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LEFSCHETZ NUMBERS AND UNITARY GROUPS
K.F. Lal

We give a formula for the Euler-Poincare characteristic of the fixed point set of the
Cartan involution on the set of integral equivalence classes of integral unimodular
hermitian forms, in terms of a product of special values of Riemann zeta functions
and Dirichlet L-functions. This is done via reduction by Galois cohomology to a
volume computation using the Tamagawa measure on the unitary groups.

1. INTRODUCTION

(1.1). Rohlfs studied in [7, 8] the Galois action on arithmetic groups and calculated
the Lefschetz number of these actions. In the particular case when I' is SL(n,Z) and
g = {1, o} is the group of order two with action given by 04 = A*"!(4 € T), the
first non-abelian coﬁomology H'(g, T) is just the set of integral-equivalence classes of
integral unimodular symmetric bilinear forms. In this note, we carry out the procedure
of Rohlfs for unimodular hermitian forms.

(1.2). Let @ denote the complex conjugate of an element a in the ring Z[v/—1] of
Gaussian integers. The non-trivial element o of the group g of order 2 acts on

SL(n, Z[v=1]) by

cA=A

Let T be a subgroup of SL (n, Z[\/—_l]) . An element H € I’ determines a cocycle
(1, H) of the nonabelian cohomology set H(g, T') if 1 = H.o(H), that is, H = b i
is an integral hermitian matrix. Two cocycles (1, H) and (1, H') are I' equivalent if
there exists a B € I" such that B HB = H'. We can associate to a cocycle (1, H) a

sesqui-linear form
H(z, y) = ' HY.

Here z,y € (Z[\/-——_l])'l are column vectors. If for example I' = SL(n, Z[v/~1)), then
we get a bijection of H(g, I') with the set of integral equivalence classes of integral
unimodular hermitian forms.

To simplify the notation, we shall write H for the cohomology class represented
by the cocycle (1, H).
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194 KF. Lai 2]

(1.3). Let H be a hermitian matrix in SL(n, Z[v/—1]). We denote by G the special
unitary group with respect to H, that is

G(Q) = {g € SL(n, Q(v-T)) | s'Hg = H}.

Fix a maximal compact subgroup of G(R). Let Xy denote the hermitian symmetric
space K\ G.

Let T be a torsion-free congruence subgroup of SL(n, Z[y/-1]). Write Ty for
I'NG(Q). Then I'y acts on Xy. We compute in this note the sum

=) x&

HeH'(g,T)
where x(H) = Z (—l)idimH.'(XH/I‘H, R)

is the Euler-Poincare characteristics of Xy /T'y.
This computation begins with Harder’s Gauss-Bonnet theorem which says that
there exists an Euler-Poincare form w, on Xpg such that

X(H) = / Wy
Xu/Tu

Then one uses Rohlfs’ exact sequence of the Hasse map h:

(1.4) 1-C - B (gl) 5[] B'(g, Tv)

to reduce the calculation of the above integral to the computation of local volumes.

Here Ty, = SL(n, Z,[v/—1)) for almost all v, and

I'=[)(T. n SL(n, Q(V-1)))
and C= SU(", Q) \SU("” A)/H(I‘In)v
and (T1,), = SU(n, Z,)N T,

(1.5). Let £ be an odd prime, T' be the congruence subgroup of SL(n, Z[v/=1]) of level
£. Write L(s, ¥) for the Dirichlet L-function for the quadratic charactor ¢ = (—4/-).
Define A(n) as follows: if n is odd then

A(n) = 2671 ﬁ (1 - (1.6(£)£)_'),
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(3] Lefschetz numbers 195

and if n = 2mod4 then

/\('n) = —2"’+1(1 — 2-11)‘1:’—-1 H (1 _ (1/)(8)‘)—1-).

r=2
THEOREM 1.6.
n—1 n—1
L=xx) [ ¢ [I Z(- ).
vZ12) ~o(2)
(1.7). For example, for £ = 3, we get
| o | L
2 2% .3
3 2% .32 .7
4 22 .3* .7.61
5 25 .3% .5.7.61

(1.8). The paper is divided into four sections. The local volume computations are
carried out in Section 2. The final result is assembled in Section 4.

