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Anisotropic Sobolev Capacity with
Fractional Order

Jie Xiao and Deping Ye

Abstract. In this paper, we introduce the anisotropic Sobolev capacity with fractional order and de-
velop some basic properties for this new object. Applications to the theory of anisotropic fractional
Sobolev spaces are provided. In particular, we give geometric characterizations for a nonnegative
Radon measure µ that naturally induces an embedding of the anisotropic fractional Sobolev class
Λ̇1,1
α ,K into the µ-based-Lebesgue-space Ln/β

µ with 0 < β ≤ n. Also, we investigate the anisotropic
fractional α-perimeter. Such a geometric quantity can be used to approximate the anisotropic Sobo-
lev capacity with fractional order. Estimation on the constant in the related Minkowski inequality,
which is asymptotically optimal as α → 0+, will be provided.

1 Anisotropic Fractional Sobolev Capacity

A subset K ⊂ Rn is said to be a convex body if K is a convex compact subset of Rn

with nonempty interior. Related to each convex body K with the origin in its interior,
one can uniquely deûne the support function hK( ⋅ )∶ Sn−1 → R as

hK(u) = max{⟨y, u⟩, y ∈ K}, ∀u ∈ Sn−1 ,

where ⟨ ⋅ , ⋅ ⟩ denotes the usual inner product on Rn and induces the usual Euclidean
norm ∥ ⋅ ∥. _e unit Euclidean ball of Rn is Bn

2 = {x ∈ Rn ∶ ∥x∥ ≤ 1}. For a subset L ⊂
Rn with the origin in L, its polar L∗ is deûned by L∗ = {y ∈ Rn ∶ ⟨x , y⟩ ≤ 1,∀x ∈ L}.
Note that L∗ is always convex nomatter the convexity of L. _e volumeofK is denoted
by V(K), and more generally, V(M) denotes the appropriate dimensional Hausdorò
content of M. For a subset E ⊂ Rn , E denotes the closure of E.

_e Minkowski functional of K is denoted by ∥ ⋅ ∥K and is deûned as

∥x∥K = inf{λ > 0 ∶ x ∈ λK},

where λK = {λy ∶ y ∈ K} for λ ∈ R. In particular, if K = −K, then K is said to
be origin-symmetric. It is easy to check that for any origin-symmetric convex body
K ⊂ Rn , ∥ ⋅ ∥K deûnes a norm on Rn . _e usual Euclidean norm ∥ ⋅ ∥ is related to
K = Bn

2 .
_roughout this paper, α ∈ (0, 1) is a constant and K ⊂ Rn is always assumed to

be an origin-symmetric convex body. A function f is said to be of C∞0 , denoted by
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f ∈ C∞0 , if f is smooth and has compact support inRn . Consider the following norm
for f ∈ C∞0 :

∥ f ∥Λ̇1,1
α ,K

= ∫
Rn ∫Rn

∣ f (x) − f (y)∣
∥x − y∥n+α

K
dx dy.

_e completion of the set of all functions f ∈ C∞0 with the above norm is denoted by
Λ̇1,1
α ,K . Such a function space will be called the anisotropic fractional Sobolev space

with respect to K (or the homogeneous (α, 1, 1,K)-Besov space). _eorems 1 and 2 in
[11] imply that

(1.1)
lim
α→0+

α∥ f ∥Λ̇1,1
α ,K

= 2nV(K)∥ f ∥L1

lim
α→1−

(1 − α)∥ f ∥Λ̇1,1
α ,K

= ∫
Rn

∥∇ f (x)∥Z∗1 K dx ,

where Z∗1 K is the polar body of Z1K (themoment body ofK) and the support function
of Z1K is determined by

hZ1K(x) = ∥x∥Z∗1 K = n + 1
2 ∫

K
∣⟨x , y⟩∣ dy, ∀x ∈ Rn .

_e case K being the unit Euclidean ball Bn
2 has been considered in [3, 4, 11, 14, 15].

For any given compact subset L ofRn , one can deûne cap(L; Λ̇1,1
α ,K), the anisotropic

fractional Sobolev capacity of L with respect to K, by
(1.2) cap(L; Λ̇1,1

α ,K) = inf{∥ f ∥Λ̇1,1
α ,K

∶ f ∈ C∞0 , f ≥ 1L} .

Herea�er, 1E denotes the indicator function of E ⊂ Rn . For any compact L ⊂ Rn ,
formula (1.1) implies, (see also [12]),

(1.3)
lim
α→0+

α cap(L; Λ̇1,1
α ,K) = 2nV(L)V(K),

lim
α→1−

(1 − α) cap(L; Λ̇1,1
α ,K) = cap(L; Ẇ

1,1
K ),

where
cap(L; Ẇ 1,1

K ) = inf{∫
Rn

∥∇ f (x)∥Z∗1 K dx ∶ f ∈ C∞0 , f ≥ 1L} .

For general subset E ⊂ Rn , the anisotropic fractional Sobolev capacity (or the ho-
mogeneous end-point Besov capacity) of Ewith respect toK denoted by cap(E; Λ̇1,1

α ,K),
can be deûned by

(1.4) cap(E; Λ̇1,1
α ,K) = inf

open O⊇E
cap(O; Λ̇1,1

α ,K) = inf
open O⊇E

( sup
compact L⊆O

cap(L; Λ̇1,1
α ,K)) .

Similarly, for general subset E ⊂ Rn ,

cap(E; Ẇ 1,1
K ) = inf

open O⊇E
cap(O; Ẇ 1,1

K ) = inf
open O⊇E

( sup
compact L⊆O

cap(L; Ẇ 1,1
K )) .

See also [1, 2, 16, 18, 22] for special case K = Bn
2 .

