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Abstract

In general, multiplication of operators is not essentially commutative in an algebra generated by integral-
type operators and composition operators. In this paper, we characterize the essential commutativity of
the integral operators and composition operators from a mixed-norm space to a Bloch-type space, and give
a complete description of the universal set of integral operators. Corresponding results for boundedness
and compactness are also obtained.
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1. Introduction

Let dA denote Lebesgue measure on D, normalized so that A(D) = 1, where D is the
open unit disk in the complex space C. Let H(D) be the space of all analytic functions
on D, and S (D) the collection of all analytic self mappings of D. For 0 < p, ¢ < co and
—1 <y < oo, the mixed-norm space H,,, = H,,,(D) consists of all f € H(D) such
that

1 1/q
uﬂmmy=(£ M- dr) <o

where
l/p

1 27 o
%@nﬁgi:mmww)

For a > 0, recall that the @-Bloch space B* = B8%(D) is the space of all f e H(D)
such that

bao(f) = SuD]%)(l —12)°If (2)] < oo

The expression b, (f) defines a semi-norm, while the natural norm is given by ||fl|g- =
|£(0)] + bo(f). This norm makes B* into a Banach space (see, for example [14]). For
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a <0, we still use B8 to stand for the space of all f € H(D) such that b,(f) < +oc0. By
the maximum modulus theorem, it is easy to show that 8% = C for @ < 0.

Every ¢ € S(D) induces a composition operator C, defined by C,f = f o ¢ for
f € HD). Readers interested in this operator can refer to the papers [7-9, 12, 13]
and the references therein.

If g € H(D), the integral operators J, and /, are defined by

Jof(2) = fo FOFQOd. and IfG)= fo FQO8 de,

where z € D and f € H(D). These operators are close companions of the multiplication
operator M, f(z) = g(z) f(z). To see this, note that integration by parts gives

M,f = f(0)g(0) + Jof + I f.

The boundedness and compactness of J, and I, have recently been characterized
on certain spaces of analytic functions. For example, the boundedness of J, on Hardy
spaces, Bergman spaces, BMOA space (the space of analytical functions with bounded
mean oscillation), and the M&bius invariant space Q,, are characterized in [1, 2, 6, 10],
respectively.

Next, we write T,, and S,, for the operators C,J, — J,C, and Cyl, — 1,C,,
respectively. These operators are from H(p, g,y) to 8% Generally speaking, it is
clear that C,J, # J,C,, but it is interesting to consider when

VeCo(Hp gy = Hpyy) = Co(B* — BV, mod K, (1.1)

where K denotes the collection of all compact operators from H, ,, to 8%, and V, is
JgorI,. If C, and V, satisfy (1.1), we say they are essentially commutative.

Since the two occurrences of C, in (1.1) act on different spaces, they are in fact
different operators. To describe this type of essential commutation more precisely,
we say that C, can be transferred from H(p, q,v) to 8% by intertwining V,. When
it is convenient to de-emphasize the analytic function spaces, we say that C, is
V,-transferable.

What properties does a nonconstant g have, while (1.1) holds for all ¢ € S(D)?
An interesting problem is to determine a class of universal symbol g of V, which
ensures that all bounded composition operators are V,-transferable. Let X and Y be
Banach spaces of analytic functions on D, and let V, : X — ¥ be a bounded integral-
type operator. The collection of composition operators C, which are bounded both on
X and Y is denoted by A(X, Y).

Derinition 1.1. We denote by €.,(V,) the collection of all g which satisfy the
following two conditions:
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(1) V, is bounded,;
(2) every C, € B(X,Y)is V,-transferable.

We call Q(V,) the universal set of V,.

Here the subscript ‘co’ stands for composition operator, while the reference to V,
indicates that the universal set is a collection of the symbols of V,.

In this paper, we investigate the boundedness and compactness of the operators
CoJy — J,Cyp and Cyl, — I,C, from H(p, q,y) to B%. We also describe the universal
sets Q¢o(Jg) and Q.4 (I,). Even on the unit disk D of C, some properties are not easily
derived, and we need some new methods and calculation techniques.