2. VOLUME COMPUTATIONS

In this section we calculate the volume of some of the local compact subgroups of
the special unitary group G with respect to an integral hermitian form H of n variables

over Z[\/-1].

(2.1). Let G be the Lie algebra of G. Choose a Chevalley basis e;, ..., e 3_; of Gz.
Then w = dey A ... Ade,2_, is a form of highest degree on the semisimple group G.
Moreover w is bi-invariant.

We can use w to define measure (see Weil [9], Harder [3]). For each place v of
Q, w determines a bi-invariant measure w, on the locally compact group, G(Q,). In
particular, if we, is the measure belonging to the metric determined by the Killing
form, and if p is a rational prime, V a sufficiently small neighbourhood of 0 in G(Q,)
so that the exponential map exp is biannalytic then

/ w,,=/ w.
expV \ 4

Moreover, w determines a bi-invariant measure Ilw, on G(A), which, by the product
formula, is independent of the choice of the form w.
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(2.2). We first do a calculation at infinity. Assume the signature of the form H is
(p, @) with n = p + ¢. In this subsection write G for G(R) = SU(p, ¢) and K for its
maximal compact subgroup S(U(p) x U(q)). .

(2.2.1). We have a Cartan decomposition
G=K+7P
with

K

{[A D]:AGHQLDEHWLhA+hD=o}

p={[§ B}:Beﬂﬂpxmcg-

Let E,, be the matrix (8;-6;,), <iyj<n- Then X has a basis consisting of the
following elements.

0 . W
V=1(Epr — Ert1,r+1) V-1 s 1<r<n=p+gq
L 0.

r 8 p
r T 1
E,—E,,= s |-1 } 1€r<sgp
pL
r 8 P
[ V-1
vV=1(E,,+ E,.)=s | V-1 } 1€<r<s<p
pL
p+1
E., ~E,= 1 r pt+lsr<s<n
[ -1 } 8
r+1
\/:T(E,.+E.r){ \/:T] r p+l<r<s<n
V-1 s
p+1 r 8
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And P has a basis consisting of

p+1
[ ! 1€
|7
Era"l'Elr: P+1 SP
1 p<s<n
p+1
[ v—1
1<r<
V—l(E,-,—E"-)= P+1 <::p
KN
| V=1 P

(2.2.2). The Killing form is given by
B(X,Y)=2ntr(X,Y).
We choose the metric to be
ea(X,Y) = —%tr(X, Y).

Let wg, wk , wx be the volumes form with respect to the metrice of G, K, X = K\G.
If we write the basis of X (in a suitable order) as e;, ..., €,3_5,,; and the basis of
P as €,3_350y -+ -5 €n3_y , then the matrix ((ei, €;)), 1 <, j<n?—1is

-1 _% -

n? — 2pq

and

wqg = det (e(e.-, ej)lSi,jgnz_l)l/ZeI Ao..Aera
=\/W e;N...Aena_;-
Similarly we have
wrg=n/2""1.e]A...A €n3_2pg-1

* *
wx = eng_zpq A---A enz_l
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(2.3). Suppose that the rational prime p = 3mod4. Then p is unramified in Q(v/~1).

Define
Gp(i): ={9€G(L,) | g= I'modp'};
Go(i) : = {A € 6(Z,) | 14, <P}
where G(Z,) = (g % Q,) NM(n,Z,)
and (ai;)l, = max{ja;;|, : 1 <4, j <n}.

The following lemma is well known ([1], Chapter IIL.7).

LEMMA 2.3.1. For j > 1, the exponential map exp(A) = Y. A" /r!, defines an
r=0

isomorphism

exp : Gp(j) — Gp(J)
of analytic manifolds.

REMARK. The above lemma remains true for p = 2 and j 2 2.
It follows from (2.3.1) that with respect to the measure w, defined by the Chevalley
basis €;, ..., e,2_; we get the following formula.