As a natural outcome of exploring some essential links between [18,22] and [11,12],
this paper will focus on the above-newly-introduced anisotropic fractional Sobolev
capacity, in particular, its immediate applications to the embedding/trace theory of
the anisotropic Sobolev space with fractional order. Section 2 is dedicated to some
intrinsic properties of the anisotropic Sobolev capacity with fractional order. Section
3 is for the extrinsic nature of the anisotropic Sobolev capacity with fractional order
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via the so-called anisotropic fractional perimeter. Moreover, estimation on the con-
stant in the related Minkowski inequality, which is asymptotically optimal as α → 0+,
will be provided. _e anisotropic fractional Sobolev inequalities and their geometric
counterparts for anisotropic fractional capacity will be discussed in Section 4.

2 Intrinsic Properties

Webegin with exploring some intrinsic properties of the anisotropic Sobolev capacity
with fractional order.

_eorem 2.1 _e set-function E ↦ cap(E; Λ̇1,1
α ,K) is nonnegative and has the following

properties.
(i) Homogeneity: let r > 0 be a real constant. _en

cap(rE; Λ̇1,1
α ,K) = rn−α cap(E; Λ̇1,1

α ,K) and cap(E; Λ̇1,1
α ,rK) = rn+α cap(E; Λ̇1,1

α ,K).

Moreover, for all r, s > 0, cap(sE; Λ̇1,1
α ,rK) = sn−αrn+α cap(E; Λ̇1,1

α ,K).
(ii) Monotonicity: for all subsets E1 ⊆ E2 ⊆ Rn , one has

cap(E1; Λ̇1,1
α ,K) ≤ cap(E2; Λ̇1,1

α ,K).
(iii) Subadditivity: for all compact sets L1 , L2 ⊆ Rn , one has

cap(L1 ∪ L2; Λ̇1,1
α ,K) ≤ cap(L1; Λ̇1,1

α ,K) + cap(L2; Λ̇1,1
α ,K).

(iv) Upper-semi-continuity: for all decreasing sequence {L j}∞j=1 of compact subsets of
Rn with L1 ⊇ L2 ⊇ L3 ⊇ ⋅ ⋅ ⋅, one has

lim
j→∞

cap(L j ; Λ̇1,1
α ,K) = cap(∩

∞
j=1L j ; Λ̇1,1

α ,K).

Proof (i) Let r > 0. First, the desired equality cap(E; Λ̇1,1
α ,rK) = rn+α cap(E; Λ̇1,1

α ,K)
follows immediately from ∥x − y∥rK = r−1∥x − y∥K for all x , y ∈ Rn .

To prove cap(rE; Λ̇1,1
α ,K) = rn−α cap(E; Λ̇1,1

α ,K), it is enough to prove the equality for
compact sets due to equation (1.4). Consider ∥g∥Λ̇1,1

α ,K
with g(x) = f (rx) as follows:

∥g∥Λ̇1,1
α ,K

= ∫
Rn ∫Rn

∣g(x) − g(y)∣
∥x − y∥n+α

K
dx dy

= ∫
Rn ∫Rn

∣ f (rx) − f (r y)∣
∥rx − r y∥n+α

K
rα−n d(rx) d(r y)

= ∫
Rn ∫Rn

∣ f (x) − f (y)∣
∥x − y∥n+α

K
rα−n dx dy

= rα−n∥ f ∥Λ̇1,1
α ,K

.

Hence, for every compact set L ⊂ Rn , one has

cap(rL, Λ̇1,1
α ,K) = inf{∥ f ∥Λ̇1,1

α ,K
∶ f ∈ C∞0 , f ≥ 1rL}

= inf{ rn−α ∥g∥Λ̇1,1
α ,K

∶ f ∈ C∞0 , g ≥ 1L}

= rn−α cap(L, Λ̇1,1
α ,K).
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Finally, for all r, s > 0, one has

cap(sE; Λ̇1,1
α ,rK) = sn−α cap(E; Λ̇1,1

α ,rK) = sn−αrn+α cap(E; Λ̇1,1
α ,K).

(ii) It is enough to prove the monotonicity for compact sets, again due to equation
(1.4). For two compact sets L1 and L2 with L1 ⊂ L2, it is easily checked that

{ f ∈ C∞0 ∶ f ≥ 1L1} ⊃ { f ∈ C∞0 ∶ f ≥ 1L2}.
Hence,

cap(L1 , Λ̇1,1
α ,K) = inf{∥ f ∥Λ̇1,1

α ,K
∶ f ∈ C∞0 , f ≥ 1L1}

≤ inf{∥ f ∥Λ̇1,1
α ,K

∶ f ∈ C∞0 , f ≥ 1L2}

= cap(L2 , Λ̇1,1
α ,K).

(iii) Without loss of generality, we may assume cap(L j ; Λ̇1,1
α ,K) < ∞ with j = 1, 2, as

otherwise the consequence holds true trivially. For any є > 0, there are f1 , f2 ∈ C∞0
such that

f j ≥ 1L j , ∥ f j∥Λ̇1,1
α ,K

< cap(L j ; Λ̇1,1
α ,K) + є, ∀ j = 1, 2.

Let f = max{ f1 , f2} ∈ C∞0 and clearly the function f satisûes

f ≥ 1L1∪L2 , ∣ f (x) − f (y)∣ ≤ ∣ f1(x) − f1(y)∣ + ∣ f2(x) − f2(y)∣, ∀x , y ∈ Rn .

_is further implies

cap(L1 ∪ L2; Λ̇1,1
α ,K) ≤ ∥ f ∥Λ̇1,1

α ,K

≤ ∥ f1∥Λ̇1,1
α ,K
+ ∥ f2∥Λ̇1,1

α ,K

≤ cap(L1; Λ̇1,1
α ,K) + cap(L2; Λ̇1,1

α ,K) + 2є.

_e desired consequence follows by letting є → 0.
(iv) Suppose that {L j}∞j=1 is a decreasing sequence of compact subsets ofRn . _en

L = ⋂∞j=1 L j is compact. For any є ∈ (0, 1), there is a function f ∈ C∞0 such that

f ≥ 1L , ∥ f ∥Λ̇1,1
α ,K

< cap(L; Λ̇1,1
α ,K) + є.

