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EXTENSION AND RESTRICTION FOR BERGMAN
SCALE OF SPACES AND ONE-DIMENSIONAL
SUBVARIETIES ON CONVEX
FINITE TYPE DOMAINS

M. JASICZAK

Abstract. We prove that the extension problem from one-dimensional subva-
rieties with values in Bergman space H'(D) on convex finite type domains can
be solved by means of appropriate measures. We obtain also almost optimal
results concerning the extension problem for other Bergman spaces and one-
dimensional varieties.

81. Introduction

In [15], Diederich and Mazzilli showed that there exists a pseudoconvex
domain D C C? with smooth polynomial boundary and a subvariety A =
{#1 =0} such that for any positive Borel measure v

RpnalH*(D)] # H*(DN A, dv).

The symbol Rpn 4 is the operator of restriction to the subvariety DN A,
H?(D) stands for Bergman space

w0)={renw): [ 11fav <o

and H?(D N A, dv) is the space of all functions holomorphic in D N A such

that
/ |f|? dv < 0.
DNA

It seems therefore interesting that there are domains D, essentially of the
type considered in [15], and subvarieties A such that the extension problem
can be completely, or as we show almost completely, solved by means of
measures. This is the subject of this paper. We investigate bounded convex
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domains of finite type with smooth boundary and linear affine subvarieties
of D of higher codimension. The class of domains that we consider includes,
in particular, complex pseudoellipsoids which were studied in [15]. Our main
results concern subvarieties of dimension one

A:A(ll, e, ln—l) = {Z eC™: ll(z) =...= ln_l(z) = O},

where
li(z):aﬂzl—i—---+ainzn+bi, t=1,...,n—1,
with a;j, b; € C. We prove the following.

THEOREM 1. Assume that D is a bounded convexr domain of finite type

m C", n>1 with smooth boundary. Let ly ..., l,_1 be linear affine maps
such that DN A(ly, ..., lp—1) #0 and dim A(ly, ..., l,—1) =1.
There exists a measure w supported on D N A(ly, ..., l,—1) such that

Rpna[H' (D) =HYDNA(l, ..., lh1),w).
The measure w s equal to
|8l1 VANRIEIEIAN 8ln_1\§\/ dVpn A

Thus, the class of functions that admit a holomorphic extension in H*(D)
is the space H'(DN A, w). In other words, the extension and restriction
problem for the space H'(D) and one-dimensional subvarieties can be
completely solved by means of a measure.

The notation used in Theorem 1 requires explanation. The symbol

dVpna=dVpn Ay, in_1)

stands for the volume measure on the intersection D N A(ly,...,1l,—1).
This is meaningful since D is assumed to be equipped with the standard
Hermitian metric and therefore the linear affine subspace A(ly,...,l,—1)
carries the natural metric, and, as a result, also the volume form. The
symbol |01y A - -+ A Ol,,—1 | stands for a non-isotropic norm of the (n — 1, 0)-
differential form 0ly A - -+ A dl,—1 (cf. Definition 1 below). It is important
to notice that although I;,7=1,...,n — 1 are affine linear the norm ¢+
|01 A -+ - A Olp—1|a(€) is not constant.

Theorem 1 provides a necessary and sufficient condition for extension
from one-dimensional subvarieties with values in H'(D). It is natural to
look for analogous results for other HP(D),1 < p < oo spaces. The result
that we prove is e-optimal — there is an ¢ > 0 gap between the condition
that is necessary for the extension and the one that is sufficient.
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THEOREM 2. Assume that D is a bounded convexr domain of finite type
i C" n>1 with smooth boundary. Let ly ..., l,—1 be linear affine maps
such that DN A(lLy, ..., lp—1) #0 and dim A(ly, ..., l,—1) =1

For any 1 < p < oo it holds that

Rpnaty,..in_1) [HP(D)]
CHPY(DNA(ly, ..., ln=1), [0 A Oln—1l3r AVD A Ayt 1))

On the other hand, for any e >0 and 1 <p < oo there exists an operator
Epna

Epna:HP(DNA, Ol A+ AOly_1|37 dVpna) — HP (D)

such that
RpnaoEpna=id

Another striking fact proved by Diederich and Mazzilli in [15] is that there
exist pseudoconvex domains and subvarieties with no “regularity gain” in
H?(D) space. This is in contrast to our results. Both Theorems 1 and 2 say
that the class of holomorphic in D N A functions that admit an extension
in HP(D) is strictly larger than HP(D N A) when A= A(ly,...,l,—1) is
one-dimensional and 1 < p < oco.

