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MENAS’S CONJECTURE REVISITED

PIERRE MATET

Abstract. In an article published in 1974, Menas conjectured that any stationary subset
of Pk () can be split in A<F many pairwise disjoint stationary subsets. Even though the
conjecture was shown long ago by Baumgartner and Taylor to be consistently false, it is still
haunting papers on Py (4). In which situations does it hold? How much of it can be proven in
ZFC? We start with an abridged history of the conjecture, then we formulate a new version
of it, and finally we keep weakening this new assertion until, building on the work of Usuba,
we hit something we can prove.

§1. The original conjecture. Throughout the paper x will denote a regular
uncountable cardinal, and / a cardinal greater than x. We let P, (1) denote
the collection of all subsets of A of size less than k, and I, ; the noncofinal
ideal on P, (). Anideal J on P, (1) is fine if I, ; C J. For further definitions
see the end of this section.

According to Jech [18, p. 409], one of the key concepts in the theory of
large cardinals is saturation of ideals. The starting point of our story is
Solovay’s seminal result [58] that for any value of «, the nonstationary ideal
on x is nowhere weakly x-saturated. There are no large cardinals involved,
so how does this fit with Jech’s statement? The first remark to make is that the
proof of Solovay’s result needs choice. In fact, by another result of Solovay,
under the Axiom of Determinacy, the nonstationary ideal on w; is prime
(i.e., weakly 2-saturated). Returning to ZFC, we have Solovay’s result at one
end, and measurable cardinals with their normal measures at the other. And
in between? For each cardinal p between 2 and k, set-theorists carefully
determined the exact consistency strength of x carrying a (normal or at
least) k-complete, weakly p-saturated ideal.

In the glorious early days of the study of P, (1) (which was seen as a two-
cardinal generalization of k), it was systematically attempted to establish
P,.(2) versions of known results on « (see, for instance, the problems listed
in Section 0 of [24]). Failures were no problem, since they were seen as
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productive. By analyzing what went wrong in the attempted generalization,
one acquired a better understanding of P, (1) and its specificity (for example,
see the work of Solovay, Menas [47], and Kunen and Pelletier [24] on normal
measures on P, (1) without the partition property). Thus Menas [46] boldly
conjectured that MCi (k. /) holds for any possible values of x and /4, where
MC(k, A) asserts that the nonstationary ideal NS, ; on P,(1) is nowhere
weakly A<"-saturated.

Progress on this two-cardinal version of Solovay’s splitting result was
initially slow. As observed by Kanamori in [21], most results were about
MC\(k, A) with A<* replaced by /. For example, an early result of Jech [17]
stated that if x is a successor and 4 regular, then NS, ; is nowhere weakly
A-saturated. This was later improved by Baumgartner who proved that for
any possible values of x and 4, NS, ;|{x : |x| = |x N |} is nowhere weakly
A-saturated.

The conjecture was finally refuted by Baumgartner and Taylor [3] who
showed the consistency of the failure of MC)(w;,w>). Their result can be
revisited as follows. We put u(x, 1) = non (I, ;) (= the least size of any subset
of P.(A) notin I ).

OBSERVATION 1.1. If u(k. ) < A<%, then MC\ (k. 1) fails.

PRrROOF. By a result of Shelah [49], non(NS, ;) = u(k. ). Thus there is a
stationary subset S of P, (4) of size u(x, 4). Obviously, S can be partitioned

into no more than u(x. 4) stationary subsets. -
COROLLARY 1.2. Suppose that . < k™ and A < 2<%. Then MC\ (k. A) fails.
Proor. If L < k', then u(k, 1) = A (see, e.g., [50, p. 86]). =

The conjecture somehow survived its refutation by Baumgartner and
Taylor, as the so-called splitting problem, the general problem of computing
the degree of weak saturation of ideals on P.(A). In how many stationary
pieces can this or that stationary subset of P.(1) be partitioned? Given
a cardinal p < A<, what is the consistency strength of the existence of a
(normal or maybe just) k-complete, weakly p-saturated. fine ideal on P, (4)?

Recall that for a fine ideal J on P, (1), Jensen’s diamond principle . ;[/]
asserts the existence of s, for x € P.(1) such that Zg = {x : BNx =s,}
lies in J*© for all BC A. Since {x € Z,:a Cx}N{xeZ,:bCx}=10
for any two distinct members a,b of P, (1), $..,[J] implies that J is not
weakly A<"-saturated. In [43] Matsubara established the consistency of the
conjecture by proving that it holds in L. As observed by Shioya [56], one
way to proceed would have been to appeal to the fact that in L, ({* , and
hence) $, ;[NS,.;|S] holds for all S NSJr Instead, Matsubara relied on
the result of Baumgartner in the case when /1<“ = A, and completed his proof
by showing that MC(k. /) follows from 2<% < A<¢ = 2%, A new proof of
this result can be found in [45]. Let us recall that an ideal J on P, (1) is
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precipitous if for all generic G C P(P.(4))/J. the ultrapower V4 /G is
well-founded. By a result of Foreman [10]. any countably complete A*-
saturated ideal on P, (/) is precipitous. As is well-known, any normal, fine,
weakly A-saturated ideal on P, (A) is A*-saturated (in fact A-saturated) and
hence precipitous. In [45] Matsubara and Shioya establish that no countably
complete ideal J on P, (A) with cof (J) = non(J) is precipitous. It follows
thatif 2<* < /<% = 2, then no restriction of NS, ; is precipitous (and hence
MC(k, 4) holds). Let us observe that by pushing the counting argument
used in [43], one obtains the following.

OBSERVATION 1.3. Let J be a fine ideal on P, (1) such that cof (J) < 2* =
the least size of any Cin J*. Then $ ;[J] holds.

PrOOF. Select a bijection F :2* x 2* — 2%, Let (4, : i < 2*) be a one-
to-one enumeration of P(1), and pick C; € J* for i < 2* such that J* =
U,<p:{D C P.(4) : C; C D}. Inductively construct ax € P.(4) and t,, C 4
for k < 2% as follows. Suppose that a, and 7, have already been constructed
for each r < k. Let k = F(i, j). Now select a; in C;\ {a, : r <k}, and
putz, = A;. Clearly, forany A C 1. {a € P,(1) :t, = A} (and hence {a €
P.(A):tsNa=AnNa})liesinJ T, —

Since cof (NS, ;) < 2* (see [40] for the exact value of cof (NS, ;)). it
follows that if u(k. 4) = 2%, then (< ;[ NS, ,|S] holds for every S € NS,
and hence) MCi(k, A) holds.

If / is a strong limit cardinal with cf(/) < &, then 2<% < 1<% = 2%(=
u(k,2)), so Matsubara’s result shows that for any value of . there are
always many values of A (of cofinality less than &) for which MC(k, 1)
holds. Further, Matsubara and Shelah [44] (see also [41]) have shown that if
/. 1s a strong limit cardinal with x < c¢f(A) < A, then no restriction of NS, ;
is precipitous (and hence MC(k. 4) holds). To sum up the results of this
section, MC|(k, A) may consistently fail. On the other hand, we have the
following.

Fact 1.4. Assuming GCH, the following hold:

(i) Suppose that either & is a successor cardinal, or A is singular. Then
MC(k, 2) holds.

(ii) Suppose that x is weakly inaccessible, /4 is regular, and {x € P,(/) :
x| =[x N&|} € NS ,. Then MCi(, 2) holds.

A large cardinal is needed to obtain situations when {x € P.(1) : |x| =
|x Nk|} ¢ NS*, [8] (seealso [21, p. 345]). Thus Fact 1.4 shows that if GCH
holds and there are no large cardinals in an inner model, then MCi(k, A)
holds. However the large cardinals in question are of a modest size, since
Donder, Koepke, and Levinski [8] showed that if kK < A and 1 is k-Erdos,
then the set {x € P,(4) : 0.t.(x) = |x N k|"} is stationary. We can do better
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than this. Recall that any normal, fine, weakly A-saturated ideal on P, (1) is
precipitous. Hence if GCH holds, x is weakly inaccessible, c¢f(1) > «, and
there is no normal, precipitous, fineideal on P, (1), then no normal, fine ideal
on P, (4) is weakly A<-saturated. Now if P, (1) carries a precipitous ideal,
then by a result of Magidor (see [43]), there is a cardinal ¢ of Mitchell order
o in some inner model. Thus the following formulation seems preferable.

Fact 1.5. Assuming GCH, the following hold:

(i) Suppose that either & is a successor cardinal, or A is singular. Then
MC(k, 2) holds.

(ii) Suppose that x is weakly inaccessible, / is regular, and P, (1) carries
no precipitous ideal. Then MCy (k. A) holds.

This discussion is continued in Section 9 where we show that if there are
no large cardinals in an inner model, then Menas’s conjecture is equivalent
to a weak form of GCH.

Let us at last provide the missing definitions. By an ideal on an infinite set
X, we mean a nonempty collection J of subsets of X such that (a) X ¢ J,
(b) P(A) C J forall A€ J, (¢) AUB €J whenever 4, B € J, and (d)
{x} € J forall x € X. Given an ideal J on X, welet J© = P(X)\ J, J* =
{ACX:X\AdeJ},andJ[A={BCX:BnAeJ}foreachdeJ .
For a cardinal p. J is p-complete if | J Q € J for every Q C J with |Q| < p.
We let non(J) = the least size of a set in J*. cof(J) denotes the least
cardinality of any Q C J such that J =} 4€0 P(A). Given an infinite set ¥
and f : X — Y, welet f(J)={B C Y :f'(B)eJ}. Foracardinal g, J
is weakly o-saturated (respectively, g-saturated) if there is no Q C J T with
|Q| = o such that 4 N B = 0 (respectively, A N B € J) for any two distinct
members 4, B of Q. J is nowhere weakly o-saturated if for any 4 € J*, J|A4
is not weakly o-saturated.

Fact 1.6.

(i) (Folklore) Suppose that ¢ is singular, and J is nowhere weakly
7-saturated for every cardinal 7 < g. Then J is nowhere weakly
g-saturated.

(ii) [40, (proof of) Proposition 2.6] Letting y = min{|C|: C € J*},
suppose that cof (J) < y. Then y = the largest cardinal = such that
J is not weakly t-saturated.

(iii) J is weakly o-saturated if and only if for every 4 € J T, J |4 is weakly
g-saturated.

For a regular uncountable cardinal 7, I, (respectively. NS;) denotes the
noncofinal (respectively, nonstationary) ideal on 7. For each regular cardinal
u < t. Ef, (respectively, EZ,) denotes the set of all infinite limit ordinals
a < 7 such that cf (o) = u (respectively, cf (o) < u).
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§2. Second and third versions of the conjecture. In view of the
Baumgartner—Taylor result, it is tempting to repair the conjecture
by replacing MCi(k.A) with the (weaker) assertion MC,(x.,A) that
NS,; is nowhere weakly u(x.A)-saturated (notice that since A<F =
max(2<F, u(k, 1)), MC(k, ) and MC,(k, 1) are equivalent for A > 2<%),
This would be more in line with Solovay’s result, which after all does
not assert that NS, is nowhere x<F-saturated (this holds if and only if
2<F = k), but only that it is nowhere co f (I, )-saturated. However, Gitik
[12] proved that it is consistent relative to a large cardinal that “k is
inaccessible and NS, .+|W is weakly k'-saturated for some W (and
hence MCy(k.x™) fails).” Krueger [23] showed that one could take
W ={x:o0.t(x) = |x Nk|"}, and Shioya [56] obtained a new proof of
Gitik’s result starting from the hypothesis that x is x™-supercompact.
Magidor (see [7]) had shown that for all values of x and A, NS, ; is nowhere
weakly x-saturated, which is thus optimal. Thus Solovay’s result that NS,
is nowhere weakly x-saturated does generalize, but the generalization only
asserts that NS, ; is nowhere weakly x-saturated.

Notice that if x is A-Shelah and 4 = ¢, then, as shown by Johnson [20],
the set W = {x :0.t.(x) =[x Na|"} lies in NSh|, (and hence in NS,).
but. by another result of Johnson [19]. NS, ;| W is not weakly A-saturated.
Thus the stationarity of W = {x : 0.t.(x) = |x N k|"} does not guarantee
by itself that NS, .+ | W is weakly x-saturated.

By Gitik’s result, MCs(k. A) is still too strong. One way to weaken it
would be to require only that NS, ;|S is nowhere weakly u(x, 1)-saturated
for some S. Now Usuba [60] established that if cf(1) < &, then there is a
stationary subset S of P, (4) with the property that no normal, fine ideal J
on P, (4) with S € J* is weakly A*-saturated. Taking our cue from this, we
let MC3(k. ) assert the existence of S in NS, such that no normal, fine
ideal J on P, (A) with S € J T is weakly u(k. 1)-saturated. Then any normal
extension of NS, ;|S will be nowhere weakly u(x, 4)-saturated. Clearly, the
larger S is, the better.

§3. Pcf theory. In this section we start working on M C;(k, 4) using tools
of Shelah’s pcf theory.

3.1. Pseudo-Kurepa families. For two cardinals ¢ and n, A, ;(o, 7) asserts
the existence of X C P,(4) with | X| = msuchthat |[X N P(b)| < s forallb €
P, (2). It is simple to see that (A, (2, 1), and hence) A, ;(x, 1) holds. These
families can be used to strengthen the result of Baumgartner mentioned
above. First the case when & is a successor cardinal:

Fact 3.1[26]. Suppose that & is a successor cardinal and A, ; (k. 7) holds.
Then no k-complete, fine ideal on P, (A) is weakly n-saturated.
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Proor. The proof is an easy modification of that of Baumgartner. Let J
be a k-complete, fine ideal on P.(4). Put k = v". We can assume that 7 is
greater than or equal to x (since we have seen that (A, ;(x.4) and hence)
A, (k. k)) always holds) and (by Fact 1.6(i)) regular. Select X C P, (1) with
|X| = = such that | X N P(b)| < v forall b € P,(4). For b € P,(4), pick a
one-to-one function f; : X N P(b) — v. By k-completeness and fineness
of J, for each x € X, we may find S, € JTNP({b:x Ch}) and y, <v
such that f(x) =y, for all b € S,. There must be y < v and W C X with
|W| = m such that y, =y for any x € W. Then clearly S, NS, = () for any
two distinct members x, y of W. -

In particular, as observed by Matsubara [42] long ago, if « is a successor
cardinal, then no k-complete, fine ideal on P, (4) is weakly /A-saturated.

We use more in the case when k is weakly inaccessible. Given an ideal J on
P,.(A) and a cardinal t with k < t < /A, J is t-normal if for any 4 € J* and
any ' : A — tsuchthat f(a) € aforalla € A, thereis B € J* N P(A)such
that f is constant on B. Notice that A-normality is the same as normality.

Fact 3.2[28]. Suppose that t and « are two cardinals with k < 7 < Aand
7 < m, and J is a 7-normal, fine ideal on P, (4). Suppose further that there is
X C P.(A)with |X| = msuchthat{b € P.(1): |[X N P(b)| <|bNz|} I .
Then J is not weakly n-saturated.

Note that if X is as in the statement of the fact, then | X N P(c)| < & forall
¢ € P.(A) (so X witnesses that A, ; (k. ) holds). Further note that it follows
from Fact 3.2 that if k is weakly inaccessible, then no x-normal, fine ideal J
on P, (A) with {b € P.(A) : |b| = |bNk|} € JT is weakly A-saturated. Thus
by combining Facts 3.1 and 3.2, we obtain the following.

PROPOSITION 3.3. If u(k, ) = A, then MC5(k, A) holds.

