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Abstract

For a given bivariate Lévy process (U;, L;);>0, distributional properties of the stationary
solutions of the stochastic differential equation dV; = V,_dU; + dL; are analysed.
In particular, the expectation and autocorrelation function are obtained in terms of the
process (U, L) and in several cases of interest the tail behavior is described. In the case
where U has jumps of size —1, necessary and sufficient conditions for the law of the
solutions to be (absolutely) continuous are given.
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1. Introduction

For a bivariate Lévy process (§;, n;):>0, the generalized Ornstein—Uhlenbeck process driven
by (&, n) with starting random variable V) is defined via the integral equation

Vi =e 5 <v0 + / 55— dns>, t>0.
0,11

The associated stochastic differential equation (SDE) is given by
dVv, = V,_dU; + dL,, t >0, 1.1)

where (U;, L;);>0 is again a bivariate Lévy process which is completely determined by
(&, 11)t>0. In particular, it holds that e~ ¢ = g(U),, t > 0, where & (U), denotes the Doléans-
Dade exponential of U (see, e.g. [15, pp. 84-86]). This relation forces the process U to admit
no jumps which are smaller than or equal to —1, i.e. it holds that [Ty ((—oo, —1]) = 0, where
[Ty denotes the Lévy measure of U. Having many applications in physics, insurance, and risk
theory, as well as in financial settings, generalized Ornstein—Uhlenbeck processes have been
studied in various papers; see, e.g. Maller er al. [13] for general properties of the processes and
Lindner and Maller [12], who stated necessary and sufficient conditions for the existence of
stationary solutions.
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For a general bivariate Lévy process (U;, L;);>0, the unique solution of the SDE (1.1) is
given by (see [2, Proposition 3.2] or [15, Exercise V.27])

—1
v, = 8<U)t(vo+ /(0 ][8(0)3} dns) Lk
N3

—1
+ 8(U)(T(t),t](ALT(t) +/ |:8(U)(T(t),s)] dm) Likon=1 t>0, (1.2
(T (1),1]
where AUAL
m=L— Y #AUS — tcov(By,, Br,), (1.3)
O<s<t
AUs#—1

AM; = M; — M,_ denotes the jump height at time ¢ of a cadlag process (M;);>0, By, and
By, denote the Brownian motion parts of Uy and L1, respectively, and, consistently with the
notation introduced in [2],

K (t) := number of jumps of size —1 of U in [0,t]
and
T(t) :=sup{s <t: AU; = —1} fort > 0.

The generalization of the Doléans-Dade exponential &(U); for 0 < s < ¢ is given by

2
EW) s, = eXp((Uz - Uy) — M) [T a+Aavu)e 2t

2 S<u=<t
and
2
or(t—5) _
EWU)(s.r) = eXp((Uz— —Uy) — UT> [T 0+ Av)e Y,
s<u<t
while, for s > ¢, we set §(U),s := 1. Here alzj is the quadratic variation of the Brownian

motion part of U. If the starting random variable Vj is independent of (U;, L;);>0, the process
V; in (1.2) is called causal, otherwise it is called non-causal.

Since every jump of U of size —1 restarts the process (V;);>0 defined in (1.2), as already
remarked in [2], in applications these jumps can be interpreted as occurrence of default. Jumps
of U of size less than —1 have an interpretation, e.g. in financial settings when positive values
of a contract described by U turn into obligations that have to be paid.

Necessary and sufficient conditions for the existence of stationary solutions of (1.2) have been
given in [2]. In this paper we study the distributional properties of these stationary solutions. In
particular, in Section 3 we give the moment conditions and quote first and second moments as
well as the autocorrelation function of the stationary solutions in terms of (U, L). In Section 4
we investigate the tail behavior of the stationary solutions by applying the results of [5], [6],
and [11]. Our results show that, depending on the properties of U and L, the resulting solutions
can have a different tail behavior, heavy tailed or exponentially decreasing.

As observed by Watanabe, one can conclude from Theorem 1.3 of [1] that the law of the
stationary processes in the case [Ty ({—1}) = 0 is a pure-type measure, i.e. it is either absolutely
continuous, continuous singular, or a Dirac measure. In the case of generalized Ornstein—
Uhlenbeck processes conditions for continuity of the stationary solutions have already been

https://doi.org/10.1239/aap/1316792666 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1316792666

690 A.D. BEHME

established in [3]. In Section 5 of this paper we will study the case [Ty ({—1}) > 0. It turns out
that the distributions of the stationary solutions do not fulfill a pure-type theorem in this case.
We then give necessary and sufficient conditions for them to be (absolutely) continuous. Some
examples are given for illustration. Note that the results given in Section 5 hold for any solution
X of arandom fixed-point equation X 2 AX' + Bwith X = X' and (A, B) independent of X’
such that P(A = 0) > 0. Here ‘=’ denotes equality in distribution.

Finally, in Section 6, we provide the proofs of our results.

2. Preliminaries

For any Lévy process (X);>0, we write its Lévy—Khintchine triplet as (0,2(, vx, [1x) and,
to avoid trivial cases, throughout this paper we will assume that the processes U and L are not
equal to O constants. For a random variable X, its distribution will be denoted by «£(X).

In this section we briefly recall some results about the solutions (V;);>¢ of the SDE (1.1)
which we will require throughout this paper. All of these results are proved in [2].

First note that it is easy to see from the formula of the general solutions (1.2) that the process
(Vi)s>0 fulfills the random recurrence equation

Vi = At Lik=k )} Vs + Bs.t ik =k ()} TAT0),: ALT(t) + Br(n), ] L{k (1> K (59} (2.1)

for0 <s < t, where

As;:=8W) s and By, := &) 0 / [£0) (50" difu, (2.2)

(s,7]

with the processes U and 7 given by

U =U, — § AU; and 7, =1, — § Ang, t>0. (2.3)
O<s<t O<s<t
AUs=—1 AU;=—1

Hence, under the assumption that it is causal, i.e. Vj is independent of (U;, L;);>0, (V;)r>0 is
a time-homogeneous Markov process.

The use of U and 7 instead of U and 5 is not necessary for the above formulae, but it allows
the definition of By ; for arbitrary 0 < s < ¢. This will be of benefit later in Section 6. Also,
observe that (U, n1)=0 is independent of (K (¢), T (t))s>o0.

Since in this paper we concentrate on the stationary solutions of (1.1), our research is based
on the following theorem [2, Theorems 2.1 and 2.2].

Theorem 2.1. Let (U, L) be a bivariate Lévy process, and let V. = (V;)>0 and (n:):>0 be
defined by (1.2) and (1.3). Then a finite random variable Vi can be chosen such that V is
strictly stationary if and only if one of the following conditions hold.

(1) There exists a k # 0 such that U = —L/k.

(i1) The integral fot &(U)s— dLg converges almost surely (a.s.) to a finite random variable as
t — oQ.

(i) My ({—1}) = 0 and the integral fOI[E?(U)S_]_1 dns converges a.s. to a finite random
variable as t — 0.
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If one of these conditions is satisfied then the distributions of Vi and the corresponding
strictly stationary process V are uniquely determined. In particular, for the three cases above,
the following statements respectively hold.

(1) The strictly stationary solution is indistinguishable from the constant process t +— k.