What is important in the proofs of Theorems 1 and 2 is the fact that the
dimension of A is equal to one. It is natural to seek analogous results for
subvarieties of higher dimension. This was investigated by the author in [24]
for subvarieties of codimension one. Here, we formulate a generalization of
a different nature.

THEOREM 3. Assume that D is a bounded conver domain of finite

type in C™,n>1 with smooth boundary. Let l1..., I, 1<m<n—1 be
linear affine maps such that DN A(ly, ..., L) #0 and dim A(ly, ..., 1,) =
n—m.

Assume that there exists an open neighborhood U of A(ly, ..., 1) NbD
and a constant ¢ > 0 such that for any z € U there exists an |r(z)|-extremal
basis (ui, ..., up) at z €U such that for any indices 1 < j1 <+ <jm<n
(8l1 AN Af)lm)(ujl, Cee u]'m) #0= |(8l1 JANEEIRIVAN 8lm)(uj1, R Ujm)| = c.
Then

RpralHY D) =H (DN A(l, ..., ln), |0l A+ AOlm|3r dVD A a).
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Moreover, for any 1 < p < oo it holds that

Rp A Ay, o) [HP(D)]
CHP(DNA(lL, ... lm), [0l A O3 AVD A gy, )

and for any € >0 and 1 < p < oo there exists an extension operator Epn a
such that

Epna:HP(DN A, |0l A+ AOln|3 € dVD A a) — HP(D).

Our results suggest that the solution to the extension problem depends
on the minimum of the dimension and the codimension of A. This seems to
be consistent with the results in [15]. We pursued this observation further
in [25].

Arguably the most important result concerning extension of holomorphic
functions in several variables is Ohsawa—Takegoshi’s Theorem [32]. It
concerns holomorphic L?-extensions of holomorphic L?-functions on general
pseudoconvex domains. Compared with this result Theorem 2 says that
under the additional assumption that D is of finite type and convex
the class of functions that admit an extension is strictly larger than
H2(DN A(ly, ..., ln—1)) (cf. [25] for more information in this direction).
Similar results for strictly pseudoconvex domains were obtained by Cumenge
n [11]. It is, however, a feature of the finite type case that the results are
non-isotropic. This is reflected, for instance, in the definition of the measure
|Ol3 A - A Gln,lbz\/ dVpn a@,... 1) and the estimates in Lemmas 2 and 3
below.

A convex domain D = {r <0} with smooth boundary is of finite type if
the maximal order of contact of bD with complex lines is finite (cf. [6, 29, 33]
for explanation of this equivalent definition). The finite type conditions were
discovered in connection with the d-Neumann problem (see the fundamental
works of Kohn [26, 27] and Catlin [9, 10], see also [12] for more information
on the type condition). The correct, from the viewpoint of complex analysis,
geometric structure on convex finite type domains was introduced by
Bruna et al. [8] and McNeal [29, 30]. In [7], Bruna et al. showed how
to estimate integral kernels in terms of this geometric structure. Another
important step was made by Diederich and Fornaess [14], who constructed
support functions for this class of domains. This made it possible to answer
many analytic questions such as the quantitative behavior of the d-equation
on LP-spaces [18, 20, 21] and Holder spaces [13, 19]. The extension problem
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for bounded holomorphic functions and linear subvarieties on convex finite
type domains was studied by Diederich and Mazzilli in [16]. The case of
non-linear subvarieties was investigated by Alexandre in [2]. This research
generalizes the important results obtained by Henkin [22] and Amar [3] for
strictly pseudoconvex domains. Other aspects of function theory on convex
finite type domains such as duality problems were also studied (see [28]
for example). We remark that recently Nikolov et al. [31] found a mistake
in [29] and [30]. This, however, has no influence on our work since crucial
estimates, in particular formula (6) below, remain valid.