Let us return to the special case of Fact 3.2 when 7 = A and X = {{a} :
a < A}. If k is weakly inaccessible, ¢f (1) < &, and J is a normal, fine, weakly
J-saturated ideal on P, (1), then it gives us that the set of all b € P, (4) such
that (|b| > |b N 7| for every cardinal r with k < 7 < 4, and hence) cf(|b|) =
cf(A) lies in J*. In the special case when A = k™ for some regular cardinal
o < Kk, we can even conclude that {b € P, (1) : |b| = |b Nk|T7} € J*, since
it is simple to see that for any cardinal y with k < y < 4, {b € P.(1):
byt <|bny|t} e NST,.

For another remark, letting C denote the set of all 5 € P, (A1) such that (a)
0.t.(b) is an infinite limit ordinal, and (b) b \ 7 # (), then clearly C € NS .
and moreover

cf(o.t.(b)) < bl =|bNt| <o.t.(bNt) < o.t.(b)

https://doi.org/10.1017/bsl.2023.15 Published online by Cambridge University Press


https://doi.org/10.1017/bsl.2023.15

360 PIERRE MATET

for all b € C with |[X N P(b)| < |bNt|. For normal ideals there is the
following related result of Usuba (see the proof of Proposition 6.1 in [59])
who proved it using generic embeddings.

Fact 3.4. Suppose that A is regular, and let J be a normal, fine ideal on
P,.(A) such that S € J*, where Sis the set of all b € P,.(4) such that (0.z.(b)
is an infinite limit ordinal with) cf(0.t.(h)) < 0.t.(h). Then J is not weakly
A-saturated.

Proor. For each infinite limit ordinal ¢, select an increasing function
t5 : cf(6) — & such that sup(ran(ts)) =6. For b € S. let gy : 0.t.(b) — b
enumerate b in increasing order, and set 7, = cf(0.2.(b)) and &, = g5 (7).
By normality of J, we may find Y € J™ N P(S) and & < A such that &, = ¢
forallb € Y.Fora € b € Y, put:

o F(a.b) = theleast { < 7, such that o < g, (¢, , (5)({)):

o Bh =gty ) (F(a.b))):
* 76 = g (F(a.b)).

Thus F(a.b) < 1. B2 € b and 92 € bN¢. For a < A, there must be, by
normality of J, T, € JTNP{b e Y :a €b}), fo <4, and y, < & such
that for all b € T,. B2 = p, and y2 = y,. Since 4 is regular, we may find
d € [1])} and y < & such that y, = y forall a € d. Finally, pick e € [d]* with
the property that f§, < o’ whenever a < o’ are in e. Given a < o’ in e, we
claim that T, N T, = (. Suppose otherwise, and pick b € T, N T,/. Then
F(oa,b) = F(a',b) (since

g (F(a.b) =yl =ya=y =90 =7l = g(F(a'.b))).

and therefore gb(to,( b (F(a. b)) = B2 = B < &' < gy(to, ) (F(a.h))) =
gty () (F (. b))). Contradiction. 4

3.2. Scales. To handle the case when u(k., 1) > A, we will use pcf theory
scales. We will first study the effect of one specific scale on weak saturation
of ideals on P, (), which will keep us busy for a long while (up to the end
of Section 5).

Let 4 be an infinite set of regular cardinals, and let 7 be an ideal on 4
such that {4ANa:aec A} C 1. Welet[[A =[], a.For f.g € [[A. we
let f<;gif{acAd: f(a)>gla)}el.

Let £ € On, and (f,:a <¢) be an increasing, cofinal sequence in
([TA.<;). For X C &, the sequence (f, : a € X) is strongly increasing if
thereis Z: € I for & € X such that f4(a) < f:(a) whenever f < ¢ arein X
anda € A\ (Z; U Z;).

An infinite limit ordinal 0 < ¢ is a good point for (f, : a < &) if there is a
cofinal subset X of § such that (f, : a € X) is strongly increasing.
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Fact 3.5.

(i) [6,29]If I is cf (5)-complete, then d is a good point for (f, : a < &).

(ii) [1, Lemma 2.7] Suppose that d is a good point for (f : @ < &). Then
any cofinal subset e of ¢ has a cofinal subset X such that the sequence
(fa :a € X) is strongly increasing.

Let 7 be a regular cardinal greater than sup 4. An increasing, cofinal
sequence f = (fo :a <x)in (J]4,<;) is said to be a scale for sup A of
length 7. If there is such a sequence, we set tcf([] 4/1) = .

For a singular cardinal y and a cardinal ¢ with cf(y) <o < y, the
pseudopower pp, (i) is defined as the supremum of the set X of all cardinals
7 for which one may find 4 and 7 such that:

e A is a set of regular cardinals smaller than y;

o supA = y;

o 4] <o

e [isanidealon A suchthat {ANa:a € A} C I;
o =tcf([]1A4/1).

The definition is robust in the sense that it will not be affected by minor
modifications (such as requiring the ideal I to be prime) (see [16. p. 270]).

We let pp(x) = pPer(y) (1)-

Fact 3.6[50, Theorem 1.5, p. 50]. Let y be a singular cardinal. Then there
is a set 4 of regular cardinals such that 0.7.(4) = cf(y) < minA,sup A4 = y
and tcf ([T A/I) = x T, where I is the noncofinal ideal on 4.

Thus pp(y) > x* for any singular cardinal y.

3.3. Large pseudo-Kurepa families from scales. Throughout the remainder
of this section and Sections 4 and 5, we let 0, , A, and I be such that:

e O and 7 are two cardinals such that k < § < A <mand 0 < 7;

e A is a set of regular cardinals smaller than 0 such that |4| < x and
sup A4 = 6;

e /isanidealon A with{ANa:a € A} C I;

o 1 =tcf([]4/I).

Further let f = (fa :a < 7) be an increasing, cofinal sequence in ([] 4,
< 1).

Let @ denote a one-to-one onto function from On x On to On such
that ®“(o x o) = ¢ for any infinite cardinal . We let j = (y, : @ < 7) be
defined by: y, equals {a} if @ < 0, and {®(a, f,(a)) : a € A} otherwise.

OBSERVATION 3.7. Let & > 6 be a good point for ]7 , and let e be a cofinal
subset of ¢ of order-type cf(5). Then |\ ., yo| = max(|A4], cf(5)).

ace
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Proor. By Fact 3.5(ii), we may find a subset X of ¢ \ # of order-type cf(J)
such that the sequence (f, : a € X) is strongly increasing. Pick Z: € 1
for £ € X so that fy(a) < fe(a) whenever f < & arein X and a € 4\
(Zp U Z:). Nowselectk € [[ecy(4\ Zz). and putt = {®(k(E). fe(k(S))) :
& € X}. It is simple to see that |¢t| = | X| = cf(d). It follows that

\Uya| > | U Yol > max(|4], cf(9)).

ace acX

(©)).

On the other hand, it is readily verified that | |, ¢, ya| < max(
FacTt 3.8.

(1) [37] There is a closed unbounded subset C > of 7, consisting of infinite
limit ordinals, with the property that any J in C 7 satisfying one of the
following conditions, where p denotes the largest limit cardinal less
than or equal to cf(d). is a good point for f:

(a) (max(p. |4]))"? < cf(6).

(b) pl < cf(6).

(c) |4] < cf(p).

(d) |4| < p and I is (cf(p))"-complete.

(e) cf(p) < |4] < p and pp(p) < cf(0).
(ii) [28] Suppose that 4 < 7 and there is a closed unbounded subset C of
7 such that every 0 € C of cofinality « is a good point for f . Then
A, 1(J4|", %) holds, as witnessed by X = {y, : a < 7}.

Thus, for instance, Ay, , (@1, ") holds for every uncountable cardinal o
of cofinality w. On the other hand by a result of Todorcevic (see [28]),
if f(1) <k=v" ulk.1)< /1 for every cardinal t with k <t < A, and
(AT, 1) = (k,v), then A, ; (s, A™) fails.

The scale j = (fo:a < m)is good if there is a closed unbounded subset
C of  with the property that every infinite limit ordinal 6 in C such that
|4| < cf(d) < sup 4 is a good point for f.

If 7 is the successor of a cardinal t (possibly greater than sup A) at which
the weak square principle I} holds, then [6, 31] the scale f is good. Let
us recall that the failure of [} for singular 7 has, in the words of Jech [18,
p. 702] (see also [5]). the consistency strength of (roughly) at least one
Woodin cardinal.

3.4. The case A = 7. We have seen that if u(k, 1) = A, then MCs(k, 1)
holds. We give a second proof of this fact now, under the extra assumption
that 4 is the length of a scale.

LEMMA 3.9. Suppose that . = . and let b € P (1) be such that:
° Supb ¢ b.
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e FEither supb is a good point for f of cofinality greater than |A|, or I is
cf(sup b)-complete.

o ran(fa) Cb foralla € b.
Then cf(supb) < o0.t.(bNO).

PrOOF. Set 7 = cf(supb). Select an order type 7 subset ¢ of b with
supremum sup b. Let us first suppose that supb is a good point of f
of cofinality greater than |A4|. By Fact 3.5(ii), we may find d € [¢]* and
w, € I for y € d such that fy(a) < fo(a) whenever ff < o are in d and
ac A\ (wgUw,). Fora € d, pick a, € A\ w,. There must be a € 4 and
e € [d]* suchthata, = aforalla € e. Then (f,(a) : a € e) isanincreasing
sequence of length 7 with all its termsin b N 6.

Next suppose that [ is t-complete. For f < « in ¢, select ug, € I such
that fp(a) < fa(a) whenever a € 4\ ug,. For each y € ¢, pick a, in
A\ (H{upa : p<a<yandf.a € c}). Then(fo(a,) : @ € ¢)isanincreas-
ing sequence of length o0.7.(c N y) with all its terms in b5 N @, so 0.t.(c Ny) <
o.t.(b N O). It follows that T < 0.2.(b N O). =

PRrROPOSITION 3.10. Suppose that /. = n, and J is a normal, fine ideal on P, (1)
such that either S; € J T, or S» EﬁJ*, where Sy is the set of all b € P, (1) such
that sup b is a good point for f of cofinality greater than |A|, and S, the
set of all b € P.(A) such that I is cf(sup b)-complete. Then J is not weakly
A-saturated.

Proor. Let C be the set of all 5 € P, (A) such that:

e supb ¢ b:
o ran(f,) C b foralla € b:
e b\ O #0.

Then clearly, C € NS} ,. Hence, for i = 1,2, CNS; € J . Moreover by
Lemma 3.9, cf(0.t.(b)) < 0.t.(b) for all b € CNS;. The result is now
immediate from Fact 3.4. =

3.5. The isomorphism method. One way to show that an ideal J on P, (1)
is not weakly z-saturated is to establish that it is isomorphic to some ideal K
on P, (r) that is itself not weakly n-saturated. In this subsection we consider
some situations when this can (or cannot) be done.

Fori = 1,2, let X; be an infinite set, and let K; be an ideal on X;. We say
that K is isomorphic to K, if there are W, € K, W, € K3, and a bijection
k: Wi — Wysuchthat Kf = {D C W, : k“D € K5}.

Notice that K is isomorphic to K, if and only if there are W € K,
W, € K}, and a bijection k : W) — W, such that (a) {k“D: D € Kin
P(W1)} C K}.and (b) {k"1(B) : B € K; N P(W>)} C K;. It easily follows
that K is isomorphic to K> just in case K is isomorphic to K.
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For a cardinal ¢ > k and a k-complete ideal G on P, (). cof (G) denotes
the least cardinality of any Q C G such that for any B € G, there is Z €
P.(Q)with B C |JZ.

OBSERVATION 3.11. Fori = 0, 1, let g; be a cardinal greater than k., and let
K; be a fine ideal on P, (o;). Suppose that K, is k-complete, and Ky and K,
are isomorphic. Then K, is k-complete, and moreover cof (K1) = cof (K>).

Fact 3.12 [36]. The following are equivalent:

(i) f(Ky) = K, for some one-to-one f : X; — X>.
(ii) There are W, € K} and a bijection k : X; — W, such that K| =
{DC W, :k“D € K},

We use the isomorphism method to give new versions of Facts 3.1 and
3.2. Let us start with the situation when & is a successor cardinal. There is
a more informative proof of Fact 3.1 which runs as follows. For the first
case, when 7 = A, proceed as in the original proof. Now for the second
case, suppose that x is a successor cardinal, J is a k-complete, fine ideal
on P.(A), m > A. and X is a size © subset of P, (1) with the property that
IX N P(b)| < kforallb € P.(A). Letting (x, : 4 < a < ) be a one-to-one
enumeration of X, define f : P.(4) — P.(n) by f(b) =bU{a: x, C b}.
Clearly, /" is one-to-one, so by Fact 3.12, J and f(J) are isomorphic. Since
by the first case, f(J) is not weakly n-saturated. J is not weakly z-saturated
either. It is worth stressing that, as the following shows, there are situations
when the condition on the existence of an X as above cannot be dispensed
with.

OBSERVATION 3.13. Suppose that k is_a successor cardinal, and some
k-complete, fine ideal J on P.(1) with cof(J) < A is isomorphic to some
fine ideal K on P, (n). Then A, ; (k. n) holds.

PrOOF. By Observation 3.11, K is k-complete, and moreover cof (K) < 4.
By Proposition 5.7 in [39], the desired conclusion follows. o

Observation 3.13 can be applied with J = I, ;. More interestingly, suppose
that 4 is a strong limit cardinal of cofinality less than x. Then by a
result of Shelah [53], NS, = I.,|C for some C € NS* ,, so cof (NS, ;) <

KA
cof(I, ;) < 4 and moreover since I, , is nowhere u(k, A)-saturated by Fact
1.6(ii), so is NS, ;. Thus if GCH holds, & is a successor cardinal, ¢f(1) < &,
and A, ;(k.A") fails, we cannot use the isomorphism trick to show that
NS, is not weakly A" saturated.
Let us now turn to the case when x is weakly inaccessible.

OBSERVATION 3.14. Suppose that A < n, k is weakly inaccessible, o is a
cardinal with 0 < ¢ < A, and J is a o-normal, fine ideal on P.(1). Suppose
further that there exist a closed unbounded subset C of = and D € J* such
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that ¢ is a good point for f whenever 6 € C N Eﬁmaﬁfor some b € D. Then

J is not weakly m-saturated.

PrROOF. Recallthat y = (y, : a < #)isdefined by: y, equals {a}ifa < 0,
and {®(a, f4(a)) : a € A} otherwise. Define g : P (1) — P(n) by

gb)=((bno)U{aecC\o:y, Ch}.

Notice that g(b)n@ =bnN0H. It follows that g is one-to-one in case
g=2A -

Cram. Letbh € D. Then |g(b)| = |bNa].

PROOF OF THE CLAIM. Suppose otherwise. Pick a subset e of g(b) \ g of

order-type |b Na|*, and put 6 = supe. Then clearly, 6 € CNE bro| > and

therefore ¢ is a good point for ]7 . But then by Observation 3.7,
U val = ¢f@) > b ol = 5N 0],

ace

This is a contradiction, since (,., yo € b N 0. which completes the proof
of the claim.

Set K = g(J|D) and Z = g“(D). Then, as is readily checked, K is a
og-normal, fine ideal on P,(n). and moreover Z € K*. By the claim,
|x| = |x No| forall x € Z, so by Fact 3.2, K is not weakly n-saturated, and
hence neither is J. =

COROLLARY 3.15. Suppose that 1 < n, k is weakly inaccessible, ¢ is a
cardinal with 0 < o < A, and J is a weakly n-saturated, o-normal, fine ideal
on Py(2).Then Y € J*, where Y denotes the set of all b € P.(7) for which
there are stationarily many 6 < n such that (a) J is not a good point for f, and
(b) cf(0) = |bNal|™.

