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DEFICIENCIES OF CERTAIN REAL UNIFORM
ALGEBRAS

B. V.LIMAYE AND R. R.SIMHA

Introduction. Let U be a complex uniform algebra, Z and 4Z its maximal
ideal space and its Silov boundary, respectively. The Dirichlet (respectively
Arens-Singer) deficiency of U is the codimension in C(dZ) of the closure of
Re U (respectively of the real linear span of log|U~!|). Algebras with finite
Dirichlet deficiency have many interesting properties, especially when the
Arens-Singer deficiency is zero. (See, e.g. [5].) By a real uniform algebra we
mean a real commutative Banach algebra 4 with identity 1, and norm || ||
such that ||f2|| = ||f||* for each fin 4.

By considering the complexification B of 4, we show in §1 that the Silov
boundary of 4 exists, thus giving a valid proof of a result claimed by Alling in
[1, Theorems 3.13 and 3.16]. This enables us to define the Dirichlet and the
Arens-Singer deficiencies of A. Next, we introduce the concepts of imaginary
Dirichlet deficiency and inverse Arens—Singer deficiency of 4. It turns out
easily that the Dirichlet (Arens—Singer) deficiency of B is the sum of the
Dirichlet (Arens-Singer) and the imaginary Dirichlet (inverse Arens-Singer)
deficiencies of A (Proposition 1.3). As an example, we consider the standard
algebras on compact bordered non-orientable Klein surfaces, and compute
their Dirichlet and imaginary Dirichlet deficiencies in terms of the first Betti
numbers of the surfaces (Example 1.4).

In § 2, we study the following real subalgebras of a complex uniform algebra
U. Let {z1,...,2, be a finite subset of Z and D, a continuous (possibly
trivial) point derivation of U at g, for each k. Let

A, = {fin U: f(z) and D;(f) real for 1 < k £ ¢}.

In §3, we calculate the Dirichlet, the Arens-Singer, the imaginary Dirichlet
and the inverse Arens-Singer deficiencies of 4, in terms of the deficiencies of U,
the number of Gleason parts in Z to which the z;'s belong, the number of
points z; which belong to dZ, and the number of nontrivial point derivations
D, (Theorems 3.3 and 3.4). This tells us about the possibilities of approximating
continuous real-valued functions on 9Z by various real-valued functions
associated with 4, like Re 4, Im 4, etc.

1. Silov boundary and deficiencies of 4. Let 4 be a commutative real
Banach algebra with identity 1 £ 0, and Y its maximal ideal space. Each f
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in 4 defines two real-valued functions, Re f and [f|, on V. (See [1, §3].) Let
Y be given the weakest topology making all |f|, f in 4, continuous. Note that
for fin 4, g = exp f belongs to A~!, and Re | = log|g|. Since |g| is always
positive, Re f is also continuous in this topology on Y. A general reference for
real Banach algebras is [6].

Let us consider now the complexification

B={1®f+1Q¢g:f gin A}

of 4, together with a norm which makes the natural R-injection of 4 into B
an isometry. Then B is a commutative complex Banach algebra with identity
1 ® 1. Let fin 4 be identified with 1 ® f in B. Let X be the maximal ideal
space of B and cx* the map from X to Y which restricts a maximal ideal of
B to that of 4. Define the involutionsof Bbyec (1 @ f+1Q® ¢g) =1 Q f —
i ® g. Now, ¢ induces an endomorphism 7 of X, where

x) ={19f+1Q®¢g:1Qf—1Qginx},

for each x in X. Clearly cx* o 7 = cx*, and if 9X is the Silov boundary of B,
7(0X) = 0X.
Now, for each fin 4 and M in X, |(1 ® f)(M)| = |f|(cx*(M)). Since cx*

maps X onto Y, we have for each fin 4,

@S lle = sup [f] &V,

where || ||, is the spectral norm for B.
For fin 4, let [[f||l. = |1 ® fl|o. We shall henceforth work with this norm
on A. It is, therefore, necessary to know when the original norm || || on 4

coincides with this norm. By the spectral radius formula for B,
1@l = Tm [[(L&f)]"

= lim ||1 ® £"]|""

= tim || /7"
Thus, the two norms || || and || ||, for 4 coincide if and only if ||/2|| = || /|

for every fin A. We shall assume this property from now on and not distinguish
between the two norms for 4.
A boundary Y,y of A is a subset of ¥ such that for each fin 4,

1] =nggolfl ).