(1) If .= My ({—1}) = 0, the distribution of Vy is given by the distribution of the integral
f(o ) E(U)s— dL;. Otherwise, if & # 0, it holds that Vy = Z for the process

Z, = 8(0),<Y + / [8(0)31—1%), >0, (2.4)
(0,1]

evaluated at an exponentially distributed time t with parameter A, independent of (U, L)
and Y. Here Y is a random variable, independent of (U, L), with the same distribution
as ALt,, where T| denotes the time of the first jump of U of size —1, i.e. Py(dy) =

My, (=1}, dy)/ Oy ({—1}).
(iii) The strictly stationary solution is given by V; = —&(U); f(t’oo)[EE(U)s_]_1 dns a.s., t >
0, and, hence, it is strictly non-causal in the sense that V; is independent of (U, Ls)o<s<t-
Owing to the required convergence of the integral f(o 00) &(U)s_dL;, Theorem 2.1(ii)
for . = 0 can only occur if lim;—. §(U); = 0 a.s., as shown in [2]. In the same way

lim,_mo[é‘(U),]_l = 0 is a necessary condition for the convergence of f(o oo)[Q(U)S_]_l dn;
and, hence, for the existence of a stationary solution as described in Theorem 2.1(iii).

3. Moment conditions and the autocorrelation function

Recall that, by [17, Theorem 25.17], for a Lévy process (X;);>0 and a constant x > 0, we
have Ee X1 < oo if and only if Ee ™% < oo for all t > 0. In particular, if we define

Yx (k) = logE[e_KX' 1,

it holds that Ee=*Xr = e/Vx®) forall + > 0.
In order to deal with negative moments of the stochastic exponential in the case [Ty ({—1}) =
0, we define the auxiliary Lévy process

(AUy)?

Wii=—Ur+oji+ ) Toar
s

O<s<t

3.1)

which fulfills [8(U)t]’] = &(W),, t = 0. See [2] or [10] for details.

The following result on moments of the Doléans-Dade exponential will be needed later.
Although we expect it might be known, we were unable to find a ready reference and so we
provide a proof in Section 6.1.

Proposition 3.1. Let (U;);>0 be a Lévy process, and let k > 1.

(1) |8WU)|* is integrable if and only if E |U1|* < oo. In particular, fork = 1 and k = 2, it
respectively holds that

E[E(U),] = "1 (3.2)
and
var(§(U),) = e Bl grvarWn) _ 1y, (3.3)
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(ii) Additionally, suppose that Ty ({—1}) = 0. Then |E(U);|™ = |&(W),|* is integrable if
and only if

/( o 1)|1+x|_K1'[U(dx) < 0. (3.4)
—l—e™",—14e™

In particular, for «k = 1 and k = 2, (3.2) and (3.3) respectively hold with U replaced
by W, where E[W1] and var(W7) are given by

2
X X

E[Wi] = —yu + o} +/ Iy (dx) —/ [Ty (dx)

Yl T4 =1 1+ x

and
3
My (dx) = var(U;) — LJ”;)Hy(dx).

2
_ 2 X
Var(W”_"”+/R(1+x>2 & 1+

In the following we will examine second-order properties of the stationary process (V;);>o.
We start with a short lemma characterizing the constant solutions.

Lemma 3.1. The process (V;)i>0 as in (1.2) is a.s. constant, equal to k € R if and only if
kU; = —L; a.s. and Vo = k a.s.

The next theorem gives us the moment conditions, the expectation and variance, of the
nonconstant stationary solutions of (1.2). For « > 1, the moment conditions could have been
deduced from [18, Theorem 5.1]. We extend to ¥ > 0 and give a proof in Section 6.1 which
is based on the proof of Proposition 4.1 of [12]. Compared to the special case treated there,
we obtain sharper conditions for the existence of the moments by omitting the use of Holder’s
inequality. Indeed, a comparison with Theorems 4.1 and 4.2 below shows that the moment
conditions in the following theorem are sharp.

Theorem 3.1. Let (V;);>0 be a nonconstant strictly stationary solution of (1.2).
(1) Suppose that lim;_, §(U); = 0 a.s. and that, for fixed k > 0,
E|U; |06 < 00, E|L ™9 < o0, and EI168W0)1° <e€*,  (3.5)

for A = Tly({—1}) = 0. Then E|Vp|“ < oo. In particular, for « = 1 and k = 2, it
respectively holds that

__EILi]
E[W] = E[U;] 3.6)
and
. 2
var(Vo) = — E[(U1 E[L{] = E[U1]L1)~] 3.7

(E[U11)?Q2E[U;] + var(Uy))”

Note that, for k = 1, E[U1] is negative by (3.2) and (3.5) while, for k = 2, by (3.3)
and (3.5), it holds that 2 E[U1] + var(Uy) < 0.

(ii) Suppose that Ty ({—1}) = 0 and lim;_, oo[E(U);1~" = 0 a.s., and that, for fixed k > 0,
E(W; "L o0, By ™M <00, and E|8(W)i|€ < 1. (3.8)

Then it holds that E |Vy|* < oco. In particular, for k = 1 and k =2, (3.6) and (3.7) hold
for U and L replaced by W and n, respectively.
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Finally, we give the autocorrelation function of the stationary processes (V;);>¢ in the
following theorem.

Theorem 3.2. Let (V;);>0 be a nonconstant strictly stationary solution of (1.2).
(i) Suppose that lim;_. §(U); = 0 a.s. and that (3.5) holds for k = 2. Then

B, 1¢—s) EIW1E[L1] — E[U}]L1)?] .
(E[UID)*2E[U;] + var(Uy))

cov(Vy, V;) = —e 3.9)

(1) Suppose that Ty ({—1}) = 0 and lim;— oo [E(U), 17" = 0. Then if (3.8) holds for k =2,
(3.9) is true with U and L replaced by W and n, respectively.

It should be mentioned here that the proof of Theorem 3.2 does not make use of the
stationarity assumption. In fact, every solution (V;);>0 of (1.1) such that V,, is independent
of (Uy4v — Uy, Lyyy — Ly)p>o fulfills cov(Vy, Vi) = eEIUIIE=9) yar v, given that var V; and
E|Ui| are finite. In the same way, given I1y ({—1}) = 0, every (V;);>0 with V, independent
of (Uy, Ly)o<v<y satisfies cov(Vy, V;) = eEWIIt=5) yar V, if var V, and E |W; | are finite.

4. Tail behavior

In this section we study the tail behavior of the stationary solutions of (1.2) which were
given in Theorem 2.1. To analyse the nonconstant stationary solutions, we start with a result
corresponding to Theorem 2.1(ii) which is based on classical results of [5] and [11] on the tails
of solutions of random recurrence equations. For the special case of generalized Ornstein—
Uhlenbeck processes, this result is also given in [12, Theorem 4.5] with slightly stronger
conditions.

Theorem 4.1. Let (Uy, L;):>0 be a bivariate Lévy process, and suppose that there exists k > 0
such that

E |0 m&xtbetel - oo EIL ™M 2 00, and E|&U) ¢ = e, 4.1)

for some ¢ > 0 and A = Ty ({—1}) = 0. If U is of finite variation, additionally assume that
the drift of U is nonzero or that there is no r > 0 such that supp(Ily) C {—1 xe'%, z € Z}.
Then lim;—, o, €(U); = 0 a.s. and there exist a strictly stationary solution (V;);>0 of (1.2) and
constants C, C_ > 0 such that

lim x“P(Vyp > x)=Cy and lim x*P(Vp < —x)=C_. 4.2)
X—>00 X—>00
If (Vi)s>0 is not constant, it holds that C+C_ > 0, and in the case in which I1y ((—oo, —1)) >

0 we obtain Cy = C_.

In the analogue statement for the non-causal stationary solution corresponding to Theo-
rem 2.1(iii) we have to ensure that A = 0 holds, since otherwise such a solution does not exist.
Apart from that the result is similar to the one before and can be stated as follows.