Throughout this paper, C denotes a positive constant, the exact value of which will
vary from one appearance to the next.

2. Some lemmas

To begin our discussion, we state a couple of lemmas which will be used in the
proofs of the main results.

The following lemma is the crucial criterion for compactness, and is established by
an easy modification of [3, Proof of Proposition 3.11].

LemMA 2.1. Suppose that 0 < p,q < oo, >0 and —1 <y < co. Suppose further that
p€S(D)andg e HD). Then T, 4 (respectively S , ) is a compact operator from H, , ,,
to B ifand only if T, , (respectively S ;) is bounded. Also, for any bounded sequence
{fklken in Hp, g, which converges to zero uniformly on compact subsets of D as k — oo,
we have ||T, 4 fillg: — O (respectively ||S o ¢ fillge — 0) as k — oo.

WesetB=(1/p)+ ((y + 1)/q).

Lemma 2.2 [5, Lemma 1]. Assume that 0 < p,q <oo,—1 <y <ocoand f € H,,,. Then
there exists a positive constant C, independent of f, such that

L Nle

(n) <C P4y .
@IS C
The next lemma holds by direct calculation, and we omit the proof here.

Lemma 2.3. Assume that 0 < p,g<oo,a@>0,-1<y<oo and g € HD). Then J,:
H(p, q,y) = B% is bounded if and only if

sup(1 — |z Plg’ ()] < o0,
zeD

and I, is bounded if and only if

sup(1 — [z21)* P |g(2)| < 0.
zeD
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Lemma 2.4 ([4], or [11, Theorem 1]). Assume that ¢ € S(D). Then for a >0, C, is
bounded on B° if and only if

sup (1= P
zep (1 =le(2)?)?
Lemma 2.5. Suppose that ¢ € S (D) and ¢(0) = 0. Then C,, is bounded on H .

¢ (2)] < oo.

Proor. By the Littlewood subordination theorem [3, Theorem 2.22],

1 21 0 1/p
MCofin = (5 fo (e do)

1 27 ) 1/
<(5 f Fre 1 do) M.
0

2
Thus
1 1/q
ICo i, = f MYC,f (1L =1 dr)
0
1 1/q
< ([ mgcrna=nrar) " =i,
0
This completes the proof. O

3. Essential commutativity of C, and J, from H(p, g, y) to B

In this section, we characterize essential commutativity of the integral operator J,
and composition operators from H), ;, to 8.

THeEOREM 3.1. Assume that 0 < p,q < oo, @ >0 and —1 <7y < co. Assume further that
peSD)and ge HD). Then T,z = CpJ, — J4C, is a bounded operator from H, , ,, to
B if and only if

(1 =1z

————|(gop ()& co. 3.1
sup (1—|<p(z)|2)ﬁ|(g ©)'(2) - g' (@I < 3.1

Proor. Suppose that (3.1) is true. Then for any f € H(p, g, y),
"z
Toaf@ = [ S005/ 00 dw) = 2105 0 000
0

(2)

"z
= fw)g' w) dw — f flew))g'(w) dw.
0 0
It follows from Lemma 2.2 that

ITpg fllge = |Teo f(O) + Sug(l —12")%I(g © ) (2) = &' @I f(¢2))l

(1 - 1z"(g 0 ¢)' (@) — &' @)
C
R (1 - le@PF
< Cliflla,,,

1/ 1la,,,
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where the last inequality follows from (3.1). This means that 7, , = C,J, — J,C, is a
bounded operator from H, ,,, to 8¢

Conversely, suppose that T, : H,,, — B is bounded, so that there exists a
constant C such that |7y, fllg- < Cl|fllg,,, forany f€ H,,,.

