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Abstract

In this paper, we show that Leavitt path algebras of weighted graphs and Leavitt path algebras of separated
graphs are intimately related. We prove that any Leavitt path algebra L(E,w) of a row-finite vertex
weighted graph (E, w) is *-isomorphic to the lower Leavitt path algebra of a certain bipartite separated
graph (E(w), C(w)). For a general locally finite weighted graph (E, w), we show that a certain quotient
Li(E, w) of L(E, w) is *-isomorphic to an upper Leavitt path algebra of another bipartite separated graph
(E(w);, Cw)'). We furthermore introduce the algebra L*™(E,w), which is a universal tame -algebra
generated by a set of partial isometries. We draw some consequences of our results for the structure
of ideals of L(E, w), and we study in detail two different maximal ideals of the Leavitt algebra L(m, n).
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1. Introduction

A weighted graph is a pair (E, w) consisting of a directed graph E = (E°, E', r, s) and
a weight function w : E! — N, where N is the set of positive integers. Leavitt path
algebras of weighted graphs were introduced in [13] to obtain a graph theoretical
model of Leavitt algebras L(m, n) for arbitrary values 1 < m < n. Recall that Leavitt
algebras were introduced by Leavitt in [14], who showed that the (Leavitt) type of
L(m, n) is (m,n — m). Some years later, Bergman reported in [9] the precise structure
of the monoid V(L(m,n)) of isomorphism classes of finitely generated projective
L(m, n)-modules. Recently, an interesting connection between the K-theory of Leavitt
path algebras of weighted graphs and the theory of abelian sandpile models has been
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FIGURE 1. Separated graph (E(2, 3), C(2, 3)).

developed in [2]. We refer the reader to [16] for an excellent survey on Leavitt path
algebras of weighted graphs.

The algebras L(m, n) were also described by the author and Goodearl in [6] as full
corners of the Leavitt path algebras of the separated graphs (E(m, n), C(m, n)), and this
was one of the key motivations to introduce this new type of algebras. Recall that a
separated graph [6] is a pair (E, C) consisting of a directed graph E and a partition C of
the set of edges of E that refines the natural partition induced by the source function.

For all integers 1 < m < n, define the separated graph (E(m, n), C(m, n)) as follows:

(1) E(m, n)o {v wi;

(2) E@m,n)' :={ey,.. wslns f1s- -, fn} (n + m distinct edges);

3) s(e) = s(ﬁ) =y and r(e;)) = r(f;) = wiorall i, j;

4) C@m,n)=C(m,n), :={X,Y}, where X = {ey,...,e,Jand Y = {fi,..., fu}.

By [6, Proposition 2.12], we have an isomorphism between L(m, n) and the corner
algebra wL(E(m, n), C(m, n))w, and hence L(m, n) is isomorphic to a full corner of the
Leavitt path algebra of the separated graph (E(m, n), C(m, n)). Since a full corner eRe
of a ring R is Morita-equivalent to R, the rings eRe and R share many properties. For
instance, they have the same module theory and the same lattice of (two-sided) ideals.

Observe that the graph E(m, n) is a bipartite graph, that is, there is a partition of the
set of vertices E* = E%° L1 E®! such that s(E') € E®? and r(E") € E*'. As in Figure 1,
we represent a bipartite separated graph (E, C) by a diagram in which we draw the
vertices in E®? in the upper level and the vertices in E®! in the lower level of the
diagram. According to this representation, we introduce in this paper the notions of
the upper Leavitt path algebra LV(E, C) and the lower Leavitt path algebra LW(E, C)
of a bipartite separated graph (see Section 2 for the precise definitions). Under the mild
hypothesis that s(E') = E®® and r(E') = E*!, it follows readily from the definitions
that the upper and the lower Leavitt path algebras of a bipartite finitely separated graph
(E, C) are Morita-equivalent to the full Leavitt path algebra L(E, C). It turns out that,
in many examples, the significant algebra to consider is an upper or a lower Leavitt
path algebra of a bipartite separated graph, see [4, Section 9].
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The purpose of this paper is to show that Leavitt path algebras of weighted graphs
and Leavitt path algebras of separated graphs are intimately related. A vertex weighted
graph is a weighted graph (£, w) such that w(e) = w(f) for every pair of edges e, f such
that s(e) = s(f). We show in Section 2 that any Leavitt path algebra of a row-finite
vertex weighted graph (E, w) is *-isomorphic to the lower Leavitt path algebra of
a certain bipartite separated graph (E(w), C(w)). For a general row-finite weighted
graph, we cannot construct a bipartite separated graph satisfying the property above,
but we show in Section 3 that a certain quotient %-algebra L;(E,w) of L(E,w) is
x-isomorphic to an upper Leavitt path algebra of another bipartite separated graph
(E(w)1, C(w)"). We furthermore introduce in Section 4 the algebra L**(E, w), called the
abelianized Leavitt path algebra of (E, w), for any locally finite weighted graph (E, w),
and we show that it is *-isomorphic to a full corner of the *-algebra L*®(E(w);, C(w)")
introduced in [4]. These abelianized algebras have a strong dynamical behaviour,
being the crossed products of certain partial actions on totally disconnected Hausdorff
topological spaces. Finally, we draw in Section 5 some consequences of our results
for the structure of ideals of L(E, w), shedding light on the second Open Problem in
[16, Section 12]. We illustrate our results by studying the ideals of the Leavitt algebras
L(m, n). In particular, two specific examples of maximal ideals of L(m, n) are described.

2. Bipartite separated graphs and weighted graphs

We start with the definition of a separated graph. Concerning directed graphs, we
follow the conventions and notation in [1]. In particular, we use the following definition
of a path. Let E = (E°,E', r,s) be a directed graph. Then a trivial path (or path of
length 0) is just a vertex in E and a nontrivial path is a sequence eje; - - - ¢, of edges
in E such that r(e;) = s(e;41) for i = 1,...,n— 1. The extended (or double) graph of
E, denoted by E, is the graph obtained from E by adding a new edge ¢* for each edge
e € E', with r(e*) = s(e) and s(e*) = r(e).

A row-finite graph is a graph E such that |s~'(v)| < oo for all v € E°. The set E?eg
of regular vertices of a row-finite graph is the set of vertices v such that s~'(v) # 0.
A locally finite graph is a graph E such that both s~!(v) and r~!(v) are finite, for all
veEL.

DEFINITION 2.1 ([6, Definition 2.1] and [4, Definition 4.1]). A separated graph is a
pair (E, C), where E is a (directed) graph and C = | J,¢go C,, in which C, is a partition
of s~!(v) into pairwise disjoint nonempty subsets for each vertex v. If all the sets in C
are finite, we say that (E, C) is a finitely separated graph. This is automatically true
when E is row-finite.

A bipartite separated graph is a separated graph (E, C) such that E® = E®0 1 £,
and s(e) € E*?, r(e) € E*! foreach e € E'.

Note that our notation concerning ranges and sources of edges is the same as that
from [1, 6, 13, 16], but it is distinct from the one used in [4, 7] and other sources.
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We can now define Leavitt path algebras of separated graphs, following [6].
We consider through the paper algebras and =x-algebras over an arbitrary but fixed
coefficient field K, endowed with an involution *. Note that our definitions usually
refer to presentations of =-algebras in the category of *-algebras.

DEFINITION 2.2. The Leavitt path algebra of a separated graph (E, C) with coeffi-
cients in K is the *-algebra L(E, C) with generators {v,e | v € E*, e € E'}, subject to
the following relations:

V) w =6,,vandv=v*forall v,y € E%,

(E) s(e)e = e =er(e) forall e € E';

(SCK1) e*f =0.yr(e)foralle, f€X,X € Cand
(SCK2) v =Y ,x ee* for every finite set X € C,, v € E°.