Let L f ,є =∶ {x ∈ Rn ∶ f (x) ≥ 1 − є} which is compact. Due to L j decreasing to L, one
can ûnd an integer j > 0 large enough such that L j ⊂ L f ,є . By (ii) and formula (1.2),
one has,

lim
j→∞

cap(L j ; Λ̇1,1
α ,K) ≤ cap(L f ,є ; Λ̇

1,1
α ,K)

≤ (1 − є)−1∥ f ∥Λ̇1,1
α ,K

≤
cap(L; Λ̇1,1

α ,K) + є
1 − є

.

Letting є → 0 and again by (ii), we get

cap(L; Λ̇1,1
α ,K) ≤ lim

j→∞
cap(L j ; Λ̇1,1

α ,K) ≤ cap(L; Λ̇
1,1
α ,K),

and hence equality holds.
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Remark 2.2 Along similar lines, one can prove analogous intrinsic results for the
anisotropic Sobolev capacity cap( ⋅ ; Ẇ 1,1

K ), with Λ̇1,1
α ,K and n ± α in _eorem 2.1 re-

placed by Ẇ 1,1
K and n ± 1, respectively.

3 Extrinsic Properties

In this section, we will reveal an extrinsic nature of the anisotropic Sobolev capacity
with fractional order via the so-called anisotropic fractional perimeter.
For a set E ⊆ Rn , let Ec = Rn ∖ E be the complement of E ⊂ Rn . Deûne Pα(E ,K),

the anisotropic fractional α-perimeter of E with respect to K [12], as

Pα(E ,K) = ∫
E
∫
E c

1
∥x − y∥n+α

K
dxdy =

∥1E∥Λ̇1,1
α ,K

2
.

_eorems 4 and 6 in [12] assert that if E ⊂ Rn is a boundedBorel set of ûnite perimeter,
then

(3.1) lim
α→0+

αPα(E ,K) = nV(E)V(K), lim
α→1−

(1 − α)Pα(E ,K) = P(E , Z1K).

Here and henceforth, P(E , F) stands for the anisotropic perimeter of a Borel set E ⊂
Rn with respect to an origin-symmetric convex body F, which has the following form:

P(E , F) = ∫
∂∗E

∥νE(x)∥F∗ dHn−1(x),

with Hn−1 the (n − 1) dimensional Hausdorò measure, νE(x) the measure theoretic
outer unit normal of E at point x in ∂∗E, the reduced boundary of E. In particular,
P(E) = P(E , Bn

2 ) is called the perimeter of E. When ∂E, the boundary of E, is smooth,
P(E) is equal to the usual surface area of ∂E. On the other hand, P(E , F) equals
the classical mixed volume of E and F, if E is also a convex body. _e special case
Pα(E) = Pα(E , Bn

2 ), named as the fractional α-perimeter of E (cf. [8]), is a classical
object and receives a lot of attention. In particular, by formula (3.1), one has,

lim
α→0+

αPα(E) = nV(Bn
2 )V(E), lim

α→1−
(1 − α)Pα(E) = 2−1τnP(E),

where τn = ∫Sn−1 ∣ cos(θ)∣ dσ with θ being the angle deviation from the vertical di-
rection and dσ being the standard area measure on the unit sphere Sn−1 of Rn ; see
[14, 15].

We can claim that Pα(E ,K) is translation invariant: for all x0 ∈ Rn , one has

(3.2) Pα(x0 + E ,K) = Pα(E ,K),
where x0 + E = {x0 + y ∶ y ∈ E}. In fact, (x0 + E)c = x0 + Ec and

Pα(x0 + E ,K) = ∫
x0+E

(∫
x0+E c

1
∥x − y∥n+α

K
dx)dy

= ∫
x0+E

(∫
E c

1
∥z + x0 − y∥n+α

K
dz)dy = ∫

x0+E
(∫

E c
1

∥z − (y − x0)∥n+α
K

dz)dy

= ∫
E
(∫

E c
1

∥z −w∥n+α
K

dz)dw = Pα(E ,K),

where we have let x = z + x0 and y = w + x0.
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_e following cyclic inequality for the anisotropic fractional perimeters holds.

Proposition 3.1 Let 0 < α < β < γ < 1. For all E ⊂ Rn , one has

[Pβ(E ,K)] γ−α ≤ [Pα(E ,K)] γ−β [Pγ(E ,K)] β−α .

Proof Let 0 < α < β < γ < 1 which implies 0 < β−α
γ−α < 1. By Hölder’s inequality, one

has

Pβ(E ,K) = ∫
E
∫
E c

1
∥x − y∥n+β

K

dxdy

= ∫
E
∫
E c
( 1
∥x − y∥n+α

K
)

γ−β
γ−α ( 1

∥x − y∥n+γ
K

)
β−α
γ−α dx dy

≤ (∫
E
∫
E c

1
∥x − y∥n+α

K
dx dy)

γ−β
γ−α (∫

E
∫
E c

1
∥x − y∥n+γ

K
dx dy)

β−α
γ−α

= (Pα(E ,K))
γ−β
γ−α (Pγ(E ,K))

β−α
γ−α .

_e desired inequality follows by taking power γ − α from both sides.

For a bounded open set E ⊂ Rn with V(∂E) = V(E ∖ E) = 0, one has
(3.3) Pα(E ,K) = Pα(E ,K).
In fact, for every (ûxed) y ∈ E ∪ Ec , there is r > 0, such that ∥y − x∥K > r for all
x ∈ E ∖ E as E ∪ Ec is open. Hence, for all y ∈ E ∪ Ec ,

0 ≤ ∫
E∖E

1
∥x − y∥n+α

K
dx ≤ ∫

E∖E
1

rn+α
dx = V(E ∖ E)

rn+α
= 0.