PrOOF. Suppose otherwise, and let D = P,(4) \ Y. Let T be the set of

all 0 < 7 such that either ¢ ¢ E"Zm‘+ for every b € D, or ¢ is a good point

for f . Then =\ T must be stationary. Hence we may find 4 <z, and a
stationary subset W of « \ T'. such that (a) 4 = [b N o|" for some b € D,
and (b) W C E}. Notice that for any 6 € W, 6 is not a good point for f.
Thus b € Y. Contradiction. -

The corollary extends several known results, including one by Shelah (see
[9, Theorem 4.63]) asserting that above a supercompact y, there is no good
scale at any cardinal p of cofinality smaller than y, and a more detailed
result of Sinapova [57, Lemma 8] for the special case when p < y 7.

§4. The function . Throughout the section it is assumed that 7 > 1. We
need a new method to handle situations when the results established so far
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do not apply. In this quest the function  considered in this section will play
a key role.

Define ¢ : Py(n) — [] 4 by: p(w)(a) equals sup(w N a) if sup(w Na) <
a, and 0 otherwise. Further define y : Pyp(n) — n by w(w) = the least o
such that p(w) <; fa.

To show that an ideal K on P, (1) is not weakly n-saturated, it will suffice
to prove that the ideal (w|P.(4))(K) on = is (included in some ideal on =
that is) not weakly m-saturated. As a first step, in this section we compare
w|P.(n) and the sup function on P, (). The main results are Observation
4.7, which will be used in Section 5, and Observation 4.3.

A subset C of P, (n) is strongly closed if | J X € C forall X € P.(C)\ {0}.
SNS,. . denotes the collection of all B C P, (n) such that B N C = () for some
strongly closed C in 1.7, It is easy to see that SNS, , is a k-complete, fine
ideal on P, (n). Furthermore, SNS, . C NS, 1.

OBSERVATION 4.1. {x € P.(n) : w(x) > supx} € SNS* .

Proor. It suffices to note that {x € P,(n): V¢ € x(ran(f¢) C x)} €
SNS?,. ¥

Let u be a regular cardinal less than x. An ideal K on P, (n) is (u,k)-
normal if for any G € K" and any k : G — P,(n) with the property that
k(x) C x forevery x € G, thereisdin P.(n) and H € K™ N P(G) such that
f(x) Cdforallx € H. Welet NS, . ; denote the smallest fine, k-complete,
(u. k)-normal ideal on P, (A). As observed in [33]. the set of all x € P ()
such that supe € x foralle € P,(x) liesin NS .. Furthermore, the set of
all x € P,(n) such that sup x is a limit ordinal of cofinality u liesin NS,/ ..

A subset C of Py(n) is u-closed if |J,_, c; € C for every increasing
sequence (¢; : i < u) in (C,C). A subset D of P,(n) is a u-club if it is a
u-closed, cofinal subset of P, (7). We let Nu-S,. . be the set of all H C P, (n)
such that H N D = () for some u-club D C P, (n). Let Y™ denote the set

of all nonempty x € P,(n) such that:

e Foranya € x,a+1 € x.
e For any regular infinite cardinal ¢ € k\ {¢}, and any increasing
sequence (f; : £ < o) of elements of x, sup{f: : { <o} € x.

Notice that forany x € Y™ and any cardinal t < = of cofinality greater than
or equal to , sup(x N 7) is a limit ordinal of cofinality u. It is remarked in
[30] that Y;#* and the set {x € P,(n) : |x| = [x N k| > u} are both u-clubs.

LemMma 4.2.

(i) Suppose that |A| < w. Then {x € Py(n) : w(x) <supx} € NSy, ..

(i) Suppose that I is u*-complete. Then {x € Py(n) : w(x) <supx} €
(Nu-Skn)*.
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PrOOF. (i): Suppose toward a contradiction that the set X = {x €
P(n) : w(x) > supx}liesin NS, . Forx € X, sete, = {a € 4 :sup(x N
a) > fapx(a)}. and select s, : ey — x so that fypy(a) < sy(a) < a for
all a € e,. There must be 7€ NS; N P(X) and w € P.(4) such that
ran(s,) Cw for all x € T. Pick x € T such that yw(w) < supx. Then
{a € 4:sup(wna) < f,uw)(a) < fapx(a)} € I*. On the other hand for
any a € ey, sup(w Na) > sy(a) > fapx(a). This is a contradiction, since
e, €1,

(ii): We first establish the following.

Cram. Let (¢; :i < u) be an increasing sequence in (P,(r). C). Then
V/(Ui<y ¢i) <sup{wlc;) i< u}.

PROOF OF THE CLAIM. For i< u, put v; ={a € 4 :sup(¢;Na) >
fy/((?f)(a)} and w; = {a €4: fl//(c,-)(a) > fsup{y/(c,-):r<,u}(a)}' Then Ui</u('Ui
Uw;) € I, and moreover for any a € A\ (U, (v: Uw;)), sup((U,., ¢:) N
a) = Sup(UK,u(Ci N a)) < Sup{fl//(c,)(a) i< :u} < fsup{y/(cf):i<y}(a)>WhiCh
completes the proof of the claim.

By the claim, the set C = {x € P.(n) : w(x) < supx} is u-closed. To
show that it is cofinal, fix z € P, (r). Inductively define ¢; € P, (n) fori < u
so that:

°®cop=7z.
o ¢;U{w(ci)} Cciyqforalli < u.

Put ¢ =, <u Ci- Then clearly, z C ¢. Moreover by the claim, w(c)

<
sup{w(c;) i< u} <supc,soc e C. -

OBSERVATION 4.3.

(i) Suppose that |A| < w. Then {x € Py(n): y(x) =supx} € NS} , ..

(ii) Suppose that I is u*-complete. Then {x € Px(rn) : w(x) =supx} €
(Nu-Sk.z)*.

Proor. By Observation 4.1 and Lemma 4.2. -

Observation 4.3 is of no use in the (critical) case when |A| = u, which
must be handled separately. In what follows we present Shelah’s approach,
which is based on Namba combinatorics (that is, properties of trees of
height w). So from here on to Observation 4.7 we suppose that (cf(0) =
and) |A4| = Ry. Let (0; : i < w) be a one-to-one enumeration of 4, and set
T =u(l), where u : A — w is defined by: u(0;) = i.

An ideal H on w is a P-point if for any F : @ — H, thereis G € H* such
that G N F () is finite for all j < w.

Assume that 7 is a P-point (i.e., that given B, € I for n < w, there is
C e I'* that meets each B, in a finite set). For o < 7, define F, € [],_,, 0
by Fa(l) = fa(ei)~

https://doi.org/10.1017/bsl.2023.15 Published online by Cambridge University Press


https://doi.org/10.1017/bsl.2023.15

368 PIERRE MATET

T denotes the collection of all nonempty 7" C ( J,_,, "7 such that for any
teT. {tln:n<dom(?)} CTand [{a <7z:tU{(dom(t),a)} € T} =n=.

Let T € T,.Set [T1={f €?n:Vn<w(flneT)}.Fort € T,put T
t={seT:sCtort Cs}. [T]isendowed with the topology obtained by
taking as basic open sets the members of the family {[7 ] : ¢ € T}.

Fact 4.4 [48, Lemma 2.14]. Suppose that T € T, ¢ < xn is a cardinal,
and [T] = Uj., Hp. where each Hy is Borel. Then thereis 7’ € T, N P(T')
and f < o such that [T'] C Hp.

Let o be a cardinal greater than k., and let u be a regular cardinal less
than k. For Q C P.(c). G£,(Q) denotes the following two-person game
consisting of u moves. At step o < u. player I selects a, € P.(g), and 11
replies by playing b, € P.(c). The players must follow the rule that for
B<a<ubgCaq Cby MwinsifandonlyifJ, , aa € Q.

NG, denotes the collection of all Q C P, (o) such that IT has a winning
strategy in G£,(P.(a) \ Q).

Fact 4.5 [25, 30, 35].

(i) NGE, is a (u, k)-normal ideal on P ().

(11) N;u'Sn,a - NG//:,J-

(iii) Lett > o be a cardinal. Then NG£ , = ¢(NG .), where g : Py (1) —
P, (o) is defined by ¢(x) = x No.

(iv) If Kk = w (and u = w), then NG£, = NSi;.

(v) There is a one-to-one function y:o<* — P.(c) such that (a)
for any f €. pey(f). and (b) NG?, = (NS, 5<). Where
Vi Py (0<F) = Py(0) is defined by y(x) = Usc, ().

The following generalizes a result of Shelah [54] (in which 7 = 0% and

T=1,).
LEMMA 4.6. Let S € NS, N P(EZ). Then
{b € P, (n) :supb € S and y(b) =supb)} € NS .

Proor. Fix a closed unbounded subset C of P, (n). Pick

k: U 'n— {x € C :Va € x(ran(F,) C x)}

r<w

so that:

e Forh:w —n. k(h)=U,,k(h|n).
o Fort:m+1—n {t(m)}Uk(t|m) C k(z).

Clearly, if 4 € ®n, i € w, and B € 0; are such that ¢(k(h))(0;) > . then
o(k(h|m))(6;) > B for some m with i < m < w. Hence, using Fact 4.4, we
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may construct inductively T € 7, and y : T — @ such that for any t € T
and any i € [T * t]. p(k(h))(Ogom(r)) < 2(t) < Ogom(s)-

We define a strategy 7 for player Il in G, (P, (n)) as follows. Consider a
play of the game where I’s successive moves are dy, dj, ... . Using her strategy
7, IT will successively play ¢, ey, ... so that:

. dj U {l//(dj)} Cej.
e supe; is an infinite limit ordinal greater than supd;.
e Foranyr € T withran(¢) C ¢;, x(1) € e;, and moreover

sup{y € e¢j : t U{(dom(z).y)} € T} =supe;.

Now {b € P, (n) :supb € S} € NS/ .. so by Fact 4.5(iv), 7 is not a
winning strategy for [Tin G¢,({b € P,, () : supb ¢ S}). Hence there must
be a play of this game where I’s successive moves are dy. dj. ..., Il successively
plays eg, e;,... using her strategy 7, and I wins. Thus supe € S, where
e =J;c,€j- Put 6 = supe. Notice that for any j < w. w(e;) < w(d;1).
It follows that y(e;) <. since y(d;+1) € ej41. Define/ : 0 — Z by [(j) =
{i<w:ple;)0;) > Fs(i)}. By P-pointness of Z, there must be G € Z*
such that G N/(j) is finite for all j < w. Pick an increasing sequence
< nj:j<w>ofelements of ® so that p(e;)(0;) < F5(i) whenever j < ®
andi € G \ n;. Now construct 1 € [T]so that {h(i) : i < no} C e, and for
any j < w:

o h(i) € ej whenevern; <i<nj;
o h(njy1) > sup(e;).

Putb = k(h). Thenclearly, b € C, and moreover ran(h) C b. It follows that
0 < sup(ran(h)) < supb.

Cram. Let j <w and i € G with n; <i<nj;;. Then sup(bno;) <
F5(i).

PROOF OF THE CLAIM. Since ran(h|i) C e;, y(h|i) € e; N 0O;. Hence,

0(b)(0;) < x(h|i) < sup(e; N O;) < Fs(i), which completes the proof of the
claim.

It follows from the claim that ¢(b) <; f5. Thus, d < supb < w(b) <.
sosupb = y(b). =

OBSERVATION 4.7. Let S € NS;F N P(ET). Then
{we Py(n) :supw € S and y(w) = supw} € (NG,)™.

Proor. For x = wy, this is just Lemma 4.6. Let us now assume that
K > ;. Set

Q={x€ P, (n<"):sup(xNn) e Sand y(x Nrn)=sup(x Nn)}.
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Then by Fact 4.5(iii) and (iv) and Lemma 4.6, Q € NS/ ... By Fact
4.5(v), we may find y : 7<% — P, (n) such that (a) for any g € 7. f € y(B).
and (b) NG?, = J(NSy, r<x), where J : Py, (n<*) — P.(n) is defined by
7(x) = Use, ¥(0). Note that x Nz C y(x) for all x € P, (7<"). Put ¢ =
{i<w:0; > k}. Note that ¢ € Z*. Let C denote the set of all infinite x €
P, (n<*) such that:

e For any # € x and any i € c. there is f € x N O; with sup(y(x) N 6;)

< p.
e Forany# € x, thereis f € x Nz with sup(y()) < B.

Then clearly, C is a closed unbounded subset of P, (7<F). Further-
more for any x € C., w(x Nn) = yw(¥(x)) and sup(x Nx) = sup(¥(x)).
Thus 7“(Q N C) lies in (NG?,)", and moreover it is included in the set
{w € Py(n) :supw € S and y(w) = supw}. =

Forany S € (NSL|EZ)". {w € P.(n) : y(w) € S} € (NGZ,)" by Obser-
vation 4.7, and therefore {v € P.(1):w(v) € S} € (NG?,)" by Fact
4.5(iii). Thus (w|P.(4))(NG?,) C NSz|EL. Let us observe that it is not
necessarily the case that w“W € NS} forall W € NS . To see this, recall
that the bounding number b, denotes the least cardlnahty ofany F C "z with
the property that there is no g € "z such that [{f<n: f(B) > g(B} <=
forall f € F.

Fact 4.8 [2]. b, is the least cardinality of any collection F of closed
unbounded subsets of 7 such that for any B € [n]", there is C € F with
|B\ C|=m=.

OBSERVATION 4.9. Let K be an ideal on P(1) such that K € NG?, and

cof (K) < by. Then there is D € NS* such that (w|P.(1))(K) C L|(D N
E7).

PrOOF. Put ¢ = cof (K). We have that (y|P.(1))(K) C NS;|EZ. Now
cof ((w|P(1))(K)) < 0. s0o we may find C, € NS} for a < ¢ such that for
any X € ((y|P.(4))(K))*, there is z € P.(a) \ {0} with the property that
(Mae: Ca) NEL C X. Using Fact 4.8, select D € NS sothat |[D\ Co| <7
for every e <o. Now fix T € I " P(DNEE). Clearly T\ J,c.(D\
Ca) € Nae: Ca for every z € Po(a)\ {0}, so TNX #0 for all X e
((w|Px(4))(K))*. Hence T ¢ (w|Px(2))(K). -

Set 7 =2%and K = NS, ;. Then cof (K) < cof (K) < 2* = 1 < by, so by
Observation 4.9, there must be D € NS} such that (w|P, (4 ))( ) C L|(DN
ET). Select T in I " NS, N P(DNE?"), and put W = (y|P, (/1))’1(T).
Then clearly, W € NS/, and moreover y“W € NS,.

Another comment is in order. In contrast to Observation 4.3,
the conclusion of Observation 4.7 does not assert that the set
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{w € Py(n):supw € S and w(w)=supw} lies in the dual filter
((NGZ,)*). but only that it does not lie in the ideal (NG, )). Thereis a good
reason for this. In fact if u = |A] = ¢f(0). 0<* < n.and Z € NS} N P(ET)
lies in the approachable ideal /[x], then by a result of [30], forany £ : 7 — =,

{x € Py(n) :supx € Z and y(x) > £(supx)} € (NGF,)™".
On the other hand, we have the following.

OBSERVATION 4.10. Let X C P,(n) be suchthat|{x € X :supx = f}| <=
for all B < n. Then there is £ : © — 7 with the property that w(x) < £(sup x)
forallx € X.

Proor. For f<m puteg ={x € X :supx = f}. Nowdefinel : 7 — =
by: £(f) equals sup{y(x) : x € ez} if eg # 0, and 0 otherwise. =

Note that if V' = L, then by a result of Dieter Donder, for any stationary
Y C P.(r). there exists a stationary X C Y such that [{x € X :supx =
p} < lforall < m.