pqy
Now, for any fixed w € D, we choose the test function

1 —|w)? )ﬁ
w = —_— 9 € D‘ 3.2
ful@) Quwy z (32)
It is straightforward to show that f,, € H), 4, and sup,,p lIfullz,,, < C.
Therefore
00 > CliTyglli, e > 1 Tpg focnllse
> Su]g(l = AP)%I(g © @)’ () = g D) | fr (D)
e
1
= sup(1 — |2%)I(g © 9)'(D) = &' (D] ———,
2 §EEO S T TRy
from which the desired result (3.1) holds. This completes the proof. O

THEOREM 3.2. Assume that 0 <p,qg<oco,a>0 and —1 <y <co. Assume further
that o€ S(D), g€ HD) and Ty, = Cypdg — J,Cy, - Hp gy — BY. Then C, and J, are
essentially commutative if and only if T, , is bounded and

e J2I*)
k=1 (1 = lp(2)?)°
Proor. Suppose first that C, and J, are essentially commutative. Then T, , = C,J, —

J,C, is compact, hence bounded. Let {z;}rey be a sequence in D such that [p(zx)| — 1
as k — oo. We consider the test functions defined by

(g0 ¢)'(2) —&'(2)| = 0. (3.3)

1—Mmﬁf
(1 = @(zx)2)>

Direct computation shows that fi € H, 5, with sup, [|fill#,,, < C and {f;} converges to
0 uniformly on compact subsets of D as k — oo. Since T, , = C,J, — J,C, is compact,

it follows from Lemma 2.1 that

ﬁ@:( (3.4)

lim (|7, fllg- = 0. (35)
Therefore
Ty fillge > (1 = 26lH)?1(g © @) (z) — &' (@)l |filp(z)]

3.6
= (1 = [z/*)*1(g ° ) (zx) — &' (z)] -0

1
(1 = lp)P¥
Combining (3.5) and (3.6), the condition (3.3) follows.
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Conversely, suppose that T, , is bounded and (3.3) holds. By Theorem 3.1, the
boundedness of T, , implies that

(1-1P)"go )@ -g@I<C (3.7)

for any z € D.
Let {fi}xen be any bounded sequence in H), ,, which converges to zero uniformly
on compact subsets of D as k — oo, with sup, || fill Hypy S M.
It follows from (3.3) that for any & > 0, there exists ¢ > 0, with ¢ < |¢(z)| < 1, such
that (1 -1z
— I ’ ’ &
WK(? °09)(z) - &< e (3.8)
Let E={zeD:|p(z)| <}, and let K ={w = ¢(2) : z € E}, a compact subset of D. By
Theorem 3.1, the boundedness of T, , implies (3.1), and it follows from (3.7) and (3.8)
that

Ty fillge < 1Ty g filO)l + sup(l = [2*)*I(g © ¢)'(2) = &' @) | fil@())]

z€E
I felle
— 171%)@ ow) _ o P4y
+Z$FE(1 1) (g 0 9)'(2) — 8 (z)l—(1 SR 3.9)
STy fi(0) + C sug [frw)| + &.

Note that € is an arbitrary positive number. In view of the assumption that f; — 0 as
k — oo on compact subsets of D, on letting k — oo in (3.9), we have [|T,, fillg- — 0.
It follows from Lemma 2.1 that 7, is compact, and so C, and J, are essentially
commutative. The proof of the theorem is complete. O

THeEOREM 3.3. Assume that 0 < p,g< o0, a>0,-1 <y <co,peS(D) and g HD).
Assume further that Jo:H(p,q,y) — B* is bounded. Then J, is essentially
commutative with any C, € B(H), 4., B) if and only if

lim (1 - 12 Plg’ (2)| = 0, (3.10)
Z|—

that is, Qco(J) = B3 7.

