM 2. Let each of Vi and Vs be in OAC, with W1 = E[V1] and W, =
E[Vs). Then JI° WiWa[p] exists whenever (a,b, p) isinS X S X G. Furthermore,
if M is given by M (a, b)[p] = JI® WiW,[p], then M = E[V1 + V).

Our next theorem is a straightforward extension of Theorem 2.

THEOREM 3. Suppose that n is a positive integer, { Vi, Vo, . . ., Vi} s a finite
subset of 0AC, and U in OAC is given by U = 3 "1 V. Let M = E[U], and,
if k is an integer in [1, n], let Wy, = E[Vy]. Then

M)zl = IT [ IT W Jio
whenever (a,b, p) 1sim .S X S X G.

Before proving Theorem 3, we shall need a lemma. The lemma follows from
the second conclusion of [7, Lemma 1.1], and we shall not include a proof.
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LEMMA 1. Let n be a positive integer, and suppose that {41, . . ., A,} is a subset
of H. Suppose that {a1,...,a,} is a set of numbers such that N.[4;] < ax
whenever k is an integer in [1, n]. Then

N3[1£]; [I+Ak]—1—§;1Ak]§g [1+ak]_l—ki_lak-

Proof of Theorem 3. Choose e in OA4 Ct such that if 2 is an integer in [1, #] then
a dominates V;. Let (¢, b, p) bein.S X S X G. Now clearly, JI° [I17_, W,][p],
if it exists, is given by 112 [II7_; [T + Vi]][p]. Let (5:)™:=o be a chain from
a to b. Now

W TT (1T 17+ vatoun s [t = TT 17+ U0 sl

i=1

J o m
= Z Nll:n [H I+ Vi(si, 5{)]]{1}4 I+ U(si—y, s)llp]

m
=1 i=1 Lk=1

~ AT (1T v+ vt son| 1T 17+ 0615021

=1 i=j

< 3% exploate s 0 IT 1+ sy 01 || T, 174 06 sotel

k=1 i=j+1

4 U] T 17+ Ui, sl

i=j+1

< Nilp] explna(a, b)] Z= (1L + alssn s)I* — [L + nals,on, 5)]).

The remainder of the proof is now clear.

LEMMA 2. Let (A) %=1 be a sequence into H, and suppose that b is a number
such that 3 "y—1 No[A;] = b whenever n is a positive integer. Then =, [I + Al
exists in the sense that if p is in G, then lim, II",_, [T+ 4 wl[p] exists, and if B
from G to G is given by B[p] = lim, . I1I"_, (I 4+ A4,1[p], then B is in H.
Furthermore, if n is a positive integer, then

Ns[B - ;iIl I+ Ak]:l <é g No[4544].

Proof. Let p be in G, let m and n be positive integers, and suppose that
m > n. Now

w1 4 gt TT 0+ 4001

k=1

m—1 J+1 J
= Z::" Nx[kljl I + 4.llp] — ;gl I+ A;J[P]]

m—1

< Nilp] g NalA 4l
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The remainder of the proof is now clear.

THEOREM 4. Let (Vi) “r=1be a sequence into OAC, let (ar,) =1 be a sequence into
OACH, suppose that if k is a positive integer then oy, dominates Vi, and suppose that
> ®r=1ax(a, b) is finite whenever (a,b) is in S X S. Let U in OAC be given by
Uz, b)[p] = X1 Vi(a, b)[p), and let M = E[U]. Then

M(d, b)[?] = aHb [kfjl [I + Vk]:l[p]’
whenever (a,b,p) s S X S X G.

Discussion and proof. The notation in the conclusion merits comment. Let Z
be a function from S X S to H given by Z (¢, b) = II®—i [T + Vi(a, b)], where
the infinite product is taken in the sense of Lemma 2. Then the conclusion of
Theorem 4 is that M (a, b)[p] = JI° Z[p], whenever (a, b, p) isinS X S X G.
It follows from [7, Corollary 2.5] and Theorem 3 that M is given by

M0, 0lp) = tim TP 1T 12+ 72 o)

N—c0 k=1

the convergence being uniform on compact subsets of S X S and bounded
subsets of G. Let 8 in OA C* be given by B(a, b) = Y. %—10z(a, d). Let (a, d)
be in S X S, let (¢,)™;—0 be a chain from a to b, and let »# be a positive integer.
Let p be in G. Now

Nl[ﬁ I:ﬁ [I 4+ Vilts-, t,)]][p] - ﬁ [ﬁ [T 4+ Vilts-, t:)]][?]:l

j=1 k=1 j=1 k=1

n

< exp|B(a, b)] ’Z: Ns[g I+ Vit )] — E{l I+ Vilts-a, t/)]]NdP]

m

S expl28(a, )] 3, i NalViltss, £)IN:[p]

< exp[26(a, 0)] kZ ax(a, b)N1[p].
Now let ¢ > 0, and find a positive integer 7, such that if # > #, then

w2160, 0ipl - TP 1T 4 val Jio] < 13

and
Nilp] expl26(a, b)] 2 (@, b) < ¢/3.