LEMMA 2.3.2.
volu, (Gp(4)) = p~3(»' 7).

An immediate corollary is:

LEMMA 2.3.3.
volu, (G(Z,)) = p~ " ~[G(Z,) : G,(5))-

REMARK. The above formula is true for p=2 if 7 > 2.

We have an isomorphism
G(Z,)/Gp(1) = G(Z/p1).

The group is of type 24,_1. It is well known [2], that
n?_ - -r
62/p2) =" T] (1= (-»)7").

r=2

Therefore
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LEMMA 2.3.4. When p = 3mod4,

n

volu, (G(Z,)) =[] (1- (-»)")-

r=2
(2.4). Now if p = 1 mod4, then p splits in Q(v/=1) p= PP, P # P, (say). In this
case G(Z,) is isomorphic with SL(n, Z,). Well known formulas ([2]) give
LEMMA 2.4.1. When p =1(mod4)

vol,, G(Zp) = H aQ-p7).
r=2

2.5. We come to the case p = 2. It is well-known that a hermitian matrix H with
coefficients over Z[v/—1] is equivalent to one of the following three matrices

[0 |
1

1
0

r
- O
[
L

0
1

1
! 0.

(See Lee [6]). As in (2.3), it reduces to the computation of the order of the finite group
SU(H, 0/270). Here O is Z[/-1].
In the case where H is the identity matrix, this is given in Zeltinger (see [10}).

LEMMA 2.5.1. Let G = SU(I,); then we have

((n=1)/2]
volo, (G(Z(m)) =27 [ (1-27).
r=1
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For the two remaining cases, we first consider the unitary group U(H, 0/20),
where we write O for the ring Z[v/—1]. Let Z be the ideal of generated by 1 + /-1
and 2. There is an exact sequence

(2.5.2) 0 — I/20 - 0/20 = OJT - 0

where Z/20 is cyclic of order 2 generated by 1+ +/—1 and O/T is isomorphic to the
field of 2 elements, O/ = F,. It follows that |©/20| = 4. This can also be seen from
the fact that

0/20 ={a+bT |T?* =1, a, b€ F3}.

Denote by V the free O-module O™ of rank n = 2m. An element z in V is said
to be primitive if Oz is a direct summandin V. An equivalent condition for z to be
primitive is that £ 2 0modZ. Let P(V) be the set of primitive elements in V. From
(2.5.2), we get an exact sequence

0-VRIN0-VRO0/20-VRO/T —-0;
since |V ®I/20|= |V ® O/I|= 2", it follows that
(2.5.3.) |P(V)] = 27(2" - 1).

LEMMA 2.5.4. Let H be the hermitian matrix

0 Im]

H =
[I,,, 0

Then the unitary group U(Hzm, O/20) acts transitively on S(V).
PROOF: Given any z in S(V), there exists a y in S(V) such that H(z, y) = 1.
For otherwise, H(Z, %) = 0 for all ¥ in O/T and this would contradict = in S(V).
Let V; be the subspace generated by z and y and let Vj' be its orthogonal
complement, V = V, @ Vj-. There exists a basis {1, ¥1, .- Zm—1, Yym—1} in V such
that with respect to the combined basis {z, v, z1, ¥1, .-+, Zm~1, Ym—-1}, the hermitian

P

It follows that there exists an isometry in U(Hzm, O/20) which brings the element
e: =(1,0,...,0) to =.

Let U(e;) denote the isotropy subgroup in U(Hzm, O/20) which keeps the ele-
ment e; = (1,0, ..., 0) in P(V) fixed. Comparing this with the definition of a maximal

matrix H takes the following form
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parabolic subgroup, it is not difficult to see that every element in U(e;) has a unique

product decomposition

[ 1
z2

ZTm
¥4
Y2

L Ym

(Langlands’ decomposition). Since in the first unipotent matrix, the entries z,, .
Y2, ..., Ym can be any abitrary elements in (O0/20)

1

Im_1 0 0 0

Y2-.-Ym 1 —Z2...—ZFp, 0

0 0 I 0
It

2m-2

elements in O/20, it follows that

0 0 0]
A 0 B
01 0
c 0 D
.