Note that the path algebra Px(E) of the extended graph E of E, endowed with its
canonical involution, is precisely the x-algebra defined by relations (V) and (E), so that
L(E, C) is the quotient of Px(E) by the #-ideal corresponding to the relations (SCK1)
and (SCK2).

We need the normal form of elements of L(E, C), which was obtained in [6].

DEFINITION 2.3. For two nontrivial paths u, v € Path(E) with s(u) = s(v) = v, we say
that u and v are C-separated if the initial edges of p and v belong to different sets
X,Y eC,.

DEFINITION 2.4. For each finite X € C, we select an edge ex € X. Let y, v € Path(E)
be two paths such that r(u) = r(v), and let e and f be the terminal edges of u and v,
respectively. The path uv* is said to be reduced if (e, f) # (ex, ex) for every finite
X € C. In the case where either ¢ or v has length zero, then uv* is automatically
reduced.

THEOREM 2.5 [6, Corollary 2.8]. Let (E, C) be a separated graph. Then the set of
elements of the form

/JlVT/JQVZ o ‘/,an:;, Mi, Vi € Path(E)a

such that v; and piyy are C-separated paths for all i €{l,...,n—1} and p;v; is
reduced for all i € {1,...,n}, forms a linear basis of L(E,C). We call pv; ---u,v,
a C-separated reduced path.

For each edge e of a separated graph (E, C), we denote by X, the unique element of
C such that ¢ € X,.

We are now ready for our definitions of the upper and lower path algebras of a
bipartite separated graph. We first introduce these algebras using a presentation, and
we show below in Proposition 2.8 that these are precisely the corner algebras of L(E, C)
corresponding to the upper and lower subsets E** and E%! of E°.

DEFINITION 2.6. Let (E, C) be a row-finite bipartite separated graph with s(E'!) =
E* r(E") = E*!. Let LV(E, C) be the universal x-algebra with generators Py U T,
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where Py = {p,},epoo and T = {7(e, [}, rerre)=r(f)}» and subject to the relations:

V) pvDy = 6,y py and pi = p, for all v,v' € E®;

(T) (e, ) =7(f,e);

(E’) (e, ) - Psipy = Pstey - T(e, f) = T(e, f);

(SCK1’) (e, f)-7(g,h) = 6 7(e, h) for f, g € E' belonging to the same set Y € C;
(SCK2’) p, =Y,cytle,e)forallve E®andall Y € C,.

DEFINITION 2.7. Let (E, C) be a row-finite bipartite separated graph with s(E') = E%,
r(E') = E%!. Let LW(E, C) be the universal *-algebra with generators Py LI R, where
Pw = {pwheper and R = {p(e, f)}ie.reE1|se)=s(f) and X, 2x,)> and subject to the relations:

%) PwPw = 0w Pw and pi, = p, for all w,w’ € E®L;

(R) ple, f)" = p(f,e);

(E™) pe f) - Prigy = Priey - Ple, f) = ple, f);

(SCK1”) Suppose that e, h € E' with v := s(e) = s(h) and X € C, with X # X, and
X # X, Then:

D pef)-plfih) =

{me if X, = X,
fex

p(e, h) if X, # Xj,.

We make use of the multiplier algebra M(A) of an algebra A, see for instance [8]
and [10, Ch. 7], as a convenient way of defining our algebras. Note that M(A) = A if A
is unital.

Let (E,C) be a row-finite bipartite separated graph such that s(E') = E®° and
FEY=E". Let V=3 poveMUIE,C)and W =3, o1 w€ M(L(E, C)). Since
the finite sums of vertices give a family of local units of L(E, C), one can easily show
that V and W exist in M(L(E, C)) and that V + W = 1. It follows readily that VL(E, C)V
is linearly spanned by all the paths u in E such that s(u) € E®° and r(u) € E®°.
A similar description holds for LW(E, C).

PROPOSITION 2.8. We have natural -isomorphisms ¢y : LV(E,C) — VL(E, C)V and
ow : LW(E, C) —» WL(E, C)W such that
evipy) =v, gv(tle, ) =ef", owpw) =w, ewl(ple,f)=¢e"f.

PROOF. We only show the isomorphism LW(E, C) = WL(E, C)W. The other isomor-
phism is proved in the same way.

One can easily see that the assignments w(p,) = w and gw(p(e, f)) = e* f give a
well-defined #-algebra homomorphism

ew : LW(E, C) — WL(E, C)W.

Clearly ¢w is surjective. To show that ¢y is injective, we observe that using the
defining relations of LW(E, C), we can write each element of LW(E, C) as a linear
combination of terms of the form

pler, fp(ea, f2) -~ - plen, fn)
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such that s(e;) = s(f;), X, # Xy fori = 1,...,n, r(f}) = r(eix1) and fie, | is reduced for
i=1,...,n—1.

Now suppose that « is a nonzero element of LW(E, C) and that @ = ) A;a;, where
A; € K\ {0} and «; are pairwise distinct terms as described in the above paragraph.
Then oy (@) = Y ipw(a;) and gy (a;) are pairwise distinct C-separated reduced paths
in L(E, C). Since these elements are linearly independent in L(E, C), we conclude that
ew(a) # 0. O

In view of Proposition 2.8, we identify the algebras LV(E, C) and VL(E, C)V, and
also the algebras LW(E, C) and WL(E, C)W.

We recall now the definitions of weighted graph and of Leavitt path algebra of a
weighted graph, following [16].

An isolated vertex of a graph E is a vertex v such that s~!(v) = ¥~'(v) = 0. To avoid
trivialities, we restrict attention to graphs with no isolated vertices.

DEFINITION 2.9. A weighted graph is a pair (E,w), where E is a row-finite graph
with no isolated vertices, and w : E! — N is a map. For each v € E?eg, set w(v) :=
max{w(e) : e € s~'(v)} and set w(v) = 0 if v is a sink. We say that (E,w) is a vertex

weighted graph if w(e) = w(v) for all e € s7!(v).

DEFINITION 2.10. Let (E, w) be a weighted graph and K a field. Then we define the
weighted Leavitt path algebra of (E, w) to be the s-algebra L(E, w) with generating set
(v,ei,|ve E% e € E',1 <i < w(e)} subject to the relations:

(1) wuv=6,,andv =" forallu,v e E
(2) s(e)e; = e; = eir(e), where e € E', 1 < i < w(e);
(3)  ees (v €i€) = Oyv, Where v € E?eg, 1<i,j<wb);

(4 Yicicom €. f; = 6eyre), where v € ED, and e, f € 57 (1).

reg

In relations (3) and (4), we set ¢; and e; zero whenever i > w(e).

Now we consider a vertex weighted graph (E, w) and we build a bipartite separated
graph (E(w), C(w)) such that L(E, w) = LW(E(w), C(w)).

DEFINITION 2.11. Let (E, w) be a vertex weighted graph. Define a bipartite separated
graph (E(w), C(w)) as follows. Let V, and V| be two copies of E°, with bijections
E" — V; given by v - v;, for i =0, 1. Set E(w)* = {vy | v e E?eg}, E(w)*' =V, and
E(w)° = E(w)* U E(w)®!. For each e € E', we define an edge ¢ € E(w)' such that
s(@) = s(e)o and (@) = r(e);. We set X, ={¢|ees'(v)} for ve E?eg. In addition,
we define another set of edges Y, = {h(v,i) : | <i < w(v)} for each v € E?eg, where

s(h(v, 1)) = vo and r(h(v,i)) = v; forallv € E%_and all 1 <i < w(v). Finally, we define

reg
C(w)y, = (X, Y.} foreach v € E,,, and E(w)' = [ lvers, Xy U Y,).