Let # be a positive integer, # > 7., and find a chain s from a to b such that if ¢
refines s, then

Nl[a ’ [H I+ Vk]][?] - ﬁ [1‘—:11 [+ Vi, t:)]:l[?]] <e/3.

=1
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Now, if ¢ refines s,

| 1t vy) - 1 [ﬁ 1+ Vel 121

j=1 Li=1

< N;[M(a »)pl — JT° f[ (7 + Vkl[p]]

o], »[

+ 31T []

j=1

111 1+ Va1 1

m

7+ va]iel - 11 |11 1 + vt |11

=1

I+ Vi(tja, tj)]:][P]

3

=1

b

3

=1

<e/34+¢/3+¢/3=c
This completes the proof.

The linear case. If R is that subset of H to which 4 belongs only in case
Alp + q] = A[p] + Alq] whenever (p, q) is in G X G, then N, and N; agree
on R, and R is a complete normed ring with identity. As was observed by
MacNerney in [6], the underlying abelian group can be dispensed with in this
case. With this in mind, we state the following theorem without proof.

THEOREM 5. Let R be a complete normed ring with norm N and identity I.
Let (F,)%,=1 be a sequence, each value of which is a continuous function from
S to R with bounded variation on each compact interval of S. Suppose that
> Pke1 [0 N[AFy]] is finite whenever (a, b) is in S X S, and let Fy be a con-
tinuous function from S to R such that Fo(a) — Fo(b) = X %1 [Fr(a) — Fi(D)]
whenever (a,b) is in S X S. Let a be in S, and let h be that continuous function
from S to R such that

n(t) = I+ f " @F)h,

whenever t 1s in S. Then

s3]

i) = J1° [ I+dFk]

k=1
whenever t is in S.

An application to analytic function theory. Let 4 be a complex Banach
algebra with norm N and identity I. Let U be the open unit disc in the plane,
and let HOL be the set to which f belongs only in case f is an analytic function
from U to A. Let INV be that subset of HOL to which f belongs only in case
f(©0) = I and each value of f has multiplicative inverse in 4. [t has been
shown by Hille [2] (see also [3, Theorem 6.1.3, p. 212]) thatif fisin HOL, then
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there is exactly one member F of HOL such that F(0) = I and F'(z) =
f (2)F(2) whenever z is in U. Furthermore [3, Theorem 6.1.5, p. 213], F is in
INYV. On the other hand, if Fisin INV and fisgiven by f () = F'(3)F(z)™!,
then F(0) = I and F’'(z) = f (2) F(2) whenever zis in U. Thus it is clear that
there is a bijection E from HOL onto INV such that if f is in HOL and Fis in
INV,then E[f] = Fifandonlyif F'(z) = f (2) F(2) whenever zisin U. In our
next theorem, we shall apply Theorem 5 to obtain information about the bijec-
tion E. It should be noted that our theorem can also be thought of as a represen-
tation theorem for members of INV.

THEOREM 6. Let (f, F) be in E. Then each of (i), (ii), and (iii) s true.
() If h is a sequence into HOL such that hy = f and h,1(3) = k' (z)
+ ho(2)ho(2) whenever n is a positive integer and z is in U, then F(z) = I
4+ > %pr (B2 _1(0) whenever z is in U.
(i) F(z) = 110 exp[— (ds)f (s)] whenever z is in U, where the indicated
product integrals are path-independent.
(iii) F(z) = L0 [II*4—0 exp[— (ds)s*a,]] whenever z is in U, where the
wndicated product integrals are path-independent, and where (ay) y—o 1s a sequence
into A such that f (3) = Y Zk=o 2¥ay whenever 2z is in U.

Remark. Considerable work has been done involving product integrals and
matrix-valued analytic functions. See, for example, Gantmacher [1, Chapter 14,
Section 7] and Rasch [8]. Although he did not write his conclusion in terms of
exponentials, Gantmacher essentially proved (ii), in the matrix case, in
(1, pp. 138-140].

Proof of Theorem 6. Since F' = hoF, an easy induction shows that F™ = f, F
whenever # is a positive integer, so F® (0) = ,_1(0) whenever # is a positive
integer, and (i) follows. Let 2z be in U, and let B be a continuous function of
bounded variation from [0, 1] to U such that 3(0) = 0 and 8(1) = z. Now, if
0st=s1,

FE@) = 1= [ £66)FEEM86).
Thus Theorem 1 tells us that
F@) = {1 I — @B)fI1811,

whenever 0 < ¢ < 1. In particular,

F(z) = F(8Q)) = 1" I — @B)fIB]l-

It follows from elementary inequalities (see, for example, [4, Lemma 4]) that

F(z) = ]° exp[— (dB)f[B]].

Since this last equation is true for any continuous function 3, of bounded
variation, from [0, 1] to U, such that 8(0) = 0 and 8(1) = g, it is clear that we
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have a path-independent product integral, and (ii) follows. Now (iii) follows
from Theorem 5 and from the known result that f does have a power series
representation. This completes the proof.
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