«+3Zm,

, and z = Z, skew-symmetric

[U(eq)| = 22.22m=022m=1) |y (Hy(pm—yy, O/20)],

Hence we obtain

=272 |U(Hy(m-1), 0/20)].

|U(Hzm, O/20)| = |S(V)|.|U(ea)l,
=2"""2,(1 - 272™). |U (Hy(m-1), O/20)],

{n/2]

=2+ [ (@1 -27*).

r=1

Let U,; denote the subgroup of level 2/ in U(H, O):

Uxj={g € U(H, 0)|g=Imod2'0}.

Let u(H, O©/20) be the Lie “algebra” (strictly speaking, this is a Lie ring over 0/20
but a Lie algebra over F3) of 2m x 2m matrices X over O/20 such that

XH+HX =o0.

Then there is an exact sequence

15 U,; = Uz 4 n(H, 0/20) - 1

where the map ¢ is defined by the formula ¢(g) = (g — I)/27?.
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A straightforward computation shows that
=9

and so [U2: Uy5] = o i-1),

LEMMA 2.5.7. Let U(Hzm, O) and U,; be defined as above. Then

[n/2]
[U(Hzm, 0) : Ups] =273 T (1-27%).

r=1
PRrOOF: Use (2.5.5) and (2.5.6). O
The above formula also works for the unitary group U(H},,, O) where
F 0 VoI -
v-1 0

- o
(=

2m

01
1 0]

This is because Haym and H,,, are G L-equivalant to each other, and so the correspond-

ing unitary groups are conjugate to each other.
,.. /2
(2.5.8) [U(H3pm, O) : U] =277+ T (1-27%).
r=1
As for the special unitary group SU, we consider the exact sequence

det

(2.5.9) 1- SU(H, 0/2°0) > U(H, 0/270) S U -1
where H can be either Hay, or H),, and U is the norm group, ¥ = {¢€ |€ 0/2i0}. [
PROPOSITION 2.5.10. Let G be the special unitary SU(H) where H is one

of the following hermitian matrices:
[0 1 10 -1 T
10 v-1 0

- O
(= ]
-
[~ ]
—
- O
(=2 )
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Write G,; for the subgroup of level 27 in G(Z;). Then

[n/2]
6(22): 6@ =2 [ (1-27), j>2
r=1
(/2]
and voly, (G(Z2)) = 2™. H (1-27%).
r=1
PRrROOF: There is a homomorphism
‘ 0/P0% S u
£ — €€

of the group of units onto U, and the kernel of this homomorphism is the subgroup of
norm 1 elements in @/270. In other words, we have
Y GL(1, 0/270)

T U1, 0/20) ¢

As computed before, we have
|GL(1, ©/2°0)| = 2371,
UQ1, 0/220)| =27,  ji>2
and so Ul =272,
The first formula in (2.5.10) follows from our previous computation of |U(H, 0/270)|,
the exact sequence (2.5.9), and the above formula for U

As for the second formula, we have

vol,, (G(Z2)) = 27 (" -1[6(2,) : 6(272)]
[n/2]
= 2—1'(1;’—-1).2]'(1:’—1)4-1: H (1 _ 2—21-)
[n/2) N

=2~ [] (1-27*).

3. SUM OVER A CLASS

In this section we use Rohlf’s exact sequence (1.4) to sum up the x(H) for those
cohomology classes H which have the same image under the Hasse map k, that is, we
first sum over a group class in C. We fix an hermitian matrix with coefficient in Z[/~1]
and G in the special unitary group.
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(3.1). Fix a maximal compact subgroup K of G(R), let Xy be the symmetric space
K\ G(R), Go be the connected compact real form of G ([4], III Section 6), X, be the
compact dual K\ Go(R) of X, j: Xu — Xy be the Borel embedding, and let 'y be
the congruence subgroup of G(Q) of level £ # 2, £ prime.

Let w (respectively wp) be the right-invariant volume form on Xy (respectively
Xo ) determined by the Riemannian metric. Then we can prove the following lemma.