_is further implies that

∫
E c
(∫

E∖E
1

∥x − y∥n+α
K

dx)dy = ∫
E
(∫

E∖E
1

∥x − y∥n+α
K

dx)dy = 0,

and thus, the desired formula (3.3) holds:

Pα(E ,K) − Pα(E ,K) = ∫
E
∫
E c

1
∥x − y∥n+α

K
dxdy − ∫

E
∫
E c

1
∥x − y∥n+α

K
dxdy

= ∫
E c
(∫

E∖E
1

∥x − y∥n+α
K

dx)dy − ∫
E
(∫

E∖E
1

∥x − y∥n+α
K

dx)dy = 0.

Similar to the proof of _eorem 2.1, Pα(E ,K) has the following homogeneity: for
all r, s > 0,
(3.4) Pα(sE , rK) = sn−αrn+αPα(E ,K).
It is known that Pα(E ,K) ≥ γα(K)V(E) n−α

n holds true for every bound Borel set
E ⊂ Rn with γα(K) > 0 a constant deûned by cf. [12]

(3.5) γα(K) = inf{Pα(E ,K)V(E)− n−α
n ∶ E ⊂ Ω,V(E) > 0},

where Ω is a given and ûxed open bounded subset of Rn . As claimed in [12], the
constant γα(K) deûned in formula (3.5) only depends on K and is independent of
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the choice of Ω. Heuristically, formula (3.4) indicates that γα(K)V(K)− n+α
n may be

even independent of K.
Following the idea of verifying [5, Lemma 6.1], we establish the following aniso-

tropic isoperimetric inequality for Pα(E ,K), which provides an estimate for the con-
stant γα(K).

_eorem 3.2 Let E be a boundedBorel subset ofRn . _e following anisotropic isoperi-
metric inequality with fractional order α ∈ (0, 1) holds:

(3.6) αPα(E ,K) ≥ nV(K) n+α
n V(E) n−α

n .

Moreover, this inequality is asymptotically optimal in the sense of

lim
α→0+

αPα(E ,K) = lim
α→0+

nV(K) n+α
n V(E) n−α

n = nV(K)V(E).

Proof Let E be a bounded Borel subset of Rn . _e desired inequality holds trivially
if V(E) = 0. Now let us consider 0 < V(E) < ∞, and let r = ( V(E)

V(K))
1/n > 0. For any

ûxed x ∈ E, let Br(x) = {z ∈ Rn ∶ ∥z − x∥K ≤ r}. In fact, the volume of K is equal to
V({z ∶ ∥z∥K ≤ 1}) and hence the volume of Br(x) equals V(E). _is further implies

V(Ec ∩ Br(x)) = V(Br(x) ∖ E) = V(Br(x)) − V(E ∩ Br(x))
= V(E) − V(E ∩ Br(x))
= V(E ∖ Br(x)) = V(Br(x)c ∩ E).

Note that ∥y − x∥K ≤ r for y ∈ Ec ∩ Br(x) and ∥y − x∥K > r for y ∈ Br(x)c ∩ E. _us,

∫
E c∩Br(x)

dy
∥x − y∥n+α

K
≥ ∫

E c∩Br(x)
dy
rn+α

= V(Ec ∩ Br(x))
rn+α

= V(Br(x)c ∩ E)
rn+α

= ∫
Br(x)c∩E

dy
rn+α

≥ ∫
Br(x)c∩E

dy
∥x − y∥n+α

K
.

_is in turn implies

∫
E c

dy
∥x − y∥n+α

K
= ∫

E c∩Br(x)
dy

∥x − y∥n+α
K

+ ∫
E c∩Br(x)c

dy
∥x − y∥n+α

K

≥ ∫
Br(x)c∩E

dy
∥x − y∥n+α

K
+ ∫

E c∩Br(x)c
dy

∥x − y∥n+α
K

= ∫
Br(x)c

dy
∥x − y∥n+α

K
,
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where the last integral can be calculated by Fubini’s theorem as follows:

∫
Br(x)c

dy
∥x − y∥n+α

K
= ∫{y∶∥y−x∥K>r}

dy
∥x − y∥n+α

K

= ∫{y∶∥y−x∥K>r}
(∫

∞

∥y−x∥K
(n + α)t−n−α−1 dt) dy

= ∫
∞

r
(n + α)t−n−α−1(∫{y∶r<∥y−x∥K≤t}

dy) dt

= V(K)∫
∞

r
(n + α)t−n−α−1(tn − rn) dt

= n
α
⋅ r−αV(K) = n

α
⋅ V(K)1+α/n

V(E)α/n .

Hence, one gets

Pα(E ,K) = ∫
E
(∫

E c
dy

∥x − y∥n+α
K

) dx ≥ ∫
E
(∫

Br(x)c
dy

∥x − y∥n+α
K

) dx

≥ n
α
⋅ V(K) n+α

n V(E) n−α
n .

_e asymptotic optimality is a direct consequence of formula (3.1), i.e.,

nV(E)V(K) = lim
α→0+

αPα(E ,K) ≥ lim
α→0+

nV(K) n+α
n V(E) n+α

n = nV(E)V(K).

_e deûnition for γα(K) and_eorem 3.2 imply that

V(K) n+α
n ≤ inf{Pα(E ,K)V(E)− n−α

n ∶ E ⊂ Ω,V(E) > 0} = γα(K).

_at is, we have a lower bound for γα(K), γα(K) ≥ n
αV(K) n+α

n . However, n
αV(K) n+α

n

cannot be the optimal lower bound for γα(K) because the inequality (3.6) is not sharp
in general even for convex bodies E. More precisely, it has been proved in [9] that if
E is a convex body, the function ∫E c ∥x − y∥−(α+n)

K dx is continuous on the interior
of E, and approaches to ∞ when y is approaching to the boundary of E. Hence,
for α ∈ (0, 1),

Pα(E ,K) = ∫
E
(∫

E c
dx

∥x − y∥n+α
K

) dy > ∫
E
( inf
y∈Rn ∫E c

dx
∥x − y∥n+α

K
) dy

≥ n
α
V(E) ⋅ V(E) −αn V(K) α+n

n = n
α
V(E) n−α

n V(K) α+n
n ,

where the second inequality follows from [9, _eorem 7].