We call (E(w), C(w)) the separated graph of the vertex weighted graph (E, w).
Observe that, since E has no isolated vertices, we have s(E') = E®? and r(E') = E%.
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THEOREM 2.12. Let (E,w) be a vertex weighted row-finite graph. Then there is a
unique isomorphism of x-algebras

O = q)(E,w) . L(E, CL)) e LW(E((U), C(LL)))

such that ®(v) = p, = v, forv € E°, ®(e;) = p(h(s(e), i), &) = h(s(e),i)*¢ fore € E' and
1 <i<w(se)).

PROOF. Write (F, D) = (E(w), C(w)), A = L(E, w) and B = LW(E(w), C(w)). To show
that @ gives a well-defined s*-algebra homomorphism, we need to check that the
defining relations of A = L(E, w) are satisfied in B. It is quite easy to show that relations
(1) and (2) in Definition 2.10 are preserved by ®. To show that (3) is also preserved,
take v € E2_ and 1 <i,j < w(v). We then have

reg

DT wende) = Y h(v, i) e@ h(v, )
ees™!(v) ees™'(v)
= h(v, i)*( D éé*)h(v, i)
ees~!(v)
= h(v, )" h(v,))
=0;v1 = 0;;P().

For (4), let e, f € s~'(v), with v € E?,. Then we have

reg-

D, ey )= Y Eh(v,dh(vi)]

1<i<w(v) 1<i<w(v)

é*( > i, i)*) 7

1<i<w(v)

& f
e, r(e)) = .y D(r(e)).

Hence, we have a well-defined *-homomorphism ® : A — B. To build the inverse of @,
consider the map ¥ : B — A defined by
Y(p)=v (veE%), W(ph(v,).?)=e (ecs ' (v).

Here we observe that for each v € E?eg, we have |D,, | = 2. Therefore, it follows from
Definition 2.7 that we only have generators of the form p(h(v, i), é) and p(&, h(v,i)) =
p(h(v,i),&)* for e € s~' (v). Therefore, to define ¥ as a *-homomorphism, it is enough
to define it on the given generators. We need to show the preservation of the defining
relations of LW (F, D). We only deal with (SCK1”). Let v € E?eg. There are two cases.
Suppose first that e = h(v, i) and h = h(v,j) for 1 <i,j < w(v). Then the unique option
for X in (SCK17)is X = X, and so
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D W (ph(v, i), ) ¥ (p(F hv ) = D W (ph(v, i), ) - ¥ p(h(r. ), )

fex, fex,
= D Ff =0y = YOiprawan):
fes(v)

We now consider the second case. In this case, we have two edges e, he X,, that is,
e, f € E', with s(e) = s(h) = v € E°, and the unique possible value for X in (SCK1”) is

X =Y,. We have
D W@ h(rv, i) - W(p(h(v, i), ) = > W(p(h(v,1),8) - B(p(h(v, i), )
1<i<w(v) 1<i<w(v)
= > ethi=Sonr(e) = Y(Senpria):
I<i<w(v)

Hence, ¥ is a well-defined *-homomorphism. It is clear that ¥ and ® are mutually
inverse. This concludes the proof. ]

3. The algebra L,(E, w)

In this section, we introduce a new =-algebra L;(E, w) associated to a row-finite
weighted graph. This algebra is a certain quotient of L(E, w) and has the property of
being generated by partial isometries. This is not the case, in general, for the *-algebra
L(E, w). We show that if the graph E is locally finite, then L, (E, w) is *-isomorphic to
the upper Leavitt path algebra of a finitely separated graph.

DEFINITION 3.1. Let (E, w) be a weighted graph and K a field. The =-algebra L;(E, w)
is the free *-algebra generated by {v,e; | v € E’,e € E', 1 <i < w(e)} subject to the
relations:

(1) wv=90,,andv=v"forallu,ve E’;

(2) s(e)e; = e; = eir(e), where e € E', 1 < i < w(e);

3) e,-ej’.k =0foralle € E'and all 1 <i,j < w(e) withi # j;

4) efi=0foralle, f € sT'(w)with e # f,v € E%, 1 <i < min{w(e), w(f)};
(5)  Deesivwierzi i€ = v, where v € Ef,, and 1 < i < w(v);

(6) Yicicow €iei =r(e)foralle € E'.
REMARK 3.2

(1) Observe that relations (3) with i #j and (4) with e # f in Definition 2.10
are automatically satisfied in L(E, w) because of relations (3) and (4) above.
Therefore, we have

Li(E, w) = L(E, w)/1o,

where Iy is the =-ideal of L(E,w) generated by the elements efe; for
ecE" and 1<i#j<w(e), and ¢ f; for e, fes'(v) with e+ f, veE",
1 <i < min{w(e), w(f)}.
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(2) Notice that the elements ¢;, for e € E' and 1 < i < w(e), are partial isometries in
Li(E, w), that is, e;e’e; = e;. This follows by either right multiplying relation (5),
or left multiplying relation (6), by ¢;, and using relations (4) or (3) accordingly.

Let (E,w) be a weighted graph and let (E,w") be the unique vertex weighted
graph such that w(v) = w(v) for all v € E?eg. Then L(E, w) is the quotient x-algebra
of L(E,wM) by the x-ideal generated by ej, for w(e) <j < w(v), for each v € E° and
e € s71(v). The corresponding quotient *-algebra of LW(E(w™), C(w™)) is an object
that cannot be exactly modelled with a separated graph.

However, through the consideration of a related graph, we show that the =-algebra
Li(E, w) = L(E, w)/Iy is an upper Leavitt path algebra of a bipartite separated graph.

We need a definition from [4] (see also [7]).

DEFINITION 3.3. Let (E, C) be any locally finite bipartite separated graph, and write
C, = {Xily cee ’X;:,(}

for all u € E®°. Then the 1-step resolution of (E,C) is the locally finite bipartite
separated graph denoted by (E, C'), and defined by:

. E(l)’0 := E% and E(l)’1 = {v(xr,..,x,) lu € E x; € Xy
o E':={a"(x;,..., % ...,x0) lu€ E® i =1, kux € X!);

s(@(xy, ..., %, .. LX) = r(x) and r(@(xq, ..., X, ... ,x;'{“)) =Xy, .., X))
forv e E)Y = E®, C! = (X(x) | x € r~'(v)}, where

X(x) = {a/"'(xl,...,)’c;,...,xku) |Xj EXT fOI'j * l}

A sequence of locally finite bipartite separated graphs {(E,, C")},>0 With (Ey, Y=
(E, C) is then defined inductively by letting (E,;, C"*!) denote the 1-step resolution
of (E,, C"). Finally, set (F,,D") = J_,(Ei, C') and let (F., D™) be the infinite layer
graph

(Feo, D) := O(F”,D”) = O(E,,, ).
n=0 n=0

It is clear by construction that (F,, D*) is a separated Bratteli diagram in the sense of
[7, Definition 2.8], called the separated Bratteli diagram of the locally finite bipartite
graph (E, C). (Note that only the case of a finite bipartite separated graph (E, C) was
considered in [4, 7]. However the extension to locally finite bipartite separated graphs
is straightforward.)

By [4, Theorem 5.1], there is a canonical surjective *-homomorphism

o : L(E,C) > L(E\, C"),
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which is defined by
$o(u) = Z VXL, X)),
(sl JET TR, X
where C, = {X{,..., X} } for u € E®°, ¢o(w) = w for all w € E*! and
o) = > (@@, 1)
NEX] i

for an arrow x; € X!'.