PROPOSITION 1.0. Let dX be the Silov boundary of B. Then cx*(0X) is the
smallest closed boundary of A.

Proof. First, since X is compact, cx* is continuous and Y is Hausdorff,
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cx*(0X) is closed. Also, for fin 4,
7l =l1®fll.= sp (G @)D= sup | f] W)

Nin cz*(3X)

Thus, cx*(0X) is a closed boundary of 4. To prove it is the smallest such
boundary, it is enough to show that if ¥, is a closed boundary of 4, then
Xo = (cx*)™1 (V,) is a boundary for B. Assume for a moment that X, is not
a boundary for B. Then there exists a b in B such that for some x, in X,
b(xo) =1, but |b] £ ¢ < 1 on X,. Hence [b 4 o(b)| < 2¢ and |bo(b)] = € on
X,. Since b + o(b) and bo(b) belong to 4, and since Y, is a boundary of 4,
these inequalities are valid on X, in particular at xo. Thus,

[0 (D) (x0)| = |b(x0)a (D) (x0)] = €%, and 1 — € = |b(x0)| — [0 (D) (0)]
= (04 (b)) (x0)] = 2e.

By considering a high enough power of b, we can make e arbitrarily small.
This contradicts 1 — € = 2e.

Let 9Y = ¢cx*(0X). Then 9Y is called the Silov boundary of A. We would
like to remark here that the existence of the Silov boundary for real commuta-
tive Banach algebras was claimed by Alling in [1, Theorem 3.13], but it seems
that the proof he indicated there as well as the proof of Theorem 3.16 of [1]
cannot be justified.

Let Cz(dY) denote the space of all real-valued continuous functions on
dY. The codimension of the uniform closure in Cz(dY) of

(Re 4) (3Y) = {Re frestricted to 9Y : fin 4}

is called the Dirichlet deficiency of A; and the codimension of the uniform
closure of the real linear span of

(log |[4-1)(9Y) = {log |f| restricted to Y : f in 4~}

in Cg(dY) is called the Arens—Singer deficiency of A.

Let C(0X) denote the space of all complex-valued continuous functions on
9X. For h in C(9X), let o(h)(x) = h(r(x)), for each x in dX. Then, ¢? =
identity, o(cih1 + c2h2) = €10 (h1) + 20 (h2), and o (hihs) = o (h1)o (he), for ¢
and ¢; complex numbers and #; and %, in C(dX). Let B(0X) and A4 (dX) be
the sets of restrictions of elements in B and A4, respectively, to dX. Then ¢
maps B(dX) into itself, and 4 (6X) = {h in B(dX) : 6(h) = h}. Correspond-
ingly, let Cz(0X)* = {u in Cr(8X) : w07 = u} be the set of all symmetric
(w.r.t. ) elements of Cr(0X).

PropositioN 1.1. The Dirichlet (respectively Arens—Singer) deficiency of A
equals the codimension of the closure of Re (4 (X)) (respectively of the real
linear span of log |4 (X)=Y]) in Cr(8X)".
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Proof. Notice that for each f in 4, the following two diagrams commute:

X X
cx* Re (1 ® f) cx* [(1®[)]

Re f .
of YN,
Since the map cx* is both continuous and open [1, Corollary 3.3 and Lemma
3.9] the proof of the proposition follows easily.

The above proposition lets us introduce the concepts of imaginary Dirichlet
and inverse Arens—Singer deficiencies of 4. Let Cr(dX)* denote the set of all
antisymmetric (w.r.t. v) elements of Cr(dX) : e, {uin Cx(dX) :wor = —uj.