Let us finally observe that if x = ran(f,). where a < 7, then obviously
w(x) = a. This shows that w(x) needs not be a limit ordinal. On the other
hand, by Observation 4.7 (respectively, Observation 4.3), if |[A| = u = w
(respectively, |4| < u or I is ut-complete), the set of all x such that y(x) is
a limit ordinal of cofinality cf(|x N 0])(= u) lies in (NGL )T (respectively,
(NGE ;)*). One intriguing question which is left unanswered by the results
of the next section is whether the set of all x such that y(x) is a limit ordinal
of cofinality (cf(]x N @|))" lies in J* for any weakly n-saturated, normal,
fine ideal J on P, ().

§5. The way of Usuba. As in the preceding section, we assume in this one
that 4 < 7, and we look for strategies to deal with situations when our ideal
J on P, (A) cannot be shown to be isomorphic to a nice ideal on P, ().
Sticking with ideals, we could attempt to bypass P, (7) and associate J with
anideal on 7 of the form /4 (J) for some /1 : P.(A) — n. But there are obvious
difficulties. One is that 4 (J) will be k-complete (when we would be more
comfortable with 7z-completeness). Another is that if 7 < u(k, A), then J and
h(J) will not be isomorphic. So instead we will follow Usuba [60] whose
method consists in moving from J (to its projection on P, () and then) to
an ideal K on P, (0) with which is associated a function /4 taking its values
in 7. The crux of the matter is that if J is weakly z-saturated, then so is K.

An ideal on P,(c), where ¢ is a cardinal greater than or equal to 0, is
adequate if it is k-complete in case « is a successor cardinal, and #-normal
otherwise.

Let J be an adequate, fine ideal on P.(1). We put J = p(J). where
p:P.(A) — P.(0)is defined by p(c) = cNo.
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OBSERVATION 5.1.

(i) J is an adequate, fine ideal on P, (0).
(ii) If J is O-normal, then J is normal.
(ii1) If J is weakly m-saturated, then so is J .

Fact 5.2 [60].

(i) There exist a function 4 : P,(0) — On and an adequate ideal K on
P, (0) extending 7 such that:
e Forany X € K™ and any g € [[,cy h(b). there is f < n with
{beX:g(x)<prekK™.
e Foreachy <z, {b € Py(0): h(b) >y} € K*.
(ii) K is weakly m-saturated if and only if for any X € K* and any g €
[Tpcx h(D). thereis f < mwith {b € X : g(b) < f} € K*.
(iii) If J is weakly n-saturated, then so is K.
(iv) If (k is a successor and) 7 is normal, then so is K.

We should stress that y (or, for that matter, the fact that 6 is singular)
does not play any role in the definition of /# and K.

OBSERVATION 5.3.

(i) {b € Ps(0) : h(b) < y(b)} € K*.
(ii) Let C be a closed unbounded subset of n. Then h™'(C) € K*.
(iii) Let Cy be as in the statement of Fact 3.8(i). Then {b € P.(0) : h(b) €
Cf} e K*.
(iv) Suppose that K is weakly m-saturated. and let W be a stationary subset
of m such that cf(y) < & for all y € W. Then the set of all b € P(0)
such that W N h(b) is stationary in h(b) lies in K*.

Proor. For (i) (respectively, (ii) and (iv)), the proof is a straightforward
modification of that of Proposition 4.1 (respectively, 4.2 and 4.3) of [60]. As
for (iii), it is immediate from (ii). -

Concerning (iv), notice that by x-completeness of K, we can actually
simultaneously reflect less than x many stationary sets. By Theorem 2.13 in
[15]. it follows that if J (and hence K) is weakly m-saturated., then the square
principle O(x, < o) fails for every regular cardinal ¢ < .

OBSERVATION 5.4. Suppose that K is weakly n-saturated. Then the set of all
b € P.(0) such that cf(h(b)) > 0.t.(b) lies in K*.

PrOOF. Suppose otherwise. Then the set Q of all b € P.(0) with
cf(h(b)) < |b| lies in K*. Define r : P.(0) — P.(0) by: r(b) equals b if
K is weakly inaccessible, and v if k = v*. For b € Q, pick t, : r(b) — h(b)
such that sup(ran(ty)) = h(b). Let y = 0 if k is weakly inaccessible, and
y=vifk =v". Wedefine s : y — n, and Q, € (K|Q)*N P(Q) for y < y.
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as follows. Put W = {b € P.(0) : h(b) > 0}. Notice that W € K*. Given
y<y.set W, =W n{be P.,0):yeb}, and define g, € [Trew, h(b) by:
g,(b) equals #,(y) if b € Q. and 0 otherwise. Since K is weakly z-saturated.
we may find &, < 7 such that X, € K*, where X, = {b € W, : g,(b) <¢&,}.
We now let s(y) = &,. Notice that #,(y) < s(y) forallb € QN X,.

Since K is adequate, the set of allb € P, (0) suchthatb € X, forally € b N
z lies in K*. Hence we may select b € Q such that (a) 2(b) > sup(ran(s)).
and (b) b € X, forall y € r(b). Then

h(b) < sup{ty(y) :y € r(b)} <sup{s(y):y € r(b)} <h(b).
Contradiction. -
OBSERVATION 5.5.
(i) Let zo € Px(0) for a < m. Then
{b e Py(0):sup{a< h(b):zo Cb}=h(b)} € K*.

(i) Suppose that there is zo € Pk (0) for a < m so that the set of all b €
P (0) such that |[{o < 7 : zo C b}| < |b| lies in K*.Then the set of all
b € P (0) such that |b| > cf(h(b)) lies in K*.

OBSERVATION 5.6. Suppose that K is weakly n-saturated. Then the set of all
b € P.(0) such that h(b) is not a good point for f lies in K*.

Proor. Recall from Section 3 that for a < 7, y, equals {a} if a < 6,
and {®(a, f4(a)) : a € A} otherwise. Assume toward a contradiction that
the desired conclusion fails. Then by Observations 5.4 and 5.5(i), we may
find b € P,(0) such that cf(h(b)) > o0.t.(b). h(b) is a good point for /. and
supz = h(b), where z = {a < h(b) : yo C b}. Then, by Observation 3.7,
| Uwe- Yol = cf(h(b)) > |b|. Contradiction. =

OBSERVATION 5.7. Suppose that K is weakly n-saturated. Then the set of all
b € P.(0) such that cf(h(b)) < |b|*3 lies in K*.

PrOOF. Assume that the conclusion fails. By [28. Lemmas 4.2 and 4.7].
there is an increasing, cofinal sequence k = (k, : @ < 7) in (] 4. <;) with
the property that for any cardinal ¢ with |4| < ¢ < 0, and any order-type
o3 subset v of 7, there is an order-type o subset w of v such that the sequence
(ko : @ € w) is strongly increasing. For a < 7, put z, = {®(a. ky(a)) :
a € A}. By Observation 5.5(i), there must be b € P, () such that:

o |b| > |A|.
o cf(h(b)) > [b73.
o sup{a < h(b):zo Cb} = h(b).

Now select an order-type (|b|*)*3 subset v of {a < h(b) : z, C b}. We may
find an order-type |b| " subset wof v,and Z; € I for¢ € w such that ke, (a) <
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ke, (a) whenever a € A\ (Z;, U Ze,). Pick ¢ € [].,(4\ Z:). and set ¢ =
{®(2(&),k:(2(&))) : € € w}. Then clearly, ¢ C b. However |¢| = |b|*, which
1s a contradiction. —

The ideal K = h(K) does have some interesting properties. but it is not
clear what can be gained by considering it. By Fact 5.2 and Observations
5.3 and 5.6, the following hold:

e [Cis a k-complete ideal on 7 extending NS;.

e If K is weakly n-saturated, then so is K.

Forany X € K" and any g : X — = such that g(y) <y forall y € X,
thereis f < wwith {b € X : g(x) < B} e KT.

Suppose that K is weakly n-saturated. Then (a) for any X € K* and
any g : X — 7 such that g(y) <y for all y € X, there is f < n with
{beX:g(x)< B} € K*. and (b) the set of all y € 7 such that y is not

a good point for f lies in I*.

A function g € [] 4 is an exact upper bound for some F C {f, :a < n}
if (a) f <;gforall f € F, and (b) for any k € [] 4 with k <; g, there is
feFwithk <, f.

Fact 5.8 ([50, Claim 1.6, p. 52] (see also [1. Exercise 2.6])). Let e be a
subset of 7 such that supe ¢ e and cf(supe) > |4]|. Then the following are
equivalent:

(i) supe is a good point for f

(ii) The sequence (f4 : a € e) has an exact upper bound g such that the
set of all @ € A such that g(a) is a limit ordinal of cofinality cf(sup )
liesin I*.

An infinite limit ordinal é < 7 is a more-than-good point for f if there
is a cofinal subset X of d. and Z; € I for £ € X such that fg(a) < f:(a)
whenever ff < ¢ are in X and a € 4\ Z;. By results of Shelah, for any
regular cardinal x4 with |4] < u < 0, the set of all good points for f of
cofinality u is stationary in 7. This is also true of more-than-good points.

OBSERVATION 5.9. Let u be a regular cardinal with |A| < u < k. Then the
set of all x € P, (r) such that sup x is a more-than-good point for f lies in
(NS,u,n.on : Cf(supx) = :u})*

PrOOF. Fore € P,(n), define g, € [] A4 by: g.(a) equalssup{ fs(a) : p €
e} if a > u, and 0 otherwise. Let X be the set of all x € P, (r) such that for
any e € P,(x), thereis € x with g, <; fa.

CLalM. X € NS*

UK. TT*

PROOF OF THE CLAIM. Suppose otherwise. For x € P, (n) \ X, select e, €
P,(x) such that thereisno o € x withg,, <; fo. Wemay find W € NS}

WK,

and b € P,(n) such that e, C b for all x € W. Define / € [[ A4 by: /(a)
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equals sup{f,(a) : y € b} if a > k, and 0 otherwise. Pick a < 7 with / <;
fo. Now there must be x € W with a € x. This contradiction completes
the proof of the claim.

Given x € X with cf(sup x) = u, pick an increasing sequence (&; : i < u)
of ordinals with supremum sup x. Inductively define o; € x \ &; and Z; € 1
for i < u so that for any i < u and any a € A\ Z;, g(a,.j<iy(@) < fo,(a).
Then clearly. fo,(a) < fo,(a) whenever j <i<uanda € A4\ Z;. -

COROLLARY 5.10. Let u be a regular cardinal with |A| < u < 6. Then there
are stationarily many more-than-good points for f of cofinality u.

Forb € P.(0).letd, be the set of allé € b such that o.2.(b N J) is a regular
cardinal greater than |A4|. For d € dj. let G? be the set of all # < h(b) with
cf(B) = 0.t.(b N &) with the property that S is a good point for (f, : a <
h(b)). Let Q be the set of all b € P,(0) such that G} is stationary in h(b)
forall o € d,.

LEMMA 5.11. Suppose that K is weakly n-saturated. Then Q € K*.

Proor. The proof is a modification of that of Claim 5.2 in [60]. Suppose
that the conclusion fails. Then we may find X € K*, 7 < 0, and ¢, forb € X
such that foreach b € X, (a) t € d,. (b) ¢} is a closed unbounded subset of
h(b) of order type cf(h(b)). and (¢) G N ¢, = 0.

CrLaM. t is a regular cardinal.

PrOOF OF THE cLAIM. It suffices to observe the following:

Case when & is a successor cardinal, say k = v". Pick x € X with v + 1
C x. We must have t < v, since otherwise v < 0.7.(x N7) = |x Nz| = v. But
thenx Nt =1 =o0.t.(x N1).

Case when x is weakly inaccessible. Given ¢ C 7 and an increasing
function k : ¢ — t with the property that sup(ran(k)) = sup z, the set of
all b € P.(0) with sup(k“(b N¢q)) = sup(b N 1) lies in NS* .

It is simple to see that t > |4|. Inductively construct u: € P.(n), 0: < n
and T; € (K|X)* for £ < 7 such that:

ran(f,) C uen.

Forany b € X N T, h(b) > sup ug, and moreover the least # € ¢, with

N > sup ug is less than sup ug ;.
Wemay findb € X suchthat (1) cf(h(b)) > 0.t.(b),and (2) b € T forallé €
bnt. Set B =sup(Uescqup(pne) %) Clearly, cf(f) = o..(b N 7). Moreover,
since 0.t.(cp) = cf(h(b)) > 0.t.(b) > 0.t.(b N 7), we have that € ¢;. Pick

e e o o o
S
<
/AN
N
~
~
S,
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e Csup(bNt) so that o.t.(e) = cf(B) and supe = sup(b Nt). For & € e,
o(ug) <1 fs. <1 p(uc41). so there is Z: € I such that AN« C Z;, and
moreover ¢(uz)(a) < fs.(a) < (uzi)(a) for all a € A\ Z:. Now let
{<¢& in e. Then for any a € A\ (Z;UZ:). fs.(a)<usii)(a) <
o(ug)(a) < fs.(a). Thus f is a good point for (f,:a <h(b)).
Contradiction. -

For b € P.(0). let w, be the set of all those & < h(h) of cofinality
|b|* that are good points for {f, : a < h(b)). Assuming that K is weakly
n-saturated, it is easy to show that, in contrast to Lemma 5.11, the set of all
b € P.(0) such that w, is stationary in 4(b) lies in K. Suppose otherwise.
By Observations 5.4 and 5.5(i), there must be b € P, (0) such that (a) wy is
stationary in (), (b) sup{a < h(b) : yo C b} = h(b) (where (y, : a < 7)
is the sequence defined in Section 3), and (c) cf(k(b)) > |b| > |A|. Pick
z C{a<h(b):yo, Cb}witho.t.(z) = cf(h(b)) and sup z = h(b). We may
find 6 € w, such that sup(z N ) = J. But then by Observation 3.7, | [ J{ya :
a € zNJ}| > cf(d) > |b|, which yields the desired contradiction.

Let Zbe theset ofallb € P, (0) with the property that { /, : o < (b)) has
an exact upper bound g such that {a : cf(g(a)) < o} € I for each regular
cardinal ¢ with |4]| < o < |b].

LEMMA 5.12. Suppose that |A|" < k and K is weakly n-saturated. Then
Z2eK*

PrOOF. Let B be the set of all b € Q such that supb = 0 and |4] < |b| <
cf(h(b)). By Observation 5.4 and Lemma 5.11, B € K*. We will show that
B CE. . Thusletb € B.

CramM. Let o be a regular cardinal with |4| < ¢ < |b|. Then there are
stationarily many good points for ( f, : a < h(b)) of cofinality o.

PROOF OF THE CLAIM.  We have that cf(0.2.(h)) = ¢f(0) < |4| < o < |b| <
0.t.(h).so g < o.t.(b). Hence there must be & € b such that 0.1.(b NJ) = 5.
Since b € Q, the claim follows.