In Section 2 we define the fundamental object in our study, that is the
non-isotropic norm |- |ar. Section 3 is divided into two subsections. The
first one contains the proof of the necessary condition for an extension with
values in HP(D). This says that if a function fe H(DNA(l1,...,lh—1))
admits an extension to a function in HP(D), then it belongs to HP(D N
A(l1, ..., lp—1),w) for the measure w. Section 3.2 contains the construction
of the extension operator Epn 4 following the method of Berndtsson [5],
which is based on previous results by Berndtsson and Andersson [4] (we refer
the reader to the monograph [1] for more information on integral formulas).
In this subsection we also provide arguments that prove continuity of the
operator Epn 4. It contains also the proof of Theorem 3.

§2. Convex finite type domains and the non-isotropic norm

Let D={r <0} be a bounded convex domain with C'*°-boundary. We
may assume that r has been chosen to be convex on C™ and smooth in
C™\ {0}. Indeed, we may choose r to be equal to pp — 1, where pp is the
Minkowski functional of D

pp(2) = inf{/\ >0:z¢ )\D}.

Such a defining function is everywhere convex (we may assume that D
contains 0). It follows from the implicit function theorem that r is also
smooth close to bD, since it is defined by the equation 7(z/(1 + r(z))) =0,
where 7 is any defining function smooth near bD (for instance the signed
distance to bD). Since pp(tz) =tpp(z) for z € C", t > 0, the function r =
pp — 1 is smooth in C™ \ {0}.

We assume that the domain D is of type M. This means that the maximal
order of contact of bD with complex lines is equal to M.

We do not include separate background on the geometry of convex
finite type domains. Such information can naturally be found in articles
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by McNeal [29, 30]. It was also given in many papers on convex finite type
domains — we refer the reader, for instance, to [7] or [13]. What is important
is the fact that some neighborhood U of D is equipped with a geometric
structure consisting of polydisks P-(¢),( € U,e > 0. These polydisks are
defined with respect to a distinguished basis, the so-called e-extremal basis
(cf. [29, 30] and [20, 21] for further generalizations). The choice of the basis
is made in such a way that the polydisks reflect the shape of bD and other
level sets of the defining function. It is also important that the family of
these polydisks furnish U with a structure of a space of homogeneous type.
This is crucial in the proof of Lemma 1 and Theorem 5.

The basic object in our study is the non-isotropic norm defined on
covectors.

DEFINITION 1. Assume that € is an (m, 0)-covector at ¢ € D. Set

m

|Qar(€) :=sup < [Q(v1, ..., Um)| H 7(¢, v, [P(O)]) 101, -+ ., U #0

j=1
The function 7 is a complex boundary distance
7(C, v, e) :=max{c: |[r((+ M) —7r({)| <eVAeC, |\ <c},
(eD,veC™e>0 (cf. [29, 30] and [7, 13]).

§3. Proofs

3.1 Necessary condition
We concentrate now on the necessity part of Theorems 1 and 2, that is
we intend to show that for any 1 < p < oo it holds that

(1) RpnalHP(D)] C HY(D N A(ly, . .., ln1), w),

where
dw =101 A~ NOly 1|3 dVpn a.

In order to prove (1) one shows first the following.

THEOREM 4. Assume that D is a bounded convex domain of finite

type in C" n>1 with smooth boundary. Let l1,...,lm, 1<m<n—1 be
affine linear maps such that DN A(l1, ..., L) #0 and dim A(ly, ..., 1) =
n—m.

https://doi.org/10.1017/nmj.2016.5 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2016.5

EXTENSION FROM ONE-DIMENSIONAL SUBVARIETIES 171

Let p be a positive Borel measure supported on D N A(ly, ..., Ly). If for
any sufficiently small ¢ >0

up{ 1(Pejr(g (@) VA, - - 1))
V(Pejr(q)(2))

(2) :qEDﬁA(ll,...,lm)}<oo,

then for 1 <p<oo
Rp A At [HP(D)] C HP(D OV A(L, -+ L), ).

Observe that Theorem 4 holds true for 1 < m < n — 1, not only for n — 1.

Condition (2) in Theorem 4 is a Carleson type condition where instead of
Carleson boxes one considers polydisks P,.(4)(q). It says that the measure
i behaves on the intersection D N A(ly, ..., L) precisely like the volume
measure dV on the whole domain D.