Theorem 4.2. Let (U;, L;);>0 be a bivariate Lévy process with Ty ({—1}) = 0, and suppose
that there exists k > 0 such that

E (Wm0 oo By ™M <00, and  E|8(W)|< = 1.
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If U is of finite variation, additionally assume that the drift of U is nonzero or that there is no
r > 0 such that supp(Ily) C {—1+£¢e'?, z € Z}. Then lim;_, é“(U),_1 = 0 a.s. and there
exist a strictly stationary solution (V;);>0 of (1.2) and constants C4, C_ > 0 such that

lim x“P(Vp > x)=Cy and lim x“P(Vp < —x)=C_.

X—>00 X—>00
If (Vi)i>0 is not constant, it holds that C; +C_ > 0, and in the case in which Iy ((—oo, —1)) >
0 we obtain Cy = C_.

Since in the following we want to apply the results on tails of perpetuities given by Goldie
and Griibel [6], we first reveal that the process V as defined in (1.2) can be interpreted as a
perpetuity. This formulation will then also be used in Section 5.

In fact, it is known that the fixed-point random equation

X 2 AX' + B, 4.3)

where X and X’ are equally distributed random variables and X’ is independent of the random
vector (A, B), is related to the almost-sure absolute convergence of the perpetuity

oo k—1
Xoo = Z( A,)Bk, (4.4)
0

k=0 “i=

where (Ag, Bi)reN, is an independent and identically distributed (i.i.d.) sequence with the same
distribution as (A, B).

Proposition 4.1 below is shown in greater detail in [7, Theorems 2.1 and 3.1]. One direction
of Proposition 4.1(ii) is already due to Vervaat [18].

Proposition 4.1. (i) Suppose that P(A = 0) > 0. Then the sum in (4.4) converges a.s. to X
and (4.3) has a unique solution which is given by £ (X o).

(ii) Suppose that P(A = 0) = 0 and P(Ac + B = ¢) < 1 forall c € R. Then (4.3) has a
solution if and only if the sum in (4.4) converges a.s. absolutely in which case £L(Xoo) is the
unique solution of the random fixed-point equation (4.3).

From (2.1) we know that the stationary solutions (V;);>0 of the SDE (1.1) satisfy the
distributional fixed-point equation
Vo=V, =A,Vo+ B, 4.5)
for any ¢t > 0, where

Ar = 80 Lk ()=o) (4.6)

B, = &), / [€(0)s—17" dils Lg 1)=0)
(0,7]

+ W) 110 (ALT(z) + / (€)@ dﬁs) 1k )>0, 4.7
(

T(1),1]

which are independent of Vjp, if the solution is causal as in Theorem 2.1(ii). In the case of
strictly non-causal solutions, as in Theorem 2.1(iii), we may rearrange (4.5) to obtain

D

V,=Vo=A'V, — A'B, (4.8)
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with (Afl, —Alet) =(EW);, — f(o,r] &(W),_ dn,) independent of V;. Hence, in our app-
lications the case P(A = 0) = 0 coincides with the case A = 1y ({—1}) = 0, while P(A =
0) > 0 holds if and only if A > 0 and, therefore, only occurs in the causal case. If there exists
no k € R such that kU = —L, the resulting process is nondegenerate by Lemma 3.1. Hence,
convergence of the perpetuity is given in both cases under the conditions given in Theorem 2.1,
since then a nondegenerate stationary solution exists, as has been shown in [2].

Now that we can interpret our stationary solutions as perpetuities, we can apply the results
on the tail behavior of perpetuities in [6]. We start with the following proposition, which is
a direct consequence of [6, Theorem 4.1]. Note that we do not need any assumptions on the
process L here.

Proposition 4.2. Let (U;, L;):>0 be a bivariate Lévy process, and let (V;);>0 be a nonconstant
strictly stationary solution of (1.2).

(1) Assume that lim,_, o, §(U); = 0. If U is of finite variation, suppose that it has strictly
positive drift or that Tly (R \ [—2, 0]) > 0. Then the law of Vo has at least a power-law
tail, i.e. |

P(|Vp| >
oo logP(Vol Zx)
X—>00 ]()g X
(ii) Assume that . = Ty ({—1}) = 0 and that lim;_,o[E(U);1"" = 0. If U is of finite

variation, suppose that it has strictly negative drift or that Ty ([—2, 0]) > 0. Then (4.9)
holds.

(4.9)

The conditions on U formulated in Proposition 4.2(i) ensure that we have P(|& (0 )l >1)>0
for all + > 0. If, by contrast, |8((7 )¢| is bounded by 1 and not constant, then the tails of Vj
decrease at least exponentially fast under some additional condition on L as formulated in the
following theorem.

Theorem 4.3. Let (U;, L;);>0 be a bivariate Lévy process, and let (V;);>0 be a strictly sta-
tionary, nonconstant solution of (1.2).

(1) Assumethatlim,_, o E(U); = 0. Suppose that U is of finite variation and has nonpositive
drift, and that TIy (R \ [-2,0]) = 0. Assume that either the drift is nonzero or that
[y R\ {—1}) > 0. Then, given that there exists k > O such that E ekl < oo, the tails
of L(Vy) decrease at least exponentially fast, i.e.

lim sup x ! log(P(|Vo| = x)) < 0. (4.10)

X—> 00

(ii) Assume that . = Ty ({—1}) = 0 and that lim;_, »o[E(U);1~" = 0. Suppose that U is
of finite variation and has nonnegative drift, and that Ty ([—2, 0]) = 0. Assume that
either the drift is nonzero or that I1y (R\ {—1}) > 0. Then, given that there exists k > 0
such that Ee¥M! < oo, (4.10) holds.

5. Absolute continuity

In this section we determine necessary and sufficient conditions for the stationary solutions
of (1.2) in the case that . = 1y (—1) > 0 is (absolutely) continuous. By the above exposition,
this corresponds to studying the law of the perpetuity (4.4). In the case that P(A = 0) = 0
this problem was first treated by Grincevicius [8], [9] and later on by Alsmeyer et al. [1]. An
application of Grincevicius’ results to generalized Ornstein—Uhlenbeck processes was given
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in [3]. Here we concentrate on the case P(A = 0) > 0, and give necessary and sufficient
conditions for the law of a perpetuity to be (absolutely) continuous as follows.

Theorem 5.1. Let (A, B) be a pair of real-valued random variables with P(A = 0) > 0, and
let X~ be the unique solution of the fixed-point random equation (4.3).

(1) The distribution of X » is continuous if and only if the conditional distribution of B given
A = 0 is continuous.

(ii) The distribution of X o is absolutely continuous if and only if the conditional distribution
of B given A = 0 is absolutely continuous.

If we apply Theorem 5.1 to the stationary solutions of (1.2), using (4.6), and (4.7), we find
that the distribution of Vj is (absolutely) continuous if and only if the distribution of

Ry = 6@ AL + 60 [ (6@ diL
(T(0),1]
given K (¢) > 0 is (absolutely) continuous, and, by the proof of Theorem 2.2 of [2], it holds
that, for all B € 8,

P(R,eB|K(t)>O)=k/

P(Z, € B)e ™™ dy,
.11

with Z; as in (2.4). Hence, we can formulate the following corollary.

Corollary 5.1. Suppose that (Vi);>o is a strictly stationary solution of (1.2) with A :=
My ({—1}) > 0.