To state our next proposition, we need to extend the definition of the generators of
LW(E, C) for a bipartite separated graph (E, C) to the case where e, f belong to the
same set of the partition C. Concretely, we set fore, f € X € C:

p(ea f) = 6e,fr(e)a (e’f € X’X € C) (3_1)
PROPOSITION 3.4. The kernel of the x-homomorphism ¢o| : LW(E, C) — LV(E;,C")
is the -ideal I of LW(E, C) generated by the elements
ple, p(f, 9)p(g. h) — ple, 9)p(g, Hp(f,h)

foralle, f,g,h € E' such that s(e) = s(f) = s(g) = s(h). Here, p(e, f) are the canonical
generators of LW(E, C) as given in Definition 2.7 when X, # Xy, and the elements
given by (3-1) when X, = X;.
PROOF. Let I be the x-ideal of LW(E, C) generated by all the elements of the form
ple, p(f, &)p(g. h) — ple, &)p(g. Hp(f, h), where s(e) = s(f) = s(g) = s(h).

By [4, Theorem 5.1], the kernel of the map ¢y is the =-ideal J of L(E, C) generated
by all the commutators [ee”, ff*], fore, f € E I Observe that

ple, Hp(f,8)p(g. h) — ple, 9)p(g. Np(f.h) = €' [ff", 88" 1h € J,

so we get I € WJW = Ker(¢o|). For the other inclusion, observe that the family
e'Lff*, gg*)h, where s(e) = s(f) = s(g) = s(h), is a family of generators for the ideal
WJW. Indeed, we have [ff*, gg"] = 0 except that s(f) = s(g), so J is generated as an
ideal by the set of elements [ff*, gg"], where s(f) = s(g). Hence, every element of
WJW is a linear combination of terms of the form

YLff . gg"1A,

where v := s(f) = s(g), v, A are paths in £, with r(y) = v = s(1) and s(y), /(1) € E*!,
soy =y'e*, A =hA', withe,h € E', s(e) = s(h) = v, and y', 1’ € LW(E, C), so that

Wi eg A=Y’ [ff".gg" 1WA € 1.
This concludes the proof. ]

We deduce from the above that LW(E,C)/I =LV(E;,C") through the
x*-homomorphism induced by ¢o, where [ is the ideal generated by elements
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ple, Pp(f,8)p(g, h) — ple,&p(g, NHp(f,h), with s(e) = s(f) = s(g) = s(h). With the
help of Theorem 2.12, we can thus identify a suitable quotient of L(E, w) for a vertex
weighted graph (E, w), that is an upper Leavitt path algebra of a separated graph. We
show next that this algebra is precisely the algebra L;(E, w) from Definition 3.1.

Recall from Definition 3.1 that L;(E, w) = L(E, w)/Iy, where I is the *x-ideal of
L(E, w) generated by the elements:

ee; forecE' and 1<i,j<w(e)withi#j, (3-2)

e f; fore,fes'(vywithe# f,veE® and 1 <i<minfw(e),w(f). (3-3)

THEOREM 3.5. Let (E,w) be a locally finite vertex weighted graph and let
Li(E,w) = L(E, w)/1y be the x-algebra from Definition 3.1. Then we have a canonical
x-isomorphism

O, : Li(E,w) — LV(E(w);, C(w)")

such that ®;(v) = v; and ®,(e;) = 7(a"V)(@), &°(h(v,i))) for e € E', 1 <i < w(e) and
v = s(e). Hence, Li(E,w) is *-isomorphic to the upper Leavitt path algebra of a
separated graph.

PROOF. By Theorem 2.12, we have a *-isomorphism
O : L(E, w) - LW(E(w), C(w)).

Composing with the surjective s-homomorphism ¢y| : LW(E(w), C(w)) — LV(E(w);,
C(w)"), we obtain a surjective *-homomorphism

@, : L(E,w) - LV(E(w)1, C(w)h).

By Proposition 3.4, we only have to check that ®(/y) = I, where I is the #-ideal of
LW(E(w), C(w)) generated by all the elements

¥(a,b,c,d) := p(a, b)p(b, c)p(c, d) - p(a, c)p(c, b)p(b, d),

for a,b,c,d € s~ (vy), v € E°. Given such an element, there are various possibilities to
consider depending on which elements a, b, ¢, d belong to X, or to Y,. Observe that
v(a,b,c,d) =0 if b and ¢ belong to the same set, so by symmetry, we only need to
consider the case where b € X, and ¢ € Y,. Assuming this, write b = fand ¢ = h(v,i)
for f € s7'(v)and 1 <i < w(v). We have four cases to consider.

(1) a=éeX,andd = g € X,. Then we have
O (y(a, b, c,d)) = O (@& FFh(v, )h(v, i)' — & h(v, DAV, )" F7)
= 0erfi 8 — O g€ fi-

This element in nonzero only if e = f and f # g, or e # f and f = g. In both of
these cases, we get an element of the form (3-3).
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(2) Similarly, if a,d € Y,, then we get that ®~!(y(a, b, ¢, d)) is an element of the form
(3-2).
(3) a=nh(,j)eY,andd = ¢é € X,. In this case, we have

O (y(a, b, c,d)) = fifei — 61001 fi-

For i =j and e = f, this gives the element e;e}e; — ¢;, which belongs to I by
Remark 3.2(2). When i # j or e # f, this gives an element that also belongs to /.
(4) IfaeX,andd €Y, theny(a,b,c,d) = —y(d,b,c,a)", and we reduce to case (3).

We thus obtain that ®~'(I) C I, that is, I € ®(I,). The reverse inclusion ®(I) C I,
follows easily from the above computations.

Hence, we obtain a s-isomorphism ®; : L|(E,w) — LV(E(w);, C(w)"), with
(D](V) =V and

Di(ei) = go(h(v, )" ¢o(@)

=( Z ah("”"(f))(Lfaé(h(v,j))*)
fes') J=1

= " )@ (h(v, i)',

where the last equality follows from r(a"")(f)) = v(f,i) and r(a®(h(v,)))) = v(&,})),
which imply that the only nonzero summand is the one corresponding to f = e and
j=1

This concludes the proof of the theorem. ]

It is time now to show that Theorem 3.5 generalizes to arbitrary weighted graphs.
The point is that in L(E, w™)/I,, we can kill the projections gie}f fori+1<j<owb),
and this is equivalent to killing the projections v(2, (v, j)) in L(E(w™);, C(w™)").

Before proceeding to the statement of the next theorem, we introduce a useful
simplified notation for the generators of L(E(w);, C(w)"). This notation is used in the
rest of the paper, whenever there is no danger of confusion.

NOTATION 3.6. Let (E,w) be a locally finite vertex weighted graph, and let R =
L(E(w);, C(w)") be the Leavitt path algebra of the separated graph (E(w);, C(w)"). The
elements of E(l)’O are simply denoted by v, where v € E°. (These elements are denoted

vy in the previous, general notation.) The elements of E(l)’1 are denoted by v(e, i), where

e€E" and 1 <i < w(e). (These elements are denoted v(&, h(v,i)) in the previous,

general notation.) The elements in X(e) for e € E' are denoted by a“(i), where e € E!

and 1 <i < w(e). (These elements are denoted a®(h(v,i)) in the previous, general

notation.) The elements in X(v, i) := X(h(v, i)) are denoted by a‘(e), where e € E' and

1 <i < w(e). (These elements are denoted a”)(2) in the previous, general notation.)
With the new notation, we have, by Theorem 3.5,

D;(e;) = a'(e)a’(i)" = 7(a'(e), (i)

fore e E'and 1 <i < w(v).
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We can now extend the definition of the separated graph (E(w);, C(w)") to any
locally finite weighted graph.

DEFINITION 3.7. Let (E,w) be a locally finite weighted graph. We define
(E(w)1, C(w)") as the bipartite locally finite separated graph with

Ew?’ =E° Ew? =ei:ecE 1<i<wle)
and for each v € E*:
Cw), = X0, 1),...., X0, 00D} |_JiX(e) e € E', r(e) = v},
where, for 1 <i < w(v),
X(v,i) = {a'(e) i ees ' (W), w(e) 2 i}, s(a@'(e)) =s(e)=v, r(a'(e)) =vle,i),
and, for e € E' with r(e) = v,
Xe)={a®():1<i<w(e)}, s@)=r()=v, r@@d)=vie,i.