By Lemmas 15 and 16 of [22], it follows from the claim that b € E. -

LEMMA 5.13. ® € K*, where © denotes the set of all b € P,.(0) such that if
g is an exact upper bound for {f : a < h(b)), then
{a € A:sup(gla)nb)=gla)} eI".
Proor. The proof'is a straightforward modification of that of Lemma 4.5
in [60]. =

OBSERVATION 5.14. Suppose that |A|" < k and K is weakly m-saturated.
Then 21 € K*, where 2 denotes the set of all b € P.(0) such that (a) |b| is
a singular cardinal of cofinality at most |A|, (b) I is not (cf(|b|))T-complete,
and (¢) pp(|b]) > cf(h(b)).
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ProOOF. Let B be the set of all b € Z N O such that:

o |4 < [b] < cf(h(b)) < [b]*.

e h(b) € Cl;.

o h(b)is not a good point for £

Then by Observations 5.3(iii), 5.4, 5.6, and 5.7 and Lemmas 5.12 and 5.13,
B € K*. Let us show that B C . Thus fix b € B. Since b € B, (fo:ax <
h(b)) has an exact upper bound g such that {a : cf(g(a)) < g} € I for each
regular cardinal ¢ with |4| < ¢ < |b|. On the other hand, b € @, so the set
of all a such that cf(g(a)) < |g(a) Nb| < |aNb| < |b|lies in I*. It follows
that |b| is not regular. As |b| < cf(h(b)) < |b|*3, |b| must be the largest limit
cardinal less than or equal to cf(4(b)). Now h(b) liesin C 7-and moreover it

is not a good point for /. Hence cf(|b|) < |A|. I is not (cf(|]))*-complete,
and (c) cf (h(b)) < pp(|b)). .

THEOREM 5.15.

(i) Suppose that k is weakly inaccessible and J is weakly n-saturated. Then
X € J*, where X denotes the set of all x € Py (1) such that (a) |x N 0|
is a singular cardinal of cofinality less than or equal to |A| and (b) I is
not (cf(|x N 0])) " -complete.

(i) Suppose that k is a successor cardinal, say k = v™, and J is weakly -
saturated. Then eitherv = |A|, orcf(v) < |A| < v andIisnot (cf(v))*-
complete.

PRrROOF.

(i): By Fact 1.6(iii) and (the proof of) Observation 5.14, X € (J|X)™ for
every X € JT. It follows that X € J*.
(ii): By Observation 5.14. =

COROLLARY 5.16.

(1) Suppose that k is weakly inaccessible, J is weakly m-saturated, and
(|4| = cf(0) and ) Iis | A|-complete. Then the set of all x € Py (1) such
that cf(|x N 0)) = cf () lies in J*.

(ii) Suppose that k is a successor cardinal, say k = v™, J is weakly r-
saturated, and (|A| = cf(0) and ) I is | A|-complete. Then cf(v) = cf(0).

Here is one result that specifically addresses the situation when pp(6)
>0t

OBSERVATION 5.17. Suppose that k is weakly inaccessible, J is normal, and
M € J*, where M denotes the set of all x € P(A) such that |x| > |x N 0|,
Then J is not weakly m-saturated.

https://doi.org/10.1017/bsl.2023.15 Published online by Cambridge University Press


https://doi.org/10.1017/bsl.2023.15

378 PIERRE MATET

CramM. There is a cardinal ¢ such that the set N, of all x € M with
|xNo|=|xN0O|" liesinJ .

PrOOF OF THE crLamm. Suppose that N, € J. Then by normality of
J, we may find X € JTNP(M) and y < A such that for any x € X,
y € x.and moreover o.2.(x Ny) = |x N O|. Putt; = |y|and 7, = ;. Since
{x e P.(4) :|x N1 < |xN7|t} € NS, there must be j € {1.2} and
D e J*NP(X)suchthat|xNy|=|xNt,|forallx € D.Seto = ;. Then
clearly, D C N, which completes the proof of the claim.
By Theorem 5.15(i), the set Q of all x € P.(/) such that [xN@| is a
singular cardinal greater than |A4| lies in J*. By Corollary 3.15, we may
find x € QN N, and 6 € C; such that (a) J is not a good point for £,

and (b) cf(6) =[x Na|t = |x N O|**. But clearly, |x N 0| is the largest limit
cardinal less than or equal to cf(6). By Fact 3.8(i), this yields the desired
contradiction. -

In situations when the scale is not good and cf(|x N@|) = |4|, the
following approach will help.

Pick a sequence (W: : & < 0) of pairwise disjoint stationary subsets of
{a <n:cf(a) < k}. For f < nwithcf(f) < 0., let eg be the set of all £ < 6
such that W: N f is stationary in 8. Note that |eg| < cf(f). Let C,, be the set
of all x € P,(n) such that y(es) < supx for all f < supx with cf(f) < 6.
Strictly speaking, C,, also depends on the sequence (W; : £ < 0). The reason
that this is not reflected in our notation is that in the proofs below, it does
not matter which specific sequence we choose. The same remark applies to
W, and S, to be introduced shortly. It is simple to see that C;, € NS} . Let
T, be the set of all x € P,(n) such that (a) supx ¢ x. (b) supx = w(x).
and (c) cf(supx) < [x N 4a|.

FAcT 5.18 [46]. NS, = q(NS,.). where q : Pi(n) — P.(0) is defined by
g(x)=xn4a.

Set W, = {xn0:x e T,nC,}. Note that by Fact 5.18,if T, € NS, .
then W, € NS:ﬁ.

OBSERVATION 5.19. Suppose that J is normal, and K is weakly n-saturated.
Then W, € K.

ProOF. Suppose otherwise. Then by Observations 5.3, 5.4, and 5.7, we
may find b € W, such that:

o h(b) < y(b).
o 0> cf(h(b)) > |b|.
obgeh()

https://doi.org/10.1017/bsl.2023.15 Published online by Cambridge University Press


https://doi.org/10.1017/bsl.2023.15

MENAS’S CONJECTURE REVISITED 379

Select x € T\, N Cy, such that b = x N 0. Then
oK (h(b)) > |b| > cf(sup x) = of (y(x)) = cf(y (b)),

so h(b) < w(b) =supx. Hence. y(b) < w(eyp)) < supx. Contradiction.
_|

Set S, = {xNi:x e T, NC,}. Notice that if T}, lies in NS, (respec-
tively, (NGEL,)", (NGE,)* for some regular cardinal u < k), then by Facts
5.18 and 4.5(iii), S, lies in NS, (respectively, (NG.,)*. (NG ,)*).

COROLLARY 5.20. Suppose that J is 0-normal. and S,, € J*. Then J is not
weakly m-saturated.

ProOOF. Suppose otherwise. By Observation 5.1, 7 is normal. Moreover,
it is weakly m-saturated, and by Fact 5.2(iii), so is K. Now clearly, W, lies
in J*, and hence in K*. This contradicts Observation 5.19. =

How large is S\, ? The following provides some answer.

OBSERVATION 5.21. Let u be a regular cardinal less than k., and let q :
P.(n) — P.(0) be defined by q(x) = x N 0. Then the following hold.:

(i) Suppose that |A| < u. Then S, lies in (g(NS,xz|{x:|x]=]xN
01}))* (and hence in (NG,’:’;L)* by Fact 4.5 (i) and (iii)).

(ii) Suppose that I is u*-complete. Then S, lies in (q(Nu-Sy.r))* (and
hence in (NG" ,)* by Fact 4.5 (ii) and (iii)).

Proor. By Observation 4.3. -

§6. Recapitulation. We have been working so far with a fixed scale f .In
this brief section we let the scale vary and recapitulate the corresponding
results. For this we need to introduce some more members of the large family
of pp functions.

Given two infinite cardinals # and y such that ¢f(y) < 7 < y. and an ideal
I on 7. we put pp;(y) =sup Y. where Y is the set of all cardinals z for
which one can find a sequence (y; : i < #) of regular infinite cardinals less
than y with supremum y such that {i <7 :y; < ¢} e[ forall £ < y, and
tef ([, x:/1) = 7.

Fact 6.1 (See, e.g., [16, Lemma 9.1.1]). pp,(x) = sup T, where T is the
set of all cardinals v for which one may find an infinite cardinal # < ¢ and
an ideal 7 on # such that v = pp}(y).

Given three infinite cardinals p. 7, and y with p < cf(y) <7 < x. let
PPr(, ,)(x) be the collection of all cardinals 7 such that = = tcf([T4/I)
for some set 4 of regular cardinals smaller than y with |4| <t and
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supA = y, and some p-complete ideal 7 on 4 with {4 Na:a e A} C 1.
We let ppr(. ) (x) = sup PPr(. , (%) .

We let ppy. ,(x) equal (ppr(.,) ()" if PPr(q) (1) € PPr(,)(%). and
PPr(. ) (x) otherwise. Notice that pp}r(r_p) (x) equals (ppr(. ()" if
PPr(..0)(x) is a successor cardinal, and ppr, (%) if PPr(, ) (1) is a singular
cardinal.

pp; T (x). pps (). and pp* () are defined in the same way.

PROPOSITION 6.2. Suppose that  is a successor cardinal, say k = v, and 0
and m are two cardinals such that cf(0) < k < 0 < 4 < n. Then the following
hold:

(i) Suppose that cf(0) < cf(v) and n <pp*(0). Then there is no
k-complete, fine, weakly n-saturated ideal on Py ().

(i) Suppose that cf(0) # cf(v) and n < ppF((cf(O))t(cf(v))ﬂ(9)' Then
there is no k-complete, fine, weakly n-saturated ideal on Py ().

(iii) Suppose that cf(0) = cf(v) > w. Then for any regular cardinal u <
cf(0) such that n < ppfi((cf(g))ﬂw)(@), there is S € (NG:JL)* such
that no O-normal, fine ideal H on P.(1) with S € H' is weakly
n-saturated.

(iv) Suppose that cf(0) = cf(v) < vandn < pp™(0). Then for any regular
cardinal u with cf(0) < u <v, there is S € (NG//;,A)* such that no
0-normal, fine ideal H on P (1) with S € H™ is weakly n-saturated.

(v) Suppose that cf(0) = cf(v) = w. and n < pp;*(0) for some P-point
ideal I on «. Then there is S € (NG®,)" such that no §-normal. fine
ideal H on P (1) with S € H™ is weakly n-saturated.

Proor. (i) and (ii): By Theorem 5.15(i).
(iii) and (iv): By Corollary 5.20 and Observation 5.21.
(v): By Observation 4.7 and Corollary 5.20. 4

PROPOSITION 6.3. Suppose that « is weakly inaccessible, and 0 and © are
two cardinals such that cf(0) < k < 0 < 1 < n. Then the following hold:

(i) Suppose that n < pp™(0), and let S be the set of all x € P.(A) such
that cf(|x N O]) > cf(@). Then no 0-normal, fine ideal H on P, (1) with
S € H™" is weakly n-saturated.

(i) Suppose that & < pp]f( (ef(0)) 1) (0). where t is an uncountable cardinal

less than or equal to cf(0), and let S be the set of all x € P, (1) such that
cf(]x N0|) < t. Then no O-normal, fine ideal H on P () with S € H
is weakly m-saturated.

ProOF. By Theorem 5.15(i). -
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§7. More on pp(0) and weak saturation. In this section, we have a closer
look at the situation when cf(0) < x < 0 < A < n < pp(0) and describe
some cases when no adequate, fine ideal on P, (1) is weakly n-saturated.

Fact 7.1[31]. Let 7. 0. and = be three infinite cardinals such that cf(0) <
7 < 0 < m.and let I be anideal on 7. Suppose that z < pp3(#). and 7 is either
singular, or the successor of a regular cardinal. Then there is k,, : 7 — 6 for
a < n with the property that for any e € Py (n), thereis g : ¢ — I such that
ko(i) < kp(i) whenever a < fareineandi € 7\ (g(a) Ug(f)).

OBSERVATION 7.2. Let a, 0, and n be three infinite cardinals such that
cf(0) <o< k<0< AiA<rm<pp,(0). Suppose that 7 is either singular, or
the successor of a regular cardinal. Then there is z, C 0 with Xy < |z,| < @
for 0 < a <7 with the property that [{a € t\ 0 :z, Cb}| <|b| for any
b e P.0).

ProoF. Let us first suppose that 7 is the successor of a regular cardinal.
By Fact 6.1, we may find an infinite cardinal 7 < ¢ and an ideal 7 on 7
such that 7 < pp3(@). By Fact 7.1, there must be k,, : 7 — 0 for a < 7 with
the property that for any e € Py (n), there is g : e — I such that k,(i) <
kp(i) whenever a < fareineandi € 7\ (g(a) Ug(f)). For0 < a <z, let
Zo = {®(i, ko (i)) : i < t} (recall that ® denotes a one-to-one onto function
from On x On to On such that ®“(¢ x ¢) = ¢ for any infinite cardinal
o). Let b € P.(0). Assume toward a contradiction that [{a € 7\ 0 : z, C
b}| > |b|. Pick e C m \ 0 with k > |e| > |b| such that | J,, za C b. There
must be g : e — I such that k, (i) < kg(i) whenever a < f are in e and
iet\(gla)Ug(pB)). For a € e, select i, in 7\ g(a). Then the function
s e — bNodefined by s(a) = ®(iy, ko (in)) is one-to-one. Contradiction.

Now suppose that 7 is singular. Pick an increasing sequence (7; : j <
cf()) of successors of regular cardinals greater than A with supremum 7. For
each j < cf(x), there must be z;, C 0 with |z}| < ¢ for 0 < a < 7; with the
property that [{a : z5 C ¢}| < |c| for any ¢ € P.(6). Hence by Proposition
3.3 of [28], we may find z, C 6 with Xy < |z,| < ¢ for 0 < a < 7 with the
property that [{a : z, C d}| < |d| forany d € P,(0). =

ProPOSITION 7.3. Let o, 6, and 7 be as in the statement of Observation 7.2,
and let J be an adequate (in the sense given to this term in Section 5), fine ideal
on P (). Then J is not weakly n-saturated.

PrOOF. We use the isomorphism method of Section 3. Set H = p(J),
where p : P.(A) — P.(0) is defined by p(x) = x N 6. By Observation 7.2,
there must be z, C 6 with 8y < |z,| < o for § < a < 7 so that [{a € 7\
0 :z, Cb}| <|b| for any b € P,(0). Put z, = {a} for a < §. Define g :
P.(0) = P(n)byg(b) = {a<m:z, C b} Notice that |g(b)| = |b| for any
b c P.(0). Now g(H) is an adequate, fine ideal on P, (r), which is not
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weakly n-saturated by Facts 3.1 and 3.2. It follows that H (and hence J) is
not weakly z-saturated. -

COROLLARY 7.4. Leta. 0, and t be three infinite cardinals such that cf(0) <
g < k<0 <2A<t<pp,(0). Thenno adequate, fine ideal on P, (1) is weakly
T-saturated.

ProOOF. Apply Proposition 7.3 with 7 = 7 if 7 is singular, and 7 = ¢
otherwise. o

Proposition 7.3 can also be used to show that weak saturation makes
scales short.

COROLLARY 7.5. Let a. 0, and t be three infinite cardinals such that cf(0) <
o< k<0 <A<t Suppose that there exists an adequate, fine, weakly
™ -saturated ideal on P (). Then pp,(0) < ™.

ProoF. Apply Proposition 7.3 with 7z = 7. .

§8. More of Usuba. As indicated in its title, [60] is mostly concerned with
the case when 4 has small cofinality. However its techniques can also be used
in the situation when 4 is regular. Take, for instance, the result of Burke and
Matsubara [4] that if 4 is regular and there exists a A-saturated, x-complete,
fine ideal on P,(A), then for each regular cardinal u < k. any stationary
subset of £ ft reflects.

OBSERVATION 8.1. Suppose that (k is weakly inaccessible,) J. is regular, and
J is a weakly i-saturated, k-complete, fine ideal on P, (7). Then the following
hold.

(i) Any stationary subset of E iﬁ reflects (andin fact, we can simultaneously
reflect less than k many stationary subsets of E i o)

(i) Suppose that (J is normal or just that) for any X € J* and any g :
X — A such that g(b) < supb for all b € X, there is B < A with {b €
X :g(b) < B} eJt. Then (a) NS; C sup(J) (that is, {b € P(2) :
supb € B} € J for any B € NS;), and (b) for any stationary subset
T of EZ,,. the set of all b € P,()) with the property that T N\supb is
stationary in sup b lies in J*.