(1) L(Vy) is continuous if and only if
/ P(Z, = ae ™dy=0 foralla eR.
0,11
(1) L(Vy) is absolutely continuous if and only if
/ P(Z, € B)e ™™ dy =0 forall B € B; with Lebesgue measure 0.
.1]

In particular, we can conclude that if L£(Z;) is (absolutely) continuous for Lebesgue-almost
every t > 0, then sois £(Vp). In the following we will discuss some examples for the behavior
of the distributions of Z; and, hence, of £ (Vj).

Example 5.1. Suppose that the processes U and L are independent. Then, by (2.4), it holds
almost surely that Z, = §(U); f(o l][S(U)s_]*1 dns, t > 0, so that, by Lemma 3.1 of [2],

Z, = f €(U)s—dLs,
0,1]

with the process (I:,)lzo defined by

Li=Li— ) AL, 120, 5.1
O<s<t
AUs=-1

which in this setting is almost surely equal to (L;);>0.
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Assume additionally that L; is a standard Brownian motion. Then, for all + > 0, the
conditional distribution of Z; given (8(0 )s)o<s<t 18 normally distributed with mean 0 and
variance f(o f |€(U)Y | ds > 0 a.s. Hence, P(Z;, € B | (8(U) Jo<s<t) =0 for all B € By
with Lebesgue measure 0 and it follows that P(Z; € B) = E[P(Z; € B | (g(U)s)0<s<t)] =0
for all B € 8; with Lebesgue measure 0. Hence, £(V)) is absolutely continuous.

Example 5.2. Suppose that U and L are independent, and let L; be a compound Poisson
process. Then £(V) has an atom, since £(Z;) has an atom ata = 0 for ¢ > 0.

If additionally the jump distribution of L is continuous then the distribution of Z; given
L; # 0 is also continuous, so that P(Z; = a) = 0 forall r > 0 and a # 0. Thus, L£(Vy) has a
continuous part and an atom at 0; hence, it is not a pure-type measure.

Example 5.3. Suppose that the distribution of Y is (absolutely) continuous. Then £(Vj) is
(absolutely) continuous too.

Indeed, from (2.4) for B € B with Lebesgue measure O in the absolutely continuous case
or for a single point set B = {b} in the continuous case, we obtain

P(Z, € B) = P(Y e [6(W)17'B - f [£(0);-1" dﬁs)
(0,7]
= f P(Y €exB—y ‘ [£0)]" =, / [€(0)s-17"dijs = y)v(dx, dy)
R2 0,1]

=/ Ov(dx, dy)
RZ
=0,

where v is the distribution of ([S(U), fo tl[E;(U)A 11 dn,). It follows that Z; is (abso-
lutely) continuous for all > 0. Hence, £(V0) is (absolutely) continuous by Corollary 5.1.

6. Proofs
For the proofs of the preceding results, we need to define some auxiliary Lévy processes. In

the case that A = [Ty ({—1}) = 0 we will often make use of the formulation

U = (~DMe 0, 6.1)
where the processes N = (V;);>0 and U= (0t)t30 are defined by

N; := number of jumps of size less than —1 of U in [0, ],
N opt
U= =Ur+ ==+ ) [AU; —log|1 + AU]

O<s<t

See [2] for details on N = (N;);=0 and U = (U;);>0. o i
On the other hand, if A = ITy ({—1}) > 0, we will use the processes U, 1, L, and W defined
by (2.3), (5.1), and

W, =W, — Z AW, t>0. 6.2)
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6.1. Proofs for Section 3

For the following calculations, we need a short lemma on stochastic integrals with respect
to Lévy processes which can be deduced from [4, Proposition 4.6.16]. Since the proof in
that reference is not carried out completely, we present an alternative proof here. Note that the
following lemma allows us to circumvent Holder’s inequality in the proof of Theorem 3.1 so that
we get slightly sharper results than the corresponding results obtained in [12] for generalized
Ornstein—Uhlenbeck processes.

Lemma 6.1. Let (L;)s>0 be a Lévy process, and let (Hy)s>0 be an adapted, cadlag process.
Suppose that there exists k > 1 such that E|L|* < 0o and Esupy_,; |H|* < 0o. Then

/ Hy_dL;
©.1]

In particular, if E|L| < 00 and Esupy_, |Hs| < 0o fort > 0, it holds that

K

E sup < 00. (6.3)

0<t<l1

E Hy_dLs = E[L] / E H,_ ds. (6.4)
(0,1] (0,1]

Proof. Define the processes L™ and L™ suchthat L = LY + L~ and EL; = E LT with
L™ having only jumps of size in (—%, %) and L} = ZlN:“l Y; 4+ ys being a compound Poisson

process with parameter a, jump times 7;, i = 1,2, ...,andjumpheights Y;, i = 1,2, ...,such
that |Y;| > % for all i € N. Then we can derive, by a standard calculation using Minkowski’s
inequality,
K\ 1/x
<E sup Hy_dL} )
0<t<11J(0,t]

H_ds
(0,7]

Ny K\ 1/k KN\ 1/k
< <E(Z|HT,-—||Y1'|) > + <E<|y| sup ) )
i—1 0<r<1

o0 1/ 1/k
< <ZP(N1 = ))JEMIE sup |Hs|”) +1yI(E sup [H,[*)
Jj=0

O<s<l O<s<l

1/k 1/
= (BIVIEIVE sup [H,[) " +1yI(E sup |H,[¥)

O0<s<l1 0<s<l

< Q.

On the other hand, using the notation of [15, Theorem V.2] for some constant ¢y,

K K

E sup

0<t<l1

Hy_dL;
©O,1]

=c

©
= H / 1,11(s)Hy— dLg f 1,17(s)He— dL_
0,1 ,]

Sk

H<

and by Equation (14) of [14] we know that, for some constant c3,

K

<cE sup |H[*I[(Ly,;)s>0lBmo0>
H¥ O0<s<l

H / 1(0’1](S)HS_ dL:
©.]

where s A 1 := min{s, 1} and || - ||pmo denotes the BMO norm as defined, e.g. in [15, p. 197].
Since L~ is a zero-mean Lévy process with bounded jumps, (L_,)s>0 is a BMO process.
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Hence, in the above inequality, the right-hand side is finite and sois E sup _, < | f(o, t]HS,dLS_I“,
which completes the proof of (6.3).

For the second assertion, note that since Ly — s E L is a local martingale, the same
holds for M; := f(o,z] H;_d(Ls; —sE[L1]). By calculations similar to the above, it holds
that E supy_,; |M;| < oo and, hence, by [15, Theorem 1.51], M; is a martingale. Thus, we
Jlflal\lleE f(O,tl H,_dL; = E[L]E f(o,z] H;_ ds, and using Fubini’s theorem, the second assertion
ollows.

Proof of Proposition 3.1. (i) First note that |§(U)|“ = 1&(0), | 1{k ()=o) is integrable if
and only if |€(U),|* is. Thus, it is sufficient to show the integrability condition under the
assumption that [Ty ({—1}) = 0. .

Because of (6.1) we have E[|&(U)|“] = E[e~*Y1] and, hence, by [17, Theorem 25.17], it
holds that E[|& (U )] < oo if and only if fl)f\>l e "Iy (dx) < oo. Using [T, = X (Iy) for
the transformation

X:R\{-1} > R, x> X(x)=—log|l+ x|, (6.5)

as introduced in [2, Lemma 3.4], this is equivalent to

/ [T+ x|“TIy(dx) < oo,
R\([—1—e,—1—e~1U[—1+e~!,—1+e])

which is fulfilled if and only if fx|>1 |x|“Iy (dx) < oo, viz. |Up|* is integrable.
To compute E[&(U),] for U with [Ty ({—1}) > 0, recall that the Doléans-Dade exponential
fulfills the integral equation

t
EWU) =1 +/ EWU)s— dU;. (6.6)
0

Under the given assumptions, we have E sup_,, |§(U);| < 0o by [17, Theorem 25.18] and,
hence, using Lemma 6.1, it holds that

t
E[(U)] =1 +E[U1]/ E[€(U);]ds.
0

Thus, by differentiation, dE[€(U),]/dt = E[U{]E[€(U),] so that E[&(U),] = ceFlU1)" for
some constant ¢ # 0. But since &(U)g = 1 a.s., we easily see that ¢ = 1, which gives (3.2).