We now recall the definition of the quotient graph (E/H, C/H), see [6, Construction
6.8]. We use the pre-order < on E° given by v < w if and only if there is a path y in E
such that s(y) = w and r(y) = v.

DEFINITION 3.8. Let (E,C) be a finitely separated graph. A subset H of E° is
hereditary if v <w and w € H imply that v € H, and H is C-saturated if whenever
we have v € E? such that r(x) € H for all x € X, for some X € C,, then necessarily
v € H. Given a hereditary C-saturated subset H of E°, the quotient separated graph
(E/H,C/H)has (E/H)" = E°\ H,and (C/H), = {X/C | X € C,}, where forv € E° \ H
and X e C,, X/C:={xeX|r(x)¢ H} # 0. We denote by H(E,C) the lattice of
hereditary C-saturated subsets of E°.

THEOREM 3.9. Let (E,w) be a locally finite weighted graph, let Li(E,w) be the
Li-algebra of (E, w) (Definition 3.1) and let (E(w);, C(w)") be the bipartite separated
graph from Definition 3.7. Then there exists a canonical *-isomorphism

Oy : Li(E, w) — LV(E();, C()")

such that ®,(v) = v for v € E° and ®,(e;) = 7(c(e), a°(i)) fore € E' and 1 < i < w(e).
In particular, L\ (E, w) is isomorphic to the upper Leavitt path algebra of a separated
graph.

PROOF. By Theorem 3.5, we have a *-isomorphism
D, : Li(E, M) — LV(E@"),, C(w™)),

where (E,wM) is the unique vertex weighted graph such that w™(v) = w(v) for all
ve E°,

We consider the following subset of E(w" )?" :

H ={v(e,j) | e € E',w(e) + 1 <j < w(s(e))).
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Then H ¢ E(w™)]" is a hereditary subset of E(w™)!, because the vertices in E(w™))"
are sinks in E(w™);. Let us check that H is also C(w™)!-saturated. The sets in C(w™)!
are of one of the forms X(v,i) for 1 <i < w(v), or X(e) for e € E'. It is enough to
show that r(X) € H for X of these forms. We consider first the case X = X(v, i) for
1 <i < w(v). The elements of X(v,i) are of the form a(e), where e € s~!(v). Since
w(v) = max{w(e) | e € s~ (v)}, there is some e € s~!(v) such that w(e) = w(v), and then

r(@'(e)) = v(e,i) ¢ H.

Now consider e € E! and set v = s(e). Since w(e) > 1, we have that r(a‘(1)) =
vie,1) ¢ H.

Hence, we obtain that H is a hereditary C(w")'-saturated subset of E(w" )(1). The
ideal I(H) of L(E(w™);, C(w™)") generated by H satisfies that

LE(™), C(@""Y/I(H) = LE(™)/H, C(w™)' /H)

(see the proof of [7, Theorem 5.5]).

We define (E(w);, C(w)") := (E(wM),/H, C(w™)'/H).

Observe that the #-isomorphism L(E(w™);, C(w™)")/I(H) — L(E(w);, C(w)")
induces a *-isomorphism

7 LV(E(™);, C(@™)"/IV(H) — LV(E(w)1, C(w)"),

where IV(H) = I(H) N LV(E(wM), C(w™)"). Next, we let I be the #-ideal of
LV(E(wM"), C(w™)!) generated by the elements t(a’(e),a(j)), for which
w(e) +1<j<w(s(e)). We claim that I =1V(H). Clearly, I C IV(H). To show
equality, observe first that J contains the elements

(a’(e),a’(e) = T(@/(e), @ (j))T(a’ (), @ (j))’

and
(@°(j), @°())) = (@ (e), () (! (e), 2“())

for w(v) + 1 <j < w(s(e)). We define a *-homomorphism ¢ : LV(E(w);, C(w)') —
LV(E(wM),, C(w™))/T by ¢(p,) = Py, for v e E°, and ¢(t(x,y)) = 7(x,y), for x,y €
(E(w)))" with r(x) = r(y). Here we indicate by 7 the class of an element z in the
quotient LV(E(w™);, C(wM)')/3J. To see that ¢ is well defined, we have to check that
the relations in Definition 2.6 are preserved by ¢. This is obvious for all relations except
for (SCK2’). Let us check relation (SCK2’) for Y = X(e), where e € E'. Since we are
working in the graph (E(w);, C(w)"), this relation reads

po= . (@@, a().

1<i<w(e)
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Now, using that 7(a¢( ), @¢(j)) = 0 for w(e) + 1 < j < w(s(e)), we have

w(e) w(s(e))
o Y e 0cin) = Y T 070 = 7 = w(py).

i=1 i=1
Similarly, we can check that (SCK2’) is preserved for ¥ = X(v,i) for 1 <i < w(v). Let
¢ s LV(E(W")1, C@"))/3 — LV(E@"), C(w™))/1V(H)

be the canonical quotient map. We clearly have the equality @omol =
Iy @M, cwy)s> and hence £ is injective, which implies that I = IV(H), as desired.

Now the generators t(a’/(e),a‘(j)), for w(e) + 1 <j < w(s(e)), of the x-ideal
J = IV(H) correspond through the *-isomorphism (I)l‘1 to the elements ¢; in L{(E, wM),
and it is clear that L;(E,w) = L|(E,w™)/K, where K is the #-ideal of L,(E,w™)
generated by e;, with w(e) + 1 <j < w(s(e)). We thus obtain a *-isomorphism, also
denoted by @, from L (E, ) onto LV(E(w);, C(w)"), as desired. O

4. The algebra L*(E, w)

In this section, we introduce the *-algebra L*(E, w) for a locally finite weighted
graph (E, w), and we show it can be written as a full corner of a direct limit of a
sequence of Leavitt path algebras of separated graphs.

We begin with some preliminary definitions, see [10, Definition 12.9].

DEFINITION 4.1. A set F of partial isometries of a #-algebra A is said to be tame
if for any two elements u,u’ € U, where U is the multiplicative #-subsemigroup of
A generated by F, we have that e(u) and e(u’) are commuting elements of A, where
e(v) = w* forv € U. Note that if F is a tame set of partial isometries, then all elements
of U are indeed partial isometries, and therefore the elements e(u), with u € U, are
mutually commuting projections in A.

A x-algebra A is said to be tame if it is generated as =-algebra by a tame
set of partial isometries. If A is a =-algebra generated by a subset F of partial
isometries, there is a universal tame *-algebra A®® associated to F. By definition,
there is a surjective *-homomorphism 7 : A — A so that 7(F) is a tame set of partial
isometries generating A®, and such that for any *-homomorphism ¢ : A — B of A to
a =-algebra B such that Y(F) is a tame set of partial isometries in B, there is a unique
s-homomorphism ¢ : A* — B such that ¢y = ¢ o 7. Indeed, we have A?® = A/J, where
J is the ideal of A generated by all the commutators [e(u), e(u”)], where u, u’ € U.

If (E, C) is a separated graph, then the universal tame =x-algebra associated to the
generating set E LI E' of partial isometries of L(E, C) is denoted by L**(E, C).

Similarly, if (E,C) is a row-finite bipartite separated graph, the universal tame
x-algebra associated to the generating set E®O Li{r(x,y) : x,y € E!, r(x) = r(y)} of
partial isometries of LV(E, C) is denoted by LV*®(E, C).
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We can now define the abelianized Leavitt path algebra of a weighted graph.
Recall from Remark 3.2(2) that the elements e;, for e € E' and 1 < i < w(e) are partial
isometries in L (E, w).