Proor. (i): By Propositions 3.7 and 3.10 of [60], we may find a
function k : P.(A) — On and a k-complete, fine ideal H on P, (A) extending
J such that (1) {b € P.(1): B<k(b)} € H* for all p< A and (2) for
any g : P.(A) — 4 such that {b: g(b) < k(b)} € H*, there is f < A with
{b:g(b) < B} € H*. Itis simple to see that

{b:k(b) <sup{d < A:sup(d6Nb)=0}} e H"
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Now follow the proof of Proposition 4.2 of [60] to establish that NS, C
k(H ). and that of Proposition 4.3 of [60] to establish that for any stationary
subset T of E%,, the set of all b € P,.(4) with the property that 7 N k(b) is
stationary in k (b) lies in H*.

(ii): Notice that (1) {b € P.(1): p<supb} e J* for all f< A and
(2) {b € P(4) :supb < g(b)} € J* for each g : P, (4) — A with the prop-
erty that {b € P,(1): p< g(b)} € J* for all B < i. Hence by Proposition
3.10 of [60], forany g : P,(4) — Asuchthat{b : g(b) < supbh} € J*, thereis
B < Awith {b: g(x) < B} € J*. Now proceed as in the proof of Proposition
4.2 of [60] for (a). and as in the proof of Proposition 4.3 of [60] for (b). -

Thus, appealing again to Theorem 2.13in [15] (see also [11]). if 4 is regular
and there exists a weakly A-saturated, k-complete, fine ideal on P, (4). then
O(A, < o) fails for every cardinal ¢ < .

Usuba also proved the following.

Facrt 8.2 [59]. Suppose that A is regular, and let J be a normal, fine ideal
on P.(A) such that T € J*, where T is the set of all x € P.(A) such that
(sup x is an infinite limit ordinal and) x is not stationary in sup x. Then J is
not weakly A-saturated.

§9. The case when x < cf(1) < A. For the case when A is singular of
cofinality greater than or equal to x, the following can be used.

OBSERVATION 9.1. Suppose that A is singular, (2; : i < cf(1)) is an increasing
sequence of regular cardinals greater than k with supremum A, and J is an ideal
on P (1). Suppose further that for any i < cf(1) and any S € J*, p;(J|S)
is not weakly A;-saturated, where p; : P.(1) — P.(A;) is defined by p;(b) =
b N 4;. Then J is not weakly A-saturated.

PrROOF. By our assumption, for any i < cf(4), J is nowhere weakly
J;-saturated. By Fact 1.6(i), the desired conclusion follows. —

§10. Paradise in heaven. Shelah’s Strong Hypothesis (SSH) asserts that
pp(y) = x* for every singular cardinal y.

Shelah [49] (see also [27]) showed SSH to be equivalent to the statement
that for any value of k and any value of 1, u(k, A1) equals A if ¢f(1) > &, and
AT otherwise.

Large cardinals are needed in order to negate SSH. The exact consistency
strength of the failure of SSH is not known, but it is conjectured to be roughly
the same as that of the failure of SCH (the Singular Cardinal Hypothesis)
that has been shown by Gitik [13] to be equiconsistent with the existence of
a measurable cardinal y of Mitchell order y*.
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On the other hand. just as GCH, SSH may fail everywhere (that is, it
is consistent relative to a large large cardinal that pp(c) > o+ for every
singular cardinal ¢ [38]).

OBSERVATION 10.1. Suppose that the following hold:

o SSH.

o If Kk is weakly inaccessible and 4 regular, then there is no normal, fine,
precipitous ideal on Py (1).

o Ifcf(A) < k. then 0% holds (or just there is a good scale for 1).

Then no normal, fine ideal on P, (1) is weakly u(k. J)-saturated.

Proor. Case when & is a successor and u(x, A) = A: By Fact 3.1.

Case when « is weakly inaccessible and A is regular: Recall that any normal,
fine, weakly A-saturated ideal on P, (1) is precipitous.

Case when « is weakly inaccessible and x < ¢ f(A) < A: For any regular
cardinal y with k < y < A. we have by (the proof of) the preceding case
that no normal, fine ideal on P.(y) is weakly y-saturated. Now apply
Observation 9.1.

Case when u(k, A) > A: Then cf (1) < &, and moreover u(x, 1) = A*. Now
appeal to Fact 3.8(ii) if & is a successor, and to Observation 3.14 otherwise.

_|

CorOLLARY 10.2. Suppose that there are no inner models with large
cardinals. Then no normal, fine ideal on P, (1) is weakly u(k., A)-saturated.

CoroLLARY 10.3. Suppose that there are no inner models with large
cardinals. Then the following are equivalent:

(i) For any values of k and A, no normal, fine ideal on P () is weakly
A<F-saturated.
(ii) Menas’s conjecture.
(iii) 2° <t for any infinite cardinal T.
PRrOOF.
(i) — (ii): Trivial.
(ii) — (iii): Assume Menas’s conjecture, and let T be an infinite cardinal.
Set k = t" and 4 = k™. Then by Observation 1.1,

Tt =l=u(k. A) =A< = (t7")" = max{2".t""},

so 2t < ¢ttt

(iii) — (i): Assume (iii ). By Corollary 10.2, it suffices to show that for any
values of kK and 4, 4<% = u(k. 1), or equivalently 2<% < u(, 1), since
A<F = max{2<", u(k, A)}. Now if « is a successor, say £ = t 1, then
2<k =2t <ttt = kT < 1 < u(k. ). Andif k is weakly inaccessible,
then

2F —sup{2’ :p<k}<sup{pTT ip<k}=r<i<ulk i) n
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SSH is the hard core of GCH, in the sense that [36] GCH = SSH + GCH
at regular cardinals (i.e., 2° = ¢ for any regular cardinal ¢ (this is the soft
part, easily destroyed by forcing)). Thus we would expect SSH to substitute
for GCH in many articles in contemporary set-theoretic mathematics. But
this is not the case, one possible explanation being that authors are often
frightened of pcf theory (who isn’t?). But, to take a similar situation, the fact
that they are intimidated by forcing does not prevent researchers to use it in
their proofs, encouraged as they are by black box presentations of forcing
that make it more accessible. Maybe something analogous should be done
for pcf theory.

§11. Paradise on earth (but only for the shortsighted). In this section we
show (in ZFC) that if & is greater than w; and A close enough to x, then
MC5(k, A) holds. The crucial point is that in this setting, we have, just like
under SSH, that if u(x, /) is regular and greater than A, then it is the length
of some scale. We start with the easier case, when & is a successor cardinal.

For a cardinal k, FP(k) denotes the least fixed point of the aleph function
greater than k.

Fact 11.1 [34, Theorem 3.9 and Corollary 3.13]. Suppose that s is a
successor cardinal, say k = vT, and 4 < min{FP(k), u(k,4)}. Then u(x, 1)
is not a weakly inaccessible cardinal, and moreover there is a cardinal 6,
such that:

o k<0, <Alandcf(0,;) <v.

L d M(K‘,, /1) = u(m, gn,i) = pp(gn,/l) = ppv(gnﬁl) = COV(Q%./";: en,b
(cf(0,:.2))F. cf(0 1))

e pp,(y) < 0, for any cardinal y with cf(y) <v < y < 0, ;.

® pp, (k) = max{pp, () : cf(x) <v <y <4}

o If  cf(0,1) #w. then  pp(0.;) = PPr(et(o, )+ cf(0, ) (On.2) =

ppzf((} ) (emﬂ)
THEOREM 11.2. Suppose that k is a successor cardinal greater than w,, and
/. < FP(k). Then MCs(k. A) holds.

PrOOF. Letk =v™.

Case when u(k,A) = A. Then A, ;(2,u(x,2)) holds, so by Fact 3.1, no
k-complete, fine ideal on P, (/) is weakly u(k, /)-saturated.

Notice that if u(x, A) is a regular cardinal greater than A, then by Fact 11.1
it is a successor cardinal.

Case when u(k. ) > A and u(k. 1) is either singular, or the successor of a
regular cardinal. Then by Observation 7.2, A, ;((cf(6,.,))", u(x, 1)) holds,
so by Fact 3.1, no k-complete, fine ideal on P, (A) is weakly u (. 4)-saturated.
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Case when u(k.A) > A. u(k. A) is the successor of a singular cardinal and
cf(0,.,) # cf(v). Then by Proposition 6.2(i) and (ii), no k-complete, fine
ideal on P, (4) is weakly u(x, /)-saturated.

Case when u(k,4) > A, u(k, A) is the successor of a singular cardinal,
and cf(0, ;) = cf(v). Then by Proposition 6.2((iv) if cf(v) = w, and (iii)
and (iv) otherwise), for any regular cardinal u €  \ {cf(0,;)}. there is
S € (NGZ,)* such that no 0, ;-normal, fine ideal H on P.(4) with S € H*

is weakly u(x, A)-saturated. -

Our results are far more modest in the case when & is weakly inaccessible.
This is due to our approach in [34] where this case is reduced to the successor
case (with the successor cardinal in question being at the first stage k™).

Fact 11.3[34]. Suppose that k is weakly inaccessible, and let # < w. Then
the following hold:

() u(k, kTEN)) = g+len),
(ii) Suppose that k) < ) < ot etD) and y(k, A) > 2. Thenu(k, 4)
is a successor cardinal, and moreover u(k, A) = u (k"ML 1),

THEOREM 11.4. Suppose that k is weakly inaccessible, and ) < k@),
Then M Cs(k. 1) holds.

PrOOF. Letn < w be such that k&) < } < gtw(n+1)

Case when u(k, 4) = / and 4 is regular. Let S be the set of all x € P, (1)
such that (o0.z.(x) is an infinite limit ordinal and) either cf(0.2.(x)) < 0.t.(x),
or x is not stationary in sup x. Then by Facts 3.4 and 8.2, no normal, fine
ideal J on P, (1) with S € J* is weakly u (k. /)-saturated.

Case when u(k, ) = 4 and k < cf(1) < 1. Then A = s For i < k.
seta; =k-(n—1)+iand 4; = @D Put S = {x € P.(A) : Vi < k(x N
/i € Si)}, where S; is the set of all « € P,(4;) with the property that o.z.(a)
is an infinite limit ordinal such that either cf(0.t.(a)) < o0.t.(a), or a is not
stationary in sup a.

CLamMm. S € NS:W

PRrROOF OF THE CLAIM. Fix a closed unbounded subset C of P,(A). For
x € Po(A), set ex = {i <k :x\ K" #(}. Inductively define x, € P, (1)
and ¢, € C for n < w so that:

® X) — W1.

o X, Ccy.

e Xy =cpUex, U{f+1:pex,}U{rT :iexnk}Usup(x, N
k) U {sup(x, N1;):i € x,}.

Finally, set x = _,, x,. The following are readily checked:

n<w

e x e C.
e ¢x =XMNK.
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x N k is a limit ordinal of cofinality w.

supx = Kl-&-axrm‘

cf(sup(x N4;)) = w foralli € ey.

Forany i € x \ ey, sup(x N 4;) = sup x (and hence cf(sup(x N 4;)) =
cf(xNkK)=w).

Thus x € C N S, which completes the proof of the claim.

Finally by Observation 9.1, no normal, fine ideal J on P, (1) with S € J*
is weakly A-saturated.

Case when u(k.A) > A. Then by Facts 11.1 and 11.3, u(k,4) is a
successor cardinal, and moreover u(k,A) = u(y.2) =pp(0,,). where x
is the successor cardinal s+ Notice that y < 0,, <A< x™. so
cf(0,,) < k. Let S be the set of all b € P.(4) such that cf(|bN0,,|) #
cf(6, ). Then by Proposition 6.3, no 6, ;-normal, fine ideal J on P, (1) with
S € J7 is weakly u(k, /)-saturated. =

To conclude this section we remark that if u(x, 2) > A, 4 is close to x and
there are no inner models with large large cardinals, then no normal, fine
ideal J on P, (/) is weakly u(k, A)-saturated.

OBSERVATION 11.5. Suppose that u(k,’) > i, and (I* holds for every
singular cardinal T with k < © < 4. Then the following hold.:

(i) If K is a successor cardinal, and ) < FP(k), then no k-complete, fine
ideal on Py () is weakly u(k. A)-saturated.

(ii) If K is weakly inaccessible, and /. < kTEO)  then no normal, fine ideal
on P (1) is weakly u(k, A)-saturated.

Proor. To start with we define y by: y equals « if & is a successor cardinal,
and k57D where k(57 < 1 < g7+ otherwise. By Fact 11.1 and the
proof of Theorem 11.4, the following hold:

(] Cf(gxﬁ;') < K.

o u(k.2) =pp(0;,).
e pp(0, ;) is not a weakly inaccessible cardinal.

Case when pp(6, ;) is either singular, or the successor of a regular cardinal.
Then by Proposition 7.3, we have the following:

e If k is a successor cardinal, then no k-complete, fine ideal on P, (1) is
weakly pp(6, ;)-saturated.

e If x is weakly inaccessible, then no 6, ;-normal, fine ideal on P.(1)is
weakly pp(0, ;)-saturated.

Case when pp(6,,) is the successor of a singular cardinal 7. Then
pp(0,.,) = tef([]1A/I) for some A and I such that:
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e Ais aset of regular cardinals smaller than 0, ; such that |A| = cf(0, ;)
andsupA4 =0, ;.
e /isanidealon A with{4ANa:a € A} C 1.

Select an increasing, cofinal sequence f in (J]4.<y). Weqknow that (07
holds, so by the remark at the end of Section 3.3, the scale f is good. Now
if x is a successor cardinal, then A, ,((cf(6,,))".pp(0,,)) holds by Fact
3.8(ii), and consequently by Fact 3.1, no k-complete, fine ideal on P, (1)
is weakly pp(0, ;)-saturated. Finally, if x is weakly inaccessible, then by
Observation 3.14, no 6, ;-normal, fine ideal on P,(4) is weakly pp(0, ,)-
saturated. -

§12. A poor man’s version. The top-down approach (stating an optimal-
looking result and then trying to prove it) did not work so well, so let us see
whether we fare better with the bottom-up approach (formulating a result
corresponding to the available proofs). We have already seen how to handle
the case when u(x, 1) = A. So our starting point is a situation in which
u(k, 2) > 4 and we have a normal, fine ideal J on P, (1). The way we see
it, our first problem is to produce large disjoint families in J*. Once this is
achieved, it will be time to see whether we can actually find such families of
size u(k, A).

Adding yet a new pp function to the already long list of existing ones,
we let

pp(k. 4) = max (4 sup{pp,(x) : cf(y) <t <Kk <y <1i}).

We let MCy(k, 4) assert the existence of S'in NS, with the property that
no normal, fine ideal J on P, (1) with S € J is weakly pp(k, /)-saturated.
Given four cardinals py, ps, p3, pa With p; > pr > p3 > @ and p3 > pq
> 2, the covering number cov(py. p2. p3. ps) denotes the least cardinality of
any X C P,,(p1) such that for any a € P,,(p1). there is Q € P,,(X) with

aClyo.
Note that u(k, ) = cov(4, K, k,2) = cov(A, k. Kk, ).

Fact 12.1. Let t and y be two cardinals such that ¢f(y) < 7z < y. Then
the following hold:

(i) [50, 15.7] ef(pp, () > 7.
(ii) [50, Theorem 5.4, p. 87] pp,(x) < cov(y, x.tT.2).

OBSERVATION 12.2. pp(k.A) < u(k.A).

