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DENSE ORBITS AND COMPACTNESS OF GROUPS

W.H. PREVITS AND T.S. W U

Using results from topological groups and topological dynamics for locally compact
spaces, Aoki has shown that when a group automorphism of a locally compact to-
tally disconnected group is ergodic under the Haar measure, the group is compact.
We provide some remarks on Aoki's proof. Also, we present a new proof of his re-
sult using the structure of locally compact totally disconnected groups established
by Willis.

INTRODUCTION

In [2], Halmos asked whether the Haar measure of a non-compact locally compact
group can be ergodic under a group automorphism [2, p. 29]. This question was first
answered for subclasses of Abelian groups and connected groups as follows.

THEOREM A. (Rajagopalan [5].) Let X be a locally compact group with a left
invariant Haar measure n and let f be a continuous automorphism of X. If (X, f) is
ergodic under (j. and X is Abelian, then X is compact.

THEOREM B . (Kaufman and Rajagopalan [3], Wu [8].) Let X be a locally com-
pact group with a left invariant Haar measure y, and let f be a continuous automor-
phism of X. If (X, f) is ergodic under fj, and X is connected, then X is compact.

The two separate proofs of Theorem B in [3] and [8] made use of the structure
of locally compact connected groups and Lie groups. In both cases, the theorem was
first proved for connected Lie groups. Then the result was extended to locally compact
connected groups by using the fact that every locally compact connected group G

contains a maximal compact normal subgroup N such that G/N is a Lie group.

Aoki answered Halmos's question in [1] for the subclass of totally disconnected
groups. In addition, Halmos's question has been completely answered with Aoki's
result. More precisely,

THEOREM C. (Aoki [1].) Let X be a locally compact group with a left invariant

Haar measure /x and let f be a continuous automorphism of X. Let XQ denote the
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connected component of the identity in X. If (X,f) is ergodic under fi and X/Xo is
compact, then X is compact.

THEOREM 1 . (Aoki [1].) Let X be a locally compact group with a left invariant

Haar measure /x and let / be a continuous automorphism of X. If (X, / ) is ergodic

under fi and X is totally disconnected, then X is compact.

THEOREM 2 . Let X be a locally compact group with a left invariant Haar mea-

sure ft and let f be a continuous automorphism of X. If (X,f) is ergodic under n,

then X is compact.

In contrast to proofs of Theorem B, Aoki's proof of Theorem 1 made use of results

in topological dynamics. Theorem 1 was first reduced to the case when X is metrisable

and separable, / is bicontinuous, and (X, f) has a dense orbit. Also, it is only necessary

to consider the case when X is not discrete. Otherwise, if X is discrete, then X is

trivial since (X,f) has a dense orbit. In order to prove Theorem 1, Aoki established

the following two propositions.

PROPOSITION 3 . (Aoki [1].) Let X be a locally compact totally disconnected

metric group with a left invariant metric function d0 and let f be a bicontinuous

automorphism of X. If (X, / ) is topologically mixing and has the pseudo-orbit tracing

property under do, then X is compact.

PROPOSITION 4 . (Aoki [1].) Under the notations of Proposition 3, if (X,f)

has a dense orbit, then (X, f) is topologically mixing and has the pseudo-orbit tracing

property under do.

In this paper, we explain some statements that appear in the proofs of Proposi-

tions 3 and 4. We hope these notes will be useful for readers of Aoki's paper. Also, we

present a new proof of Theorem 1 which uses the structure of locally compact totally

disconnected groups established by Willis (see [6, 7]).

1. SOME NOTES ON AOKI'S PROOF

The aim of this section is to clarify some statements that are found in the proofs of

Propositions 3 and 4. We begin with a lemma that will be used throughout the paper.

LEMMA 1 . Let X be a non-discrete metric space, f a homeomorphism of X,

and suppose that (X, f) has a dense orbit. If A is a non-empty open and closed subset

ofX, and if either f(A) C A or AC f{A), then A = f(A) = X.

PROOF: We consider the case where f(A) C A. Let a; be a point in A whose orbit

is dense. Since X is not discrete, every point y of X is a limit of a sequence of /"* (x),

where we may assume that all of the n* > 0 or all of the rij < 0, that is, y € u{x) or

y G a (x ) . Note that both w(x) and a(x) are closed invariant subsets of X.
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Suppose x e UJ(X). Since x € A and f(A) C A, fn(x) € A for all n > 0.
Let / > 0 and consider f~l(x). Since x = Um / n < ( x ) , n* > 0, we have f~'(x)

Tlj—fOO

= / - ' ( lim fni(x)) = Um /"'" '(a;) € 4 , since / n i - ' ( x ) e .4 for all n< > I and A is

closed. Thus /"(a;) € A for all n e Z. Therefore O(x) = {/"(x) : n G Z} C /(,4) C ,4.
Since O(x) — X, we can conclude that A" = f{A) — A.

Now suppose x e a(x). Since f(A) Q A, A C f~x(A), so / ^ ( X V l ) C X\A.
Let B = X\A. Then i? is both open and closed, and f~1(B) C B. We may assume
that 5 ^ 0 . Otherwise, A = X. Then /'(x) € B for some I € Z. Write ?/ = /'(a:)-
Since x = lim /"«(x), rij < 0, we have

T » j • OO

/n*(x))= lim /n'+'(x) = lim fn<(fl(x)).

Thus y € a(y). Write /i = / - 1 . Then h(B) CB,y€ w{y) (with respect to h), and y
has a dense orbit (with respect to h). Thus B = h(B) = X. This implies that A = 0,
which is a contradiction. D

Now we explain four statements that appear in the proofs of Propositions 3 and 4.
We use the same notation as Aoki.