DEFINITION 4.2. Let (E, w) be a weighted graph and K a field. The abelianized Leavitt
path algebra of (E, w), denoted by L*(E, w) is the universal tame x-algebra associated
to the generating set E° U {e; : e € E', 1 < i < w(e)} of partial isometries of L(E, w).
Let U be the *-subsemigroup of L;(E, w) generated by {¢; : e € E', 1 <i < w(e)}, and
let J be the ideal of L;(E,w) generated by all the commutators [e(u), e(u’)], where
u,u’ € U. Then L**(E, w) = L,(E, C)/J. (Note that vertices commute with all elements
e(u).)

Recall from Definition 3.3 the canonical sequence {(E,, C")},>o of locally finite
bipartite separated graphs associated to a locally finite bipartite separated graph (E, C).
We denote by 7, : L(E,C) — L(E,,C") and 7, : L(E,C) — L*®(E, C) the canoni-
cal surjective s-homomorphisms. Note that m,,(V) = V,,, where V,, = Zveb*z‘f Ve
M(L(Ez,, C*)).

For a locally finite weighted graph (E,w), we want to relate L*°(E, w) with the
algebra L*®(E(w);, C(w)"), where (E(w);,C(w)") is the bipartite separated graph
introduced in Section 3. For this, we need the following general lemma.

LEMMA 4.3. Let (E,C) be a locally finite bipartite separated graph and set
V=3 epoov € M(L(E, C)). Let {(E,, C")}us0 be the canonical sequence of bipartite
separated graphs associated to (E, C). Then we have

LV®(E, C) = 1,(V)L®(E, C)rrs (V) = 1im 702, (V)L(E2, C*" (V).
PROOF. By [4, Theorem 5.7], we have
L™E,C) = lim L(Ez, c*)
naturally, and hence
7o V)L™ (E, O)tes(V) 2 1im 724 (V)L(Ezs, C*)120(V)
By definition, LV®(E, C) is the universal tame *-algebra with respect to the set
E® U{t(x,y) s x,y € E', r(x) = r(y))

of partial isometries of LV(E,C) = VL(E, C)V (see Proposition 2.8). Let U be the
x-subsemigroup of LV(E,C) generated by F :={r(x,y): x,y € E', r(x) = r(y)}, and
let J be the ideal of LV(FE, C) generated by all the commutators [e(u), e(u’)], with
u,’ € U.Letn: LV(E,C) — LV®(E, C) = LV(E, C)/J be the projection map.

Since 7(x,y) =xy* in L(E,C), it is clear that m,(F) becomes a tame set of
partial isometries in 7 (V)L®(E, C)m(V). Hence, there is a unique surjective
*-homomorphism
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w1 LVP(E, C) — 7oo(V)L®(E, C)mteo(V)

such that 7.,| = p o 7. It remains to show that u is injective.

Let U’ be the *-subsemigroup of L(E, C) generated by E! and let J’ be the ideal
generated by all the commutators [e(u), e(u’)] for u,u’ € U’. Then the kernel of ., is
the ideal J’ and our task is to show that J' N VL(E, C)V = J. As we observe above,
J CJ NVLE,C)V = VJ'V. For the reverse inclusion, note that VJ'V is generated by
the following types of elements.

(a) Elements of the form [e(u), e(u’)], where
U= X1X5X3Xy  Xouo 1, U = YIY3Y3Yh Yom-1

with x;,y; € E' and s(x;) = s(y).
(b) Elements of the form z[e(u), e(u’)]t*, where

u= XTXQX§X4 .. 'x;n_IXZm u = y’fyzy§y4 o 'y;m_lyZm
with z, 1, xi,yj € E! and l"(xl) = r(yl) = r(Z) = l"(t).

For elements u,u’ as in (a), observe that e(u) = e(ux;, ) and e(u’) = e(u'y;, ), sO
that the corresponding element [e(u), e(1’)] belongs to J. For elements u, #’ as in (b),
note that xi[e(u), e(u’)]x] = [e(u2), e(u3)], where

uy = x1u = (xX1X7)(02x3) -+ (X24-2%5,,_ ) X2n,
uz = xq’ = (1yD02y3) - 2m-2Y2-1)Y2ms
so that u, u3 are as in (a), so we get that x; [e(u), e(u’)]x| € J. However, now
zle(u), e)]t" = (zx))(x1[e(ua), e(us)]x))(xi 1) € J.
We conclude that VJ'V C J, as desired. This completes the proof. O

THEOREM 4.4. Let (E, w) be a locally finite weighted graph and let (E(w);, C(w)") be
the corresponding bipartite separated graph (Definition 3.7). Then there are natural
s-isomorphisms

L®(E, w) = LV®(E(w),, C(w)") = VL®(E(w),, C(w)")V, 4-1)
where V = 1t(V) € M(L*(E(w),, C(w)Y)).

PROOF. Let @ : Li(E,w) — LV(E(w);, C(w)') be the s-isomorphism from
Theorem 3.9. It is clear that @; sends the canonical set of generators of L;(E, w)
to the canonical set of generators of LV(E(w);, C(w)"). Hence, we get that ®; induces
a #-isomorphism @ : L*(E, w) — LV*®(E(w);, C(w)"). The second isomorphism in
(4-1) follows from Lemma 4.3. O

We finally point out that the representation of L**(E, C) as a partial crossed product
L(E, C) = Cx(Q(E, ) = F
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for a finite bipartite separated graph [4, Corollary 6.12(1)] can be easily adapted
to obtain a corresponding representation for the abelianized Leavitt path algebra
L®(E, w) of any finite weighted graph. Although we think that a suitable version holds
for any locally finite weighted graph, we restrict here to the finite case, because only
finite bipartite separated graphs are considered in [4].

We refer the reader to [4, 10] for the background definitions on crossed products of
partial actions of groups.

We first state the universal property of the dynamical system associated to a
weighted graph. This is basically an internal version of the corresponding property
for the associated bipartite separated graph (E(w);, C(w)").

DEFINITION 4.5. Let (E, w) be a finite weighted graph. An (E, w)-dynamical system
consists of a compact Hausdorff space €, with a family of clopen sets {€,},cz0 and,
for each v € E°, a family of clopen subsets H,i for e € s7'(v)and 1 <i < w(e), and
Hge(;y foreach e € r~!(v)and 1 <i < w(e), such that

Q, = |_| Hywn (VeE%1<is<wW)),
ecs L (v):w(e)=i
w(e)
O =| |How. (eEeer! o),

i=1

together with a family of homeomorphisms 6,, : Hyeiy = H,i() for each e € E' and
1 <i<wle).

Given two (E,w)-dynamical systems (€2,60) and (Q',6’), an equivariant map is
a map f:Q — Q such that f(Q,) € Q, for each ve E’ and S(Hyie) H;,.(e),
S(Hoey) C H:ye(i) for each e € E! and 1 <i < w(e), and 0, (f(x) = f(6,,(x)) for all
X € Hozf(i)-

An (E,w)-dynamical system (Q,6) is said to be universal if for each other
(E, w)-dynamical system (€2',6’), there exists a unique equivariant continuous map
f Q" — Q. Of course, if such a universal space exists, it is unique up to a unique
equivariant homeomorphism.

THEOREM 4.6. Let (E,w) be a finite weighted graph. Then there exists a universal
(E, w)-dynamical system (Q(E, w), 6). Moreover, 6 can be extended to a partial action
of the free group Fon {e; : e € E', 1 < i < w(e)}, and we have

L®(E, w) = Ck(Q(E, w)) =y F.

PROOF. Let (Q(E(w);, C(w)'),H) be the universal (E(w);,C(w)")-dynamical sys-
tem from [4, Corollary 6.11]. (See [4, Definition 6.10] for the definition of an
(E, C)-universal dynamical system.)

