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Tall profinite groups

M.F. Hutchinson

A classical theorem of Camille Jordan concerning finite linear
groups is used to give two structural characterisations of
profinite groups which have only finitely many pairwise
inequivalent, continuous, irreducible, unitary representations of
each degree. Our characterisations of such groups involve

properties of their open normal subgroups.

The distinction between compact groups which are tall and those which
are not has proved to be useful in the harmonic analysis of compact groups.

See, for example, McMullen and Price [9] and Hutchinson [6, 7].

In this note we restrict attention to those compact groups which are
totally disconnected (that is, profinite groups) and give two related
structural characterisations of those profinite groups which are tall. Our

proof makes use of a classical theorem of Jordan on finite linear groups.

1. Notation

If G 1is a compact group, then its dual object G is a maximal set
of pairwise inequivalent, continuous, irreducible, unitary representations
of G . We say that G 1is tall if for each positive integer 7 there are

only finitely many o € G with degree d0 equal to n .

If G 1is a profinite group with neighbourhood base at the identity
{”a}aéA consisting of open normal subgroups of G , then G is the

projective limit of the family {G/Na} of finite groups. Moreover,

o€l
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every irreducible representation o € G has kernel containing some Na s
by Lemma (28.17) of Hewitt and Ross [3]. Thus we may write

G=u (e/m)~,
o€A
if we make the obvious identification of a representation of a quotient of
G with a representation of G . It is not surprising, therefore, that our
characterisations of tall profinite groups involve properties of their open
normal subgroups. Further information on profinite groups may be found in
Shatz [10] and in Hewitt and Ross [2, 3].

(n)

For each positive integer n let & denote the closure of the

nth derived subgroup of a compact group G .

2. First characterisation
LEMMA 2.1. Let G be a tall compact group. Then we have:

@) ¢

has finite index in G ;
(i1) G contains only finitely many open normal subgroups of

index n for each positive integer n .

(1)

Proof. (i) If G had infinite index in G then there would be
infinitely many elements of & of degree 1 , contradicting the fact that

G is tall.

(i2) Let N be an open normal subgroup of G of index n . Since
the irreducible representations of any compact group separate the points of
that group (see Theorem (22.12) of Hewitt and Ross [2]) and since the
square of the degree of any irreducible representation of a finite group
does not exceed the order of that group, we have that N contains the

closed normal subgroup
H = ﬂ{ker o :0 €Q, d§ sn, |G : ker g| < w} .

~ 2
Since G is tall, there are only finitely many o € G with do <n;so H

has finite index in G . It follows that there could only have been

finitely many pairwise distinct possible choices for N .

LEMMA 2.2. Let H be an open normal subgroup of a compact group
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G . Then H 4is tall if and only if G 1is tall.

Proof. See Lemma (3.1) of Hutchinson [6].

COROLLARY 2.3. Let G be a tall compact group. Then no open normal
subgroup of G has an infinite abelian quotient.

Proof. This follows immediately from Lemma 2.1 (Z) and Lemma 2.2,

LEMMA 2.4 (Jordan [8]). There exists a positive integer valued
funetion J defined on the positive integers such that every finite

eomplex linear group G of degree n contains an abelian normal subgroup
A of index not exceeding J(n) .

We now give our first characterisation of tall profinite groups.

THEOREM 2.5. For a profinite group G to be tall it is both
necessary and sufficient that G satisfy the following two conditions:

(1) no open normal subgroup of G has an infinite abelian
quotient;

(12) G contains only finitely many open mormal subgroups of-

index n for each positive integer n .

Proof. The necessity of (Z) and (i) is contained in Corollary 2.3
and Lemma 2.1 (77) respectively. To prove that they are sufficient, let &
be a profinite group satisfying (Z) and (ZZ) and suppose that G 1is not

tall. Then for some positive integer »n we have that

S={c€cl:d =n}

is an infinite set. Now, for each ¢ € S , G/ker 0 1is isomorphic to a
finite complex linear group of degree »n . Therefore, by Lemma 2.4, for

each g € S there is an open normal subgroup H& of G such that
H0 S kero , Ho/ker o 1is abelian, and |G : Hcl < J{n) . By condition
(i1), we may choose an open normal subgroup H of G such that

T={oeS:H =4}

(1)

is an infinite set. Let X = fI ker g . Since H c kxer ¢ for all

o€T
o €T, we see that H/K 1is an infinite abelian group. But this
contradicts (Z)3s0 G must be tall.
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COROLLARY 2.6. Let G be a profinite group which is topologically
finitely generated. Then the following statements are equivalent:

(i) G 1is tall;

(i1) no open normal subgroup of G has an infinite abelian

quotient.