(1) In [1, Proposition 3, Claim 1.6] Aoki states: "Since (X, g) has a dense orbit,
it follows that K\g(K) = 0, which impUes K = X". This follows by Lemma 1, since
K is both open and closed and g (K) C K.

(2) In [1, p. 5, the second paragraph of the proof of Proposition 4], Aoki writes: "If
the left coset space XIA is discrete, then A is open in X. Hence either X is discrete
or f(A) = A holds". We notice that f(A) C A. To see that f(A) - A, use Lemma 1,
since A is an open and closed subgroup.

(3) In [1, proof of Proposition 4, Claim 2.10], Aoki states: "Let 6' be the number

such that if d'1(f-
k(x)A,f-"(y)A) < 6', then d4[{f-i(x)A}^{f-i(y)A}^) < £".

We now explain how to choose 5'.
oo

Choose a positive integer k such that £) 1/2* < e/2.
t=*+i

We note that if d'l(f-
i(x)A, f~i(y)A) < a for some a > 0, then d'1(f~

i(x~1y)A,
A) < a, that is, f~*(x~1y)A e Ba(A), where BQ(A) denotes the ball of radius a and
centre A.

Since g : X/A —* X/A, defined by g(xA) = f(x)A, is continuous, given any 0 > 0
there exists 7 > 0 such that g{B1{A)) C Bp(A). Thus if f~i{x~1y)A € B^(A), that
is, d\(f-i(x)A, ri{y)A)<l, then d'1(f-

i+1(x)AJ-i+l(y)A) < /?.
To construct 6', let ft = e/2fc. Then there exists 02 > 0 such thaXg(Bp2(A))

C BPl(A). Since ft > 0, there exists ft > 0 such that ^( .^(yi)) C B02(A).
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Now we repeat this argument (k — 1) times. Note that each time we choose the
Pi, we have to make sure that the $ is less than e/2fc because we have to add up

£ (l/2i)d'1(f-
i(x)A,f-i(y)A). Finally, let 6'=/3k.

(4) In [1, p. 10] Aoki states: "By Claims 2.7 and 2.11, the set of all periodic points
of h, per (h), is dense in X/B ". Here we provide a proof of this statement which was
not included in his paper. The proof is due to Aoki.

LEMMA 2 . Let (X, d) be a metric space, f a homeomorphism of X, and suppose
that (X, f) has a dense orbit. If (X, f) is expansive and has the pseudo-orbit tracing
property, then the set of periodic points, per(/), is dense in X.

PROOF: Let XQ be a point such that O(x0) is dense in X. Let e > 0 be an
expansive constant for / . Since / has the pseudo-orbit tracing property, there ex-
ists a 6 > 0 such that each S -pseudo-orbit can be e/2 traced to some point in X.
For any x € X, we can find points /"+ 1(z0) , fm{x0) such that d(fn+1(x0), f(x))
< 6 and d(fm(x0),x) < 6. We can assume that n +1 < m. Then we construct a peri-
o d i c S - p s e u d o - o r b i t { x , f n + 1 ( x 0 ) , ••• , / m ~ 1 ( x 0 ) , x } = { z 0 , * i , ••• , z m - n - i , z o } - B y
the pseudo-orbit tracing property, there is a tracing point z € X such that d(/l(z), Zj)
< e/2(i € Z). Thus d(fm-n+i(z), f{(z)) < e(i € Z), and therefore fm~n(z) = z be-
cause of the expansiveness of / . Therefore per (/) is dense in X. D

2. A NEW PROOF OF THEOREM 1

In recent years, Willis has developed a structure of locally compact totally discon-
nected groups. An important feature of this theory is the notion of a tidy subgroup (see
[4, 6, 7]). In this section we provide a new proof of Theorem 1 using tidy subgroups.
Here we recall a few results of Willis regarding these subgroups.

THEOREM 3 . (Willis [6, 7].) Let G be a totally disconnected locally compact
group and let f be a bicontinuous automorphism of G. Then there is a compact open

oo oo
subgroup UofG such that, putting U+- f\ fn{U) and £/_ = f| f~n{U), we have:

n=0 n=0

(i) U=U+U- = U-U+, and

(ii) U fn(U+) and \J f~n(U-) are closed in G.
n=0 n=0

A compact open subgroup U satisfying properties (i) and (ii) of Theorem 3 is said
to be tidy for f.

THEOREM 4 . (Willis [6, Proposition 1].) Let G be a totally disconnected locally
compact group and let U be a compact open subgroup of G which is tidy for f. Then

CO OO

U /"([/) and |J f~n(U) are open and closed subsets of G.
n=0 n=0
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Here we provide a new proof of Theorem 1 which parallels the last paragraph of
Aoki's Proposition 3 (see [1]).

PROOF OF THEOREM 1: As in Aoki's paper [1], we can reduce Theorem 1 to the
case when X is metrisable and separable, / is bicontinuous, (X, f) has a dense orbit,
and X is not discrete. Let U be a compact open subgroup of X which is tidy for / .

Define Um = U U /([/) U . . . U fm(U). By Theorem 4, U* = U Um is an open and

closed subset of X. Clearly /(£/') C U*. Thus by Lemma 1, f(U*) = U* = X.

Because /~1(?7) is compact, there exists m ^ 0 such that /-1(C/) C Um- Hence
Um Q Um+i = U U f{Um) = f(Um). Since Um is an open and closed subset of X, by
Lemma 1, we have that Um = f(Um) = X. Thus X is compact. D
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