PrOOF. Let 7 and y be two cardinals such that cf(y) <7<k <
% < . Then by Fact 12.1(ii), pp,(x) < cov(y, x.t7.2) < cov(y, y. k.2) <
cov(y. k. k5.2) = u(k, x) < ulk. A). N
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Thus MCy4(k, A) is a weaker variant of MCz(k, 4). Too little is known
about how pp(k, 4) and u(k, A) compare. For instance it is tempting to think
that pp(x. 4) > Aifand only if u(x. A) > A, but we do not know whether this
holds.

§13. Which way to paradise, please? In the next section we will attempt
to establish that M Cy(k. A) holds for any values of x and A, but will fail to
do so, and will end up proving something weaker. The case we have trouble
with is when u(k. A), which, we recall, is cov(4, k. k, ) with o = @, is greater
than 4 and weakly inaccessible. In the present section we show that, as often
in pcf theory, the situation is more manageable when ¢ is uncountable.

OBSERVATION 13.1. Let 0.k, p, and o be four cardinals with 0 > k > p >
o = cf(a) > w. Suppose that cov(0. k. p. a) is weakly inaccessible and greater
than 0. Then there is a cardinal y suchthat p < y < 0 ando < cf(y) < p and
a cardinal 1 > cov(0. k. p. @) such that m € PPr, ;) ().

Proor. By [50, Theorem 5.4, pp. 87-88], we may find an infinite cardinal
7 < p, a g-complete ideal J on 7, and a sequence (v; : i < 7) of regular
cardinals greater than p and less than or equal to 4, and a cardinal 7 >
cov(6.k, p.o) such that = = tcf([],_, vi/J). Select an increasing. cofinal
sequence (fq :a <m)in[[,_, vi/J.

Let x be the least cardinal u such that {i < 7:v; < u} € J*. Note that
p<y<0.Sete={i<t:v,=y}

CiamMm 1. e € J.

ProoF oF Cramm 1. Suppose otherwise. Then clearly, y is regular. For
a < 7, putd, = sup{fa(i):i € e}. Note that §, < y. since |e| <t < p <
y. Define g, : e — y by: go(i) =, for all i € e. Since y < 0 < 7, we may
find 0 < y and d C = with |d| = = such that 6, =0 for all a € d. Now
setting K = Jle. (fale : « <) is cofinal in [[,., v;/K. and hence so are
(fale :a€d)and (g, : @ € d). Butif wedefinek : e — y by: k(i) =5 + 1
foralli € e.thenforalla € d andalli € e.g,(i) < k(i). This contradiction
completes the proof of the claim.

Setw={i<7:v; <y}\eand K = J|w. Then by Lemma 3.1.7 in [16],
n = tef([],c,, vi/K). Note that by the definition of y. sup{v; : i € w} = y.
It follows that cf(y) < 7 < p. Furthermore, ¢ < cf(y) by o-completeness
of K.

Put A ={v;:i € w}, and foreach a € 4, t, = {i € w : v; = a}. Define
s:w — A by s(i) =v;, and let I = s(K). Then clearly, I is a o-complete
ideal on 4. Note that by the minimality of y. {4 Na :a € A} C I. Define
G :[licwvi = [14by: G(f)(a) =sup{f (i) :i €t}
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Cramm 2. Let r € [] 4. Then there is u € [
r < G(q) forany q € [],c,, vi withu <k g¢.

v; with the property that

icw

ProOF OF CramM 2. Define u € [],,, vi by u(i) =r(v;) + 1. Now fix

q € [licy viWithu <g q.Setb ={i € w:u(i) < ¢(i)} and ¢ = s“b. Then

c € I*, since b € K*. It is simple to see that r(a) < G(f)(a) forall a € c.
Thus r <; G(f). which completes the proof of the claim.

By Lemma 3.1.10 of [16], it follows from Claim 2 that tcf([] 4/1) exists

and is equal to tcf([];c,, vi/K). Thus 7 € PPr, ,)(x). =

icw

OBSERVATION 13.2. Suppose that cov(Z, k, k,wy) is greater than ) and
weakly inaccessible. Then there is S € (N G/:fi)* such that no normal, fine
ideal H on P.(A) with S € H" is weakly cov(A, k., k., w)-saturated.

Proor. By Observation 13.1, we may find two cardinals y and =z such
that:

e w <cf(y)<k<y<Ai
o 7> cov(d k. K, w1).

Case when r is weakly inaccessible. Put S = {x € P.(4) : cf(|x N y|)
= w}. Then by Corollary 5.16, no y-normal, fine ideal H on P, (4) with
S € H is weakly n-saturated.

Case when & is a successor cardinal. By Corollary 5.20 and Observation
5.21, thereis S € (NG?,)* with the property that no y-normal, fine ideal H

on P, (1) with S € H™ is weakly n-saturated. -

§14. Paradise not found. In this section we establish that M Cy(x, 1) holds
for many values of x and A. We start by computing pp(x. ). We will show
that if pp(k. A) > A. then pp(k. A) = pp(@) for some cardinal 0 with cf(0) <
Kk < 0 < A. We need some facts from pcf theory.

Fact 14.1 [50, Conclusion 2.3(2), p. 57]. Let 6.7 and y be three
infinite cardinals such that max{cf(c),cf(y)} <t <o < y < pp,(c). Then

pp: (1) < pp.(a).
Fact 14.2 [34]. Let 0, A4, I, and 7 be such that:

e () is a singular cardinal of cofinality w.

e A is a set of regular cardinals less than 6 with sup4 = 0 and |4| <
min 4.

e /isanidealon A with{4ANa:a € A} CI.

o tcf([1A4/I) = 7.

® pp4(x) < 0 for any singular cardinal y with cf(y) < || and min 4 <
x<0.
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Then tef([] B/J) = = for some countable set B of regular cardinals less
than 6 with min 4 < min B and sup B = 0, and some ideal J on B with
{BNb:beB}CJ.

Fact 14.3 [50, Conclusion 1.6(3), p. 321]. Let 7z and 6 be two cardinals
such that w < cf(0) < 7 < 0. Suppose that pp, () < 0 for any large enough
singular cardinal y < 0 with ¢f(y) < 7. Then

pp:(0) = pp(0) = PPr((cr(o)+ ct(0))(0) = PP, (0).

Fact 14.4 [50, Theorem 5.4, pp. 87-88]. Let 0,k, p, and ¢ be four
cardinals with @ > k > p > o = cf(6) > w. Then

max{0. cov(0. k. p.#)} = max{0. sup{ppr,) () : 1 € Q).

where Q denotes the set of all cardinals y such that k < y < 0 and ¢ <
cf(x) < p.

OBSERVATION 14.5. Suppose that pp(k.A) > A. Let 0(k, ) be the least
cardinal y such that for some t, cf(y) <t <k <y <21 and pp,(x) > /.
and let (k. 1) be the least such t. Then the following hold:

(i) Let t and y be two cardinals such that max{n(x,1),cf(y)} <t <k
and 0(k. 1) < y < A. Then pp,(x) < pp,(0(k.4)).

(ii) Let T and y be two cardinals such that max{cf(0(x,1)).cf(y)} <1<
k <y <0(k,A). Then pp,(y) < 0(k, 1).

(iii) Suppose cf(0(k. 1)) = w. Then (a) n(k. 1) = cf(0(k. 1)), (b) pp(k. )
=pp(0(k. 1)) < cov(B(k.1).0(k.1).w1.2). (c) cf(pp(x.2)) > k.
and (d) pp,(0(k.4)) =pp(@(k.A)) for any cardinal © with
cf(0(k, 1) <1< kK.

(iv) Suppose cf(0(k,2)) > w. Then (a) n(k, L) = cf(0(k. 1)), (b) pp(k. A)
= pp(0(k. 1)) = PPr((cr(0(r.))+ cf(0(r.2))) (0 (K. 2)) = PP ))(9(&
A) =cov(l(k,A). k. k. cf(0(k,A)), (c) cf(pp(k.A)) >k, and
(d) pp,(0(k. 1)) = pp(O(k, 1)) for any cardinal T with cf(0(k, 1)) <
T < K.

PROOF.

(i): This follows from Fact 14.1, since y <1 < pp,(,,(0(x. 1)) <
pp. (0(k. 1)).
(ii): Suppose otherwise. Then, by Fact 14.1, pp,(y) > pp,(0(k. 1)) > A.
Contradiction.
(iii): Let us first show that #(x. 1) = w. Suppose otherwise. Then we may
find 4 and I such that:
e A is a set of regular infinite cardinals smaller than 0(x, A).
o supAd =0(k. /).
e mind > k.
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o 4] = (k. ).
e [isaprimeideal on 4 suchthat {ANa:a€ A} C1I
o tef([TA/I) > /.

By (ii), ppj4(x) < 0(k. 2) for any singular cardinal y with cf(y) < |A4]and
min 4 < y < 6(k., A). Hence, by Fact 14.2, tef([]B/J) = tef(J]A4/I) for
some countable set B of regular cardinals less than 0(k,A) with min 4 <
min B and sup B = 0(k, 1), and some ideal J on B with {BNb:b € B}
C J. Contradiction.

Clearly. pp(0(k.A)) <pp(k.A). By Fact 12.1(ii). pp(0(k.2))
cov(0(k, 1), 0(k, ). w.2). Furthermore by (ii), pp,(x) <0O(x, 1)
pp(k.A) whenever t and y are two cardinals such that cf(y) <t <
and k < y < 0(k. 1).

Cram. Let 7 be a cardinal such that w < 7 < k. Then pp,(0(k. 1)) =
pp(0(k. 2)).

PROOF OF THE CLAIM. Suppose otherwise. Then we may find 4 and 7 such
that:

e A is a set of regular infinite cardinals smaller than 6.

o supAd =0(k, ).

min 4 > k.

|A‘ > Np.

I is a prime ideal on 4 such that {ANa :a € A} C 1.

tef([T4/1) > pp(0(k. 2)).

By (ii). pp4(x) < 0(k,2) for any singular cardinal y with cf(y) < |A4]
and min 4 < y < 0(k, A). Hence by Fact 14.2, tcf(][] B/J) = tcf([] A/1)
for some countable set B of regular cardinals less than 0(k.A) with
min 4 < min B and sup B = (k. 1), and some ideal J on B with {BNb :
b € B} C J. This contradiction completes the proof of the claim.

Note that by Fact 12.1(i), we can deduce from the claim that
cf(pp(f(k.4))) > k. Finally, by the claim and (i), pp,(x) < pp(0(k. 1))
whenever t and y are two cardinals such that cf(y) <7<k and
O(k,A) <y <A

(iv): Let 7 be an infinite cardinal less than . Then pp,(x) < 4 < pp(k.
for any cardinal y such that cf(y) <tand k < y < 0(k.A). If ©
cf(0(k.A)). then by (ii) and Fact 14.3, ppT(H( ) = ( (k. A))

PP ((cef(0(s.2))* cf(0(s.1))) (O (5. 4)) = PP} (9(& A))-

f(0(x

2
>

It follows that #(k.A) = cf(0(k, )). that cf(pp(@(fs:, 2))) > k (by Fact
12.1(i)), and also (by (i)) that pp,(x) < pp(6(k.4)) for any cardinal y
such that 0(x, 1) < y < Aand cf(y) < 7. Now suppose that 7 < cf(0(k. 1)),
and y is a cardinal such that 0(k.41) < y <A and cf(y) < 7. Then
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PP, () < PPer(o(.2)) (X) < PP(O(k. 2)). We cannow conclude that pp(k, 4) =
pp(0 (k. 4)).

Finally, let QO be the set of all cardinals y such that kK < y < (k. A)
and cf(0(k.4)) <cf(y) < k. Then for any y € Q. pprmf (=) ()()

< sup{pp, (1) : cf(x) <v < w} <pp(O(k. 1)) = PPr(ct(0(s.))" cf(0 )( (K.
2)) < PPr((rct(o(n.)) (0 (k. 4)). Hence by Fact 14.4, cov(H( A), Kk, k. cf(0(k,
2))) = PPr((ct(0(s.2)* et (0(.1))) (O (K. 2)). -

Thus pp(k. ) can be defined more simply by

pp(k. 4) = max{4 sup{pp(x) : cf(x) <k < x < A}}.
Let us next see how pp(k., A) and cov(4, &, k, 1) compare.
OBSERVATION 14.6. Suppose that pp(k. ) > A. Then the following hold.:

(1) Suppose cf(0(k., 1)) = w. Then cov(A. k. k. w1) < pp(k. 4).
(ii) Suppose cf(0(k.A)) > w. Then cov(i, Kk, k., w1) = pp(k. A).

Proor. It is simple to see that since A > &k, cov(A, k., K, w1) > A.

CLAIM.

(a) Let 7 and y be two cardinals such that cf(y) <t <k < ¥y < 0(k. A).

Then pp. () < pp(k. 4).
(b) Let t and y be two cardinals such that cf(y) < 7 < k and (k. 1) <

% < 4. Then pp,(x) < pp(k.4).

PROOF OF THE CLAIM.

(a): By the definition of O(k, 1), pp, () < A < pp(«, 4).
(b): This is immediate from the definition of pp(x. A). which completes
the proof of the claim.

Let O denote the set of all cardinals y such that w; < cf(y) <k < y < A.
By the claim. ppr,,,)(x) < pp(x.4) for all y € Q. Hence by Fact 14.4,

cov(Z. k. K. 1) = Max{ L sup{pPpPr(..)(x) : x € O}} < pp(k. A).

Now suppose that cf(6(k,4)) > w. Then pp(k.A) =cov(0(k.A). k. k.
cf(0(k, 1)) < cov(O(k,A), k. k.w1) < cov(d, k. k,w), and consequently
cov(4, K, k, 1) = pp(k. A). -

OBSERVATION 14.7. Suppose that pp(k..) = A. Then cov(A. k. Kk, w1) = A.

ProoF. Suppose otherwise. Then by Fact 14.4, we may find a cardinal
x such that @) <cf(y) <k <y <1 and ppr(,,, (x) > A. Hence there
must exist a cardinal 7 such that cf(y) <t < x and pp,(y) > 4. But then
pp(k., ) > A. Contradiction. =
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THEOREM 14.8.

(i) Suppose that either pp(k., A) = A, or pp(k. A) is singular, or pp(k., 1) is
the successor of a regular cardinal. Then M Cy4(k, A) holds.

(i) Suppose that k > wy, pp(k, ) > A, and either pp(k. 1) is the suc-
cessor of a singular cardinal, or pp(k.A) is weakly inaccessible and
cf(0(k, 1)) > w. Then MCy(k, A) holds.

(iii) For any cardinal n < pp(k. 1), no 0(k. A)-normal, fine ideal on P (1)
is weakly m-saturated.

Proor. (i) and (ii): Let us first assume that & is a successor cardinal, say
k = vT. The proof is in large part similar to that of Theorem 11.2, so we will
skip some details.

Cramm 1. Suppose that one of the following holds:

(a) pp(k.4) = A

(b) pp(k.4) > 4 and pp(k. 4) is either singular, or the successor of a
regular cardinal.

(c) pp(k,4) > 4. pp(k.A) is the successor of a singular cardinal and
cf(0(k, 1)) < cf(v).

(d) pp(k.4) > 4, pp(k,A) is the successor of a singular cardinal, and
cf(v) < cf(0(k. A)).

Then no k-complete, fine ideal on P, (1) is weakly pp(k. /)-saturated.

Proor or Cram 1.

(a): By Fact 3.1, since A, (2. pp(k. 4)) holds.
(b): By Proposition 7.3.

(c): By Proposition 6.2(i).

(d): By Proposition 6.2(ii).

This completes the proof of the claim.

CrLamM 2. Suppose that pp(k. 1) > 4. pp(k. 4) is the successor of a singular
cardinal, and cf (0 (k. 4)) = cf(v). Let u be a regular cardinal less than x with
u # cf(0(k. A)). Thenthereis S € (NG ,)* such thatno (k. A)-normal. fine
ideal H on P, (1) with S € H™ is weakly pp(x. A)-saturated.