Proof. This follows immediately from Theorem 2.5 in view of the fact
that if G 1is topologically finitely generated, then G contains only
finitely many open normal subgroups of index n for each positive integer

n .

COROLLARY 2.7. Let G be a prosolvable group (that is a projective
limit of finite solvable groups). Then the following statements are
equivalent:

(1) ¢ is tall;

(i1) no open normal subgroup of G has an infinite abelian

quotient;

G(n)

(iit) has finite index in G for each positive integer

n .

3. Second characterisation

Our second characterisation of tall profinite groups follows

immediately from Theorem 2.5 and the following lemma.

LEMMA 3.1. The following statements are equivalent for a compact
group G :
(1) G contains infinitely many open normal subgroups of index

n for some positive integer n ;

(i1) G contains elosed normal subgroupe H and K such that
|G : H| is finite, HD K, and H/K is isomorphie to a
cartesian product of infinitely many copies of a finite

simple group S .

Proof. We need only show that (7) implies (Z1), so assume that ()
holds. Let #»n be the smallest positive integer for which G contains

infinitely many open normal subgroups of index =z . Since there are only
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finitely many groups of order n , there exists a finite group A4 of order
n such that

A={MaG :G/M=4}

is an infinite set. Let B be a minimal normal subgroup of 4 . Then B
is the cartesian product of a finite number of copies of a finite simple

group S by Satz 9.12 a) of Huppert [4]. For each M € A choose H,

normal in G such that HM:D M and HMAM = B . By our choice of #n ,

there are only finitely many pairwise distinct such groups. Thus we may

choose one of them, call it XA , so that

B={MecA:g =i

is an infinite set. Then we have that
C={NaQH:HN=S}

is an infinite set,since each M € B can be realised as the intersection
of certain members of C . Since each N € C has no more than |G : H|

pairwise distinct conjugates, we may choose an infinite sequence

D= {Ni}z=l of pairwise distinct members of C which is closed under
o

conjugation by elements of &G . Then K = N N. 1is a closed normal
=1

subgroup of G of infinite index in H . We now show that H/K is
isomorphic to the cartesian product of countably many copies of S .

Choose a subsequence of D Dby setting Ql = Nl and, if Ql’ s @ g

have been chosen, setting Qm = Nj where j 1is the smallest positive

m-1 ©
integer for which N, $ N Q. . Clearly we have K = 1 Q. . Now define
d i:]_ T i:l T

a continuous homomorphism

o0

¢ : H > I I H/Q.

| 1

=1
by setting ¢(z) = Lin):=l for all x € H . Since ¢ has kernel K and

H/Qi ~ S for each % , our result will follow if we show that ¢ is

surjective. For each positive integer k 1let
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© k
9 : TT H/Qi =TT H/Qi
i=1 1=1

be the canonical projection. Since ¢(H) is closed (H is compact), it is

sufficient to show that for each %k the composite mapping

k
o 8>TTHR

is surjective. Evidently this holds when kX =1 . Now let k > 1 and

suppose by induction that D1 o ¢ 1is surjective. Then, since

k-1
ker(qk_l o¢) = n Q »
i=1
we have that
k-1
’H: noaqf=|sikt.
=1
k-1
Because H/Qi is simple, Qk and N Qi nust generate H . Therefore,
i=1
by Satz 3.12 of Huppert [4], we have
’ k k-1 k-1 k
H: N Q.| = 'H : N Q.1 - N . : N Q.
i=1 ¢ i=1 ¢ i=1 * {=1 °
k-1
=1H noq.- ]H:le
1=1
k
= [s]" .

It follows that 9 °© ¢ 1is surjective,as was required to be shown.

THEOREM 3.2. Let G be a profinite group. Then G 1is not tall if
and only if there exists an open normal subgroup H of G and a closed
normal subgroup K of G such that K< H and either of the following
conditions is satisfied:

(i) H/K <8 an infinite abelian group;

(i1) H/K is isomorphic to the cartesian product of infinitely

many copies of a finite non-abelian simple group.
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REMARK. The preceding theorem says essentially that the only non tall

profinite groups are the obvious ones.

(1
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