The proof of Theorem 4 is similar to the corresponding result for
subvarieties of codimension one. Therefore we only comment on it. In order
to prove it one first establishes the existence of a Whitney type cover of
DN A(ly,...,Iy) consisting of polydisks P.(q) with & uniformly comparable
with |r(g)].

LEMMA 1. Assume that D is a bounded convex domain of finite type in
C™, n> 1 with smooth boundary. Let A(ly, ..., ly) be the zero set of affine
linear maps ly, ..., L, 1<m<n—1 such that DN A(ly,...,ln)#0 and
dim A(ly, ..., lpm) =n—m.

For any c1 > 0 sufficiently small there exist a constant Co > 0 and a family
P=A{P,(q1), P-,(q2), ...} such that

(1) pP1, P2, € DﬂA(ll, ... ,lm);
(2) the polydisks P € P are disjoint;

(3) N
DAL, ... lm) C | Poye, (4i);
=1

(4) ei=clr(g)], i €N;
(5)

sup {Peze,(a:) € P :q € Poye,(ai)}] < Coa.
qe

The constant C4 that appears in Lemma 1 is the constant from the
engulfing property of the polydisks P.(q):

P-(q1) N P:(q2) #0 = P:(q1) C Pcye(qo)-
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This property was established in [30]. The proof of Lemma 1 is standard.
As we have already written, it relies on the fact that the polydisks P-(()
furnish U D D with the structure of a space of a homogeneous type.

Now, in order to prove Theorem 4 one uses the cover for Lemma 1 and
the mean value property

1
FOP < 7 — / v
V(Pelrg)) JPupriay) (@)

Since the argument is the same as in codimension one considered in [23], we
omit the details. What remains to be proved is the fact that the measure
0Ly A -+ - A Olp_1]3r dVp n a satisfies condition (2). Observe that here it is
important that m=n — 1.

THEOREM 5. Assume that D is a bounded convexr domain of finite

type in C", n>1 with smooth boundary. Let l1,...,l,_1 be affine linear
maps such that DNV (ly,...,ln—1)#0 and dim V(ly,...,l,—1) =1. The
measure

0Ly A+ - ANl |%r AV o g, 1)
satisfies condition (2). As a result, for any 1 < p < oo
Rp A Aty [HP(D)]
CHP(DNA(lL, ... lno1), [0l A Olnalir AVD A AGy, ot 1)-
Proof. We deal with the measure
dw(¢) =0l A -+ A Oln—1|3(€) dVp A Ay, e (€);

where I, ...,l,_1 are affine linear. In order to have control on w we use
Wirtinger’s formula.

Consider a point ¢ € DN A(ly,...,l,—1), and for a given small ¢ >0
consider the c|r(g)|-extremal basis (uq, ..., u,) at ¢ (cf. [29, 30] or [20, 21]
for the definition). Let (11, ..., n,) be the corresponding coordinates of a
point ¢ € D

n
CZ(]‘F anuj.
j=1

Let ® be a unitary transformation such that

n= @71(< - Q)a
and let ¢ be defined by the relation
(3) (=2(n) +q=1p).
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By definition of A(ly,...,l,—1), we have

L) =" =l-1(() =0,
for (€ A(ly,...,ln—1). Thus, lhop(n)=---=l,—10¢(n)=0 when ne
0 YA(l1, ..., ln_1)). Therefore,
"9l 0 %) .
Uzd(liw(n))zz(a,)dm, i=1,...,n—1
=
on o Y(A(ly,...,l,_1)). Hence, for any permutation ji,...,j, of 1,...,n
n—1
0 l1 o 0 ll [N}
a=1 Ja n]n
n—1
Olp_10¢p O(lp_10¢
a=1 Nja Mjn
and, as a result,
d(l10p) oiop) \ 1/ a(liop) ,
dnjl anjl T 677j'n—l anjn Jn
(4) =— o ) o ) o ...)
. n—19@ n—19@ n—10@ .
dnjn—l 8’/]]1 “ .. 67’]‘7'77‘71 677]'" in

on o tA(ly, ... lh1).
According to Wirtinger’s formula

) _ _
dVpna= T(dﬁ ANdGy + -+ dCu AN dG)|pn a,
and, as a result,
* \% -1 — —
¥ (dVpna) = —5—(dm Adi+ -+ dip A dijn) -1 (Dra),

where ¢*(dVpn 4) denotes the pullback of the volume form dVpn 4.
We apply (4) and obtain the following estimate:

d(l10¢) a(liop) \ |72
My, T M1
(5) " (dVpna) <C |det e dRn;, A dSSn;,,
O(ln—10¢p) O(ln—10¢p)
Tam, o om,

provided the determinant is non-zero.
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In order to prove Theorem 5 we need to deal with the expression |9l; A
<o AN Olp—1|n. If ¢ € P-(q), then (¢, u, &) ~7(g,u,€) for any unit vector
u with uniform constants [30, Proposition 2.3]. Moreover, if ¢ € PC|T(q)|(q)
with ¢ small enough, then r(¢) ~ r(g). Furthermore, if u = 37, a;ju;, where
uy, . .., Uy is the e-extremal basis at ¢, then

n

SR B o 7]
©) TTnd = nws

This is in [30, Proposition 2.2] (cf. also [31]). From these facts it is easy to
deduce that there is a uniform constant C' such that if ( € Pyj,(¢)(¢), then

0l A -+ A Ol—1]3r(€)

A(l10¢) d(l10p) 2

n Mgy T My n-l
(1) <cC det . 75 (. Ir(9)])-
Ji
F1seerdn—1=1 Imoyp) n—10¢) i=1
Jatig.atB Onjy T O,y

The map ¢ is associated, as in (3), with the ¢|r(q)|-extremal basis at the

point ¢ € D.
We briefly indicate how to prove inequality (7). Let (uq, ..., u,) be the
c|r(q)|-extremal basis. For any vectors vy, ..., v,—1 we may write

n
V; = E aijuj
Jj=1
for some a;; € C, and, as a result,

(8[1 VANCIEICIAN 8ln_1)(’01, RN Un—l)

= Z ce Z Q15 - - - an,ljnfl(ﬁll A A Oln,l)(ujl, c. ,anfl)

J1=1 Jn—1=1

A(l10¢p) A(l1op)
n 877j1 e 877]'”71
= Z G1jy -+ - Qp—1j,_1 det .
J15eeesdn—1=1 In-10¢) In-10¢)
ja#ig.atb My T M1

It follows from (6) that

®) (g, vi, |r(q)]) < (;W

Y
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if a;; # 0, and we only have to take this case into account. Therefore, for

any vectors vy, ..., Up—1
n—1
@l A== A Oy 1) (v, . vn1)? [ 72(as vs, Ir(a)])
i=1
d(l10p) a(liop) \ |?
Z My T Mjyp_y H
<C det o (g, r(q)
,,,,, —~ ) B(ln_109) ’
m;ﬁw a#; oy T My, _q

since according to (8) coefficients a;; cancel out. The right-hand side does

not depend on vq,...,v,—1. This implies (7), since if ¢ € P.(q), then
7(¢, v, €) ~7(q, v, €), and if ¢ € Pyp.(g)(q), then r(¢) ~ r(g). Obviously, since
l1,...,l,_1 are affine linear

(Ol A= NOlp—1)(Q)(v1y e ooy Up—1) = (Olg A+ - ANOlp—1)(q)(v1, « « -, Un—1).
Finally, we can check condition (2). We have

WAl -+ Inm1) N Py (@)

0L A AOL—1|3r(C) AV r agy,. i ) (€)

/‘4(l17 wln—1 mIDc|r(q)\( )

|8l1 VANCIIIAN aln71|j2\/

/<PlA(117--~»ln1)ﬁ{|Tij<Tj (g,elr(@))}
X (M) dVp A Ay, in_1)-

It remains to estimate the last integral. We use (7) first and then apply for
each set of indices ji,...,jn_1, if the corresponding determinant is non-
zero, estimate (5). In this way we obtain

|0l A= A 3ln71!/2\/( M)e™ dVD A Ay, dn1)

<0 Z H (q, |r(g)))dRnj, N dSn;,

J17 v]nl 1

when ¢ = (7)) belongs to Py, (g)(q). Therefore,
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/ 4 (0)
A(ll,...,lnfl)ﬁpc‘r(q” (q)

n—1
<c Y I 2@ / dRn;, A dSm,

G1seriin 1=1 [Man <75, (g:¢]7(9)])

<C H T]'Q(qv CV(Q)D - CV(Pc\r(q)\(q))
j=1

This completes the proof of estimate (2). In view of Theorem 4 we
immediately have