Definition 1.2. The codimension of the uniform closure of Im (4 (X)) in
Cr(0X)® will be called the imaginary Dirichlet deficiency of A. The codimension
in Cr(8X)* of the uniform closure of the real linear span of log |4_1(8X)],
where A_1(0X) = {h in B(dX) 1:o(h) = h~1}, will be called the inverse
Arens—Singer deficiency of A.

Note that Im (4 (dX)) is contained in log|4 _1(9X)]|, since f in 4 (8X) and
g = exp(—1f) give Im f = log|g|. Hence the inverse Arens-Singer deficiency
of A is less than or equal to the imaginary Dirichlet deficiency of 4.

ProrositioN 1.3. The Dirichlet (respectively Arens—Singer) deficiency of B
is equal to the sum of the Dirichlet (respectively Arens—Singer) and the imaginary
Dirichelt (respectively inverse Arens—Singer) deficiencies of A.

Proof. Since Cr(0X) = Cr(3X)* ® Cr(dX)%, it is enough to show that
cl. Re B(aX) = cl. Re 4(0X) @ cl. Im 4(0X)
and that
cl. {log|B(3X)™1) = cl. {log|4 (6X)~|) @ cl. {logld_1(aX)])

where cl. denotes the uniform closure and { ) denotes the real linear span.
For fand gin 4,let b =1 ® f+ 1 ® g. Then Re b = Re f — Im g, and
log|b| = % loglbe(b)| + % log|ba(b)~!|. The result follows by taking the real
linear span and the uniform closure.

Example 1.4. Let ¥V be a compact non-orientable Klein surface with a
non-empty boundary 8V, and let A be the standard algebra associated with Y.
(See [1, §2].) Let (X, p, 7) be the orienting double of ¥, where X isa compact
Riemann surface with boundary 9X, p is a covering morphism such that
p~1(80Y) = 90X, and 7 is an antianalytic involution of X which commutes
with p. If ¢ is the first Betti number of ¥, then the first Betti number of X is
2¢ — 1.
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If B is the standard algebra associated with X, then B is the complexification
of A. (See (1, §4].) It is well-known [9, Lemma 1] that the Dirichlet deficiency
of Bis2c — 1, while its Arens—Singer deficiency is 0. It was proved recently in
[3, Theorem 4.2] that there exists a basis {Z1, . . ., Z2,1} of B~! modulo exp B
such that o(Z;) = Z;for 1 £j<c¢—1,0(Z;)) =Z;_(.yZ;/ for c £j £
2c — 2, and 0(Zs,—1) = —Zs.17", where o(f) = f o . Let us now define

. jlongjI,ifl <jsc—1lorj=2c—1
77 log|Z,| — Mog|Z;_e—p|,ifc £j < 2 — 2.
Thencl. (Re B, ui1, ..., us,1) = Cr(dX),and u; = u;0orfor 1 £j ¢ — 1,
whereas u; = —u ;07 for ¢ £j < 2c — 1. It follows that the Dirichlet

deficiency of 4 is¢ — 1 (cf. [2, Theorem 5.7]), and that the imaginary Dirichlet
deficiency of 4 is ¢ (cf. [3, Theorem 3.6]).

u

2. Some real subalgebras of a complex algebra. Let U be a complex

uniform algebra with norm || ||. Let Z and dZ be its maximal ideal space and
its Silov boundary respectively. In this section we consider the following real
subalgebras of U. Let {zi, ..., 2,} be a specified finite subset of ¢ points in Z,

and let D; be a continuous (possibly trivial) point derivation of U at gz, for
each k. Define

A, ={fin U: f(z;) and Dy(f) real for 1 < k < g}.

Then 4, is a real uniform algebra. Let ¥ and 4V be its maximal ideal space
and its Silov boundary respectively. We shall assume throughout that the
Dirichlet deficiency of U is finite and would like to compute the Dirichlet, the
imaginary Dirichlet, the Arens—-Singer and the inverse Arens-Singer deficiencies
of 4,. Consider now the restriction map j from Z to Y. We shall show that we
can identify ¥ and 9Y with Z and dZ respectively, by means of this map. For
this purpose, we need the following crucial lemma.