Writing Q := Q(E(w);, C(w)"), we have homeomorphisms

Onice) * Quiesiy = Haiteys  Oae(iy + Quieiy = Haei)
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for each e€ E' and 1<i<w(e). It is easy to check that 6, := vi(e) © 9;)(1.) :
H iy — H,i) provide the homeomorphisms making Q(E, w) : | |,cpo ©Q, the universal
(E, w)-dynamical system.

The #-isomorphism L*®(E, w) = Cx(Q(E, w)) ¢ F follows from the above observa-

tion, Theorem 4.4 and [4, Theorem 6.12(1)]. O

5. The V-monoid and structure of ideals

In this section, we study the V-monoid and the structure of ideals of the algebras
Li(E, w) and L*(E, w) introduced above. The results follow immediately from known
results in [4, 6, 7] and our previous work in the paper. We point out that the V-monoid
of L(E,w), where (F,w) is an arbitrary weighted graph, has been determined by
Preusser in [15].

We refer the reader to [1, Definition 3.2.1] for the definition of the V-monoid V(R)
of a ring R. We use the idempotent picture of V(R), in which an element of V(R) is
given by the Murray—von Neumann equivalence class [e] of an idempotent matrix e
over R.

For a commutative monoid M, we denote by £(M) its lattice of order-ideals, and for
a (nonnecessarily unital) ring R, we denote by L(R) its lattice of (two-sided) ideals, and
by Tr(R) its lattice of trace ideals. See [6, Section 10] for these notions. It is shown in
[6, Theorem 10.10] that for any ring R, there is a lattice isomorphism L(V(R)) = Tr(R).
(The unital case of this result is due to Facchini and Halter-Koch [11, Theorem 2.1(c)].)
We denote by Idem(R) the lattice of idempotent-generated ideals of a ring R.

Let R be a ring with local units [1, Definition 1.2.10], and let ¢ be an idempotent
in the multiplier ring M(R) of R. We say that eRe is a (generalized) corner ring of R.
The ring eRe is a full corner of R if ReR = R, that is, for each element x € R, there are
elements r;,5; € R, i = 1,...,nsuch thatx = 3, res;.

PROPOSITION 5.1. Let (E,C) be a row-finite bipartite separated graph such that
s(E") = E®° and r(E") = E%'. Then both LV(E, C) and LW(E, C) are full corners of
L(E, C). In particular, the inclusion LV(E,C) C L(E, C) induces a monoid isomor-
phism

V(LV(E, C)) = V(L(E, (),
and the usual restriction/extension process gives lattice isomorphisms
L(LV(E, C)) = LIL(E, (), Tr(LV(E, C)) = Tr(L(E, C)).

Similar statements hold for LW(E, C) and L(E,C), and also for the corresponding
abelianized algebras LV®(E, C) and L*®(E, C).

PROOF. Recall from Proposition 2.8 that LV(E,C) = VL(E,C)V and LW(E,C) =
WL(E,C)W, where V = oo v € M(L(E, C)) and W = 3, cpos w € M(L(E, C)). The
fact that these are full corners follows immediately from the defining relations of
L(E, C), since E** = s(E') and E*! = r(E").
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Since all the involved algebras have local units, the result for the lattices of ideals
follows from [12, Proposition 3.5]. The proof for the V-monoids follows from the first
paragraph of the proof of [5, Lemma 7.3]. ]

We first define abstractly the monoid M,(E,w) and then we prove below that
M (E, w) is isomorphic to V(L (E, w)).

DEFINITION 5.2. Let (E, w) be a locally finite weighted graph. Then M| (E, w) is the
commutative monoid with generators {a, : v € E°} U {ay.,; : e € E', 1 <i < w(e)} with
the defining relations

a= Y ey (VEEL,1<i<w) (5-1)

ecs~ 1 (v),w(e)>i

w(e)

Are) = Z y(e,i) (6 € El)- (5'2)

i=1

Observe that relations (5-1) and (5-2) give a refinement of the relation w(v)a, =
Dees-1(v) Arey for each v e Eroeg. Observe also that there is a well-defined monoid
homomorphism

YEw : Mi(E, w) — V(Li(E, w))
given by y(a,) = [v] and y(aye,)) = [eie]] = [je;].
THEOREM 5.3. Let (E,w) be a locally finite weighted graph. Then the natural
homomorphism y g : Mi(E,w) = V(Li(E, w)) is an isomorphism.

PROOF. Note that since LV(E(w);, C(w)") is a full corner of L(E(w);, C(w)"), we have

that the inclusion ¢ : LV(E(w);, C(w)") C L(E(w);, C(w)") induces an isomorphism

of the corresponding V-monoids. It is clear that M|(E, w) = M(E(w);, C(w)") (see

[6, Definition 4.1] for the definition of the graph monoid M(E, C) of a separated graph).
The composition of the maps

Y V(@) 1 VO |
Mi(E, w) = VIUE,w)) — VLV(E@W), Cw))) = VILEW), C(w)))

agrees with the canonical map M(E(w);, Cw)") = V(L(E(w);, C(w)")), which is an
isomorphism by [6, Theorem 4.3]. Since both V(®;) and V(i) are isomorphisms, we
obtain that y is also an isomorphism. ]

THEOREM 5.4. Let (E,w) be a locally finite weighted graph. Then Idem(L(E, w)) =
Tr(L,(E, w)) and we have lattice isomorphisms

Idem(Ly(E, w)) = LM, (E, w)) = H(EwW)1, C(w)").

PROOF. Since y:M(E,C) = V(L(E,w)) is an isomorphism, the monoid
V(Li(E, w)) is generated by equivalence classes of idempotents in L;(E, w) and hence
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Tr(Li(E, w)) = Idem(L,(E, w)) (see the proof of [6, Proposition 6.2]). By Theorem 5.3
and [6, Theorem 10.10],

Idem(L, (E, w)) = Tr(Li(E, w)) = LIV(LI(E, w))) = LIM(E, w)).

Since M{(E,w) = M(E(w);,C(w)"), it follows from [6, Corollary 6.10] that
L(M\(E, w)) = H(E(w);, C(w)"), completing the proof. O

A detailed study of the structure of ideals of the algebras L¥®(E, C), for a finite
bipartite separated graph (£, C), has been performed in [7]. The main point is that
the lattice of trace ideals of L*®(E,C) is isomorphic to the lattice of hereditary
D.,.-saturated subsets of FO,, where (F.,, D) is the separated Bratteli diagram of (E, C)
(Definition 3.3). Using these results and the fact that the lattices of ideals are preserved
under Morita equivalence of rings with local units, one can translate all these results
to the algebras L*®(E, w) for any finite weighted graph (E, w). Observe that the ideals
of L*®(E, w) can be pulled back to the original algebra L(E, ), because L**(E, w) is a
quotient algebra of L(E, w).

THEOREM 5.5. Let (E, w) be a finite weighted graph. Let (E(w),, C(w)") be the bipar-
tite separated graph from Definition 3.7 and let (E(w)c, C(w)™) be the corresponding
separated Bratteli diagram. Then there are lattice isomorphisms

Idem(L™(E, w)) = LIV(L™(E, w))) = H(E(w)e, C(@)™).
PROOF. Apply Theorem 4.4 and [7, Theorem 4.5]. ]

REMARK 5.6

(a) Observe that all ideals of L(E, w) obtained by pulling back the ideals described in
Theorem 5.5 are graded ideals. Hence, we obtain a large family of graded ideals
of L(E, w), shedding some light on the second Open Problem in [16, Section 12].

(b) Nongraded ideals of L®(E,C) are studied in [7, Section 7]. This gives
information on nongraded ideals of L(E, w).