Remark 3.3 We now provide an example to support the argument above. Note
that [9, _eorem 7] and its immediate remark imply that equality holds in inequality
(3.6) only if convex bodies E are homothetic to K. So without loss of generality (due
to the translation invariance, see formula (3.2)), one can calculate that with n = 1,
K = [−1, 1], and α ∈ (0, 1),

Pα([−1, 1], [−1, 1]) =
22−α

α(1 − α) > 4
α
= 1
α
V([−1, 1])1−αV([−1, 1])1+α .
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Consequently, an interesting and important future project is to ûnd the sharp con-
stant C (depending on α) such that

Pα(E ,K)
V(E) n−α

n V(K) α+n
n

≥ C > n
α
,

holds for all (even convex) E, with equality for certain E (depending on K, such as E
is homothetic to K or even E = K).

It is well known that the anisotropic isoperimetric inequality, cf. [7, (1.4)],

(3.7) P(E ,K) ≥ nV(K) 1
n V(E) n−1

n

can be obtained by the classical Brunn–Minkowski inequality [6]. However, such an
inequality cannot be obtained from _eorem 3.2 by letting α → 1−, if one notices
the second limit of (3.1). On the other hand, inequalities in _eorem 3.2 and the
anisotropic isoperimetric inequality have two common features: the dimension n ap-
pears in front of the products of the powered volumes, and the sums of the powers of
V(K) and V(E) are constants:

n + α
n

+ n − α
n

= 2, 1
n
+ n − 1

n
= 1.

As in [7], it may be interesting to study the deûcit
αPα(E ,K)

nV(K) n+α
n V(E) n−α

n
− 1.

See [8] for a PDE-based treatment of such a question with K = Bn
2 . We leave this for

future investigation.

_e relation between the anisotropic fractional Sobolev capacity and the aniso-
tropic fractional perimeter is stated in the following theorem, which is an extension
of [22, _eorem 2] for K = Bn

2 . Together with formula (3.2), one can easily see that
cap(L; Λ̇1,1

α ,K) is also translation invariant, that is, for all x0 ∈ Rn

cap(x0 + L; Λ̇1,1
α ,K) = cap(L; Λ̇

1,1
α ,K).

_eorem 3.4 Let L be a compact subset of Rn . _en
cap(L; Λ̇1,1

α ,K) = 2 inf
O∈O∞(L)

Pα(O ,K),

where O∞(L) denotes the class of all open sets with C∞ boundary that contain L.

Proof Let L ⊂ Rn be compact. For f ∈ C∞0 with f ≥ 1L , one has
L ⊂ {x ∈ Rn ∶ f (x) > t}, ∀t ∈ (0, 1).

_e generalized co-area formula in [17] (see also [12]) implies

(3.8) ∥ f ∥Λ̇1,1
α ,K

= 2∫
∞

0
Pα({x ∈ Rn ∶ f (x) > t},K) dt

≥ 2∫
1

0
Pα({x ∈ Rn ∶ f (x) > t},K) dt

≥ 2 inf
O∈O∞(L)

Pα(O ,K),
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where the last inequality follows from {x ∈ Rn ∶ f (x) > t} ∈ O∞(L). Hence, formula
(1.2) implies cap(L; Λ̇1,1

α ,K) ≥ 2 infO∈O∞(L) Pα(O ,K). On the other hand, similar to
the proof of [10,_eorem 3.1] (or the proof of_eorem 4.3 (ii) in this paper), one can
prove that

cap(L; Λ̇1,1
α ,K) ≤ cap(O; Λ̇1,1

α ,K) ≤ 2Pα(O ,K), ∀O ∈ O∞(L),

where the ûrst inequality is by _eorem 2.1 (ii). _is further implies that

cap(L; Λ̇1,1
α ,K) ≤ 2 inf

O∈O∞(L)
Pα(O ,K),

and the desired formula for cap(L; Λ̇1,1
α ,K) follows.

Remark 3.5 Combining formula (1.1) and the ûrst limit of [12, p.90, line 5], we can
prove the following co-area formula

∫
Rn

∥∇ f (x)∥Z∗1 K dx = 2∫
∞

0
P({x ∈ Rn ∶ f (x) > t}, Z1K) dt.

Moreover, _eorem 3.4 together with formulas (1.1), (1.3), and (3.1) imply that

(3.9) cap(L; Ẇ 1,1
K ) = 2 inf

O∈O∞(L)
P(O , Z1K),

which extends [13, Lemma 2.2.5] for K = Bn
2 to the anisotropic case.

We now establish the anisotropic isocapacitary inequality with fractional order α ∈
(0, 1).

Corollary 3.6 Let L be a compact subset ofRn . _en the following anisotropic isoca-
pacitary inequality with fractional order α ∈ (0, 1) holds:

α cap(L; Λ̇1,1
α ,K) ≥ 2nV(K) n+α

n V(L) n−α
n .

Moreover, this inequality is asymptotically optimal in the sense of

lim
α→0+

α cap(L; Λ̇1,1
α ,K) = lim

α→0+
2nV(K) n+α

n V(L) n−α
n = 2nV(K)V(L).

Proof Combining _eorems 3.2 and 3.4, one has

cap(L; Λ̇1,1
α ,K) = 2 inf

O∈O∞(L)
Pα(O ,K) ≥ inf

O∈O∞(L)
(2γα(K)V(O) n−α

n )

≥ 2γα(K)V(L) n−α
n ≥ 2n

α
⋅ V(K) n+α

n V(L) n−α
n .