LEMMA 3.1.1. If the hermitian form H has signature (p, q), p+ q =n, then

(_l)pq (p+¢)
X /Ty = ) w.
x(Xu/TH) voly, SU(n) Jaory/rg

ProOF: By the Gauss-Bonnet theorem according to Harder [3], there exists on
Xu a G-right invariant differential form of degree m = dimgp Xy such that
x(Xu/Tu)= / wy-
Xu/Th
The same is true for Xy with respect to woy.

Let G (respectively Go) be the Lie algebra of G (respectively Gy). Let B(z, y) =
tr(ad(z) ad(y)) be the Killing form on Gc. Then B (respectively —B) defines a ho-
mogenous symmetric Riemannian metric on Xy (respectively Xy ). Let R (respectively
Rg) be the corresponding Riemannian curvature tensor. Then it follows from Cartan’s
formula (5] that

J"Re=-R
at the “origin”. As the Gauss-Bonnet form can be computed as the pfaffian of the
curvature tensor [5], we see that, at the “origin”,

3 wox = (—1)wy
where (p, g) = signature of H. Let w (respectively wg) be the right-invariant volume
formon X (respectively Xg ) determined by the Riemannian metric above and suppose

that
Woy = Cwo.

Then
wy = (-1)"ew.

By the classical Gauss-Bonnet theorem,

¢ = x(Xo) volu, (Xo)™";

using / w = vol, (K)™* / w

Xu/Tu G(R)/T g
and the fact that Go and SU(n) are conjugate in SU(H, C) and so have the same
volume, we get the lemma. 0
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(3.2). Write T = SL(n,C), T, = SL(n,Z,[V-1]) (v#9),
Iy = ker (SL(n, Z,[v-1]) — SL(n, (z/€7)[vV-1])), T = T N SL(n, Q(\/—l)),
F'yu=TnN G(Q), Tao = ', N G(Q,).

LEMMA 3.2.1. Let w = H,w, be the Tamagawa measure of G. Then there
exists g; € SL(n, Q(\/—l)), 1 € i < n(H) such that

n(H)
> volu,, G(R)/g:Te;i ' N G(Q) = [] (volu, Tr,») ™"
=1 v#o0o

PRrOOF: There exists y; € G(A) such that

n(H)
¢r) = U ( ru,,)y:‘G(Q)-

=1

By strong approximation we can write y; = g;u; with g; in SL(n, Q(\/—l}) and
%; € [[Ts. Then
v

% (H Thoy ' N G(Q)) =g¢:Tg;' NG(Q)

so we have
(H FH,v) ¥6(Q) =y (yi (H I‘H..,)y.-'l/y.'l‘y.-‘1 n G(Q)) x G(Q).
From Yi (H I‘H,v) y‘-_1 = G(R) X H yi,uI‘H,vyi_,:
v v#oo

and the fibration

¥ (H FH,v) v '/9iT9: ' N G(Q) — G(R)/g:Tg; ' NG(Q)

=1

n(H)
we get G(R)/G(Q)= |J y.-"((G(R)/g.-rg.-“nG(Q)) < [ y;.vrn,,y;,}).

v#oo

If w = [Jw, is the Tamagawa measure for G then (by [9], pp.99, 72, 23)
v

vol, (G(R)/G(Q)) = 1.

So the lemma follows. 1
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(3.3). Write H'(gy, I') for the nonabelian cohomology with the non-trivial element
o of g actingas: A > H A" 'H-!. Then we get, by twisting Rohlf’s exact sequence
(1.4), an exact sequence

1-G(Q)\G(A) [[Ta.o ~ B (on, T) B | [ B (g1, T).

The map hpy is prescribed in the following manner: given a class

G( Q)y-l H PH,v

use strong approximation to get y = gz with g € SL(n,Q(\/—l)) and z € [[TH,»-
v

Put C =g 1.Hg"'H!. Then hy (G(C{!,)y‘1 II I‘H,,> is the cohomology class repre-
sented by (1, C). If k is the Hasse map of (1.4), we can now consider the contribution
to £ by the x(C) for C in the fibre h~!(h(H)). Clearly h(C) = h(H) if and only if
hy(C) = 1. The next lemma now follows immediately from the preceding lemmas of

this section.

