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Abstract. Given any smooth Anosov map, we construct a Banach space on which the
associated transfer operator is quasi-compact. The peculiarity of such a space is that,
in the case of expanding maps, it reduces exactly to the usual space of functions of
bounded variation which has proved to be particularly successful in studying the statistical
properties of piecewise expanding maps. Our approach is based on a new method of
studying the absolute continuity of foliations, which provides new information that could
prove useful in treating hyperbolic systems with singularities.
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1. Introduction

Starting with the paper [BKL], there has been a growing interest in the possibility of
developing a functional analytic setting allowing the direct study of the transfer operator of
a hyperbolic dynamical system. The papers [GL, GL1, BT, BT1, B1, B2, B3, B4, T1] have
now produced quite satisfactory results for the case of Anosov diffeomorphisms (or, more
generally, for uniformly hyperbolic basic sets). Although the theory is not yet complete,
important results, have been obtained for flows [L, BuL, BuL2, GLP, FT2, DyZ, D17],
group extensions and skew products [F11, AGT]. Moreover, recently, a strong relationship
with techniques used in semiclassical analysis (see, e.g. [FR, FRS, FT1, FT2, DyZ])
has been unveiled. Also, one should mention the recent discovery of a deep relationship
with the theory of renormalization of parabolic systems [GL19]. In addition, such an
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approach has proved to be very effective in the study of perturbations of dynamical
systems [KL1, KL3] and in the investigation of limit theorems [G10]. At the same
time, [KL2, KL4] have shown that this strategy can be extended to a large class of
infinite-dimensional systems (coupled map lattices), but is limited to the case of piecewise
expanding maps. However, there has been no progress in applying it to coupled lattices
of Anosov maps when the coupling introduces discontinuities in the system. (The only
available results are restricted to a special class of interactions that salvage structural
stability [PS].) Moreover, only partial progress has been accomplished in extending such an
approach to partially hyperbolic maps [T2] and to piecewise smooth uniformly hyperbolic
systems [DL, BG1, BG2, DZ1, DZ2, DZ3, BaL, BDL]. The recent book [B5] provides
an extensive account and a thorough illustration of the topic.

The present paper is motivated by the current shortcomings in the applications of
the functional analytic strategy to piecewise smooth hyperbolic maps. Indeed, while in
two dimensions the approach can be applied to a large class of systems [DZ2, DZ3], in
higher dimensions it is limited to the case in which the map is well behaved up to and
including the boundary [BG1, BG2] or some special skew product cases [Gal8, GL18].
In the case of piecewise expanding maps, the latter problems are dealt with by using
different Banach spaces. In particular, a huge class of piecewise expanding maps can be
treated by using the space of functions of bounded variation (BV) or their straightforward
generalizations [Sa00, Lil3a, Bul3, Lil3b]. It is thus natural to construct Banach spaces
that generalize BV and are adapted to the study of the transfer operator associated with
hyperbolic maps.

BV-like spaces could allow one to extend the known results to higher-dimensional,
possibly infinite-dimensional (coupled Anosov map lattices) systems. Also, they could
allow one to treat higher-dimensional hyperbolic maps with strong singularities (e.g.
billiards). In addition, such spaces should be useful for investigating numerically the
spectrum of the transfer operator via Ulam-type perturbations, which proved to be
very successful when dealing with expanding maps and BV functions [Liv]. Indeed,
previous investigations of Ulam approximations for Anosov systems left several questions
unanswered due to the inadequacy of the Banach spaces used (see, e.g., [BKL]).

Unfortunately, none of the Banach spaces proposed in the literature for the study of the
transfer operator associated with general Anosov diffeomorphisms, or general piecewise
Anosov, reduces exactly to BV when the stable direction is absent.

The purpose of this paper is to correct this state of affairs by introducing a template
for Banach spaces with the above property. We apply it to the case of smooth Anosov
diffeomorphisms. Although, for such examples, this provides limited new information, it
shows that the proposed space is well adapted to the hyperbolic structure, and hence there
is a concrete hope that this space can be adapted to study general piecewise Anosov maps
and Anosov coupled map lattices in a unified setting. A substantial amount of work is
still needed to find out whether or not such a hope has some substance. Nevertheless, the
present arguments are worth presenting since they are remarkably simple and natural.

An additional fact of interest in the present paper is the characterization of invariant
foliations and, more generally, the method used to study the evolution of foliations under
the dynamics. It is well known that the stable foliation is only Holder, although the leaves of
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the foliations enjoy the same regularity as the map. Nevertheless, a fundamental discovery
by Anosov is that the holonomy associated to the foliation is absolutely continuous and
the Jacobian is Holder. The establishing of this fact is not trivial and, especially in the
discontinuous case, entails a huge amount of work [KS]. Here we show that the properties
of such foliations can be characterized infinitesimally, which considerably simplifies their
description (see Definition 2.5). In particular, given a foliation F, the Jacobian J F of the
associated holonomy can be seen as a quantity produced by a flow, of which we control the
generator H". See Lemma B.7 for a precise explanation of this fact. We believe this point
of view will be instrumental in treating discontinuous maps.

The structure of the paper is as follows. Section 2 contains the definition of the Banach
space and the statement of the main theorem (Theorem 2.1). Section 3 contains the usual
Lasota—Yorke estimate, while §4 contains the estimate on the essential spectrum of the
operator. Section 5 contains some comments on the peripheral spectrum. Appendix A
reminds the reader of some convenient properties of C” norms. Appendix B establishes
various properties of the foliations of Anosov maps that should be folklore among experts,
but we could not locate anywhere in the literature (in particular, the smoothness of the
Jacobian of the stable holonomy along stable leaves). Moreover, as previously mentioned,
such properties are expressed totally in local terms, contrary to the usual approach. Finally,
Appendix C contains a few technical estimates on the test functions.

1.1. Notation. In this paper, we will use C; to designate a constant that depends only
on the map 7 and on the choice of coordinates, but whose actual value is irrelevant to the
tasks at hand. Hence, the value of C; can change from one occurrence to the next and it

.........

for generic constants that depend also on the quantities a, b, . . ..

2. The Banach space

Our goal is to develop a space in the spirit of BV for the study of the statistical properties
of a dynamical system (M, T, u), where M is a compact C" manifold, 7 is uniformly
hyperbolic and u is the Sinai—Ruelle-Bowen (SRB) measure. (Of course, there are many
other functional spaces to analyze such maps (e.g., see [B5]). However, we restrict to this
class of maps to illustrate the construction of the space in the simplest possible form.) Let
us be more precise.

2.1. The phase space. Letr > 2 be an integer and let M be a C" d-dimensional compact
manifold where the differentiable structure is the one induced by the atlas {V;, ¢;} le , Vi C
M, S € N. More precisely, we consider a fixed smooth partition of unity {#; } subordinated

to the cover {V;}. We then define a smooth volume form w by

S
hdow = ho¢l(2) 00 d ' (2) dz, 2.1
/M 2 qui 0 (@) Viog; () dz @.1)

i=1

where U; := ¢;(V;). From now on, all integrals will be with respect to such a form
although we will not specify it explicitly.
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2.2. The map and the cones. We consider an Anosov diffeomorphism T € Diff” (M).
That is, there exists A > 1, v € (0, 1), c¢o € (0, 1) and a continuous cone field (stable
cone) C = {C(&)}sem, C(E) = C(§) C Te M such that DsT~'C(&) C int(C(T~'(&))) U
{0} and (here the norm is defined by some smooth Riemannian structure, and the actual
choice of such a structure will be irrelevant in the following; it will just affect the constants)

inf inf

£eM veC(&

inf inf [|[DeT"v|l > co\"|v].
§eM vgC(§)

) IDT "]l > cov™"llv]l,
(2.2)

In higher dimensions, a cone may have many geometric shapes. It is convenient, and useful,
to ask that they be subsets K of the Grassmannian. More precisely, we can assume, without
loss of generality, that, for each £ € V; and calling M(d,,, d;) the set of d, x d; matrices,

Ko = (U € M(dy, dy) : |U|| < 6),
D¢;iCE) = {(x,y) e R xRS =R : x = Uy, U € K1} (2.3)
={(x,y) eRU x R" =R 1 ||x| < [Iyl},

where U is any d, x d; matrix. Then the strict cone field invariance reduces to the
existence of n € (0, 1) such that

D¢;DT'C(€) C {(x,y) e R% x R =R? : ||x|| < nllyll},
D¢ DTCe(§) C {(x,y) € R" x RY =R |ly|| < nlix]l},

where V; > T, ViisT(E)and C.(§) = Te M \ C(§).

2.3. Transfer operator. We are interested in studying the statistical properties of the
above systems. One key tool used to such an end is the transfer operator: for each i € C'
we define (by det we mean the density of T*w with respect to w)

Lh=[h-|det(DT)| 1o T ". (2.4)

/ gaﬁ"h:/ hooT".
M M

It is then clear that the behaviour of the integrals on the left-hand side of the above equation
can be studied if one understands the spectrum of £. Obviously, such a spectrum depends
on the space on which the operator is defined. Several proposals have been developed to
have spaces on which £ is quasi-compact. Such proposals are extremely effective when
the map is smooth (see [B5] for a review), but are less so for discontinuous systems. Since,
in the case of expanding maps, BV is very effective [Lil3b], it is natural to investigate
whether one can construct a space, suitable for the study of invertible maps, that reduces to
BV when the stable direction is absent. In the following sections, we define Banach spaces
B%4 and B that, when the stable direction is absent, reduce to L' and BV, respectively
(see Remark 2.18). Although we do not discuss discontinuous maps, this is certainly a first

Accordingly, for eachn € N,
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step towards develop a viable alternative to the current approaches. To show that the space
is potentially well behaved, we prove the following theorem.