LemMa 2.1. (1) There exist fi*, ..., f* in U such that (f,*)(2r) = 6mx, and
D.(fu*) =0,for1 Em, k = q.

(ii) Of the given g continuous point derivations Dy, ..., D, let Dy, ..., Dy,
be the only non-trivial ones. Then there exist gi*,..., g5 in U such that
(g.*)(z) =0, for 1 =m,k =<gq, and Dy;(g,*) = dpssy for 1 =m = g,
1=i=p.

Proof. (i) First we show that given two points ¢ and b in Z, and two deriva-
tions D, and D, at @ and b respectively, there exists f in U such that f(a) = 1,
f(b) = D,(f) = Dy(f) = 0. Surely there exists # in U such that z(a¢) = 1 and
h(b) = 0. Then it suffices to take f = 24> — h*. Denote this function as f, ;.
Fix nowm, 1 £ m = ¢, and let

(i) Again, ix m, 1 < m = q. For j # m, 1 < j < ¢, there exists f; in U
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such that f;(z;) = 0 and f;(z,) = 1. Also, let f,, be in U such that f,(z,) = 0,
and D, (f,) = 1, if D, is non-trivial.
Now let

a

gn* = fu" H fi

j=1,52>m
It is easy to verify that these f,* and g,* are as required.

We shall fix these functions f,* and g,*, 1 < m = ¢, as obtained in the
above lemma, once and for all.

ProrosiTION 2.2. The restriction map j from Z to Y is one-to-one and onto.
Moreover, Y = j(8Z).

Proof. Let 2 # 2’ be in Z. As in (i) of Lemma 2.1 find f in U such that
f@) =1,f@E) =0, f(z) =0,for 1 =k =gqandz# 2, and Di(f) = 0 for
1 £ k = q. Clearly, this fis in 4, it belongs to j(z') but not to j(z). Thus j is
one-to-one. In order to show that j is onto, it is enough to prove that if Nis a
maximal ideal of 4 ,, then the ideal generated by N in U is proper. For this
purpose we quote an algebraic result. Let R be a commutative ring with 1 3 0,
and S a subring of R containing 1. As an S-module, let R be finitely generated.
If I is a proper ideal of S, then the ideal generated by I in R is also proper. We
now show that U is finitely generated as an 4 ,-module. If f is a function in U,

f(zx) = ¢ and D, (f) = d;, then

f=h+ k; (Im ¢x) 2 fi* + ]; (Im dy) © gi*,

where b = f — 7 > {1 (Im ¢;) fi* — 1> i—1 (Im d;) gi*. Since k(z,) = Re ¢,
and D;(h) = Red;, h belongs to 4, and it follows that the functions 1,
1 f,* and ¢ g,* generate U as an 4 ~module.

Finally, we show that j(dZ) = 9Y. Now, j(dZ) is a closed subset of ¥, and
it is a boundary for 4 ,:

j}glglfl(y) sfll = zsiggzlf(Z)l = zslggzlf!(j(z)).

Since dY is the smallest closed boundary for A4, it is contained in j(9Z).
Conversely, to show that 9V contains j(8Z), note that a point z, in Z belongs
to dZ if and only if for every neighbourhood V of z,, there is f in U such that
the set on which f attains its maximum modulus is contained in V. Let now
2o be in 8Z and V a neighbourhood of z,. We prove that there exists g in 4,
which satisfies the above condition. Since j is continuous, it will then follow
that j(zo) belongs to Y. First, assume that zo 5 2, for 1 £ k = ¢. Since Z
is Hausdorff, we can assume without loss of generality that no g, belongs to 1.
Let f be in U such that max,uy|f(z)| = 1, but |f(z)| < 1 for z outside V.
Let f(zx) = ¢x, 1 < B = gq. Then || < 1 for each k, and hence (1 — & f) is
invertible in U. Define

fi=(f—ea)/A =& f).
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Then fiisin U, [fi(2)| = 1if |f(z)] = 1, and [f:(2)] < 1if |f(z)| < 1. If we let
g£= hIi[l fk21