To show (3.3) using integration by parts and [15, Theorems II.19 and II.29], we obtain,
from (6.6),

1 ° )
E[(EWU)) ] =1 +2E|:/ &EWU)s— dUS:| +E|:[f &EWU)s— dUS,/ EWU)s— dUS] :|
0 0 0 t

t s S
+2E / (/ E(U)udUu>d</ S(U)udUu>:|
0 0 0

t
=14+ 2E[EWU)]— 1)+ E[ / (EWU),-)*dU, U]S}
0

r t
4 2E / (8(U)s—1)8(U)des},
LJO
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which, by a standard calculation using (3.2), (6.3), and (6.4), leads to

d(E[(EW))?)

P = (E[[U. UL + 2E[Ui]) E[(E(U),)*],

so that
E[(§(U),)?] = ¢ ElU.ULI+2EUID)

since &(U)p = 1 a.s. Finally, note that E[[U, U]{] = E[Ulz] — 2E[U1]folsE[U1]ds =
var(U1), which gives
E[(§(U),)?] = &' CEWiIHvarU) (6.7)

and, hence, (3.3).
(ii) Recall that E |&(U);|™* < oo if and only if fx o€ I (dx) < oo, where W is the
process corresponding to W via (6.1). Since I1y;, = X(I'IW) = X (Y (Ily)) with

YR\ {=1} = R\ {—1}, xHY(x):%, (6.8)

as defined in [2, Lemma 3.4], this is equivalent to

/ |1+ x| Iy (dx) < oo,
R\([—1—e,—1—e 1U[—1+e~!,—1+e])

and, hence, to (3.4). Equations (3.2) and (3.3) can then be shown by similar calculations as
above while the formula for E[W7] is given in [2, Lemma 3.4]. The variance of W is given
by var(W)) = 03‘, + fR x2TTw (dx) (see [17, Example 25.12]). Using the transformation Y in
(6.8), this directly leads to the given formula.

Proof of Lemma 3.1. Suppose that V; = k a.s. By (1.1) we know that V, = Vj +
f(o 1 Vs— dU; + L;, which gives k = k 4+ kU; 4+ L, and, hence, the desired result.

For the converse, note that kU; = —L,, t > 0, implies that 7, = kW, by (1.3), (2.3), (3.1),
and (6.2), and also ALy ) = k for all # > 0 so that we obtain, from (1.2),

Vv, = 8(U),<k +k /O E(W),— m) 1(x (=0}
0,1]

+EW)(r ), (k +k f(r EW)(T(r).5) dWs) Likn>1) -

(1),1]

From (6.6), it follows that the Doléans-Dade exponential fulfills the integral equation
EMW)rin=1+ f(T(t)’t] EW)(T«),s) dW; for all + > 0 with K(¢) > 0, and this together
with (6.6) directly gives V; = k a.s.

Proof of Theorem 3.1. (i) Using Proposition 3.1(i), it follows from (3.5) for k := max{l, «}
thatwe have E |€ (U); | < oo. By [17, Theorem 25.18], this is equivalent to E supg s 1 € (U);|*

= Esup)_,<; e *Us < 0o and, hence, from Lemma 6.1, it follows that

/ &WU),_dL,
0,1]

k

E sup < 0. (6.9)

0<t<l1
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Set o := |k, the integer part of x. Then it can be shown exactly as in the proof of [12,

Proposition 4.1] that, for any m, n € Ny, m < n,
k yn—1 ] o
(Z exp(;w,;o«)))

j=m

n—1 .
x (Z exp(@%(fc))), (6.10)

j=m

E‘ / &(U)s— dL;
(m,n]

K
<E ‘/ &(U)s_dLy
©,1]

which is Equation (8.4) of [12], where the last factor can be omitted if k = «.

(a) Assume first that A = Iy ({—1}) = 0, i.e. by Theorem 2.1(ii), it holds that Vg =
f(o,oo) &(U)s—dLs. Since we have E|&(U)1| < 1, which is equivalent to ¥ (x) <0,
the sums in (6.10) converge absolutely when n — oo so that, with (6.9), it follows that
f(o,z] &(U);_ dLg is a Cauchy sequence in L* and, thus, converges in L¥ to f(O,oo) &(U)s_dL;
as t — oo so that we have E | V| < oo.

For the expectation, we obtain, using (6.4) and (3.2),

E[L]
E[Vo] = E &WU),_dL | = E[L ElUs g5 = — )
Vol |:/(O,oo) ) :| [ 1]/(O,oo)e g E[Uq]

To compute the variance, using integration by parts and Lemma 6.1, we obtain

BV =E[[/'8(U)s_dLs,/'e<U)s_ dLsi| ]
0 0 o0
o0 t t
+2E[/ <f 8(U)s_dLs)d</ S(U)S_dLS>]
0 0 0

—E[[L. L] fo E[(E(U),)*]ds

00 t
+2E[L1]/ E[S(U)t_</ EWU)s- dLs>]dt.
0 0

/ E[(€(U);-)*1ds = —(2B[U1] + var(U1) ",
0

By (6.7), it holds that

which is strictly positive and finite since E[ & (U )%] < 1 holds by assumption. For the calculation

Of e.¢] t o
/ E[S(U)t(/ S(U)SdLS>]dt =:f X, dt,
0 0 0

again, by integration by parts, the use of Lemma 6.1, (3.2), (6.6), and (6.7), we obtain

¥ E[[U, L1111+ E[L1] of QEIUI]
"7 2E[UL] + var(Uy)

t
+var(Uy)) _ 1+ E[U1]/ X, ds.
0

Solving this integral equation leads to

1 (2E[L1](COV(U1,L1)+E[L1]) B

27
EVOT = SR v varon E[U1]

Var(L1)>, 6.11)
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where we replaced

1 1
E[[U, L]1]=E[U1L1]—E[L1]/ sE[Ul]ds—E[Ul]/ sE[L1]ds = cov(Uy, L1).
0 0

Using the results above, the variance can now be derived by standard algebra.
(b) Suppose that A = Iy ({—1}) > 0, and deduce from Theorem 2.1(ii) that

E|Vo|* =E|Z [ =/ re M E|Z,|* dt,
(0,00)

where (Z;);>¢ is defined in (2.4);
Let ) := ‘ﬁé (k) =1ogE |&(U)1|*. Then we have ' < A by assumption. Choose A" such
that A’ < A” < A. First observe that we have

K

)
where we have used [2, Lemma 3.1]. ~
Since E |L1]“ < oo implies that E |Y|“ < oo, and since U and Y are independent, we
conclude, using (3.2), that

E|Z/|*=E ‘Emw + &), /(0 ][8@7)5,7]—‘ dis
N

< 2K<E|8(U),Y|" +E‘/ &(U)s—_dLy
(0,7]

o o0
/ e 2B |6(0),Y|“ dt 52"/ e e E|Y|€ dr < oo.
0 0

For the second term, observe that, from (6.9) and (6.10), it follows that
B N K n—1 . o
E ‘/ €(0),_ dL, (Z exp<i)\’>>
0.n] ) K
n—1 .
J (K - (X) 2
A
(S M)