THEOREM 2.1. Foreachq € {1, ..., r — 2} (note that this condition is non-vacuous only

if r > 3; however, we stress that all the results related to the regularity of foliations in

Appendix B hold true for r > 2), the operator L has an extension (we still call such an

extension L), which belongs to L(B%4, B%9) and L(B"4, B"9). Moreover:

(1) L£:B“ — BY is a quasi-compact operator with spectral radius 1 and essential
spectral radius 055 := max{)\_l, v},

(2)  the peripheral spectrum of L consists of finitely many finite groups; in particular, 1
is an eigenvalue; and

(3) setting hy = T111, where T1y is the spectral projection of L associated with the
eigenvalue 1, h, is canonically associated to a measure whose ergodic decompo-
sition corresponds to the spectral decomposition for the Anosov map and consists of
the physical measures.

Proof. The proof of (1) can be found in Lemma 4.1. The proof of (2) is given in
Lemma 5.1. The canonical correspondence of &, with the distribution mentioned in point
(3) is detailed in Lemma 2.16 (see also Remark 2.17 for the use of such a canonical
correspondence in this paper) while, in Lemma 5.1, it is shown that the associated
distribution is, in fact, a measure. Finally, the proof of (3) is provided by Lemma 5.2. [

Observe that BV C B (see Remark 2.19), and hence the above theorem implies
that, for Anosov maps, the spectrum og14(£) determines the decay of correlation for
BV densities. In particular, consider a transitive Anosov map. Then &, is ergodic and
corresponds to the unique SRB measure wsgp. Also, Theorem 2.1 implies that, for all
0 > 0y, there exists a constant Cy > 0, finitely many eigenvalues {6;}, |6;| € (6, 1), and
finite rank operators B; : Bl Bl’l, with spectral radius equal to one, such that, for all
Qe C? and rectifiable sets A (by rectifiable we mean that 14 € BV),

gooTn]lA—/ ou /1,4— 94/ @B" 14
/. o [ 145207 [ o8,

Note that a similar estimate could be obtained using the spectral properties on spaces
already existing in the literature and by deducing the behaviour for BV densities using an
approximation argument. However, this would produce a less sharp result (in particular,
it would allow only 6 > o2  for some o < 1). In addition, the following are direct
consequences of Theorem 2.1.

= Clligli2Lallzvo™.

e The central limit theorem and other statistical properties for observables that are
multipliers of BV hold via the usual spectral approach of analytic perturbation theory
(see, e.g., [G15].

e Statistical aspects of random perturbations: let 7y be a transitive Anosov map. Let By,
be a sufficiently small neighborhood of Tj in the C!-topology so that condition (2.2) is
satisfied for all T € By, with uniform constants. Let E := sup; ), ||[81(DT071)1J<]||01
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and define the following family of maps

Gz = {T € C*(M): T € Byyand sup Y _ [[[a(DT )l < 25}.
!
k

One can study, for instance, independent and identically distributed compositions with
respect to some product probability measure P defined on Glg. Spectral properties of
the annealed transfer operator associated with the above random map follows from this
work and stability results can be obtained using the current setting and the framework
of [KL1].

2.4. Foliations. A fundamental ingredient in the understanding of hyperbolic maps is
the study of dynamical foliations. Hence a small digression is in order.

Definition 2.2. A C" t-dimensional foliation W is a collection {W,}yca, for some set
A, such that the W, are pairwise disjoint, Uye4 Wy = M and, for each & € W,, there
exists a neighborhood B(£) such that the connected component of W, N B(§) containing
&, call it W(§), is a C" t-dimensional open submanifold of M. We will call 7" the set of
C" dg-dimensional foliations.

Definition 2.3. A foliation W is adapted to the cone field C if, foreach & e M, T: W(§) C
C(&). Let F; be the set of C" dy-dimensional foliations adapted to C.

Given a d;-foliation adapted to C, we can associate to it local coordinates as follows.
Let §op > 0 be sufficiently small so that, for each & € M, there exists a chart (V;, ¢;) with
& € V; and such that U; := ¢; (V;) contains the ball Bs,(¢; (§)). (Here, and in the following,
we use Bs(x) to designate {z € RY . lx —z|| < 8} for any d’ € N.) Also, choose U° =
U2 x UY € R x R% with UY = Bs,2(0), U? = B, /2(0). Next, for each z € U, let
W (z) be the connected component of ¢; (W) containing z. (Refer to Definition 2.2 for the
exact meaning of ‘connected component’. Also note the abuse of notation since we use the
same name for the sub-manifold in M and its image in the chart.) Define the function F :
U® — R% by {(Fe(x, y) + xe, ye + 1)} = {(w, y + y&)}hyerae N W (x + Xz, y£), where
(xg, ye) = ¢;(§). (The fact that the intersection is non-void and consists of exactly one
point follows trivially from the fact that the foliation is adapted to the cone field. Hence the
two manifolds are transversal.) That is, W (x + x¢, y¢) is exactly the graph of the function
Fe(x, -) + x¢. Moreover,

Fe(x,0) =x. (2.5)

In addition, we ask dp to be small enough for the expression of DT in the above charts to
be roughly constant. See Lemma B.5 and its proof for the precise condition.

Remark 2.4. The above construction defines the triangular coordinates Fg(x,y) =
(Fe(x,y),y), which describe locally the foliation. In fact, (d)l._1 oIFg(UO),IFgl o ¢i)
is a local chart of M in which the foliation is trivial (the leaves are all parallel). In
the following, we will often use such coordinates without mention if it will not create
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confusion. Also, to ease notation, we will confuse V; with ¢; (V;) when not ambiguous. In
addition, we will use [F to indicate the collection of maps {IF¢} and also for F. Of course,
F is not unique, since we can chose different charts for the same £. However, different
choices are equivalent so we assume that some choice has been made. Clearly, ' uniquely
defines W.

Definition 2.5. Foreachr e N,r > 2and L > 0, let
Fo={W e Fi:FecC (U R,

wWr _{Wef sup sup sup 1% Fe (e, o o gy < L 0’2 <k<r
£ xeu? lol=

sup sup sup 19 H % () oo oz <L("“)2,05k§r—2},
& xeUl lal=

where

dy
H' (x, y) =) [0y, ([0y (F¢) ;10 Fy D] o Fe (x, y)
j=1

=) 30y (Fe)j - (0 Fe)y; - (2.6)

ij
(Note that equation (2.3), Definition 2.3 and the subsequent description imply that
10y Fe (x, y)|| < 1. Hence, recalling (2.5), || Ftllco < 0. Accordingly, in the first line of

the definition of Wz, the cases k € {0, 1} are superfluous.)

Remark 2.6. Since the invariant foliation is not C” (in general, it is only Holder, although
it consists of C” leaves) it does not belong to W for any L. However, it belongs to its
closure if L is large enough (see Remark B.3).

Remark 2.7. Note that the functions H’ are related to the Jacobian of the stable holonomy
(see Lemma B.7), and hence it does not make sense to require them to be uniformly
smooth. In general, it is possible to control effectively only their Holder norm, yet,
restricted to the stable direction, they turn out to be smooth. Indeed, this is the whole
content of Appendix B.

Remark 2.8. The role of HY in the definition of W} will become apparent in the proof of
the Lasota—Yorke 1nequa11ty in Proposition 3.2, in particular, in (3.8). Hence, controlling
the sup; SUP, e /0 |H ke (x5 M e (U0 Rds) uniformly in 7 is essential.

Next, we would like to define the evolution of a foliation W € W} under T'. Let W" :=
T7"W :={T7"Wy}yea- Clearly, W" € f'é but much more is true.

LEMMA 2.9. There exist ng € N and L > 0 such that, foralln € N, n > ng, L1 > L and
W e Wzl, we have W" € Wzl/z.
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Remark 2.10. By considering an appropriate power of the map, rather than the map itself,
we can always reduce to the case ng = 1. We will do exactly this in the following.

Remark 2.11. From now on, L is fixed so that Lemma 2.9 holds true. Since the choice of
L depends only on T and M, in the future we will not make the L dependence explicit in
the constants.

Lemma 2.9 is proved in Appendix B. In fact, we prove the more general Proposition B.1
which implies Lemma 2.9 (see Remark B.2).

2.5. Test functions. Since we will want to be free to work with high-order derivatives,
it is convenient to choose a norm || - ||c», p € N U {0}, equivalent to the standard one, for
which C” is a Banach algebra. We thus define the weighted norm in C* (M, M (m, n)),
where M (m, n) is the set of the m x n (possibly complex valued) matrices,

m
lpllo = sup sup > fgi; (x)],
xeM iefl,..., n}j:1

2.7)
P

lller =Y @™ sup 110%pl|o,
k=0 loe|=k

where, @ > 2 is a parameter to be chosen later (see (3.11)), « is a multi-index « =
(g, - -+, ag) with o; € NU {0}, we denote |«| = Z;j:l a;,and 0% = 8,‘?1‘ e ij.
Note that the above definition implies that

lllgort = @+ i@l o + sup 135 @lice- (2.8)
1
The next lemma is proved in Appendix A.
LEMMA 2.12. Foreveryp,n,m,s € N, ¥ € C°(M, M(m, n)) and ¢ € C°(M, M(m, s)),

levlicr < llelicellvllce-

Moreover, if p € CP(M, M(m, n)) and y € C°(M, M), then

P k
o —k
lpovlier < ,;) <k>wp lpll ok ]1 (DY) [l go-i

(C°(M, M) is defined in the natural manner using the norm (2.7) in the charts (V;, ¢;).
Also, we use the charts to identify 7, M with R4, Hence Dy € M, d).)

Definition 2.13. For each ¢ € C"(M, Cl) and W € FF%, let pex()=¢o ¢i_l oFe(x, -),

g < r, and define (we use the standard notation @¢ » = (P& )15 - - - » (P£.x)1))
1
lll} := sup sup llgz xllcoocn = sup sup Y (e jllerwoc)- (2.9)
§eM xeUV ‘ §eM xeUf) oy ;
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Remark 2.14. 1t is easy to verify that a different choice of the charts produces a uniformly
equivalent class of norms.

2.6. A class of measures. To be precise, we are going to define a Banach space of
distributions. We are interested in measures that belong to such a space. Define

Qrgi=1{(W,9) e W xC'(M,C): |lgl) <1} (2.10)

and lift the dynamics to 274 by T(W, ) = (T~'W, 9 o T).