Rp A Ayt 1) [HP(D)]
C HP(D N A(ll, ceey lnfl), ]611 JANEIRIEIVAN aln,1|j2\/ dVDﬂA(l1,.‘.,ln,1))' [

3.2 Sufficient conditions: the extension operator

We intend to complete the proofs of Theorems 1 and 2. In order to
accomplish this task we need the extension operator Epn 4. We use the
operator constructed by Berndtsson in [5]. The construction is based on
methods worked out in [4] (we refer the reader also to [1] for detailed
information concerning integral formulas). We write down the corresponding
formulas for z € D sufficiently close to the boundary bD — the corresponding
estimates for z in some relatively compact subset of D become trivial.
Let A=A(l1,...,lm), 1 <m<n—1besuch that DN A#0 and dim A =
n —m. As in [16] we obtain

Epnaf(z)
= foo (1 (105G Este v
(9) % (a(r(lg)cg(z, 0)"™") /\Q[ll,...,lm]>) Vi a,
where
Ol .. 1] = 2= M08 P S g6y NG N 1 Pt

1L A - -~ A Ol|

The symbol S stands for the support function constructed for convex
finite type domains by Diederich and Fornaess in [14]. The coefficients @,
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of the form

Q(z,0) =Y Qy(z ¢)d¢;
Jj=1

satisfy the formula
j=1

The form @ was constructed in [13]. We use estimates of the form @ proved
in [18].

The symbol | stands for the contraction between (n, n)-vectors and (n, n)-
covectors. Thus, the operator Eg A 4 is an integral operator of the form

BN Af(2) = /D OB (G2 dVD 1 4(0)

What is important in (9) is the functorial property of the contraction.
The proof of Theorem 1 follows from the following lemma, which we
proved in [25].

LEMMA 2. For sufficiently large N there exists a constant C such that

[ IEBqalc. 2 dV(:) < Ot A A 0L (0
Proof of Theorem 1. In view of Theorem 5 it suffices to show that
ENaA:HY (DNA |0l A--- ANl 1|3 dVDna) — HY(D).

This follows from Fubini’s Theorem from Lemma 2. [

Proof of Theorem 2. 1t is easy to prove the following modification of
Schur’s test (we wrote the details in [24]).

PROPOSITION 1. Let u, v be positive Borel measures on X, and let W be

a positive weight function. If there exist non-negative functions hi, he such
that

/X K (2, )l (5)TW 9/ (y) dpy) < Crha(a)?,

/X K (2, y)ha(2)? dv(z) < Cohn(y),
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then the operator
Tf(e) = [ HE @) duly
is a bounded operator between LP(X, Wdu) and LP(X, dv).

We use Proposition 1 for the operator Eg A A~ For this we choose dv =
AV, dp=dVpn a, ha=1and hi(¢) =0l A~ - - A Dl 1[37(C) and W(C) =
|OlL A=+ A 8ln_1|/(\2/_6) with small € > 0. It follows from Proposition 1, in
view of Theorem 5, that the proof of Theorem 2 will be completed once we
show the following estimate for the kernel of the operator Eg A

LEMMA 3. For any € > 0 there exists a constant C = C¢ such that

/ BN 4 (GO0 A - - Al [5(C) dVi 1 a(C) < C.
DNA

Proof. First of all observe that since l1, . . ., l,,_1 are affine linear we have

OlLUN---ANOly_y NOIL A -+ AOlp_q

Qll1, ..., lh—1] =
e b [0 A+ A Oly_y]|

This will be important when we change coordinates.
Since
7(¢,v,e) SeM,

uniformly for unit vectors v, where M stands for the type of the domain,
we have

(10) Ol A - A Dl | w(€) < C(—r(¢)) ™D/,

Only this property of the norm is used in the proof (note, however, that the

non-isotropic nature of the estimates was crucial in the proof of Theorem 1).
Fix z€ D. We may assume that z is close to the boundary. It is a

consequence of (10) that it is sufficient to estimate the following integral:

/ BN 1 a(C D= () @D qv 4 (0),
DNANP(2)

where ¢ is an appropriately chosen constant. The estimates uniformly far
from z follow easily from properties of the support function S. We consider
a cover P, (2), Plir(zn(z), where P|i(2)|(2) are polyannuli