Together with formula (1.3), one has

2nV(L)V(K) = lim
α→0+

α cap(L; Λ̇1,1
α ,K)

≥ lim
α→0+

2nV(K) n+α
n V(L) n−α

n = 2nV(L)V(K).

Remark 3.7 Similarly, inequality (3.7) and formula (3.9) imply the following aniso-
tropic isocapacitary inequality: cap(L; Ẇ 1,1

K ) ≥ 2nV(Z1K) 1
n V(L) n−1

n .

https://doi.org/10.4153/CJM-2015-060-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-2015-060-3


Anisotropic Sobolev Capacity with Fractional Order 883

4 Anisotropic Fractional Sobolev Embeddings

_is section is dedicated to establishing the anisotropic fractional Sobolev inequali-
ties (generated by the Radon-measure-based-Lebesgue-space Ln/β

µ on Rn) and their
geometric counterparts for anisotropic fractional capacity.
First, we have the anisotropic extension of [22, _eorem 3 (i)].

_eorem 4.1 Let µ be a nonnegative Radon measure on Rn and 0 < β < ∞ be a
constant. _e following two inequalities are equivalent.
(i) _e analytic inequality: there is a constant κn ,α ,β > 0 such that
(4.1)

∥ f ∥
L

n
β
µ
≤ κn ,α ,β(∫

∞

0
(cap ({x ∈ Rn ∶ ∣ f (x)∣ ≥ t}; Λ̇1,1

α ,K))
n
β dt

n
β )

β
n , ∀ f ∈ C∞0 .

(ii) _e geometric inequality: there is a constant κn ,α ,β > 0 such that

(4.2) ( µ(O))
β
n ≤ κn ,α ,β cap(O; Λ̇1,1

α ,K),

for all bounded domain O ⊂ Rn with C∞ boundary ∂O .

Proof By Fubini’s theorem, one has, for all f ∈ C∞0 ,

(4.3)

∥ f ∥
L

n
β
µ
= (∫

Rn
∣ f (x)∣

n
β dµ(x))

β
n

= (∫
Rn

[∫
∣ f (x)∣

0
nβ−1 t

n
β −1 dt] dµ(x))

β
n

= (∫
∞

0
[∫

O t( f )
nβ−1 t

n
β −1 dµ(x)] dt)

β
n

= (∫
∞

0
µ(Ot( f )) dt

n
β )

β
n ,

where, for all t > 0, Ot( f ) and dt
n
β are deûned as

Ot( f ) = {x ∈ Rn ∶ ∣ f (x)∣ > t}, dt
n
β = nβ−1 t

n
β −1 dt.

(ii)⇒ (i) Suppose that inequality (4.2) holds. Note that for f ∈ C∞0 , the set Ot( f )
is a bounded open domain with C∞ boundary. Together with inequality (4.2) and
formula (4.3), one gets the desired inequality (4.1) as follows:

∥ f ∥
L

n
β
µ
= (∫

∞

0
µ(Ot( f )) dt

n
β )

β
n

≤ (∫
∞

0
µ(Ot( f )) dt

n
β )

β
n

≤ κn ,α ,β(∫
∞

0
(cap(Ot( f ); Λ̇1,1

α ,K))
n
β dt

n
β )

β
n .
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(i)⇒ (ii) Suppose that inequality (4.1) holds. For any bounded domain O ⊂ Rn

with C∞ boundary ∂O and 0 < є < 1, let

fє(x) =
⎧⎪⎪⎨⎪⎪⎩

1 − є−1 dist(x ,O) if dist(x ,O) < є,
0 if dist(x ,O) ≥ є,

where dist(x , E) denotes the Euclidean distance of a point x to a set E. One can check
that fє ∈ C∞0 and hence inequality (4.1) holds for fє . Moreover,

(4.4) ( µ(O))
β
n = lim

є→0+
∥ fє∥

L
n
β
µ
.

Let Oє = {x ∈ Rn ∶ dist(x ,O) < є}. Inequality (4.1) implies that for all 0 < є < 1,

∥ fє∥
L

n
β
µ
≤ κn ,α ,β(∫

∞

0
(cap(Ot( fє); Λ̇1,1

α ,K))
n
β dt

n
β )

β
n

= κn ,α ,β(∫
1

0
(cap(Ot( fє); Λ̇1,1

α ,K))
n
β dt

n
β )

β
n

≤ κn ,α ,β cap(Oє ; Λ̇1,1
α ,K),

where the last inequality is due to _eorem 2.1 (ii) and Ot( fє) ⊂ Oє . Taking є → 0+,
one gets inequality (4.2) by _eorem 2.1 (iv) and formula (4.4).

As a matter of fact, both inequalities (4.1) and (4.2) hold true for µ being the
Lebesguemeasure onRn with β = n−α and κn ,α ,n−α = (2γα(K))−1 . Moreover, if the
nonnegative Radon measure µ is absolutely continuous with respect to the Lebesgue
measure on Rn and f (x) = dµ

dx is bounded on Rn , then inequalities (4.1) and (4.2)
hold true for β = n − α and some constant κn ,α ,n−α . To this end, it can be seen from
the proof of Corollary 3.6 that for all bounded domain O ⊂ Rn with C∞ boundary
∂O,

(V(O))
n−α
n = (V(O))

n−α
n ≤ (2γα(K))−1 cap(O; Λ̇1,1

α ,K).
_at is, inequality (4.2) holds true with β = n−α and constant κn ,α ,n−α = (2γα(K))−1 ,
and so does inequality (4.1) by_eorem 4.1. Moreover, let µ be such that f (x) = dµ

dx is
bounded on Rn , say by M < ∞. For all bounded domain O ⊂ Rn with C∞ boundary
∂O, one has µ(O) ≤ MV(O). Hence,

( µ(O))
n−α
n ≤ M

n−α
n (V(O))

n−α
n ≤ M

n−α
n (2γα(K))−1 cap(O; Λ̇1,1

α ,K).
_at is, inequality (4.2) holds true for µ with β = n − α and constant κn ,α ,n−α =
M n−α

n (2γα(K))−1 , and so does inequality (4.1) by _eorem 4.1.