LEMMA 2.15. For each o € (v, 1), there exist constants Ao, By > 0 such that, for each
choice of w > 2, each (W, ¢) € Qr 41, q €1{0,...,r —1}andn €N,

T-"W w
lpo T"IT"Y < Aollell,

lpo T2 <Aoo lell}),) + Bollell)' -

The lemma is proved in Appendix C. Note that Lemmas 2.9 and 2.15 imply that
T 41 C Qg
It is now time to define the norms. Given a function & € C! (M, C), we define

)

I7llog == sup ’/ he
M

(W.0)€QL 4.1
/ h div ¢
M

I2lly, = alhllog + 1217 4
q q

2.11
I}, =  sup @11

W.0)eQLg+1.4

s

for any g € N U {0} and some fixed a > 0 to be chosen later (see Proposition 3.2).
As already remarked, the differential structure and the volume form are defined via the
charts. Thus, to be precise,

S d
/M hdiv g = Z/U hog ' (0o ()Y (,lpj 0 ¢ D) dz.  (212)
i=1"Yi j=1

We are then ready to define the Banach spaces. The space B%¢ is the Banach spaces
obtained by completing C'(M, R) in the | - llo,; norm (the completion can be achieved
within the space of distributions of order g). We are not interested in making the same
choice for the norm || - ||1i 4 since this, in the case when d; = 0, would yield the Sobolev
space W ! rather than the space of functions of BV that we are interested in. Thus, we use
a method analogous to the standard procedure to define BV starting from W !, First, we

define the new norm, for each h € B>,

1hllg = lim inf{ligll;; = g € C'(M,R) and ||g — hllog < ¢}. (2.13)
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We then define B9 := {h € B | 71l < oo}. See §2.7 of [BKL] for a brief discussion
of the general properties of such a construction.
The next lemma explains the sense in which B¢ is a space of distributions.

LEMMA 2.16. The spaces B9, i € {0, 1}, are spaces of distributions in the sense that
there exist canonical embeddings 1o 4 : B — (C?) and g ! B — (catly.

Proof. First, note that there exist C; > 0 such that, forall ¢ € C? and W € W[, ||g0||;V <
Cyll@llce- In addition, for each h € c'(M, C),

‘/ hdo
M

which, by density, implies that (k) = [,, h do belongs to (B%7)' ¢ (B“Y, the duals
of B%4 and B, for each g > 0. Also, one can easily check that, for each ¢ € C? and
h € B, we have oh € B%4 and, for each Q€ it and h € B, we have oh € B,
This implies that i, (h)(¢) := £(ph) is well defined for each ¢ € C? and h € B%. In
addition, for each h € C'(M, C),

—1
= lltllog =a " lhlg.

ltoq (M) (@)] = VM oh do| < |hloglely < Cqllhllogligler

from which, by density, it follows that i, (h) ()| < Cyllhllogll@llce for all i € B%? and
@ € C%: that is 194 (h) € (C?)'. Thus 1o : B — (C?)'; it remains to check that it is
injective. Suppose that ¢4 (ho) = o4 (1). Then, for all ¢ € (4,

/ (ho —h1)e =0,
M

which, recalling (2.10), implies that ||hg — h1llog = 0.
The other embedding is proved similarly. O

Remark 2.17. From now on, we will identify, when needed, the spaces 5" with the spaces
lig (Bi’q) of distributions without further notice. (In general ¢; 4 (Bi *7) is not closed in the
(C1*7) topology. To see lig (B*) as a Banach space we have to induce the norm: if i €
lig (B*9), then ||h| = ||Li_’(]1 (M) |li 4. Obviously, in this way ¢; ;, becomes an isomorphism of
Banach spaces, hence the possibility to identify them.)

To better understand the B4 spaces, it is useful to note that, in special cases, they are
simply functions.

Remark 2.18. If T is an expanding map, the d; =0, and hence the leaves are just
points and ||g0||gV = |¢|co- The reader can easily check that B% = L' and B = BV,
as claimed.
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sup ‘/ oh /W‘zllhlly,
(W.0)eQp g1 |IM lploo<t |/M

/hdivgo‘f sup /hdivgo
M loloo<1 I/ M

Thus, by (2.11) and (2.13), [|k]l1.4 < Callkllpy: thatis L' ¢ 8% and BV c B'.

Remark 2.19. By (2.11), it follows that
< sup

sup
W.0)eQLg+14

=< lAllBy.

Remark 2.20. There is no problem in considering norms with higher smoothness, as in
[GL]. We avoid it since it is not relevant for the issue we are presently exploring.

3. A Lasota—Yorke inequality
Our first goal is to show that £ is bounded in the || - [log, || - l1,; norms, and hence £
extends uniquely to a bounded operator on 8¢ and B'.

To prove our basic proposition (a Lasota—Yorke-type inequality), we first need a small
approximation lemma.

LEMMA 3.1. There exists ¢ > 1, g9 > 0 such that, for each g € {1,...,r}, (W, ) €
Qp g1 and € € (0, ¢gp), there exists ¢, € C"(M,C) such that (W, c;,lgog) €Qrgl
(W, ep'e0e) € Qugiiand llg — ¢ell) | < Cymre.

Proof. Let (W, ¢) € Q1 4.1. Consider a mollifier j, (y) = e~%j(e~'y), where j € C is
supported in a fixed ball. Then, for ¢ < §p/2, and (x, y) € U 0 define (see Remark 2.4 for
the definition of F¢)

Bewn) = [ 0od o @ty + )0 e

ge =Y Vi PicoF; o 3.1)
i

Clearly, ¢, € C”, and hence we only have to verify the other two properties. Note that

ge0¢; oFe(x,y) =) [0 GieoFy ' opilod; ! oFelx, y).

1

By definition, F;' o ¢ 0 ¢ o Fe(x, y) = (hij(x), gij(x, y)) for some gij(x,-) € C".
Moreover, sup;; sup, llgij(x, )lcr < C for some constant C > 0. Thus

e 07 oFe(x, y)

=Y Diod; oFe(x,y) /R L 9o oFe(hij(x), ij(x, y) + 2V (2) dz.

Using the above formula and (3.1), we can estimate

lpe 0 p7 " 0 Fe(x, lles < Y 1% 0 b7 0 Felx, ller 1@ie (hij (x), gij(x, lles < cor

1
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for some constant c5-. On the other hand, recalling (2.7),

lge 0 ¢ 0 Fe(x, ll g1

< Collge 0§70 Fe(x, )llcs

+ > C

il,|lal=g

‘/M 9;,0%[@ °¢,-_l o Fel((hij(x), z + gij(x, "))

q
X 0y 8ij (0, ) [ By, 807 (x ) e @)z
k=1 C

< Colw + Z CH/ 3 [ o ¢; ' o Fel((hij (x), z + gij(x, )y, 8ij (x., )
illal=g VR"

q
x [T 8y, 8ij (x. )02 (2)dz .
k=1
< Cocw + lply CCre™" < cme™,

provided we chose ¢, > 2CCy and g9 < (2C =)~ L. To verify the last inequality, note that
there exists a constant Cy 5 > 0 such that

lp o ¢ o Fe((hyj(x), z + gij (x, )

—@o¢ ! o Fe((hij(x). 8ij(x, N1 < Cqw ol Iz1.
Hence,
lg — ell) ) < Cqme. O

PROPOSITION 3.2. For each 6 € (max{v, ™'}, 1), we can chose @ > 2 such that there
exist constants a, A, B > 0 such that, for all h c! M,C),qef0,...,r—1},

1L hllog < Allhllog-
In addition, forallq € {1, ..., r — 2},

1£"hlloq < A" I1llog + Bllillog+1s
1£%hll1.q < A0 [hll1g + Blihllog+1-
Proof. Note thatif (W, ¢) € Q1 4.1, then, by (2.7) and (2.2) and for A large enough,

[ ] =|[ woer
M M

from which the first inequality follows.

< Allhllog (3.2)
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For each ¢ > 0 and (W, ¢) € Q 4,1, we define ¢, as in Lemma 3.1. Hence,

‘/ E”h¢‘='/ h(w—%)oT”‘+‘f hwgoT”‘
M M M

<@ —g)oT"lI; " Wiklog + llge o T, " 1Rllog+1 -

Then, by Lemmas 2.15 and 3.1,

fom
M

<l —we) o T g Vlihllog + llge o T4 llo.g+1

< (A0 llp — el + Bolle — @cll;" Dllkllog + Aoligelly’ I17llo.g+1

< 2c;,' Ago ™" + Cyor Bo&) I ll0.g + Aocare ™l ll0g+1-

For each 6 € (o, 1), there exists n; € N and & such that 24909 + Cy o Boe < 621,
(Recall that, for this statement, we require ¢ > 1. It is obvious that ¢ = 0 does not lead
to any contraction. This point shows the need to work with a space of distributions
rather than a space of measures.) Thus, taking the sup for (W, ¢) € Qp 41, we have, for
neiny,...,2n},

1L lloq < 0"hllog + Calinllog+1-
Iterating yields that there exists A; > 0 such that

£ llog < 0"hllog + Bolihllog+1 foralln > ny,

3.3)
1L hllog < A16"1Allog + Barlhllog+1  foralln e N.