then g(z;) = Dy(g) = 0 for each &, and we are done. Now let z, = 2; say.
In this case we can assume that 7 does not contain any z, for 2 £ &k < q.
First, let D:(f) # 0. Then since D, is nontrivial and since the Dirichlet
deficiency of U is finite, it follows from [4, Theoréme 2] that the Gleason part P
of 21 is nontrivial. Now, if [f(z1)| = 1, then f is constant on P, and hence V
contains P. Since P is nontrivial, there exists a neighbourhood Vi of z; not
containing P. Then the function corresponding to V' /M V; has absolute value
less than 1 at z;. Hence we can assume that |f(z1)| = |¢1| < 1. Thus again
the function g constructed above works. Next, let D:(f) = 0. Here, let
¢ = exp(—is)g’, where ¢’ = f if ¢ =1, and g = Il{_, f;2, if ¢ = 2, and
g’ (z1) = r exp(is).

We thus see that the restriction map j is a homeomorphism of Z onto ¥V
and it maps dZ onto 9Y. Hence we can and shall identify ¥ and Y with Z
and 90Z respectively. Let B be the complexification of 4, and X and 94X its
maximal ideal space and its Silov boundary respectively.

ProrosiTION 2.3. X is homeomorphic to two copies of Z, pasted together at
thereal locus of Z (considered as the maximal ideal space of 4,), viz., {21, . . . ,2,}.

Proof. For z in Z, let s(z) be the complex homomorphism of B such that
(1 ® f)(s(z)) = f(z) for each f in A, Then s is a continuous section of cx*
over Z. For z in Z, (cx*)~! (z) = {x¢, x1}, where 7(xy) = x1. Hence X is the
union of s(Z) and 7(s(Z)); and z belongs to the real locus of Z if and only if
the inverse image of z consists of a single point of X. It is clear that s is one-to-
one, and hence a homeomorphism into X. The result now follows.

Since X is homeomorphic to two copies of Z glued together at certain points
and since the values of functions in B on one copy determine their values on
the other copy, we can make the following identifications which will be useful
in computing the various deficiencies of 4, in the next section. First, Cz(9X)*
can be identified with Cx(9Z), and Cr(8X)? with

Cr%(0Z) = {uin Cxr(0Z) : uw = Oateach z,in 8Z,1 < k = ¢}.

Also, A,(8X) can be identified with 4,(0Z) = {f restricted to 9Z : f in 4 ,}.
The following simple result allows us to identify (4 ,)—1 (8X) with (4,)-1 (8Z)
= {f+ i g restricted to Z : f and g in 4, f2+ g2 = 1}: Let 4 be a real
commutative algebra with 1 # 0, and let B be its complexification. Then
b=1®f+ 1 ® gisinvertible in B if and only if 2 4 g? is invertible in 4;
and if b is in B, then ¢(b) = b~'if and only if f2 4 g2 = 1.
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3. Deficiencies of 4,and the Gleason parts. Let the Dirichlet deficiency
of U be d and the Arens—Singer deficiency a. We can assume without loss of
generality that the first s of the ¢ points 2y, . . ., 2, belong to dZ and the last

g — s do not, for some 5,0 = s = ¢q. Let Dy,, ..., Dy, be the only nontrivial
ones among the ¢ point derivations Dy, ..., D, for some p, 0 < p =< q.
Finally, let the points 2y, . . ., 3, belong to r different Gleason parts in Z. We

shall determine the various deficiencies of 4, in terms of d, «, ¢, s, p and r.
The functions f;* and g,*, 1 < k < ¢ constructed in Lemma 2.1 will turn out
to be very useful, as is seen from the following proposition.

ProrositioN 3.1. (i) (Re A, Im fi*,..., Im f* Img, *, ..., Img,*) =Rel.
(i) (log |4, 7Y, Im fi*, ..., Im f,*, Im g, *, . .., Im g, *) = (log |UY]).
(iii) {Im 4, Re fo1*, ..., Re f*, Re gi,*, ... ,Re g,,*) = Re UN Cr°(92).
(iv) (log| (4 ) =1],Re fopi*,...,Ref*, Regy *,...,Reg.,*) = (log|U )N Cx*(0Z).