Remark 4.2 Similar to _eorem 4.1 and comments a�er, one can get analogous
results for the anisotropic fractional Sobolev capacity cap( ⋅ , Ẇ 1,1

K ). More precisely,
with µ and β as in _eorem 4.1 and κn ,β a constant, the following two inequalities are
equivalent.
(i) For all f ∈ C∞0 ,

∥ f ∥
L

n
β
µ
≤ κn ,β(∫

∞

0
(cap({x ∈ Rn ∶ ∣ f (x)∣ ≥ t}; Ẇ 1,1

K ))
n
β dt

n
β )

β
n .
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(ii) For all bounded domain O ⊂ Rn with C∞ boundary ∂O,

( µ(O))
β
n ≤ κn ,β cap(O; Ẇ 1,1

K ).

Moreover, the above inequalities hold for µ being the Lebesgue measure on Rn

with β = n − 1 and constant κn ,n−1 = (2nV(Z1K) 1
n )−1.

Second, we have the anisotropic version of [22, _eorem 3 (ii)].

_eorem 4.3 Let 0 < β < ∞. _e following inequalities hold and are equivalent.
(i) _e analytic inequality

(4.5) (∫
∞

0
(cap({x ∈ Rn ∶ ∣ f (x)∣ ≥ t}; Λ̇1,1

α ,K))
n
β dt

n
β )

β
n ≤ ∥ f ∥Λ̇1,1

α ,K
, ∀ f ∈ C∞0 ;

(ii) _e geometric inequality

(4.6) cap(O; Λ̇1,1
α ,K) ≤ 2Pα(O ,K),

for all bounded domain O ⊂ Rn with C∞ boundary ∂O.

Proof We ûrst prove that inequality (4.6) holds and is equivalent to inequality (4.5).
Hence inequality (4.5) holds automatically.

_e proof of inequality (4.6) is similar to that of [10, _eorem 3.1]. For complete-
ness, we include a brief proof here. Let O ⊂ Rn be a bounded domain with C∞
boundary ∂O. Recall that ∥ ⋅ ∥ is equivalent to ∥ ⋅ ∥K for any given origin-symmetric
convex body K. By [10, Lemma 3.2], for all є > 0, one can ûnd a function g ∈ C∞0 such
that 0 ≤ g ≤ 1, g(x) = 1 for x ∈ O (which implies g ≥ 1O) and

∫
O c ∫O c

∣g(x) − g(y)∣
∥x − y∥n+α

K
dx dy < є.

Hence, formulas (1.2) and (3.3), together with g ∈ C∞0 and g ≥ 1O , imply

cap(O; Λ̇1,1
α ,K) ≤ ∫Rn ∫Rn

∣g(x) − g(y)∣
∥x − y∥n+α

K
dxdy

≤ 2∫
O
∫

O c

∣g(x) − g(y)∣
∥x − y∥n+α

K
dxdy + ∫

O c ∫O c

∣g(x) − g(y)∣
∥x − y∥n+α

K
dxdy

< 2Pα(O ,K) + є = 2Pα(O ,K) + є.

_e desired inequality (4.6) follows by taking є → 0+.
Now we prove the equivalence between inequalities (4.5) and (4.6). First, we as-

sume that inequality (4.5) holds true. Let є ∈ (0, 1) and O ⊂ Rn be a bounded domain
with C∞ boundary ∂O. Let Oє and fє be as in the proof of _eorem 4.1. Also note
that fє(x) = 1 for all x ∈ O, and hence O ⊂ Ot( fє) for all є ∈ (0, 1) and t ∈ (0, 1). By
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of _eorem 2.1 (ii) and inequality (4.5), one has

cap(O; Λ̇1,1
α ,K) ≤ (∫

1

0
(cap(Ot( fє); Λ̇1,1

α ,K))
n
β dt

n
β )

β
n

≤ (∫
∞

0
(cap(Ot( fє); Λ̇1,1

α ,K))
n
β dt

n
β )

β
n

≤ ∥ fє∥Λ̇1,1
α ,K

.

As fє(x) → 1O , the dominated convergent theorem implies the desired inequality
(4.6):

cap(O; Λ̇1,1
α ,K) ≤ lim

є→0+
∥ fє∥Λ̇1,1

α ,K
= ∥1O∥Λ̇1,1

α ,K
= 2Pα(O ,K).

Second, we assume that inequality (4.6) holds. Note that Ot( f ) ⊂ Os( f ) holds for
any function f ∈ C∞0 and 0 < s < t. _eorem 2.1 (ii) implies that cap(Ot( f ); Λ̇1,1

α ,K) is
decreasing on t ∈ [0,∞). Hence,

t
n
β −1(cap(Ot( f ); Λ̇1,1

α ,K))
n
β = ( t cap(Ot( f ); Λ̇1,1

α ,K))
n
β −1 cap(Ot( f ); Λ̇1,1

α ,K)

≤ (∫
t

0
cap(Os( f ); Λ̇1,1

α ,K) ds)
n
β −1

cap(Ot( f ); Λ̇1,1
α ,K)

= β
n
⋅ d
dt

(∫
t

0
cap(Os( f ); Λ̇1,1

α ,K) ds)
n
β .

Integrating the above inequality over t ∈ (0,∞), one has

∫
∞

0
(cap(Ot( f ); Λ̇1,1

α ,K))
n
β dt

n
β = n

β
⋅ ∫

∞

0
t

n
β −1( cap(Ot( f ); Λ̇1,1

α ,K))
n
β dt

≤ ∫
∞

0

d
dt

(∫
t

0
cap(Os( f ); Λ̇1,1

α ,K) ds)
n
β dt

= (∫
∞

0
cap(Os( f ); Λ̇1,1

α ,K) ds)
n
β .