Next, we prove the third inequality in the statement of the lemma. For each (W, ¢) €
Q. g+1,d, Write

fﬁ"hdivw:/ h(div @) o T".
M M

Note that, setting R = ¢; o T" o q)j_l and recalling equation (2.12),

d
div (DR ' o - 9o T") = (dive) o T" + Z QDR ikgropj o T, (3.4)
Lk=1

Set D, = sup; Yy I3/ (DR™)ialllcr-

It is then natural to decompose ¢ into an ‘unstable’ and a ‘stable’ part. More precisely,
consider the ‘almost unstable’ foliation I' = {ys};cres made of the leaves in some chart
®j, vs = {(u, 5)},cra. and its image T"T". The leaves of T"I" can be expressed, in some
chart ¢;, in the form {(x, Gn(x, y)} for some function G, smooth in the x variable, with
||8xén|| < 1 and the normalization én(F (0, ¥), y) = y. On the other hand, the leaves
of W, in the same chart, have the form {(F (x, y), ¥)}. It is then natural to consider the
change of variables (x, y) = W, (x, y'), where (x, G,(x, y")) = (F(x’, y), y). Writing
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@ = (@1, ¢2), with 91 € R% ¢, € R%, we consider the decomposition
—1 _u -1 K —1
pod, (x,y)=¢"0¢; (x,y)+¢ o¢; (x,)
= ((x, ), %G (x, YI0(x, ) + @y F (&', Yw(x, y), w(x, y)). (3.5)

(Since v and w depend on n, a more precise notation would be v,, w,. We suppress the
subscript n to ease notation and since no ambiguity can arise.) That is, setting ¢ = ¢ o qﬁi_l,

v(x, y) = (1 = 3, F(x', )3 Gn(x, YN 11 (x, y) — &y F (X', y)Pa(x, ¥)),

y y (3.6)
wx, y) = (1 — 83:Gu(x, )3, F(x', ) 1 (@2(x, y) — 9:Gu(x, Y)P1(x, ¥)).
Thus, recalling equation (3.4) and Lemma 2.15,
'/ L'hdivg| < / L"h div ¢ | + ‘/ L"h div "
M M M
< / L div ¢* | + AoDylhllog-1
M
+ V hdiv((DR) ' o RV og;-¢"1oT™)|. (3.7)
M

To estimate the above terms, our first task is to compute the norm of div (¢*), (x, y) =
F(x', y) := (F(x’, y), y). We start by noticing that

D Oylwi oFIGx', y) = Y (@e,wi)(x, y) - 3y, Fi(x', y) + Y_(@y,w)(x, y)

i,J

= div (") (x, y) = D _[@y 3y Fj - 0 F)) o F ' - wyl(x, y).
i,j.k

Accordingly, recalling (2.6),
div (") (F(x', y), y)) = [ > dylwi oF1+ Y (H -wi)o F} ', ),
i i

wol(,y) = (1 — 8,Gn(F(x', y), )y F(x', ) gz o F — 8,Grgp1 0o MI(x', y).

(3.8)
Since, ||w||(‘;jrl < Cp.w, recalling Definition 2.5 for all || < g,
0% [div (¢*) 0 ¢; ' 0 FI(x', )| < Cp.
Hence, by (3.2),
[ v | < C1chiog = CoAlilng. (39)
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On the other hand, for each |«| = g + 1, using (3.5) and (3.6),

0X{[(DR)™ o R™'p" 0 ¢ 10 F}(x', y)|

1 0

1 ’ -1
<|(DRoR™ oF(, y) (0 GF(', y))

)agf[vw;l oFIx', y|+Com ol

where the last term bounds all the terms with at most ¢ derivatives on v. Since the range
of the matrix in the line above belongs to the image of the unstable cone under R, by (2.2)
(and putting in the remainder all the terms with at most g derivatives of ¢), we have

[0X{[(DR) ™" o R™"¢" 0 ¢ 1o F}(x', )

146 _ _ _

< — Ao, Lo F( )| + Com ol
(1+6%% —1y W

< mx lelgsr + Camllelly -

Accordingly,

1 02 2
DR o R o ¢y - "1 s )r"nw

w 1y W
+1= T g g1+ Camllelly -

Then Lemma 2.15 implies that

—n An(1l 242
||[(DR)_1OR_lo¢i.¢“]oTn||T W<M

C
w n w
e+ S T lellger + —llellg - (3.10)

‘We can now chose n € N, no > ny, such that

Ap(1 Jre?)zx,n2 1

< —0"2,
co(1 —6) 4
and finally we choose @ such that
4 sup C;07" < w. (3.11)
[<2n,
Accordingly, for all n € {ny, . .., 2n3},

IR o R ogi-“lo T"|I1\Y < 36101},

We can then continue the estimate started in (3.7). Recalling (3.9):

‘/ L"h div ¢
M

(Note that, in (3.11), we have chosen @ and that the choice depends only on T.
Thus we can drop the @ dependency from all the constants.) Finally, choose a such
that sup;—,, CiAa! < %92"2. Then, taking the sup on ¢, W, we have, for all n €
{ns, ..., 2n5} and using (3.3),

1
< ACqullhllog + EQ"IIhIIT,q + Ao Dn, 12 llog+1-

I£7hly, < 6" ANy, + Bu,llkllog+1-
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Then, for each n € N, we can write n = kny +m, m < np, and iterating the above
inequality, we have, for all n € N,

IL"hIlT, < A0"IIAIT, + Blhllog+1-

0.q
Finally, if h € B4, then there exist {gr} € C': gx B—> h and ||gk||1*q — |lA|l1,4. Since,
L'y € ¢! and L' — L"hin B4,

"h <l "erlly, < A6" 1i 1.+ Bl
1£"hlg < Jim ("8l < A6" tim lgely, + B lim figclog+
= 46" hl1g + BlAllog+1.

This finishes the proof of the second item in the proposition. The proof of the first item of
the proposition follows from (3.3) and (3.11). ]

4. On the essential spectrum

In the previous section, we saw that £ (or rather its extension which, with a slight abuse
of notation, we still call £) belongs both to L(B%, B%) and L(B"“, B1?). Moreover,
Proposition 3.2 implies that the spectrum of L is contained in the unit disk. Next, we want
to study the essential spectrum (that is, the complement of the point spectrum with finite
multiplicity).

LEMMA 4.1. Forq € {l,...,r — 2}, the essential spectrum of L on B4 is contained in
the disk {z € C : |z] < max{x~', v}}.

Proof. By Lemmas 2.9 and 2.15, it follows that it suffices to study the sup of |’ v ho for
(W, ¢) € Qrjag+1,1- Indeed, if Bl ={h € B4 ||h||£q < 1} is relatively compact in the
topology associated to the norm ||h||(),qJr1 = SUD(W.0)eQ jag 11 |fM hg|, then, by Lemmas
2.9 and 2.15, there exists ng € N such that [|[L"h]lg 441 < ||h||6’q+1. Hence, L™ B is

relatively compact in B%9F!. Thus £ is compact as an operator from B4 to B%¢*! and
the lemma follows from Proposition 3.2 and the usual Hennion argument [He] based on
Nussbaum’s essential spectral formula [Nu] (see [L] for details).

Let us prove the relative compactness of B; . Since we can write

he = /hz?xp
Jyre=32 ], mo

we can assume, without loss of generality, that ¢ is supported in a given chart (V;, ¢;).
From now on, we will work in such a chart without further mention.
We define ¢; to be the solution of the heat equation

dor = Avgr inRY x [0, 1],
@0 = .
That is,

1
@ (x,y) = W /Rd e_(lglz)/‘”(p(x —¢,y)de. 4.1)
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Then, for each small ¢ > 0,

& £
/Iwzf h%_f dt/ ham:/ hgos—/ dz/ h div Ve, (x, y)
M M 0 M Vi 0 Vi
1

£
Y di—— | dxd dee= P/ p div V,o(x — ¢,
/Vl- (ﬂe-l-fo (47Tf)d”/2/\/,- x y/Rdu e ivVep(x —¢,y)

€ 1 2 e
= dt——— | d *<'f'>/4f/ h div ¢,
/v- o +/0 (4m )2 /né@ ‘e vt

where, in the last line, ¢¢(x, y) := ¢(x — ¢, y) and we have integrated by parts with
respect to ¢. Next, for each ¢ € R%, we define the foliation Fex,y):=(F&x—=2¢,y)+
¢, y). Note that the foliation W¢ defined by F, belongs to W} /4- Then @t oFr(x,y) =

@(F(x — ¢, y), ), which implies that [l¢%]|{, < 1. Hence,

/ hg = / h ge + O(||Rly ,©). 4.2)
M Vi
In addition, by (4.1) and integrating r times by parts,
Cr ~(EP)/Ae (o= /D) 4 o= ~/)
lpe (-, Yler < Gme)hl? /Rdu e (77 + eI el odg < Ce™ /7.

Moreover, recalling (4.1), Definition 2.5 and Lemma B.7,

1 -~ 2
0o F(x.y) = s /Rdu e IFeM=E/ %0, y)dg

1

— — ))|2
— e [, YOI e, 3, 3) den,FE. ) e,

which readily implies that ||<p8||,W < Ce™". This, by [J], implies that |¢;|cr < Ce™". Thus,
recalling (4.2), we have, for each ¢ > 0,

I2llog+1 = Ce™"lhlicry + Cllhl & 4.3)

Since (C77!)’ embeds compactly in (C") and Lemma 2.16 implies that B is a bounded
subset of (C‘”‘l)/ , it follows that B, is relatively compact in (C"Y. From this and
equation (4.3), the relative compactness of B in B%4+1 readily follows. Hence the lemma
follows. O

5. On the peripheral spectrum
The previous section implies that, for each g € (max{)\’], v}, 1), the spectral decomposi-
tion is

Lg

L= I +R, (5.1)

j=1
where IT;TT; = Bjkl'lz, IT;R = RITj =0, each II; is a finite rank operator, and the
spectral radius of R is bounded by S.
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LEMMA 5.1. One is an eigenvalue of L. Letting hy := T111, h, is a measure. In addition,
the peripheral spectrum of L consists of finitely many finite groups.

Proof. Since £ is an eigenvalue of the dual of £ (the Lebesgue measure being the
eigenvector), it must belong to the spectrum of £. Next, we choose $ in representation (5.1)
to be large enough so that, for all the eigenvectors, we have |\ ;| = 1. In this case, since the
operator is power bounded, the IT; cannot contain Jordan blocks. Thus IT;IT; = §x 1. A
simple computation based on (5.1) shows that

n—1 e 0D
1 . 0 f L),
lim — E e Lk ={ ife ¢ (L) (5.2)

M; ife’” =% =: €.