Proof. Let f be in U, f(z,) = ¢n and D, (f) = dn, 1 = m =< ¢. Then

q

I:f -1 Zq_:l (Illl Cm)fm* — 1 2 (Im dkm) gkm*:l

m=

and

I:z:f —1 i (I{e cm)fm* —1 Zq_:l (Re dkm) gkm*:l

m=1

both belong to 4,. From this (i) and (iii) follow by considering the real and
imaginary parts.

Now, let f be in U™, f(2,) = 7w exp(is,) and D, (f) = 7,/ exp(is,’). Then
Joexp(—1 2har Sufu™ — 0 et benin™) Where o, = 1y, Sin(se,” — Stn)/Tims
belongs to 4,71 This gives (ii).

As for (iv), let » belong to (log |U=1]) M Cx°(9Z). Then, by (ii), there exists

fin A" and real numbers a, a1, . .., ag by, . . ., by, such that
q ¥4
v=ualog|f|+ Z ap Im f,,;* + Z i Im g%,
m=1 m=1
and v = 0 at 24, . .., z,. Moreover, since Im f,* = Im g,,* = 0atz,...,s;
for each m, |f| =1 at z1,...,3, Let f(zn) = rnexp(is,) and D, (f) =

7w exp(isy’). Consider now

g=/[-exp (— i (log 7) fu* — Ep: lim gkm*> ,

m=s+1 m=1

where #,, = 74,/ /7. Then g belongs to A, g = &1 at zy,...,3, and
D,.(g) = 0 for each m. Now,

ig = [1/2(g — g M)+ i[1/2(g + ¢™)],
where (7/2)(g — g~') and (1/2)(g + g !) both belong to 4, and the sum of
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their squares is 1. Hence ¢g belongs to (4,)-1. The rest follows immediately
since Im f,,* and Im g, * also belong to log |(4,)_1|, for each m.

We conclude from (i) and (ii) of Proposition 3.1 that the Dirichlet (respec-
tively Arens-Singer) deficiency of A4, is at most d + ¢ + p (respectively
a + g+ p). In order to determine them actually, we need the following
lemma.

LEMMA 3.2. Let P be a Gleason part in Z, z a point in P, and 2’ a point outside
P. Then, for every positive e there exists g in U such that g(z) = 1, g(') = 0,
[Reg| =2, and |Im g| < e

Proof. We know that
sup {|f(2)] : fin U, [Ifll = 1, f(z) = 0} = L.

By the Riemann mapping theorem, there exists a one-to-one complex analytic
function ¢ on the closed unit disk such that ¢(0) = 0, ¢ maps [—1, 1] to the
reals, ¢(1) = 2, [Re ¢| = 2 and |Im ¢| < e. Let ¢(s) = 1. Now there exists
fin U such that [[f|]| £ 1, f(z') = 0, and f(z) = s1, for some s1, s < s1 < 1.
Then 1 < ¢(s1) = k, say. Since ¢ is analytic, it can be approximated by
polynomials, and hence ¢ o f belongs to U. Then g = (1/k) ¢ of has the
required properties.

THEOREM 3.3. The Dirichlet (respectively Arens—Singer) deficiency of A, is
d+q—r -+ p (respectively a + p), where d (respectively a) is the Dirichlet
(respectively Arens—Singer) deficiency of U, r is the number of distinct Gleason
parts to which the q points z1, . . . , 2, belong, and p is the number of non-trivial
point deriwvations among D, . . ., D,.

Proof. We use the identifications introduced at the end of § 2, and take our
starting point as (i) and (ii) of Proposition 3.1. Let 2, ..., 2, belong to a
Gleason part P, and 2,1, ..., 2, be outside P. We shall show that

(i) Im f* belongs to the closure of Re 4, Imf,*, 1 <m =t — 1, and
Img.,* 1=mZ p;

(ii) for any k, 1 £k < ¢ — 1, Im f,* does not belong to the closure of
Red,Imf,* 1 =m =< q,m 5=t k,and Im g,* 1 < m =< p; whereas it does
belong to (log |4,7!|); and that

(iii) Im g, * does not belong to the closure of (log|4,7'[), and Im g,*,
m#Zj1=m=p.