Proor. We first prove necessity. Let ¢(z) = ez for any € [0, 27r]. Then by Lemmas
2.4 and 2.5, it is easy to see that C, is bounded both on H,,, and 8%, so that
C, € #B(H,yy, B*). From the assumptions we know that J, and C, are essentially
commutative, and it follows from Theorem 3.2 that

lim (1 - 21" Ples’ (€"2) - ¢'(2)| = 0. (3.11)
7| —
It is necessary to bound from above the left-hand side of (3.11). We have
(1= 129" Ple?g (€"2) — g’ @I < (1 = 12" Ple”g’ (”2)| + (1 — [21)*P|g' ()|
= (1= 1€’z Plg (€ ) + (1 - 12 PIg' )|
< 2||gllge-s.
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By Lemma 2.2, the boundedness of J, : H(p, g, y) — B¢ implies that ||g|g.— is finite,
and so the left-hand side of (3.11) is bounded independently of 8. We write g(z) =
Ym0 an2", and integrate the left-hand side of (3.11) with respect to 6 from 0 to 2. By
the dominating convergence theorem, we deduce that

2
0= f lim (1 - [z Pleg’ (¢2) - &' (2)| d
0

lz]—1

271 &
= lim f (1= |z * Zna”zn_l(ei"‘)— 1)‘d9
lz—=1 Jo P
0 271 )
> lim (1 = 2)"#| ) na, "' f (" = 1)do| > lim(1 — |z)*P|g'(2)I.
|zl—1 o 0 |z|—1

Hence (3.10) holds, and so g € Bg_ﬁ )
Turning to sufficiency, suppose that (3.10) holds. Corollary 2.40 in [3] states that
lp(2)l < (2] + 1))/ (1 + |z] l¢(0)]), and so we have

1= _ 1+ Hle(0)
[—lp@l = T-lOf

By Lemmas 2.4, 2.5 and (3.12),

(3.12)

(A= z») , ’
Wl)lrg] Wl(g ° ) (2) — &'l
im ﬂlw’(z)l(l — @M Plg ()
T le@=1 (1 = lp)?)*
21 = lzh)”

- 7 (1 - 2Na—B 7
Iso(zl)lnll (1- |<P(Z)|)"‘( 12I7)""1g" ()
<C lim (1= 1p@P)"lg (¢

1+ 1zl le(0)\* e
+27 1 (—) 1 —|z»)*B|o’
o\ 1 = l(0)] (1 -k (2

<€ lim (1= )"l o0)] + € lim(1 ~ 1) lg' )1 = 0.
W|— Z|—
By Theorem 3.2, J, is essentially commutative with any C, € #(H,,,, B), so that

8 € Qco(J,). This completes the proof. O

4. Essential commutativity of I, and C, from H, ,,, to B*

We characterize essential commutativity of the integral operator /, and composition
operators from H,, ;, to 8¢ in this section.
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THEOREM 4.1. Assume that 0 < p,g<oo,a>0 and —1<vy<oco. Assume further
that ¢ € S(D) and g€ HD). Then S, 4= Cyl, — 1gC, is a bounded operator from
H(p, q,7y) to B if and only if
sup (1—1zP)"
0 (1= le@Py!
Proor. First, suppose that S, : H), ,, — B¢ is bounded, so that there exists a constant
C such that [|S ;, fllg- < Cllflln,,, forall f € H,,,. Note that

pP-ay

(1= PS40 /) @1 = (A = 12P)°l¢’ @) I8((2)) — 8@ If ((@))-
Taking f(z) = z, we deduce that

su£(1 —12)%1¢' @)l lg(¢(2)) — g(2)| < oo. 4.2)

" (2)] 18(p(2)) — g(2)] < o0. 4.1)

We now choose the same test function (3.2), and let A € D. Then one can show that

) ~ l v+1 lo(D)]
|f¢(,1)(90(/l))| = 2(}7 + 4 )(1 _ |§0(/1)|2)B+l :

Therefore

0 > C”Stp,g”prq'y—»B" 2 “Snp,gfnp(/l)”B"
1 1 1-— /12 a Pl ’
2 of L4 YUY )
P q (1 = lp(D)P)P+
from which we obtain
(1= 1AP)%¢’ ()
Sup 2\8+1
w12 (1 =le(D?)P

lg(e(D) — g(DI,

lg(e() = g()

“4.3)
(1 = AP ¢’ (D)
< 2 ) — g1 co.
< |¢<§)1\13/2 0 = I (DRFT l8(p() — gD <
It follows from (4.2) that
1— 12 @l (A
sup  LZHEDI ) e
itz (1=l 4.4)