5.1. Remarks on the ideal structure of L(m,n). We close the paper with some
remarks on the ideal structure of the Leavitt algebra L(m, n). Since the algebra L(1, n)
is simple for all n > 2, we concentrate here on the remaining cases, so we assume
throughout this subsection that 1 < m < n. Recall that L(m, n) is the =-algebra with
generators x;, 1 <i<m, 1 <j<n, subject to the relations given by the matricial
equations XX* = I,,, X*X = I, where X = (x;) and X* is the x-transpose of X.

It is an interesting and challenging problem to construct maximal ideals of L(m, n)
and study the corresponding simple factor rings. In particular, we do not know any
maximal ideal of L(m, n) such that the corresponding simple factor algebra retains the
Leavitt type (m, n — m) of L(m, n), although we suspect such maximal ideals exist.

We construct here two maximal ideals of L(m, n), and we relate one of them to the
Leavitt path algebra of the minimal weighted graph of shape (m, n), defined below.
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Recall that a partition of a positive integer [ is a sequence of positive integers A =
(A1, A2, ..., 4, )suchthat A; > A,y fori=1,...,r—1land [ = A; +--- + A,. We use the
concept of the shape of a partition [17, Definition 2.1.1].

DEFINITION 5.7. Let 1 < m < n be integers. We say that (E, w) is an (m, n)-weighted
graph if it is a weighted graph with one vertex v, n edges and w(v) = m.

An (m, n)-weighted graph (E, w) is completely determined, up to permutation of
the edges, by its shape, which is constructed as follows. Choose an enumeration
of the edges e),...,e™ of E such that m = w(e®) > w(e?®) > - > w(Ee™) > 1.
Then the shape of (E,w) is the shape of the partition (4;,4z,...,4,) of A3+
Ay + -+ A, where A; := [{e € E' : w(e) > i}| for i = 1,...,m. Observe that (up to
permutation of edges) any partition (A, Ay, ..., A,) such that 1; = n determines a
unique (m, n)-weighted graph, setting w(e”) equal to the length of the ith column
of the shape of A. We call such a partition an (m, n)-partition.

Say that A = (A1, Ap, ... Ap) S = (Ui, Moy i) If A4 <pg foralli=1,2,...,m.
(Observe that this is not the dominance ordering introduced in [17, Definition 2.2.2].)
With this order, the set of (m,n)-partitions is a lattice, with maximum element
(n,n,...,n) (mtimes) and minimum element (n, 1, 1,..., 1) (with m — 1 one’s).

We may think of the shape of an (m, n)-partition A as a {0, 1} m X n-matrix. For
instance, the shape of the (3, 4)-partition (4, 2, 2) is the matrix

1 1 11
A=|1 1 0 0f,
1 100

and we have w(e'") = w(e@) = 3 and w(e®) = w(e™) = 1. We can also associate to
A the corresponding matrix of the generators (x;) of L(E, w), where x; = el(.’ ), which is
the matrix obtained from the full matrix

X1 X2 ot Xin
X211 X220 ottt X2p
Xml  Xm2 *°° Xmn

by substituting by O the variables that are not in the positions allowed by the shape
of the partition. Looking at the algebra L,(E, w) of the weighted graph associated to
the (m, n)-partition A, we can interpret the shape of A as the refinement matrix R that
defines the V-monoid M, (E, w) of L,(E, w) (see Theorem 5.3). For instance, for the
above partition 4 = (4,2, 2), we have the refinement matrix

v(e, 1) e, 1) we?, 1) ve®,1)
R =|v(e",2) v(e?,2) 0 0
vie®,3) ve®?,3) 0 0
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The sum of each row and each column of the matrix R gives a, in the monoid M (E, w)
(by relations (5-1) and (5-2)), so that R gives a refinement of the key identity ma, = na,
in M (E, w).

Let w™ be the weight corresponding to the largest (1, n)-partition

A=,n,....,n)= @M.

Of course L(E, wM) = L(m, n). By Theorem 5.4, the poset P of proper order-ideals of
the monoid V(L (E, w™)), which is isomorphic to the lattice of proper trace ideals of
Li(E,wM), is in bijective correspondence with the set of {0, 1} m X n matrices having
no zero rows and columns. The set of maximal trace ideals of L,(E, w™) corresponds to
the set of minimal configurations, which means that for each position (i, j) with a;; = 1,
either row i or column j of the matrix A contains only one 1 (the one corresponding
to the position (i, f)). The lattice of (mm, n)-partitions embeds in an order-reversing way
into the poset P.

We finish the paper by giving the construction of two different simple factor
x-algebras of L(m,n). The first already appears in [7] and it is #-isomorphic to
L(1l,n—m+ 1), so it is an ordinary Leavitt path algebra. The second is apparently
new and it is intimately related to the minimal (i, n)-partition. This new factor algebra
is not Morita equivalent to any (ordinary) Leavitt path algebra.

We start with the already known example.

EXAMPLE 5.8 (see [7, Example 6.6]). Letn : L(m,n) — L(1,n — m + 1) be the surjec-
tive =-homomorphism given by the assignments

. N . Xy 0 - 0
11 12 ln 0 x22 V.. 0
X231 Xy ot Xop 00— 1)x(n-m=+1)
',—) e e
Xml  Xm2 X 0 0 o ot
m m mn
01><(mfl) Xmm Xmm+1 **° Xmn
o y 00— 1)x(n-m=+1)
O1xm=-1) X1 X2 - Xpome1)’
where X1, X3, ..., X,—m+1 are the standard generators of L(1,n — m + 1). Obviously, the

homomorphism 7 factors through L*®(m, n).
We consider now the second example.

EXAMPLE 5.9. Let 3 < m < n. Then the algebra L(m, n) has a maximal ideal m such
that

Lim,n)/m = L(,m—-1)®L(1,n - 1).

In particular, the quotient L(m,n)/m is not Morita equivalent to any Leavitt path
algebra.

PROOF. Let wy be the weight corresponding to the minimal (m, n)-partition (n, 1"1).
It corresponds to the following generating matrix:
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X1t X2 Xin
X21 0 0
X = X31 0 0
Xm1 0 . 0

with relations XX* = I,, and X*X = I,,. Observe that in this case, we have L(E, wq) =
Li(E, wy), so that we exactly recover the weighted Leavitt path algebra with our
construction. The monoid M/ (E, wy) = V(L(E, wy)) is given by

M(E,wo) ={a,x|a=x+(m—1)a=x+{n- 1a).

(Here, a corresponds to a, and x to a,m j.) It is easy to see that the Leavitt type of
L(E, wg) is (1, n — m). Indeed, observe that

m-m+Da=a+n-ma=x+m-1a+mn-ma=x+mn-1)a=a,

and the Grothendieck group of M{(E, wy) is Z/(n — m) (with generator a), so that the
Leavitt type is (1,n — m) as claimed.

The algebra L(E, wo) has a unique nontrivial trace ideal M, corresponding to setting
x11 =0. We have L(E,wp)/M = L(1,m — 1)« L(1,n — 1), the coproduct of the two
simple Leavitt algebras L(1,m — 1) and L(1,n — 1). This is indeed the Leavitt path
algebra of the separated graph (E’, C’) with a unique vertex v and with C’ = {X, Y},
X={x1,....,x,—1} and Y ={y1,...,ym-1}. The =-isomorphism is given by the

assignment
0 xi2 -+ X 0 x X1
X 0 - 0 i 0O --- 0
3 0 o 0=y o --- 0
Xu1 O -+ 0 Yo, 0 - 0
We then have

V(I(E, wp)/M)={ala=n-1)a=(m-1a)

and we get another drop in the Leavitt type, because this algebra has Leavitt type (1, d)
where d := ged(m — 2,n - 2).

We obtain a maximal ideal m’” DM such that L(E,wy)/m’ =L(l,m—-1)®
L(1,n—1), and pulling back this ideal to L(m,n), we obtain the desired ideal m.
The last statement follows from [3, Theorem 5.1]. O
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