Since Re 4, is contained in log |4,7!], (i) shows that corresponding to each
of the r Gleason parts to which the ¢ points z1, . . . , 2, belong, we can eliminate
one of the functions Im fi*, ..., Imf*; (ii) shows that we can eliminate
exactly one such function for the Dirichlet deficiency, whereas we can eliminate
all these for the Arens—Singer deficiency; and (iii) shows that we cannot
eliminate any of Im g, *, ..., Im g,*.

In order to prove (i), we construct a sequence (f,), in U such that (Im f,) (z,)
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=1, (Imf,)(2,) = 0fort+ 1 < m = ¢, and |Re f,| < 1/n for each n. First,
note that the map which sends (w1, ...,w,) to II¢_ ., w,, where w, =
%Xm + 1yn is @ complex number, is continuous. Hence, given a positive integer »n
there exists a positive number e such that if |x,| < 2 and |y,| < € for each m,
then |Im 14 41 w,)| < 1/2. Now, let 2 = 2z,, and 2’ =z, t +1 < m < g,
in Lemma 3.2, and get functions g, in U such that g,(z,) =1, g,(zx) = 0,
|[Re g,| = 2, and |Im g,| < e Take then f, = i 11%_ 11 g If we define

fn’ = fo— 1 [ft* + mi=l (Imfn(zm))fm* + mZ:] (Im ka(fn))gkm*:' ,

then f,’ belongs to 4, and since (Re f,), tends to zero,
—1 ?
(Refn’ — > (Imfo(zn)) Im £, * — > (Im Dy, (f,)) Im gkm*)
m=1 =1 n

tends to Im f,*. This proves (i).
As for (ii),let 1 = k& =t — 1, and assume for a moment that

/4
Im f* = limRe f, + D twImf* + > s, Im g%,
n m¥1,k m=1

where f, is in 4,, and ¢, and s,, are real numbers. If we let

P
gEi(_'fk*‘l‘ Z tmfm*"l_ Z:l Smgkm*) ’

m+1,k

then (Re (f, — g)), tends to zero. Since ((f, — g) (2,) ) also tends to zero, and z
belongs to the same Gleason part as z,, ((f, — g)(2:)), must also tend to zero.
But ((f, — g)(2x))» tends to 4, which is a contradiction. Finally, Im f* =
(1/2x) log| exp(—2mi f.*)|, which is in (log |4 ,71]). This proves (ii).
As for (iii), let, if possible,
Im g,;* = lim u, + Z Sm Im gi. ¥,
n mj

where

jn
Up = Zl tn,m IOg lfn,ml
for some f,,, in 4,7, and ¢, ,, and s, real numbers. If we let
g= 1 <_ gkj* + Z smgkm*) ’
m+j

then (u,), tends to Re g.
If D is a continuous point derivation of any uniform algebra U at z, then
we show that the map 7" from (log |U~!|) to C given by

r (3 estogls) = 35 o, 2L

j=1 j=1
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is well-defined. If D is trivial, then so is the map 7. If D is nontrivial, then by
[4, Théoréme 1], there exists a representing measure m for z and a function
F in H*(m) with dem = 0 such that D(J) =fdem for every f in U.
From this it follows immediately that D(f) = 2 Re f F dm for every fin U.
Thus, if (f,). is a sequence in U such that (Re f,), tends to zero, then so does
(D (fa))n If (fu)n is a sequence in U~! such that (log |f,|). tends to zero, then
by considering Re (f, — f,!) it again follows that (D(f,)/f.(2)), tends to
zero. Now let fi,...,f, be in U™, and ay, ..., a, real numbers such that

n

Zl a;log | fa] = 0.