—1 n—1
15 1
< lim - E / £k1|<p|: lim — E / |<poTk|§|(p|oo.
n—oo n =M n—oo n /M

In other words, &, defines a measure. Then let 4 € C! and pello=>0.

. 1 n—1 . . 1 n—1 .
'/M Mjhe ?&%;%/M‘ |h|¢=nll>n;oZI§/M lhlgoT

—1

1 n

< lhloo lim —Z/ ﬁ"1¢=|h|m/ hig.
n—-oo n M M
k=0
Moreover, by a similar computation,
1 n—1
‘/ Mjhg| < fim ~ >~ [ LHihle <tk [

This implies that IT;jh = 27;1 Yjhy fM ho;,, where ¥, ¢;; € L°°(M). Note that
[ I1,, = 8k I1; implies that

/ Ok iV hs = SkemOip- (5.3)
M

Accordingly, for all g, h € C",

nj
Z/ glp,-,lh*/ ¢j,,oTh=/ gl_[jﬁh:emf/ gljh
= /M M M M
nj
=" Z/ glﬂj,zh*/ heji.
=1 "M M
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It follows that ¢pj; o T = e'Vig i 1> @ almost surely. On the other hand,

nj
Z/ gﬁw,-,lh*/ ¢,-,,h=[ gﬁH,-h:e“’f/ glljh
= M M M M
nj
= ¢ Z/ gllfj,lh*/ hoj.
=1 IM M
By the arbitrariness of g, &, it follows that

Y ih = LYjihe = Wi 0 T Lhy = iy 0 T by,

which implies that v/ ; o T-! = ¢lY Y1, hxdw almost surely. Note that this implies that,
for all k € N, wf’l oT ! = elﬁjkwjﬁl. Thus c(w;{lh*) = wj{l oT'Lh, = elﬁf"w}"lh*.
By an approximation argument, one can prove that I/f}ilh* € B"4. But then it follows that
{¢!?i*¥}) € o(L) and since the operator is quasi-compact it can have only finitely many
isolated eigenvalues. Thus, we must have ##; = 27k /n;, which concludes the proof. [

Lemma 5.1 implies that there exists 7 € N such that the peripheral spectrum of £
consists of only the eigenvalue 1 with associated eigenprojector IT = Zfil Vihy | u hor,
where ¥ € {;;} and ¢; € {¢;;}. Moreover, (5.3) implies that

/ drvhs = 811 (5.4)
M

Accordingly, the rest of the spectrum will be contained in a disk strictly smaller than
one: that is, £ =TI + Q, where Q" I,y < Co" for some C >0 and o € (0, ). In
addition, note that (5.2) implies that TI1 = /.

A more precise result can be easily obtained.

LEMMA 5.2. The ergodic decomposition of hy corresponds to the spectral decomposition
for the Anosov map and consists of the physical measures.

Proof. Let Th= ZINII o) fM Yrheh and recall that ¢ 0T = ¢;. For each h €
C?(M,R),let h = h — TT h. Then

/ = 2 | ol 2
P> hot™ T = [ |3 her
M M
«— |1 ) Py
=> = | hor™hoT™
— 1= Jyu
k,j=0
n—1 1 ) n—1 1 o )
=Z_2f L1424+ 2 Z —zf h L= i
=0 " IM k=j=0 " /M
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Next, note that, recalling (5.4),

/ ATIATIL = / Whn,
M M

N N N
= hrh, hhy — hoh s hhy = 0.
> [ v [ i =Y [ it [ o [ o,

=1 j=1
/[14

By Chebysheyv, this implies that

It follows that

2
<Cun L. (5.5)

Cy
> < ==,
- 8}) ~ &n

Thus, if we consider « € (0, 1) and the set I = Ugen{2F +j2ak}05j<2(l—a)k, each
sequence {n;} C I will have limit @ almost surely by a standard Borel-Cantelli argument.
On the other hand, since 4 is bounded, this readily implies that

1 n—1 )
- Z hoT™ —TIh
n

k=0

1n—l )
w({xeM:’— hoT™ _TTh
n
k=0

1 N

1S O

nli)n;o - Z hoT™ =ITh = Z ol /M Yihyh  w-almost surely.
k=0 =1

By an obvious approximation argument, the same can be proved for each 1 € C°(M, R).

This implies that the ergodic decomposition of 4, consists of the physical measures. It is

well known that these are the SRB measures of the system. O

Remark 5.3. 1f the map is topologically transitive, then the physical measure is unique and
so are the physical measures of the powers of the map. Hence the map is mixing, and no
other eigenvalue of modulus one exists. Thus, the transfer operator has a spectral gap and
the map is exponentially mixing for BV observables.
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A. Appendix. Norms estimates

We provide a few tools on how to estimate C? norms of products and compositions of
functions. These are well-known facts, yet it is not easy to find in the literature the exact
statements needed here, so we provide them for the reader’s convenience.

Proof of Lemma 2.12. Let ¢, ¢ € CP(M, C). First, we prove, by induction on p, that

sup [[0%(@y¥)lleo < Z( ) sup (9%l co SUP 107 [l co- (A.T)

la|=p |Bl=p—k

Indeed, it is trivial for p = 0 and
[19x; 3% (@) |l o = [18% (Y dx; 0 + @y, V) || 0

P
Y
< (k) sup [[8%3y,¢ll0 sup 137 ¥llpo
=0 |Bl=p—k lyl=k

p
p B
+ E sup 18735, ¥ |0 sup (187 @]l -0
<’<) Blopk N ¢

0
o)
Y
sZ(k) sup (1079l co Sup 197 1l o

|Bl=p—k+1

p+1
0
+ sup 3" ¥llo  sup  [8Pll 0,
<p+ 1 —k> lyl=k < lpi=p—t+1 ¢

from which (A.1) follows by taking the sup on «, i and since () + (,,7_;) = (” ). The
first statement of the lemma readily follows: that is,

lowller = pr —k Z( ) sup 198¢lgo sup 1187 ¥llco

j=0 —J lyl=Jj

k) =
J ”M‘

k=0
P
Z L () sup ||a%||co sup. 187 9l o
j=0

1Bl=

IA

P
3 ( . )wﬂ I~ sup 9 gllo sup 107l = lleller 19 N

j=0 1=0 1BI=l

since (j ;H) < 2/%! < . The extension to functions with values in the matrices is trivial
since we have chosen a norm in which the matrices form a normed algebra.

To prove the second inequality of the lemma, we proceed again by induction on p. The
case p = 1 is trivial from the definition of the norm. We assume that the statement is true
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for every k < p and show it for p 4 1. By the definition of || - ||c»,

lg o Yllgoet < @ igllo + sup [0y, (¢ o ¥)llce. (A.2)
1

By hypothesis (below, we use the elementary fact that (qf 1) < (p ;H), g=<p+1),

1, (9 0 Ylier < sup 1(3x;9) o Ylier (DY) llce

P k
=y (i)wﬂ‘kuwndﬂ [T 1w g

i=0

p+1 B 1
< < . )wf’“ Ugller [T 1DV gos1-i-

j=1

Finally, notice that the term with ¢ = 0 in the sum above is exactly the first term of the
right-hand side of (A.2), which gives the result for p + 1 and proves the induction. O

Remark A.1. Notice that, for ¢, ¥ € CP, the definition of the norm and Lemma 2.12 imply
that

p .
lgovler < lipller (?)w—fuquéﬂ_,. (A3)

j=0

B. Appendix. Foliations: regularity properties

This appendix is devoted to proving Lemma 2.9 and a few other technical lemmas. In
essence, we study the behaviour of foliations under iteration. This is very similar to what
is done in the construction of the invariant foliations and in the study of their regularity
properties, including the regularity of the holonomies. The reason to redo it here without
appealing to the literature is that we need these facts in an unconventional form. In
particular, we could not find anywhere in the literature the infinitesimal characterization of
the holonomy used here, which is a characterization, hopefully, very helpful in the study
of discontinuous hyperbolic maps.

Given such a new twist in the theory, we think it is appropriate to present a more general
result: we will control also the regularity of the leaves, and of their tangent spaces, in the
unstable direction, although this is not needed in the present paper. More precisely, we
will see that the derivatives of the foliation along the leaves vary in a tp-Holder manner.
The optimal 7 is well known to depend on a bunching condition [PSW, HW]. We ignore
this issue since it largely exceeds our present purposes and to investigate it would entail a
lengthier argument. Note that Lemma 2.9 is a special case of Proposition B.1 below when
choosing t = 0.

Lett € (0, 1). Given ¢ : M — R, we define, for some §, > 0,

loller = lplo + sup  sup  2EL¢CDI
teM g gh<s, d(E.E)T
££E

: (B.1)
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where d (-, -) is the Riemannian distance and 8, € (0, 1). Also, foreachr e R,r =g+t
and g € N U {0}, we define

el = Z sup [10%¢llco + sup [[9%¢]lcr.
=0 lI=k la|=¢

Note that, for T = 0, the above corresponds to (2.7) with the choice @ = 1. (This choice of
a different equivalent norm, limited to this appendix, is slightly annoying, but convenient.)
Note that ||@ - ¢llcc < |l¢lict ll¢llcr, so C* is a Banach algebra. The same holds for
matrix valued functions.
Although the above norms are all equivalent, they depend on &,. We will choose §, in
(B.11). Let T € C" and define, for T € [0, 1),

W= [WeF: swp 108 FC Moy pany < L7V, 2 < ol <73
£;yel?
sup sup ||3aFS( Y)”cf(UORdu) <2L ? , lal <r—1;
& yEU
3“1-1 £ < L(Ia|+1) <y _2:
sup sup || CWlleo o rasy = le| <r =25
& yel?

sup sup 1% H % (-, y)ller o gy < 2L94*7 o sr—S]. (B.2)
& yeU?