Py(2) := CPyify2 (2) \ §Paifp(a) (2)-
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The constant C' is chosen to guarantee that CP./5(¢) D %Pa(C ). We refer
the reader to [13] for details. We will show that

(11)

| [ED A a(C ) (=r(O) M aVp o 4 < C@21r(2)))
DﬁAﬁsz)l(z)

for some constants C' > 0 and o > 0. From this we immediately have

/ BN 4(C 2)(—r(Q) D qv - 4(0)
DNAN P (2)

CTlog, (0/Ir(2))] ‘
<c Y @pe)<c

1=0

We will estimate a typical term of Eg A
In order to show (11) we use the following.

LEMMA 4. There exist an open cover U D bD and a constant ¢ > 0 such
that if 2, € U and C € Pe(2) \ Paijp(z)(2) with 2i|r(2)| < c, then

(12) 7(¢) +8(2, O 2 2 ()]

Lemma 4 can be proved in the same way as [13, Lemma 4.2] or [17,
Lemma 3.3]. Therefore we omit the proof.
It can also be easily shown that for any z,( € D

(13) 7€) + 5z, O 2 [r(O)]-

With (12) and (13) we obtain the following estimate of the integral:

/ CIBR 4 aC ) (—r () av, L a(0)
DNANP ()

<C (2'[r(=))) 7"
D mAmPIiT(Z”(z)

vy 1(( 0050 A dG ) A 9 )| @V a(0).
j=1

We choose a 2¢|r(z)|-extremal basis at z and change coordinates. We use
the notation from the proof of Theorem 5.
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/‘ CIER 4 aG 2 (—r ()Y gy a(0)
DNAN P‘ZT(Z)| (2)

<c{/ @ir(z)))!
e~ Y (DNA)N{|n;|<7; (2,28 |r(2)])}

e av# 1 (¢ (200,000 4 d6) A0 1)
j=1

(=) DM o 4V 4 a(n).

If ¢ € Pyipy(zy(2), then [r(¢)] $2'r(2)]. Therefore, it follows from [18,
Lemma 3.3] and estimates of the form

(p*Q[ll, ceey lnfl]

that
Lo BE Al Nr) I aVp o a(0)
DNANPL ) (2)
< O(2'|r(z)) DD
8(l10¢) a(liog) \ |?
————— |det .
e R 72 (2, 21[r(2)]) 8(lg;].1o<p) o anglo@)
J1 In—1
3 G dVpnan),
|njn‘<7—]'n (2:2%r(2)])
where {j1,...,dn}={1,...,n}.
Moreover, we showed in (4) that
d(l10y) A(l1op) —2
S
0" (dVpna) < C |det e dRn;, N dSIn;,,
I(ln—100) I(ln—10¢)
B T

provided that the determinant is non-zero. This argument completes the
proof. N

This also proves Theorem 2. 0
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Proof of Theorem 3. We now consider an affine linear subvariety
A(ly, ..., ln) of codimension m. The proof is similar to the proofs of
Theorems 1 and 2. Therefore we only sketch it. We use the same notation.

The main point is that under the assumption of the theorem

(14) 0 (dVpn a) < CdRnj,, o NdSDj, 0 A= NdRn;, A dSn;,

with a uniform constant whenever

A(l1op) A(l1op)
on, T Omgn

(15) det . #0
A(lmoyp) O(lmop)
on;, .t T Omn

and {ji,...,Jn} ={1,...,n}. This follows from the fact that

(16) ©*dVpna= (\ﬁ),)nm (i dnj A dﬁj>nim,
j=1

2(n —m)!

which is a consequence of Wirtinger’s formula. Hence, we can again use
the fact that Iy o p(n) =-- =1l 0p(n) =0 for n€ (DN A) to get rid
of dnj,, ..., dnj, and their conjugates in (16). Naturally, this is possible if
condition (15) holds true. With (14) one immediately obtains that

w(A(ll, Ceey lm) N Pc|r(q)|(q)) < CV(Pc|r(q)|(Q))

The same estimates for the measure ¢* dVpn 4 show, as in the proof of
Lemma 3, that

/ Epoa(C 2|00 A - A Ol |5 (C) AV 4(¢) < C.
DNA

Lemma 2 and Proposition 1 complete the proof. 0
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