=
Then, by Dirichlet’s theorem on Diophantine approximation, given a positive
integer &, there exists a positive integer g; such that ¢;a; differs from an integer,

say p;x, by less than 1/k, j = 1,...,n. Let g, = I, 7%= Then (log |g:|)«
tends to zero, and hence so does (D(g;)/gx(z)):- But

—~  D(f;) 1 —~ | D(f5) D (gx)

L9501 Sk & 56 | T lae

Thus > -1 a; D(f,-)/fj(z) = 0, and the map 7 is well defined.

Of course, T, restricted to Re U, is continuous. Now, in the case at hand,
the Dirichlet deficiency of U is finite, hence cl. Re U has finite codimension
in cl. {log |U~1]). Hence the map T is actually continuous. Taking D = D;;
and z = z;, it now follows that (371 tym Di; (fam) /fam(2e;))s tends to Dy; (g).
But each term of this sequence is real since each f,, is in 4,7!, while
Dy;(g) = —i. This gives the required contradiction.

THEOREM 3.4. The tmaginary Dirichlet (respectively inverse Arens—Singer)
deficiency of A,isd + q — s + p (respectively a + ¢ — s + p), where d, a and
p are as in Theorem 3.3, and s is the number of points among 21, . . . , 3, Which
belong to the Silov boundary of U.

Proof. Recall that we have identified Cr(8X)* with Cz%(dZ). Then, (iii)
and (iv) of Proposition 3.1 show that the imaginary Dirichlet (respectively
inverse Arens-Singer) deficiency of 4, is at most d 4+ ¢ — s + p (respectively
a4+ q— s+ p). Since Im A4, is contained in log |(4,)—1|, we need only show
that Re fo11*, ..., Ref* Regu*, ..., Reg,* are linearly independent over
cl. {log |(4,)-1]). Let

Z t Refm + Z SmRegkm

m—s+1 m=1
where u = lim, #,, with u, = Y21ty 10g | fum|, and fo m in (4,)_1.
First, |fum(z)] = L for 1 < k < ¢. This gives 0 = u(z;) = 4 for s +1 =
k < q. Secondly, if welet g = > 01 sugen¥, (4,), tends to Re g, and as in the
proof of Theorem 3.4,

(£ mnBelles)
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tends to Dy;(g) = s, for 1 £ 7 £ p. Now we show that if fis in (4,)-y,
then the real part of Dy(f)/f(2:) is zero for each k. Let f = g + ik, where g
and k are in 4, and g* + h? = 1. Thus,

Di(f)/f(z) = [Di(g) + @ Di(h)]/[g(26) + ih(z0)].
Since Dy(2), Dy (), g =) and h(z;) are all real, Re [Dy(f)/f(5:)] = g(z)Di(g) +
h(zx)Dy(h) = 3Dy(g* + h?) = 0. This shows that s; = 0 for 1 £ j < p, and
we are done.

COROLLARY 3.5. If k is the Dirichlet (respectively Arens—Singer) deficiency
of A, then the Dirichlet (respectively Arens—Singer) deficiency of its complexi-
fication B is 2k + v — s (respectively 2k + g — s).

Proof. The result follows from Proposition 1.3 and Theorems 3.3 and 3.4.

Example 3.6. In the case of a standard algebra on a compact bordered
nonorientable Klein surface, the Dirichlet deficiency is less than or equal to
half the Dirichlet deficiency of its complexification. (See Example 1.4.) In
view of Corollary 3.5, we can construct an algebra 4, for which the Dirichlet
deficiency is strictly greater than half the Dirichlet deficiency of its complexi-
fication. We only have to find a complex uniform algebra with finite Dirichlet
deficiency such that one of the Gleason parts in its maximal ideal space
contains at least two points of its Silov boundary. An example of such an
algebra is given by the subalgebra of the standard algebra on the unit disk
consisting of functions which satisfy f(1) = f(%) and f(—1) = f(—%).

Added in proof. The referee has kindly pointed out that Lemma 3.2 and
much of the proof of Theorem 3.3 can be essentially found in Peak points for
hypo-Dirichlet algebras, Proc. Amer. Math. Soc. 26 (1970), 431-436, by
S. J. Sidney. (See Lemma 3 and Remark 8.)
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