Note that, recalling the cone definition (2.3), Definition 2.3 and the subsequent definition
of F, it follows that, for W € V\/L’r, the corresponding F must satisfy ||d, F|| < 1 and

1 e < Ml + Nyl

PROPOSITION B.1. There exist 79 € (0, 1), 8, > 0, no € N and L > 0 such that, for all
neNn>nyp Ly >LandW € V\/L’ITO, we have W" e M/LIT(/)Z

Remark B.2. Note that, for T = 0, the conditions in V\/L’T reduce to a control on the sup
norm of the derivatives 8;),‘ F (-, y) exactly as in the definition of 1V} in Definition 2.5. The
control stated in Proposition B.1 on 8§‘F (-, y) is known. As for 8;)‘ HF (., y), we are not
aware of this result anywhere in the literature.

Remark B.3. Note that, for each W € VVL’T, T > 0, the foliation 7" W converges to the
invariant foliation (since the contraction of the cone fields implies that, for all x € M,
Dpny T =" Trny W(T"x) converges to the stable distribution E*). (Here 7,V is the tangent
space of the manifold V at the point x and W(x) is the fiber of the foliation passing
through x, while E®(x) is the stable subspace in 7 M.) Moreover, if F, describes T" W,
then the 0§ [F,, are uniformly Holder. Accordingly, for each 7’ < 7, by compactness, T" W
has a convergent subsequence, and hence it converges to the stable foliation, and all the
quantities in the definition of W;" converge as well. It follows that the stable foliations
have C” leaves with derivatives in y that are uniformly v/ Holder in x. Analogously, H¥
and its derivatives converge. This implies that the invariant foliation has a holonomy that
is uniformly absolutely continuous (see Lemma B.7 and Remark B.8 for the definitions
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of the holonomy, its Jacobian J ¥ and its properties). Similar results hold also in the case
when 7 = 0, but the argument is a bit more involved.

Proof of Proposition B.1. The first step in proving the proposition is to determine, for
each £ € M and n € N, the functions F?_, ¢ associated to W”. (Since the point £ in the
present argument is fixed once and for all, in the following, we will often suppress the
subscript £. We will also suppress the n dependence if no confusion arises.) Note that it
suffices to compute the norms in (B.2) in a special neighborhood of T7"& =: &’. Indeed,
if ¢;(&) = (x',y") and ﬁ,? = {x € R% : ||x|| <&,}, then it suffices to consider the set
x',y) + l7,9 X US since, setting gz , = qu_l(x/ + x, y), a direct computation shows that
ng,’x (u,y) = Fg(x +u,y) — x. Thus

| Fer(x, y) — Fer(%, )| 1F, 0, y) = F, (u, y)
= sup Ssu TR .

lloe = I xeUY uell?

er,?
llx—%| <6

While, for |a| > 0,
102 Fer(x. y) — 9% Fer(E. )|

195 Fer (-, Y)ller (o,rauy = sup 195 Fgr(x, y)I| +  sup

xeUY xeU? lx —x|*
”x_/ﬂlfé*
03 F,, (0, y) — 9F Fr,, (u, y)II
= sup {uagFQ,Xm, W+ sup —2-5 Al & }
er,? | uelz? ||Lt||

Hence, the sup on y and &’ can be computed by taking the sup of the quantity in the
curly bracket (and the same for H Fy,

Let (V;, ¢i), (V}, ¢;) be the charts associated to &£ and T ~"&, respectively, and consider
the map S=¢;oT "o ¢l._1. By a simple translation, we can assume, without loss
of generality, that ¢;(§) =0 and ¢;(T~"&) = 0. From now on, we use (x, y) for the
coordinate names at ¢;(§) and (u, s) for the coordinate names at ¢;(T"&). By a linear
change of coordinates, that leaves {y = 0} and {s = 0} fixed, and we can have 9, F'(0, 0) =
ds F"(0, 0) = 0. Such a change of coordinates may affect the norms and yield some extra
(uniformly bounded) constant in the estimates. We will ignore this to simplify the notation
since its effect is trivial. Also, remember that, by construction, F(x, 0) = x, F" (u, 0) = u.

It follows from the usual graph transform (see [KH, Proof of Theorem 6.2.8
(Hadamard-Perron)]) that

S7'w, 0) = (Bw), G(Bw)), (B.3)

where B € C"t7 (R%, R and G ller++ rdu gasy < c1 for some ¢; > 0 depending only on
T. Moreover, || DG|| < n < 1 by the invariance of the cone field and (0) =0, G(0) =0
by construction. Moreover, by (2.2), (DB~ o <¢y " while, setting Ay =
max{|| DT ||, || DT~'||}, we have, for some constant C; > 0,

1B < 1(Bw), G o Bw))|| < C1 N |lull. (B.4)
In addition, {(z, Dt G(2))},crd is uniformly traversal to {(Dg F (¢), ;)};eRdj.
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Hence, setting

A B
DS = <C E) s (B.5)

we have
A(x, G(x)) = (Dyf)™ — B(x, G(x)) D«G,

(B.6)
C(x,G(x)) = —E(x, G(x))DxG; B(0,0) =0,

where the last equality follows by the choice of the coordinates.
For each x, the manifold {(F (x, y), ¥)} yeRds intersects the manifold {(z, G(z))}gd. in
a unique point determined by the equation

(F(x,y),y) = (z,G(2)),

which is equivalent to L(z, x) :=z — F(x, G(z)) = 0. Since L(0, 0) = 0, we apply the
implicit function theorem and obtain a function I : U? € R% — R% such that

I'(x) = F(x, G o T (x)). (B.7)

Note that the implicit function theorem yields a uniform domain D(I"), of I'. Hence, we
can take §p small enough so that D(T") D U,? .
Since ||dy F|| < 1 and recalling that |[DG|| < n < 1, 1 — 9, F DG is invertible. Hence,

DT = (1—3,FDG)" "4, F.

Note that, remembering (2.5), DoI" = 1. Moreover, I is invertible since, recalling (B.7),
I'(x) = I'(x’) implies that

(F(x,GoT(x)),GoTl'(x)) = (F(x', Go (")), GoT'(x))
= (F(x',GoT'(x)), GoI'(x)),

which forces x = x’ since the leaves of the foliation are disjoint by hypothesis.

By definition, for each u € R% small enough, {(F"(u, s), s)};cpas 1S the graph of the
leaf of W" passing through (u, 0), and hence of the image of the leaf of W passing through
(r-lo B(u), 0). In other words, {(F"(u, s), §)};cpas coincides with the leaf {S(F(F_1 o
B), y)s ¥)}yecrds -

To continue, we need some estimates on D S. But, before that, it is convenient to make
some choices and definitions whose meaning will become clear later in the proof. Let
70 € (0, 1) be such that

o1 := max{v, )\_1} . }\?:0 < 1. (B.8)

Next, let 01 <o < 1, fix C, > 0 to be chosen later (see equations (B.16), (B.20) and
(B.25)) and let n, be the smallest integer such that

Cuol* = o™ < (1/8)", v™ <27, (B.9)

Remark B.4. Up to now, §y was arbitrary provided we chose it small enough: the
requirements are in §2.4, where we fix the charts just after (B.7). In the following, we will
have also a condition in equation (B.12) to apply the implicit function theorem, and we
will use 69 < 1/8 in equation (B.14). All such choices can be summarized by the condition
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8o < 81 for some §; € (0, 1/8) depending only on 7. However, in the next lemma, we will
have a requirement depending on n. O

LEMMA B.5. There exists n, og € (0, 1) and Co > max{2, 6061} such that, for each n €
N, d, x dy matrix U, ||U| < 1,

ICU+E|=Cyv™; JETICl<n; (AU +B)YCU+E) " <.

In particular, ||[E~"|| < Cov". Moreover, there exists a constant Cy > 0 such that if
we choose §y = min{é1, COCb_l)\f"*/S}, then, for all n € {n, ..., 2n}, |A|l + [|B| <
CoN"".

Proof. By the strict invariance of the cone field (see §2.2) and the Anosov property
(2.2), it follows that, for each U, there exist matrices Uy, H, with ||U1|| < n and ||H| >

(con/2)/ (/1 + n2)v™", such that
Uv
(UiHv, Hv) = DS ( v > = ([AU + B]v, [CU + Elv).
Thus, H = CU + E and U; = (AU + B)(CU + E)~! from which the first and third
inequalities readily follow. Analogously, for each V, there exists V.H, V| < n, IH| <
CO_I«/E)\_", such that

DS <~v ) = (I:Iv, VI:Iv),
Vv

which implies the second inequality and, for V = 0, yields || E~'C|| = || V|l < 5. Note that

¢, DT™" = D(Dy-ni1 T~ - DT

n—1 d

= Dywiry, T™" - Dyt [T 7105, (Dypi, T~ ) Dy [T -+ DT
k=0 j=1
X (DxT75) ;.

Recalling that . = max{|DT||, | DT ']}, it follows that there exists a constant C;, > 0,
depending only on 7" and on the coordinate changes {¢; }, such that | DB]| < C b)\i"'. Then,
since B(0, 0) = 0 (see (B.6)), it follows that

IBIl < 8IDB| < Cory™™ /3 < Con™/3
and
3 % 3 —n -1 —n —n 2Co —n
IAI < IH I+ 1BV < 1H | +nCoh™/3 < (g 'V20™" + Con™"/3) < =5 M5
from which the last assertion of the lemma readily follows. [

We are now ready to study F". Let us consider the function

E(v,s,u,y) = (v,5) — S(F(T'" "o Bu), y), y).
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It is convenient to set Y («) = I'"! o B(u). Note that (B.7) implies that
Il = IF@~ @), Gl = 1FT ), 0l = nllxll = IT~" @)l — nlix],
that is
IT' oIl < (L + m . (B.10)

We want to ensure that || Y (u)|| < &p. Recalling (B.4), this is implied by

C1(1 + ™ < 8. (B.11)
Note that

E,0,u, G(BW))) = (u, 0) = S(F(T(w), G(BW))), G(B(u)))

= (u,0) = S(Bw), G(Bw))) = 0.