<C exp(ﬂk”> exp(MA’/)
K K

"
S Cen}»

K
gEU &U)dL
©,1]

for any n € N and a suitable constant C. Finally, for arbitrary # > 0, we obtain

K

E‘/ &(U),_dL;
0,1]

K
=E‘f 3(U)s—dLs+8(U)m/ EWU)(l1),5) ALy
0, ]] t]

(L],
)

/ &U)dL
0,11

< 2K (Cem’\” + el E sup

0<t<l1

n
< C/ezA ,

by (6.9) for some constant C’.
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‘We conclude that
K
dr < oo,

OO ~ ~
/ e X E ‘ f E(U)s—dLy
0 .11

and altogether fooo e~"*|Z;|€ dt < oo, giving the finiteness of E | V<.
To compute the expectation, we use result (3.2) and carry out calculations as in part (a) to
derive, under the assumption that E[U;] # 0,

_ ElL -
BIZ] = F0 By 4 Sl mione ),
E[Ui]

so that, by integration and using E[U] = E[Ul] —A,

E[L|]+AEY
E[U1]
If, on the other hand, E[U1] = 0, it follows that E[Z,] = EY + ¢ E[L1] and then E[V,] =
EY + A~V E[L,], whichis a special case of the formula derived above. Hence, since E[L] =

E[L] + »EY, we have shown the formula for E[V;], provided that E | Vy| < oo.
Because

E[Wo] =

E[VZ]=E[Z3] = / re M E[Z2]dt,
(0,00)
to prove the formula for var(Vj), we first have to derive E[Z tz], for which, by a long calculation
starting from (2.4), we obtain

BIZ2] = ! QEID +var @) (E[Yz] L oV, L) + EILy] <2E ¥4+ 2E[L,] )

E[U/] + var(U)) 2E[U1] + var(U))
var(L1)
2E[U1] + var(th))
B e,E[g]J<cov(l:h, Ly +EILy] <2E v 2E[1;1]))
E[U1] + var(U1) E[U]
. 2BLLi)(covUy, Ly) + E[L1D) — B0 var(L1).
E[U11(2E[U1] + var(U1))
By integration and standard algebra, this leads to (6.11) and, hence, to the given formula for

var(Vp) where we used the following relationships (all sums are meant over the jumps of U of
size —1 during the time interval [0, 1]):

E[U}] = E[U}]1 + 2E[U1]1E[ZAU] + E[(2AU)*] = E[U}] — 20 E[U] + A + 22,
since X AU is Poisson distributed, so that
var(Uy) = var(Uy) — A.
On the other hand, for L and I:, we have
E[(L?] = E[L?] 4+ 20AEY E[L{] 4 var(SAL) + (E[SAL))?,
and, since X AL is compound Poisson distributed, this gives

E[L}] = E[L]] + 2AEY E[L1] + AE[Y?] + A*(EY)?
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and, hence, y
var(L;) = var(L;) — L E[Y?],

while, for the covariance, we deduce that COV(U], Zl) =cov(U;,L1)+AEY.
(i1) The proof of this part is the same as that of part (i) in the A = 0 case. We leave the details
to the reader.

Proof of Theorem 3.2. (i) For s < t, take A ; and By, as defined in (2.2), and recall (2.1).
Since, by Theorem 2.1, the stationary solution (V;);>0 is unique in law, we may and will assume
that Vj is independent of (U;, L;);>0. Observe that, due to the independence, it follows from
Proposition 3.1 and Theorem 3.1 that Ay, 1k )=k ()} Vs has finite expectation. Hence, if
F = (¥7):>0 denotes the natural filtration induced by (U;, L;);>0, we obtain

E[V: | F]1=E[(As,/ Vs + Bs,1) Lik )=k )} T (A1)t AnT@) + Bry,e) Lik )<k 1)y | Fs]
= Vi E[As Lk )=k 1)}]
+ E[A70),: AnT oy Lk (s)<k 1)) +Bs,t ik (5)=k 1)} ¥ BT (1)t Lik (5)<Kk (1)}

On the other hand, since Vj is independent of A ; 1{k (s)=k ()}, it holds that

E[V;] = E[V,]1E[As,; Lk (s)=k (1)}]
+ E[AT(0),: AnT ) Lik (5)<k (1)) +Bs,t ik )=k ()} T BT (1)t ik (5)<K ()}

so that
E[V; | %] = E[V:] + E[A;: Lk (5)=k 0)}](Vs — E[ VD).

Finally, since
E[Ay Lk (5)=k ()] = E[E () (5.1 ElL{k (5)=k (1)) ] = eELUIT9)e=21=8) — oElUII=s)
we obtain
cov(V, Vi) = E[V, E[V; | 11 — E[V,]1E[V;] = eBVI0=) var v

as had to be shown.

(i) By Theorem 2.1(iii), the stationary solution is non-causal and from (2.1) we obtain
Vo = A}V, — Ayl By fors < t. Defining §; = 0 (Uytr — Us, Luss — Li)u=0) we can then
compute E[V; | ;] for s < ¢ and, finally, cov(V;, V;) similarly as in (i).

6.2. Proofs for Section 4

Proof of Theorem 4.1. In the case that A = 0 we first conclude from E |E(U) ] = 1,
which is then equivalent to 1&0 (k) = 0, that lim,_,», §(U); = 0, as in the proof of [12,
Proposition 4.1]. Note here that E |U; ["*{L.<} < oo implies that E |§(U)|™*!1¢} < 0o by
Proposition 3.1(i). Furthermore, since Elog™ |L;| < oo by (4.1), it follows from Theorem 3.6
of [2] that f (0.00) &(U)s— dL; converges a.s. Hence, a strictly stationary solution V; exists by
Theorem 2.1(ii).

If A > 0, it is clear that lim;_, oc €(U); = 0 holds and the existence of a stationary solution
is again guaranteed by Theorem 2.1(ii).

We know from (4.5) that, for all # > 0, the stationary solution fulfills Vj = A Vo + B; for
A; and B; defined by (4.6) and (4.7), respectively. Thus, we have, for any fixed ¢ > 0,

E|A* =E|6W0); Lk =0) I =EIEWO)|*P(K(1) =0) =e'*e™™ =1
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by assumption, and with 8([7), = (—I)N’e_[]’, it holds that

E|A* log* [A:] = B[k =0y e U log" (e *U1)] = e E[e U log* (e ™*U)] < 0,

since E[e’("“)ﬁf] < 00 by (4.1) and Proposition 3.1. Additionally, for £ := max{1, «}, by
Minkowski’s inequality, it holds that

0 < (E|B,|H"*
< B8O ). Likw)=0) ALz |HVE

ky 1/k
) : (6.12)

where we set T'(¢) := 0 if K(t) = 0. The first term in the above sum vanishes if A = 0 and in
any case is less than or equal to

ELHED) T w.alFIALT o) KDV = (B160) @yl EIALT )V

= B MU ALy Y'Y,

+ (E ‘8(0)0(:),:] / [EO) (T (.51 " dis
(T(1).1]

which is finite by assumption. o
On the other hand, observe that, by conditioning on 7'(¢), whichis independent of (U;, L;)s>0,
it follows from [2, Lemma 3.1] that

g(ﬁ)(T(t),t]/ [0 (7 1).5)] " iy = / W) (.5 dL;.
(T(1).1] (T(t),t]
Hence, the second term of (6.12) is finite by Lemma 6.1 since E supy_, 1€ (U)s|* < o0 by [17,
Theorem 25.18] is equivalent to E |& (U)1|¥ < oo, which is given by assumption. Altogether,
we obtain 0 < E |B;|¥ < E|B,|F < cc.