LEMMA 3.3.1. Given an integral hermitian form H of signature (p, q), p+q=
n. Then

-1 Pq (pt+q
Y x(C) = %(UET))) IT volu, (Ta,) 7"

v#oo

Here the sum is extended over those C € H'(g, ') such that h(C) = h(H).

4. THE LEFSCHETZ NUMBER

In this section we assemble together the computation when T is a congruence
subgroup of level £.

(4.1). The first cohomology H'(g, I'y) classifies equivalence classes of integral 2-adic
hermitian forms. Using Gaussian elimination it is elementary to show that H1(g, T';)
is represented by three elements, namely, I, S, V as in (2.5). (See [6].)

Also H(g,T's) is classified by the set of integers (p, g) such that p+ ¢ =n and
H'(g,Tp)=1 for p# 2, 0.

(4.2). Let hy: H'(g, T2) — H(g, SL(n, Z3[v/-1])) be the cohomology map induced
by the inclusion T’ — SL(n, Z;[v/~1]). Using Rohlf’s exact sequence (1.4) and the
remarks in (4.1), we can write

L= Y x(M+ Y, xnN+ Y. x()

ha(v)=E ha(v)=S ha(v)=V
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Now we can use the results on summing over a class (Section 3) and the local
volume computations (Section 2) to get the following formulae immediately. We write
|T| for the cardinality of a set T. Let ¥ be the quadratic character (—4/-) attached

to Q(v-1)/Q, that is
—1 if p=3mod4

$(EQ 0 i p=2
1 if p=1mod4.

Let a(n) denote the following product.

‘EI(I-WW I (1’(—;)')—1 1

p=3(4) P=1(4)

(4.2.1). The sum over hy(y)=E is

(n—1/2)]
a(n)2™ [ (1-2727)7" |a2(B)|.

r=1
(4.2.2). The sum over hy(y)= S is

[n/2]
a(n)2™ J] (1-2727) 7" |RY(V)).

r=1

(4.2.3). The sum over hy(y) =V is

[n/2]
a(n)27 [ 1 -2727)7" |*(V)].

(4.3). We now apply the functional equation of the Riemann ¢{-function and the Dirich-
let L-function:

T'(2r)
T2r

(2r +1)
2r+1

¢(2r) = (-1)".22"" (1 —2r)

L(2r +1,9) = (—-1)727 D L(~2r, §)

and we get our Theorem 1.6.
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5. REMARKS

The number £ computed in this note is indeed the Lefschetz number of an invo-
lution on a symmetric space.

The symplectic group Sp(2n) is the group of 2n x 2n invertible matrices A such

that
AJA* =T
0 1
h = .
where J [_1 0]

Let T be the congruence subgroup of level € inside the symplectic group Sp(2n)
of 2n varibles, that is

I' = Ker(Sp(2n,Z) — Sp(2n, Z/LZ)).
Then I' acts on the Siegel upper half space S,, of degree n, that is,
Sn={Ze M, (C)|Z=2"1Im Z > 0}.

The Cartan involution = which takes a matrix A to the inverse of its transpose
induces maps on the singular cohomology with rational coefficients:

T'.: H"(Gn/rv Q) - H‘.(G"/F’ Q)'

The Lefschetz number of 7 is

o0

L(r)= Z(—l)i trace r°.

=0

Write (&,/T)” for the fixpoint set of the action of 7 on the locally symmetric
space 6,/T'. The Lefschetz formula gives

L() = x((6/T)).

Now observe that for a symmetric matrix B € I', BJ 1is of order 4. This allows
us to change the underlying ring from the rational integers to the Gaussian integers
and replace the symplectic form J by a hermitian form. The fixpoint components then
become locally symmetric spaces attached to special unitary groups. The number £
computed in Theorem 1.6 is in fact the number £(r) above. This will be discussed in
a paper written jointly with R. Lee.
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