To study the zeros of &, we apply the implicit function theorem. Since

det (3,8 9,E) = det (1 AdyF + B)

0 Cd,F+E,
we can compute
det (avE(u, 0,u,G(B(m))) 0yEu,0,u, G(ﬁ(u))))
= det (E(B(), G(Bw)))) det (1 — DG(Bw))dy F (Y (w))) # 0,

where we have used (B.6) and ||DGO,F| <n. Thus there exists a uniform (in n)
neighborhood of (#, G(8(u)) where the implicit function theorem can be applied. Thus,
we can choose §g small enough so that, for each n € N, there exist F", ® € C”, and

v=F"(u,s),
(B.12)
y=®(u,s).
Moreover, defining the change of coordinates 2 (u, s) = (' lo Bw), ®(u,s)) = (x,y),
F'(u,s) =SoFoQ(u,s). (B.13)
Note that
IF" , )1l < 1F"(u, s) — F"(u, O)|| + [IF"(u, O)| < [Isll + llull <280 < %.  (B.14)

Differentiating (B.13) with respect to s, we obtain
ouF" OosF"\ (A B\ (0:F 9,F\ (9,Y 0
0 1 ) \C E 0 1 9, P 9D/

P =(EoFoQ+CoFoQ-3,FoQ) !,
F"=(AoFoQ -3,FoQ+BoFoQ)dd.

which yields

(B.15)
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Then, provided C, > (C /(1 —n)), Lemma B.5 yields

C 1
1;®) < |E~" |1+ [E'CloF-aF) 7| < I—Ov” <&
5 1 7 (B.16)

C
195 F"l < —=v"\ " < —
1—n 8
We now study 9 F" when |a| > 2. Differentiating (B.15) and setting A_ = (1 +
(E7'C)oF-9yF)"'and Ay = (AoF - 3,F + B oF), we obtain

dy
05,0, F" = Y H(DS o F,0,F, 9y, F)oQ- i, d, P,
i1,ir=1
+O1(DSoF,D?So F,3,F) o, (B.17)
where ® is a rational function of its arguments and, for an arbitrary matrix R,
H(DSo F,3,F,R):={AoF-R-A_-E "' oF}
—{ALA_ - (E7'C)oF-R-A_-E"'oF).

Note that Lemma B.5 implies that
2

CO —n,.n
IH(DSo F,0,F, R)| < ﬁ)\ VHIRIL (B.18)
-1
Differentiating further (B.17) we can prove, by induction, that, for all/ < r,
ds
Oy -+ 05, F" = Y H(DSo F,0,F,dy, -0y F)oQ-d5; & -,
i15eenij=1
+©,_1(DSoF,....D'SoF,0,F,.... 3 'F)oQ,  (B.I9
where the ®; are sums of functions k;-multilinear in B;F, for j € {2,...,1}, such that

le=2 kj(j — 1) <. Indeed, we have seen that this is true for / = 2. On the other hand,
if it is true for / — 1, then differentiating (B.19) we produce several terms. Let us analyze
them one by one. The term proportional to 7/, when differentiated with respect to 31
yields the correct term proportional of £. When differentiated with respect to D¥S o F it
yields a function of D¥t1S o F multiplied by 0y F - 9;® so the multilinearity with respect
to 3)],. F,for j € {2,...,1}, is unchanged. When differentiating with respect to d, F, the
term gets multiplied by 8y2F . (Recall that a dependence from 9, F' is contained in d; P (see
(B.15)).) Thus, calling k’] the multilinearities of the term obtained, we have k; = 1, k), = 1
and all the otherk} are zero: that is, Z] - j(] —D=l-14+1=1.

Next we must differentiate ®;_;. Again the only change in the multilinearity occurs
when differentiating with respect to a 8;’,1 F,me{l,..., [ —1}.If j =2, then we have
(again, calling the new multilinearities k") k) = k> + 1 and k; = k; for j > 2: that is,
Z’:—;k;(j—l)=1—1+1=1. If m> 1, then k, = ky, — 1 k. =knti+1 and
k} =kj for j & {m, m + 1}: that is, lezzk}(j —1)=1—-1—(m—1)+m =1, which
proves our claim.
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Using equations (B.16) and (B.18) to estimate (B.19) yields, forall/ € {2, ..., r},

C2+l
10, F" | < dy =g 2 NG + 1001 o
ct! _12 ki G-12
! i —a-1 |, a-1?
< [dﬁm)\_nvn(l-‘_ ) + CnL] :|L1 .
Choosing
24
C. > drCO—r
* Uy _ 2+V s
1-mn (B.20)

Ly > max{l, 2 max{Cy,,, ..., Cou,}},
equation (B.9) implies, as claimed, that
I8! F || < [L1/214Y (B.21)

Next, we estimate the Holder norms of 0 F” for || < r — 1. We first treat the case || = 0.
By strict cone field invariance and the continuity of the cone field, it follows that, for all s,

STIF" (u, 5) = (F 0 Qu, 5), Gs(F 0 Q(u, 5))) (B.22)
with || DG;|| < n < 1. Notice that (B.13), (B.22) and (B.3) imply that
(F o Q(u,0), ®(u,0)) = (F o Q2(u, 0), Go(F o Q(u, 0)))
= S7'F"(u, 0) = S, 0) = (Bw), G(BW))),
that is Go = G and
D (u, 0) = G(Bu)). (B.23)
Analogously, by (B.13), STIF"(u,s) = (F o Qu,s), ®(u, s)). Hence

D, s) — @', s)| = IG5 (F oQ(u,s)) —Gg(FoQ, )]
<nl|FoQu,s)—FoQ,s)|
< Il F(Y (), @, s)) — F(Y @), ®u, )| +nlPw,s) — o', )l

where we have used ||dy F|| < 1. Accordingly,
n
1P (u, 5) — @', 5)|| < T—n IF (Y (), @(u,s)) — F(C @), @, ).  (B.24)
Next, we prove an auxiliary lemma, which will be used repeatedly in the following.

LEMMA B.6. LetG: UY — Rd/, d’ e N. Assume that SUP e 0 G-, y)”CO(UL?,Rd/) < Dy,

SUP (/0 G¢, y)”CT(Uf),JRd/) < D" with T € [0, 79] and [[3yG|0 < D. Then, for all n €
{n*, ey zn*};

cg " max (v, A YIG o Q(u, 5) — Go R0, )|l < 111 — n) max{Do, D'} + 2n D1l

https://doi.org/10.1017/etds.2021.52 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.52

2460 W. Bahsoun and C. Liverani

Proof. Let® = max{v, \~!}. We start by analyzing | Y (u)|| < é.. By (B.24), we get

1D, ) — DO, )] < —

T W,
= g Tl

Hence, by (B.10) and (B.4),
i 0"1G 0 Qu, 5) — Go R0, )l < ;0" DT w)|* + DID(w, s) — B0, $)]]
6" (1 4 6" (1 4 2D
- (1+mn (1+mn) [D,Jr n]clfxin”u”f’
o o I—n
Consequently, provided that C, in (B.9) satisfies (see Remark B.4 for the definition of §1;
also we consider a C, larger than what is needed at this stage for later purposes in this

, 2517 :
[D + 1—}Ilﬂ(u)|| <
-n

proof)
2(L4+n)TCIE; ™ +CY)
* = , (B.25)
co(1 =)
we have
g '0"1G o Q. 5) — G o R0, 5)| < [Co(1 =)D +2nC,Dlo] |lu|”
< #l(1 =)D+ 2nD]|u", (B.26)

where, in the last line, we have used (B.9). We are left with the analysis of the case when
T (u)| > 8. By (B.10), (B.11), (B.4) and (B.8),
c0"1G 0 Qu, 5) = GoQ(0, )|l < ¢;'0"2Dy < ¢y 6™ (1 + M) 2De8, T Bw)|°
< ¢g' 0" (1 + m)T2Do8y TAE CERT .
Thus, if §9 = &1, then

(I =n)Dg

¢y 0"1G 0 Q(u, s) — Go (0, 5)|| < g

flull™.

Otherwise, recalling Lemma B.5 and equation (B.9),

(1 - )37 CEC,

310" 1G 0 Qu, 5) — Go Q(0, )|l < 850" 2 Dollul®

Co
< A= mem 8 Dl = S,
(B.27)
from which the lemma follows.
Note, for future use, that the above computation also implies that
o O @@, 5) — @O, )| < Slul™. (B.28)
O

We now estimate ||F” («, s) — F*(0, s)||. By (2.2) and (B.13),

IF" (u, s) — F* (0, s)|| < cal)\_”H(F o Q(u, s), ®u, s)) — (F 0 2(0, s), ©(0, 5))|.
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Recalling (B.28), we can apply Lemma B.6 with G=F, t =19, Dg =1, D' =2 and
D =1 to obtain, for all n € [n,, 2n,],

IF" (u, s) = F"(0, s)|| < zllllullro- (B.29)
From this, and recalling (B.14), the required estimate follows: that is,

sup [F" (-, $)llco < 3. (B.30)
S

Next, we discuss the case when || > 0. We start by estimating ||9; D || cx- To simplify the
notation in the expression below, let a = (u, s) and b = (0, s). Using (B.15), (B.16) and
Lemma B.5, notice that
3@ (a) — 3@ D) < |E~" o F 0 Q(b)

—E'oFoQ@)|-|(1+EoFoQ(b) 'CoFoQ(b) 8,FoQ(b) |

+IET oFoQ@)- I+ EoFoQ@) 'CoFoQ(a)-8,FoQ(a)

X |EoFoQ(a) 'CoFoQ(a) 8,F oQa)

—EoFoQ®b) 'CoFoQ(b)-3,F o)

X1+ EoFoQ®b) 'CoFoQ(b) 3,FoQ®)”'|

<|E'oFoQ)—E ' oFo Q)
X |(1+EoFoQb) 'CoFoQ(b)-8,FoQ(b)™ |

C()Vn -1
+ o IEeFoQ(@) ' CoFo Q) - 3yF o Q@)
-1
—EoFoQ(b) 'CoFoQ(b) d,FoQ(b)|
CoV"

18, F 0 (@) — 3, F o QUb)|| + C,v"|F o Q(b) — F o Q(a)].