From (6.1), it is clear that U has infinite variation if and only if U has and, thus, if and only if
U has infinite variation. Hence, by [17, Corollary 24.6], in this case L7, has a nonarithmetic law
foreach ¢ > 0. Otherwise, if we assume that U is deterministic then, from (4.1), it follows that
«U 1 = A > 0, which contradicts lim;_, o & (U); = 0, so this case cannot occur. Thus, if U (and,
hence, lj ) is of finite variation, by [17, Corollary 24.6], it suffices to ensure that either the drift
y of U is nonzero or that there is no r > 0 with supp(H ) C supp(I1y) C rZ, to guarantee

that U + has a nonarithmetic law for ¢ from a dense subset of (0, 00). Viathe relations between U
and U known from [2, Lemma 3.4], we have y? = yU and supp(I1;) = X (supp(I1y)) with

X as defined in (6.5), so that this holds by assulrjnption. Hence, L(log |A;| | A; #0) = L(Uy)
is nonarithmetic for ¢ from a dense subset of (0, 00).

Now, by [5, Theorem 4.1], it follows that there exists a unique law of Vj fulfilling V ZA Vo+
B; and, by uniqueness in law of the stationary solution, this law is equal to L£(V;) for all t > 0.
Hence, [5, Theorem 4.1] shows the existence of C, C_ > 0, so (4.2) holds as well as the fact
that Cy = C_ if [Ty ((—o0, —1)) > 0.

Finally, fix a sequence ¢, tending to oo so that £(Uln) is nonarithmetic for all n € N.
Now, from [5, Theorem 4.1], it follows additionally that if C; + C_ = 0, it holds that
B;, = (1 — A;,)cp, for some real constants ¢, Butletting n tend to co we observe that A;, — 0
a.s. as n — oo, and, hence, B;, Y Vo by (4.5). This implies that ¢, Y Vo asn — 00, so Vj
and, hence, V;, t > 0, is constant.
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The proof of Theorem 4.2 can be carried out analogously to that of Theorem 4.1 simplified
to the case A = 0. Observe that by defining a process W similar to U, it holds that W = —U,
so W has a nonarithmetic law if and only if U has.

Proof of Proposition 4.2. Part (i) follows from [6, Theorem 4.1] once it is shown that
P(JA¢| > 1) > 0 holds for A;, t > 0, defined in (4.6). This is equivalent to P(U, < 0) > 0,s0
we have to ensure that U is not a subordinator, which is equivalent to the assumptions stated in
Proposition 4.2(i) using the relations between the processes U and 0

Owing to (4.8) and the arguments above, we have to ensure that W is not a subordinator to
prove (ii). Since W = —U and [T; = X(ITy), this is equivalent to the given assumptions.

Proof of Theorem 4.3. (i) We know that V; fulfills (4.5) for all # > 0. Note that, owing
to the relations between the processes U and U, the assumptions on U given in the theorem are

equivalent to stating that U is a subordinator with P(Ut > (0) =1forallt > 0. By (4.6), this

implies that P(JA;| < 1) = P(16(0);| Likn=0y <1)=1and P(JA;| < 1) > Oforallz > 0.

It remains to show that the moment generating function (MGF) of | B;| for ¢ > O fixed is finite

in some neighborhood (—¢, €) of 0; then the result follows directly from Theorem 2.1 of [6].
By (4.7), for t > 0 fixed and ¢ > 0, it holds that

exp(e| B:) =exp<s W / [E@) .01 dils
(T(@),1]

)

< exp(s g(ﬁ)(r(z),z]/ [EO) (T ()51 " dis
(T (t).t]

+ &) Tt .nALTw) Lik@)=0)

) exp(e|ALT| Lik1)>0}),

where we set 7 () = 0 if K(¢t) = 0 and, hence, by Holder’s inequality, it is enough to show
that both factors have finite expectation in some neighborhood of 0. Owing to our assumption
on L, this holds for the second factor, while for the first factor we obtain, with [2, Lemma 3.1],

EeXP<€ 8(0)(T(t),t]/ (@) .51 dils )
(T(0).1]
) o]

= E[E[exp(s EW)i—1(r) / [€(0)s—17" dis

0,t=T ()]
:/ E[exp(s )} dPr ) (w).
[0,7]

Recall the process L, and define LT and L~ similarly to L1 and L~ in the proof of Lemma 6.1.

Then
elow(: )
0,t—w]
< <E[exp<28 / 8([.7)S_ df,j'
0,t—w]
X <E|:6Xp<28
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by Holders inequality. Denoting the total variation of Lt on (0, 1] by ||IL*], we obtain

‘ f &), dL}
(0,t—w]

Since L7 is by definition a finite variation process and L has finite MGF in some neighborhood
of 0, so has ||1:+||. Thus, the first term on the right-hand side of (6.13) is finite for small
enough ¢.

For fixed t > 0, set M; := fo: S(U)g_ dL_ Then (M;)o<s<: is a square 1ntegrable
martingale by the lemma to Theorem IV.27 of [15] since E|[ f(o 0 6’(U)2 d[L L~ ] ] <
E[aLt + ZO<s§t(ALA‘ )?] < co. Additionally, it holds that |[AM;| = |8(U)Z,ALt | < Z and
(M, M]; §a£t + ZO<S<I(AI:;)2’ where the latter is a Lévy process with bounded jumps
having finite exponential moments by [17, Theorem 25.17]. Hence, by [16, Theorem 6.1],
(&(M)g)o<s<; 1s a martingale.

By the definition of the Doléans-Dade exponential we have

5/ sup |8<0)u_||dis+|sf (AEF| < 1
(

0,t—w] O<u<t—w (0,1 —w]

exp(eM;) = g(M)iexp(;aoMs>< 1_[ (+AM,) e AM) .

O<u<s

where the first two factors on the right-hand side have bounded expectation uniformly in s €
[0, ] and sufficiently small ¢ > 0. For the last factor, observe that

> (AM, —log(1 +AM,) = Y (AMy)? = D (AL,
O<u<s O<u<s O<u<s

since |AM,| < %, SO SUP( <5< E(]_[0<u§s (1 + AM,,)~'eAMu)e is finite for sufficiently small €.
An application of Holder’s inequality therefore gives E[exp(eMy)] < C; for all s < ¢, some
constant C; = Cy(t), and sufficiently small ¢ > 0.

Note that

Ee*!™1] = E[e"™ 1(ps, 0] + Ele™**" 11ay, 0] < E[e*M] + E[e™*M"],
so E[exp(e|M;|)] < 2C since the above calculations also hold for
-M; = (=L,
0,118 (U)s—s

Hence, the second term on the right-hand side of (6.13) is bounded and we conclude that

for some constant C» = C(¢) and sufficiently small ¢ > 0 uniformly in w € [0, ¢]. Thus,

/ E |:exp (8
[0,7]

so | By| is shown to have finite MGF in some neighborhood of 0.

To prove (ii), owing to (4.8), we have to show for ¢ > 0 that P(|A,_1| <1 =PeEW),| <
1) =1, P(|A¢| < 1) > 0, and that the MGF of |Ale,| = |f[0,z) E(W)s_dns|, t > 0, is finite
in some neighborhood (—¢, €) of 0. This can be done as in (i) and the result follows again from
Theorem 2.1 of [6].

6(U)s_dLy )} <G

0,t—w]

€(U)s—dLy

) dPT(t)(w) < 00,
0,t—w] J
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6.3. Proofs for Section 5
The following lemma will be needed to prove our main theorem on absolute continuity. An
analogous result for a.s. nonzero M; has been shown in [3, Lemma 2.1].