Hence, inequality (4.6) and the co-area formula (3.8) imply the desired inequality
(4.5):

(∫
∞

0
(cap(Ot( f ); Λ̇1,1

α ,K))
n
β dt

n
β )

β
n ≤ ∫

∞

0
cap(Ot( f ); Λ̇1,1

α ,K) dt

≤ 2∫
∞

0
Pα(Ot( f ),K) dt = 2∫

∞

0
Pα(Ot( f ),K) dt = ∥ f ∥Λ̇1,1

α ,K
.

Remark 4.4 A similar result for anisotropic Sobolev capacity cap( ⋅ , Ẇ 1,1
K ) also

holds and is an extension of [19, _eorem 1.1]. More precisely, with 0 < β < n, the
following inequalities hold and are equivalent.
(i) For all f ∈ C∞0 ,

(∫
∞

0
(cap({x ∈ Rn ∶ ∣ f (x)∣ ≥ t}; Ẇ 1,1

K ))
n
β dt

n
β )

β
n ≤ ∫

Rn
∥∇ f (x)∥Z∗1 K dx;

(ii) For all bounded domain O ⊂ Rn with C∞ boundary ∂O,

cap(O; Ẇ 1,1
K ) ≤ 2P(O , Z1K).
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Finally, as a more general formulation of [22, _eorem 4] and [12, _eorem 9], we
have the following equivalence.

_eorem 4.5 Let µ be a nonnegative Radon measure on Rn and 0 < β ≤ n be a
constant. _e following three inequalities are equivalent.
(i) _e anisotropic fractional Sobolev inequality: there is a constant κn ,α ,β > 0 such

that

∥ f ∥
L

n
β
µ
≤ κn ,α ,β∥ f ∥Λ̇1,1

α ,K
, for all f ∈ C∞0 .

(ii) _e anisotropic fractional isocapacitary inequality: there is a constant κn ,α ,β > 0,
such that for any bounded domain O ⊂ Rn with C∞ boundary ∂O,

( µ(O))
β
n ≤ κn ,α ,β cap(O , Λ̇1,1

α ,K).

(iii) _e anisotropic fractional isoperimetric inequality: there is a constant κn ,α ,β > 0,
such that for any bounded domain O ⊂ Rn with C∞ boundary ∂O,

( µ(O))
β
n ≤ 2κn ,α ,βPα(O ,K).

Proof (i) ⇒ (ii) Suppose that the anisotropic fractional Sobolev inequality in (i)
holds true. _en for all f ∈ C∞0 with f ≥ 1O , one has

( l µ(O))
β
n = (∫

Rn
1O dµ(x))

β
n ≤ (∫

Rn
f (x)

n
β dµ(x))

β
n = ∥ f ∥

L
n
β
µ
≤ κn ,α ,β∥ f ∥Λ̇1,1

α ,K
.

Taking the inûmum over f ∈ C∞0 with f ≥ 1O and by formula (1.2), one gets the
desired anisotropic fractional isocapacitary inequality

( µ(O))
β
n ≤ κn ,α ,β cap(O , Λ̇1,1

α ,K).

(ii)⇒ (iii) Assume that the anisotropic fractional isocapacitary inequality holds.
_en for any bounded domain O ⊂ Rn with C∞ boundary ∂O, one gets the desired
anisotropic fractional isoperimetric inequality

( µ(O))
β
n ≤ κn ,α ,β cap(O , Λ̇1,1

α ,K) ≤ 2κn ,α ,βPα(O ,K)

where the last inequality follows from inequality (4.6).
(iii)⇒ (i) Assume that the anisotropic fractional isoperimetric inequality holds.

Let f ∈ C∞0 and Ot( f ) = {x ∈ Rn ∶ ∣ f (x)∣ > t} for all t ≥ 0. Obviously, µ(Ot( f )) is
a decreasing function on t ∈ [0,∞), and hence for 0 < β ≤ n,

(∫
t

0
µ(Os( f )) ds

n
β )

β
n −1

µ(Ot( f )) t
n
β ≤ (∫

t

0
µ(Ot( f )) ds

n
β )

β
n −1

µ(Ot( f )) t
n
β

= ( µ(Ot( f )))
β
n t.
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Together with equality (4.3), one has

∥ f ∥
L

n
β
µ
= (∫

∞

0
µ(Ot( f )) dt

n
β )

β
n

= ∫
∞

0

d
dt

(∫
t

0
µ(Os( f )) ds

n
β )

β
n dt

= ∫
∞

0
(∫

t

0
µ(Os( f )) ds

n
β )

β
n −1

µ(Ot( f )) t
n
β −1 dt

≤ ∫
∞

0
( µ(Ot( f )))

β
n dt.

Employing the anisotropic fractional isoperimetric inequality toOt( f ), together with
formulas (3.3) and (3.8), one gets for all f ∈ C∞0 ,

∥ f ∥
L

n
β
µ
≤ ∫

∞

0
( µ(Ot( f )))

β
n dt ≤ 2κn ,α ,β ∫

∞

0
Pα(Ot( f ),K) dt = κn ,α ,β∥ f ∥Λ̇1,1

α ,K
,

the desired anisotropic fractional Sobolev inequality.

Remark 4.6 Similarly, for a nonnegative Radon measure µ, constants 0 < β ≤ n
and κn ,β > 0, the following three inequalities are equivalent, whence extending [21,
Proposition 3.1].
(i) For all f ∈ C∞0 , ∥ f ∥L

n
β
µ
≤ κn ,β ∫Rn ∥∇ f (x)∥Z∗1 K dx.

(ii) For any bounded domain O ⊂ Rn with C∞ boundary ∂O,

( µ(O))
β
n ≤ κn ,β cap(O , Ẇ 1,1

K ).
(iii) For any bounded domain O ⊂ Rn with C∞ boundary ∂O,

( µ(O))
β
n ≤ 2κn ,βP(O , Z1K).
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