4 B+1 ) ,
< sup (5] (=PI DI ge) - gDl < .
lp(DI<1/2

Combining (4.3) and (4.4), the desired result (4.1) follows.
Conversely, suppose that the condition (4.1) holds. Then for any f€ H,,,, we
deduce from Lemma 2.2 that

IS .o fllgr = 1S 4 FO) + sup(l = 2*)*1¢’ ()l 1g((2)) = &) 1 (9 ()]
zeD
1= 2\a|, A
<Csup -1z |<2p (z?l
wn (1 =lp@)P)P
<Clfl,,
Hence S, = C 1, — I,C, is bounded from H, ;, to 8. This completes the proof. O

lg(¢(2)) = @I Iflla,,
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THEOREM 4.2. Assume that 0 < p,qg< oo, a>0,-1 <y <oo,peS(D) and g€ HD).
Assume further that S ;4 = Coly — I,Cy : Hp, 4, — B%. Then C, and I, are essentially
commutative if and only if S , 4 is bounded and

im (1 —z*
k@i-1 (1 = lp(2)?)PH!
Proor. We first prove sufficiency. For any bounded sequence {filieny in H, g4,

which converges to zero uniformly on compact subsets of D as k — oo, we have
supy |l fills,,., < M. From (4.5), there exists § > 0, § < |¢(z)| < 1, such that for any £ > 0,

¢’ (@)1 1g(¢(2)) — 8(2)] = 0. (4.5)

(1 - 1z2*)"1¢’ (2)| £
—————g(¢(2)) — g2 < —. (4.6)
(1 - [Py € 78S oy
Let E={ze€D:|p(z) <6}, and let K = {w = ¢(z) : z € E}, a compact subset of D. By
the boundedness of S, o, it follows from (4.2) and (4.6) that

IS ¢.gfullze < 1S ¢.g fe(O)] + Sug(l —12)I¢' @)l 18(¢(2)) = g If ()]

(1 —1z2»¢’ ()|
LRI - 4.7
T ZZBFE (1 = @)+ 84p(@) = @ \fell,, @D

<S4 fi(O)+ C sug Iffw)] + &.
we

The assumption that f;, — 0 as k — co on compact subsets of D, along with Cauchy’s
estimate, gives that f; — 0 as k — oo on compact subsets of D. Letting k — oo in (4.7),
and noting that £ is an arbitrary positive number, we have IS, ¢ fillg- — 0. Then it
follows from Lemma 2.1 that C, and I, are essentially commutative.

We now turn to necessity. First, suppose that C, and I, are essentially commutative.
Then S, = Col, — I,C, is compact, hence bounded. Let {z;}eny be a sequence in D
such that |¢(z;)] = 1 as k — oo, and consider the sequence {fi}reny defined by (3.4) as
in the proof of Theorem 3.2. Then one can show that

, I y+1 ozl
== .
Vi@ (p Ty )(1—|¢(zk>|2)ﬁ+‘
Thus

IS g.g fillge > (1 = 1zil®)' =l (20l (e (zr)) = ()l 1 (@ (@)

_ 2(1 s 1)|¢<zk>|(1 — 1)l @l g e — gl (4)
P4 (1 = lp(z P! '

Since Sy, = Cply — I,C, is compact, by Lemma 2.1 we have limy_,« IS¢ fill = 0.

Combining this with (4.8), and noting that the right-hand side of (4.8) tends to zero as
k — oo, the desired result (4.5) follows. The proof is complete. O
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THEOREM 4.3. Assume that 0<p,g<oco,0<a<1,-1<y<oo,9eS[D) and ge
H(D). Assume further that 1, : H(p, q,7y) — 8% is bounded. Then I, is essentially
commutative with any C, € B(H,, 4., B®) if and only if

lim (1 = ) g2 =,
Z|—

that is, Qeo(ly) = B 7.

Proor. The proof is similar to that of Theorem 3.3, and we omit the details. O
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