<
_1—77

We apply Lemma B.6 with G = 9, F, D=L, Dy=1, D =2L; and with G = F with
D =1, Dy =1, D' = 2. Recalling (B.28), we obtain

Coc C,c
090 11+ =2 .
(-4 4

10s @ (a) — ;P (b)| < [ (B.31)

Next, by (B.15),

|0s F"(a) — 0, F"(b)|| < I[AoF-3,F + B oF]o Q(b)
—[AoF-9yF + BoFloQ(a)]| 95Dl
+I[AoF-0yF + BoF]oQ|eo-[[0;P(b) — dsP(a)l.
Using Lemma B.5 again,
[AoFoQ(a) -0y FoQ(a)+BoFoQ(a)—AoFoQ(b)-0yFoQ(b)—BoFoQ(b)
<|AoFoQ@llloyF o 2(a) — 0y F o Qb)|| + CyllF o Q(b) —F o Q(a)]|
< Coh""|18yF 0 Q(a) — 8y F o Q(b)|| + C,V"[[F 0 Q(b) —F 0 Q(a)].
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Arguing as above and remembering (B.16), (B.8) and (B.9), we obtain, for all n €

{ny,...,2n,},
85 F"ler < 14 0 CeeoLy 4 coCy < 2Ly, (B.32)
provided
Ly > max{l, 2co max{C,,, . .., Cay,}}. (B.33)
For estimating the Holder constant of 9% F", |a| € {2,...,r — 1}, we can use (B.19).
(Since the argument uses a bound on 8§9F” for |8 = |a| + 1, we stop at |a| <r —1.)

Indeed, recalling (B.16) and (B.18) and arguing similarly to before yields

=

92 g2 gy < L[ _C0_gn 'a'f\aﬁ E c.p =0 =G=02 2| e

19y F"(a) — 97 F" (D)l < = Y ceLy el
j=0

Co Joe|+2 o) el 5
< {[me} +CiL™ }L1 )™ < (/DT ul,

(B.34)

provided L has been chosen large enough. To obtain the estimate for all n € N, it suffices
to write k = kn, + m, withm € {n,, . . ., 2n,}, and then iterate the inequalities.

We are left with the study of H¥ . Recalling (B.5), (B.6) and (B.15) and differentiating
(B.13) with respect to u yields

®=—(EoFoQ+CoFoQ-3,FoQ) 'CoFoQ-8,FoQ-DY
9, F" :[AoIF—(AO]F~8yF+BoIF)(Eo]F+Co]F~8yF)_1CoIF]oQ-8XFOQ-DT

—[AoFoQ—F" - CoFoQ]-3FoQ-DY =:[A-3,FoQ]-DY.
(B.35)

We can now compute
H" o @)™ =" 0,105 F) o B = [0y0u, F)' - 9 F™") 1o ")
i ik

= Trace([dy,0, F"1(3, F™)~ 1) o (F") 7"

Thus, using (B.35),
H" = Trace[(d;,A) - 9, F o Q- DY (8, F")™!
+ A (05 {0: F o)) - DY (B, F")']
= Trace[(9y A)A ™"+ Y _ 8y Dy {Trace[(y, dx F (0 F) '} 0 @

k
=H" 0 Q- 9,® + Trace[ (3, A) A~ ']. (B.36)
Moreover, note that Trace[(aslA)A’l](O) = Zk{Trace[BykA AT [E’l]kl}(O). Hence,
using (B.16), we obtain, for all n € {n,, . .., 2n,},
n C
IH oo < IHT - 8, @l oo + cn < ——v"|H |0 + e < L1/2, (B.37)
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provided L is large enough. Differentiating (B.36) yields, foreach 0 < <r — 2,

F" __ F
ds -+ Os; H Z [By;, -+ Oy H 1o Q- 8,0 - 0, Dy, - - - By, Dy

.....

+@1(DSOFOQ,...,Dl+zSoIB‘oQ, T F, L F O FoQ, ...

0 FoQ H 0, ... [0 "H 1o Q), (B.38)

where ©; is a sum of terms that either do not depend on 8 H", for all p < [, or are
linear in a 8§’HF", for some p < I, k), j-multilinear in 8§F, forje{2,...,l+ 1}, and
qp,; multilinear in st F", for j € {2,...,1+ 2}, such that (we use the convention that
gpi+2 =0and 37 HF" =1)

1+2
sup [p+2(kp,,~ +ap ) - 1)} <1

Let us verify this. Equation (B.36) shows that it is true for / = 0. Let us assume that it
true for [ — 1. Then, by differentiating the first term, we obtain the correct term linear in
d' HF . The other terms are linear in 3/~ H* and linear in 32F o 2 (see equation (B.15))
and hence p’ =1 — 1, kj_1» = 1 and all the other degrees are zero, so p’ + kj_12 <.
Differentiating ®;_; with respect to D™S o F o  does not change the multilinearity
indices. Differentiating with respect to 3] F" yields, for each p, a term with p’ = p,

qp J=Api— 1 multilinear in BJF" and qp 41 = dp.j+l + 1 multilinear in 8]+ F".

Thus p’ + Zl+2 (k’ ;T qp, j)( j — 1) <. The same happens if one differentiates with
respect to 8§ FoQ for Jj = 2. On the other hand, differentiating with respect to 9y F o
yields a term in which p’ = p, k,y» = kp» + 1, and thus p’ + Zl+2 (k/ it q;/ AU =

1) < [. Finally, if we differentiate with respect 0 d]HF o Qfor0 < j < 1 —1, we have a
term with p’ = p + 1 and k’ b= =kpj,q 4, ; = dp.j> and thus, again, p+ Zl+2 (k/
p,])(] — 1) <[, which proves the claim.

Remembering (B.16), definition (B.2) and equation (B.21), it follows that, for all /
{1,...,r =2},

”aZHF" ” < 8—r(l+l)L(l+])2 + sup CﬁL(P+1)2+le‘izz(kp,j+‘1p,j)(j—l)z
s — 1 1

D2+ D]+1
< 8_(1+1)2LY+1)2+ sup  CyL, (D) +125 5 kp j+ap. ) (G—DICHD)
pe{—1,...[—1}

2 2 _
< 8‘”+1)2L§”” + sup CnL§P+1) +(I=p)(I+1)

NGRS
(gm0 _ CnLl—l]L§I+1)2 - (71) ’ (B.39)

provided L is chosen large enough.
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To prove the bound on the Holder semi-norm, we use (B.38) and (B.31) and proceed as
in (B.34). Foreachl <r — 3,

19iH"" (@) — 9L H"" (b)|| < 10LH 0 Q2(a) — L HT o Q(p)||CLT1 v+
2 —_ —_
+ G LY ™ 4 [8y(a) — B D),
where we have used (B.16), (B.31) and (B.32). Next, we use Lemma B.6, with G = BéHF,

Dy = L(llH)z, D =D= LEHZ)Z and T = 70, to write
Il " (@) — 8l H" B < Cpot L ]
+ CL{ T [ + 18 @) ~ Bi )]
The claim then follows by induction and using the known structure of ®;.

We conclude the section by clarifying the relationship between the function H " and the
holonomy associated with the foliation IF. The next lemma shows that the Jacobian of the
holonomy can be seen as a flow of which H is the ‘generator’.

LEMMA B.7. If W € W’O, then there exists C > 0 and po > 0 such that, for each§ € M,
0 < p < poand||(x', y)I| < p, we have ||det(dy Ft)(x', -)llcs < C. More precisely, setting
JéF(x, y) = det(0y F¢)(x, y), we have

ayJf =JF - Hf oF,

f (B.40)
JE(x, 0 =1.

Proof. Let (x’, y") be as in the lemma’s assumption. First, note that, for each vector ¢; €
Rd
det((d, Fe) (x', y) ! - 0, Fe (x', y' + hey)) — 1
h
Trace(In(L+(3x Fg) (x'.y) ~1ay, 0x Fe (x".y)) _
h
= det(dy Fx) (x', ') Trace((3x Fe) (x', y) ™' 9,3y, Fe) (x', ).

3y, det(d, Fe)(x', y') = det(d, Fe) lim

= det(dy Fz) lim
h—0

Thus
9y det(d, F)(x', y') = det(3, Fe)(x', y') - HY o F(x', "),

which immediately implies the lemma since det(dy F¢)(x’, 0) = 1 by construction. O]

Remark B.8. Lemma B.7 implies that, for each measurable set B C R% and |B] <r — 1,

85 / dx
F(B.y)

Note that the first and last term of the above inequality do not involve d, F, and hence
it holds also for F non-differentiable with respect to x, provided they are the limits of
foliations Fj (in the sense that the 35 Fy converge) that satisfy the inequality uniformly.
The same remark holds also for equation (B.40). In other words, if we consider the true

08 1F (B, y)|| =

= ’/ dF det(d; F)(x, y) dx| < C|B|.
B
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invariant foliation, where d, F may make no sense, H F s still well defined (see Remark
B.3 for details), and so, by (B.40), is the Jacobian of the holonomy J F

C. Appendix. Test functions
Proof of Lemma 2.15. By (B.13), it follows that

poT"op o F"(u,5) =go ¢j—1 oS o (u,s) =¢o ¢j—1 o F(Q(u, 5))
=gpo ¢j—1 o F(Y (), ®(u, s)). (C.1)

Accordingly, [lg o 7|7 " < ||’ and

UlpoT" od; oF I, 5) =y dylpo ;" o FIQu, 5))dsPr(u, s).
[

Then, by differentiating further, the above computation yields, for some C, > 0,
@|3flpoT" 0 ¢ o F"Iw, )| < llglly 13, @1l + &~ Cullolly- (€2

By (B.16), [|0;®lc0 < Cz0™, while there exists Ag > 1 such that ||8§d>||co < Ag for all
i <r.
From this and recalling the definition (2.7), it follows that

lpo T 11"V < Aollell) -
On the other hand, recalling (2.8), there exists By > 0 such that

W W 1 W
lpo T gy =100 T"llg " + @7 g o T

IA

Ao gl + A+~ Collell b
< Ao llgll, 1 + Bollol - m
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