Lemma 6.2. For t € Ny, let V;, Q;, and M; be random variables such that it holds that
P(M; = 0) > 0, v, is independent of (Q;, M,), and, for large enough t € N, the conditional
distribution of Q; given M; = 0 is continuous. Suppose that \ is a random variable satisfying
v = Qr + My and 2 Yy for all t > 0 and such that Q; 5 Y ast — oo. Then Y has an
atom if and only if it is a constant random variable.

Proof. Suppose that ¢ has an atom at ¢ € R, i.e. P(y = a) =: 8 > 0. Then, for all
e € (0, B), there exists § > 0 such that P(|yy — a| < 28) < B + . Additionally, Q; N W
implies the existence of some ¢’ = t’(¢) such that P(|yy — Q;| > §) = P(IM; ;| > §) < ¢ for
allr > 1.
Following the lines of the proof of [3, Lemma 2.1], we can now show that, for all 7 > ¢/,
there exists s; € R such that 8, := P(Q; + M;s; = a, |M,;s;| < &) > B — ¢, and it holds that
P(Yy — Qi1 = 8) +P(Q; —al <d) = P(Y =a) +P(Q; + Mys; = a, |M;si| <9)
—P(Qr+Ms =a, |Mis| <8, ¥ =a). (6.14)

Since P(M; = 0) > 0, we have
{OQr +Mys; = a, [Msi] <6, ¥ =a)
={0; + M;sy = a, |M;s¢| <8, Yy =a, M; =0}
U{Q: + Mysy = a, |M;si| <6, ¥ =a, M; # 0}
C{Oi=a, My =0yU{Q; +M;s; =a, IMs;| <8, My #0, ¥y = 54}
C{Or=a, M; =0yU({Q + M;s; = a, |Ms;| < 8} N{Y = s¢}),
and, by the continuity assumption on Q; given M; = 0, we obtain
PO+ Misy = a, IMyse| <6, ¥ =a) <0+ B, P(Yy = s1),
so we can conclude from (6.14) that
Pl — Qi 28) + P(1Q; —al <8) = B+ B — B P(¥r = 51).

From here, again following directly the proof of [3, Lemma 2.1], we obtain the assumption that
P(y =a)=1.

Now we can prove the conditions for the distribution of the perpetuity X to be (absolutely)
continuous in the case P(A = 0) > 0 as stated in Theorem 5.1.

Proof of Theorem 5.1. To show (i), first suppose that the conditional distribution of B given
A = 0 is continuous. Let (Ag, By)ken, be an i.i.d. sequence of random variables such that
(Ao, Bop) has the same distribution as (A, B). Define

oo k—1 t—1
w:=xm=z< A,->Bk, M, =]]a.
0 i=0

k=0 “i=

oo k-1 —1 k—1
¢,=z(m,-)sk, Qt=z( Ai)Bk.

k=t Ni=t k=0 “i=0
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Then it follows from Lemma 6.2 that i is continuous or a Dirac measure if we can show that
the conditional distribution of Q; given M; = 0 is continuous for all # € N. We do this by
induction.

For t = 1, the claim is true by assumption. Now suppose that the conditional distribution
of Q; given M, = 0 is continuous, so P(Q; = a, M; = 0) = 0 for each a € R. We then have,
since Qs+1 = Qr + M;B;, foreacha € R,

P(Qi11=a, M1 =0)
=P(Q;+M;B, =a, M{A; =0)
=P(Qr=a, M, =0)+P(Q: + M;B; =a, M; #0, A; =0)
=P(B, = M; '(a — Q). M; #0, A, =0)
by the induction hypothesis. Now, using regular conditional probabilities, we further obtain

P(B; = M; '(a— Q;), M; 0, A, = 0)

=[P =uNa v A =0 My =, Q) = )Py 0. v)
(R\{0}) xR

_ / P(B; =u"'(a —v), A, = 0)dPy, 0, (1, v)
(R\{0}) xR

(since (A;, By) is independent of (M;, Q;))

= / OdP(Mt,Qt)(u,U)
R\{OHh xR

=0,
the latter following from the fact that the conditional distribution of B, given A, = 0 is
continuous. Hence, we see that the conditional distribution of Q4| given M,y = 0 is

continuous too, completing the induction step. Lemma 6.2 hence shows that X o, is continuous
or degenerate to a Dirac measure. But X, cannot be degenerate to a Dirac measure, since
Xoo 2 B+ AX = BonA =0, where P(A =0) > 0and L(B | A = 0) is continuous.

To see the converse, suppose that the conditional distribution of B given A = 0 is not
continuous. Then there exists ana € R suchthat P(B=a | A =0) = 8 > 0. Since L(X )
satisfies the fixed-point equation (4.3), we have

P(Xoo =a) =P(AX'+B=a)>P(B=a, A=0)> 0.

Hence, L£(X ) has an atom.

For (ii), we will first show that .£(Xo) is either absolutely continuous or a Dirac measure,
given that the conditional distribution of B given A = 0is absolutely continuous. Then it follows
from part (i) that £(X ) is absolutely continuous. In doing so we follow the arguments of
Grincevicius [8], who considered the case P(A = 0) = 0.

Assume that £(X) is not singular and denote its characteristic function by

f(x) = Eei*X~ = E[B[e!B*e/4*X" | A, B]] = E[e'* f(Ax)].

Then by the Lebesgue decomposition theorem we may write f(x) = o f1(x) + a2 fa(x),
where o1 > 0,2 > 0, 1 +p = 1, and fj(x) and f,(x) are the characteristic functions of an
absolutely continuous and a singular probability distribution, respectively. Hence,

a1 f1(x) + a2 fo(x) = a1 E[e'5* f1(Ax)] + a2 E[e'B* fo(Ax)].
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Let Y be a random variable independent of (A, B), having characteristic function f7, and set
Z := AY + B. Then, for C € B; with Lebesgue measure 0, it holds that

P(Z € C) = P(AY + B € C)
=P(BeC,A=0)+P(AY +BecC, A+#0)

=o+/ P(Y € u='(C — v))dP4 p(u, v)
(R\(0}) xR
= 0.

It follows that Z is absolutely continuous and its characteristic function x E(elB* f1(Ax))
is the characteristic function of an absolutely continuous function.

Applying the Lebesgue decomposition to the distribution having characteristic function
x = EelB¥ f5(Ax), we can write Ee'B* f>(Ax) = a3 f3(x) + a4 fs(x) with a3, a4 > 0,
a3 + a4 = 1, and f3 and f4 the characteristic functions of an absolutely continuous and
a singular distribution, respectively. By the uniqueness of the Lebesgue decomposition, it
follows that

a1 f1(x) = a1 E[e"B* £1(Ax)] + ax03 f3(x),

which, for x = 0, yields apa3 = 0. Hence, fi(x) = E[e!®* fi(Ax)]. Since f(x) =
E[e!B* f(Ax)] also, it follows that f(x) = f1(x) by an easy extension of Proposition 1 of [8].
Hence, we conclude that L£(X ) is absolutely continuous.

It remains to show that if the conditional distribution of B given A = 0 is not absolutely
continuous then £(X ) cannot be absolutely continuous. For in that case there exists C € B
with Lebesgue measure O butP(B € C | A =0) > 0. Weconclude thatP(B € C, A=0) >0
and, hence (for X’ 2 X ~o being independent of (A, B)),

P(Xeo € C) =P(AX'+BeC)>PBeC, A=0) >0,
50 L£(X ) cannot be absolutely continuous.
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