PrOOF OF CLAIM 2. By Proposition 6.2(iv) if u > cf(0(k.A)) (note that
then v > u > cf(v). so v is singular), and Proposition 6.2(iii)) otherwise.

Cram 3. Suppose that pp(k, 1) > A, pp(k. 4) is weakly inaccessible, and
cf(6(k.4)) > w. Then there is S € (NG?,)* such that no normal, fine ideal
H on P.(A) with S € H" is weakly pp(k. A)-saturated.

Proor oF CramM 3. By Observation 14.6, pp(k. i) = cov(i, k. k, w1).
Now apply Observation 13.2. This completes the proof of Claim 3.
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Let us now assume that x is weakly inaccessible.

CrLamM 4.

(a) Suppose that pp(k.4A) = A and A is regular. Let S be the set of all
x € P.(4) such that (0.z.(x) is an infinite limit ordinal and) either
cf(0.1.(x)) < 0.t.(x). or x is not stationary in sup x. Then no normal,
fine ideal J on P, (A) with S € J T is weakly pp(k. 4)-saturated.

(b) Suppose that pp(k.4) = 4 and k < cf(4) < A. Select an increasing
sequence (4; : i < cf(4)) of regular cardinals greater than x with
supremum A, and set S = {x € Pc(A):Vi<cf(A)(xN4i €S},
where S; is the set of all a € P,(4;) with the property that o.t.(a)
is an infinite limit ordinal such that either cf(0.t.(a)) < o.t.(a), or a
is not stationary in sup a. Then no normal, fine ideal J on P, (1) with
S € J7 is weakly pp(k. /)-saturated.

PrOOF OF CLAIM 4. As in the proof of Theorem 11.4.

CrLamM 5. Suppose that pp(k, A) > A, and pp(k. A) is either singular, or the
successor of a regular cardinal. Then no 6(k, A)-normal, fine ideal on P, (1)
is weakly pp(k. A)-saturated.

Proor oF CLamMm 5. By Proposition 7.3.

CrLamM 6. Suppose that pp(k.,4) > /4 and pp(k.A) is the successor of
a singular cardinal. Let S be the set of all b € P,(4) such that cf(|b N
0(k,A)|) # cf(6(k,4)). Then no O(x, A)-normal, fine ideal H on P, (1) with
S € H™ is weakly pp(k. A)-saturated.

PrOOF OF CLAIM 6. Case when ¢f(0(k. 4)) = w. Use Corollary 5.16(i).

Casewhencf(0(k, 1)) > w.ByObservation 14.5, pp(k. ) = pp}lf(()(m)(ﬁ(n,

4)). Since pp(k. 4) is a successor cardinal, we have that pp}j(ﬁ( ) (O(k, 1) =

(ppzf(g(ﬁ_m (0(k.4))" = (pp(k. 4))". Now apply Proposition 6.3.

Cram 7. Suppose that pp(x, 1) > 4, pp(k, 4) is weakly inaccessible and
cf(0(k,A)) > w. Let S be the set of all b € P, (1) such that |b N O(k, A)| is
a singular cardinal of cofinality . Then no normal, fine ideal H on P, (/)
with S € H is weakly pp(k. A)-saturated.

Proor oF CLaM 7. By Observation 14.6 and (the proof of ) Observation
13.2.

(iii): By Corollary 7.4. -

For models with a singular cardinal 6 such that pp(f) is a weakly
inaccessible cardinal, see [14] (note however that in these models, pp(0)
is the length of some scale. so that pp*(6) = (pp(9))™).
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Theorem 14.8 says little in the case when k = w;, to which we will return
in Section 16. Assuming > @, the theorem tells us that M Cy(x, A) holds
unless pp(x. 4) is weakly inaccessible and cf(0(x, 1)) = w. and even this
one case could be claimed to be a near miss, since for any 7 < pp(k. A).
no normal, fine ideal on P,(A) is weakly n-saturated. However these are
mere theoretical considerations. In practice it is not that easy to compute
either pp(k. 4), or O(k. A), so Theorem 14.8 is of limited applicability. In this
respect the following result, with only one, easy to check, condition, is more
appealing.

THEOREM 14.9. Suppose that k> w. Then there is S in NS, with the

property that no normal, fine ideal J on P.(J) with S €J s weakly
cov(A, k, k, w)-saturated.

Proor. Case when pp(k, 4) = A. Then by Observation 14.7, cov(4, k, k.
1) = pp(k. A). Now apply Theorem 14.8(i).

Case when cov(4, k., k, w1) < pp(k. 4). Use Theorem 14.8(iii).

Case when cov(A, k. k.w1) = pp(k.A) > A and cov(4. K.k, w;) is not
weakly inaccessible. Use Theorem 14.8(i) and (ii).

Case when cov(4, k. k. 1) = pp(k. A) > 4 and cov(4, k. K, ;) is weakly
inaccessible. Use Observation 13.2. -

On the other hand, cov(/, k. k. @) may be quite small. For example, if
A < k11, then by results of Shelah [50, pp. 86-88]. cov(/, k. k. wy) = A.
Finally, let us compare the results of this section with those of Section 11.

OBSERVATION 14.10.

(i) Suppose that k is a successor cardinal and /. < FP(k) (recall that FP (k)
denotes the least fixed point of the aleph function greater than k). Then
pp(k. ) = u(k, A). Furthermore if pp(k, 1) > A, then 0(k, 1) = 0, ;.

(i) Suppose that k is weakly inaccessible and 2. < k@) Then pp(k, 1) =
u(k, 1).

Proor. (i): If u(k. ) equals A, then so does pp(x.4) by Observation
12.2. Now assume that u(k, ) > A. Then by Fact 11.1, u(k, 1) = pp(0..,).
$0 0(k, A) < 0, ;. If this inequality were strict, then setting s = v, we would
have

PPy (i) (0K, 2)) < pp,(0(k, 1) < O, < 4.

Contradiction.

(ii): If u(k. A) equals A, then as above so does pp(k. 4). Suppose now that
u(k,2) > 2, and let n < w be such that x*v") < } < g+&E+D) Then by
definition,

pp(s, 4) = max{4, sup{pp,(x) : cf(y) <t <k < y < i}} = max{4, 01,02},
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where
a1 = sup{pp, (1) 1 cf(y) St <k <y <&M},
and
oy = sup{pp, () : cf(y) <t < wand &) < 5 < 71
Now by Fact 11.3 and Observation 12.2,
o1 < pp(r. k") Cu(m.wt) = g T < G

Furthermore by Facts 11.1 and 11.3, u(k., 1) = u(xt5"+1 1) = g5, so
pp(k.A) = 02 = u(k. 1). -

This leaves us confused, since it implies that MC3(k. 1) and MCy(k. A)
are one and the same statement in case A is close to «, so that results of
this section can be seen as generalizations of those of Section 11. Now is it
because we are missing the very last step, which would establish that pp(k. 1)
is always equal to u(x, 4)? Or rather because the general statement should
indeed be formulated in terms of pp(k.A) which, so to speak by accident,
happens to be equal to u(x, 4) when 4 is close to &?

§15. Situations when 0(k. 1) = A. We have already observed that in the
case when pp(k. ) > A, it was not easy to compute 0 (k. 4). and thus to
determine its cofinality (which is crucial for applying Theorem 14.8), or
whether it is a fixed point of the aleph function (if it is not, then by a
result of Shelah [50, Theorem 2.2, p. 373]. pp(@(x. 4)) cannot be weakly
inaccessible). Of course the computation is easy if, for instance, A is a strong
limit cardinal, or under SSH. In this section we show that there are many
situations when 0 (k. 1) = 4. We start by recalling a few facts.

Fact 15.1 [50, pp. 85-86]. Let py, p2. p3, and p4 be four cardinals such
that p; > p» > p3 > w and p; > p4 > 2. Then the following hold:

(i) cov(p1. p2. p3. pa) = cov(p1. p2. p3. max{w, p4}).
(ii) If p3 > ps > w. then

cov(p1. p2. p3. pa) = sup{cov(pr. p2. p™. pa) : ps < p < p3}.

(iii) Suppose that p3 > cf(py) > psand cf(p3) # cf(py). Then cov(py. pa.
p3. pa) = cov(py, p, p3. pa) for some cardinal p with py > p > ps.

Given a cardinal ¢ and a set Q of regular cardinals, sup Q =" ¢ means
that sup Q = ¢ and moreover either ¢ € Q, or sup Q is a singular cardinal.

Facrt 15.2 [55, Lemma 18.13], [32]. Assume that:

(1) 0 is a cardinal such that w < cf(0) < 0.

https://doi.org/10.1017/bsl.2023.15 Published online by Cambridge University Press


https://doi.org/10.1017/bsl.2023.15

398 PIERRE MATET

(2) (0; :i < cf(0)) is an increasing, continuous sequence of cardinals
greater than cf(0) with supremum 6.
(3) cov(0;,0;.(cf(0))".2) < 0 for all i < cf(0).

Then the following hold:
e pp(0) =" cov(0, 0, (cf(0))".2).
° ppzm)(ﬁ) = cov(0, 0, (cf(0))".2)).
o {i <cf(0) : pp; f(})(0,-) =cov(6;.0;,(cf(0))",2)} contains a closed
unbounded set.
OBSERVATION 15.3. Suppose that o < cf(1) < k, and cov(y, y,t".,2) < A

for any cardinal © < k and any cardinal y with cf(y) < k < y < A. Then the
following hold:

(i) O(k.A) = A
(ii) pp(k, 4) =T cov(4. 4, (cf(2))T.2).
(iii) There is a closed unbounded subset D of /A with the following properties:
(1) D consists of cardinals p with cf(p) < k < p = 0(k, p).

(2) Forany p € D.pp(x. p) = ppj, (p) = cov(p. p.(cf(2))".2).
PROOF.

Cram 1. Let y be a cardinal such that cf(y) <k < y < A. Then
cov(y. . k.2) < A.

Proor ofF Cramm 1. Let us assume that « is weakly inaccessible, since
otherwise the result is trivial. By Fact 15.1,

cov(y, x. k.2) = sup{cov(y. y.0%.2) ;0 < Kk} < A.

Now the sequence (cov(y.y.0".2):0 < k) is nondecreasing, so its
supremum must be less than A, which completes the proof of Claim 1.

Pick an increasing, continuous sequence (/; :i < cf(1)) of cardinals
greater than x with supremum A.

Cramm 2. Thereis a closed unbounded subset C; of cf (1) with the property
that cov(4;. 4. k.2) < 1; whenever j < i are in Cj.

ProOF OF CLAIM 2. Suppose otherwise. Then the set
T ={i<cf(2):3j <ilcov(d;.2j.k.2) > 1)}

is stationary, so we may find k < c¢f(4) and a stationary W C T such that
cov(Ay, Ak, k,2) > A;foralli € W withi > k.Butthen cov(Ay, Ay, k,2) > A
This contradiction completes the proof of Claim 2.

CramM 3. There is a stationary subset S of C; such that cov(ig. Ay, K.2) =
coV(Ag, Amins. K. 2) forallk € S.
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Proor oF Cram 3. By Fact 15.1, for any limit point i of Cy, thereis j < i
such that cov(4;, 4;. k. 2) = cov(4;. ;. k.2). Claim 3 easily follows.

Cram 4. There is a closed unbounded subset C, of C; consisting of limit
ordinals such that cov(y. y. x.2) < A; whenever j < i are in C; and y is a
cardinal with 1; < y < 4; and cf(y) < k.

Proor ofF Cramm 4. Let C; be the set of all limit points of S. Now suppose
that j < i are in C», and x is a cardinal with 4; < y < 4; and cf(y) < &.
There must be k € S such that y < Ay < A;. Then cov(y.y.k.2) <
cov(y. Amin s k. 2) < cov(Ak, Amins. K.2) = cov(dy, A, K.2) < Aj. which
completes the proof of Claim 4.

Notice that for any i € C,, cf(4;) = cf (i) < cf(1) < k., s0 A; < pp(4;) <
pp(k. 4i).

Cram 5. Let 7 be aninfinite cardinal less than . Then thereis j € C, such
that pp,(y) < 4; for each cardinal y with kK < y < Amin ¢, and cf(y) < 7.

ProoF oF CLamMm 5. Suppose otherwise, and let p be the least cardinal y
such that kK < y < Amin ¢y ¢f () < 7 and pp,(y) > Amin ¢,- By Fact 12.1(ii),
pp.(p) <covip.p.t".2) < 4, so we may find j € C, with pp,(p) < 4;.
Now by Fact 14.1, for each cardinal ¢ with p < ¢ < Aminc, and cf(o) < 7,
pp, (o) < pp,(p) < 4;. This contradiction completes the proof of the claim.

Cramm 6. There is k € C, such that pp,(y) < 4, for any infinite cardinal
7 < k and any cardinal y with k < y < Aminc, and cf(y) < 7.

Proor oF CLAaM 6. We can assume that x is weakly inaccessible, since
otherwise the result is immediate from Claim 5. For each infinite cardinal 7 <
k.seti, =theleast j € Cysuchthatpp,(y) < 4, foreach cardinal y withx <
7% < Aminc, and cf(y) < 7. Since the sequence (i, : T < k) is nondecreasing,
its supremum k must be less than cf(1), which completes the proof of the
claim.

Set C3 = \k
CramM 7. Leti € C3. Then 0(k. A;) = A;.

ProoF oF CLamM 7. Let 7 be an infinite cardinal less than , and let y be
a cardinal such that k < y < 4; and cf (y) < 7. If ¥ < Amin ¢, then pp,(y) <
A < Z;. Otherwise, put £ =sup{j € C>: 4; < y} and r = min(G, \ (£ +
1)). Then by Fact 12.1(ii).

pp. (1) <cov(y. x.t".2) <coviy, x.k.2) < A < A,

which completes the proof of Claim 7.
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It easily follows from Claim 7 that 0(k., A) = A. Furthermore by Observa-
tion 14.5 and Fact 15.2,

pp(k.4) = ppj,, (4) = pp(4) =" cov(i. . (cf(4))".2).

By Fact 15.2, thereis a closed unbounded subset Cy of C; with the property
that ppj, (A;) = cov(A;. 4;. (cf(2))".2) for all i € Cy4. Now by Observation

14.5(iv), for any i € C4 of uncountable cofinality,
pp(s. 4i) = ppj,, (A1) = cov(di. 4;. (cf(2)) . 2).

Finally, given i € C, of cofinality , we have by Fact 6.1 that pp} (4;) <
pp(4i) < pp(k, ;). Furthermore by Observation 14.5(iii),

pp(k. ;) < cov(Zi. A w1, 2) < cov(4i. 4. (cf(4))7.2) = ppj, (4).
Thus, in this case too,
pp(k. 4;) = ppim) (4i) = cov(4i, 4i, (cf(2)) . 2). B

Let us make some comments. First, notice that if A and D are as in the
statement of Observation 15.3, then by Theorem 14.8, M Cy(k, A) holds, and
so does MCy(k. p) for every p € D of uncountable cofinality. Furthermore
if Ais not a fixed point of the aleph function, then for any large enough p in D
(of cofinality w), (p is not a fixed point of the aleph function and) PPy, (p)

is not weakly inaccessible, and hence M Cy (k. p) holds. Notice further that
if in the statement of the observation, we make the stronger assumption that
1 <" < Aforany cardinal y < A, then we may find a closed unbounded subset
D’ of D such that y<* < p whenever p € D’ and y is a cardinal less than p.
Now by results of Shelah (see, e.g., Theorems 9.1.2and 9.1.3in[16]),if r and
o are two cardinals such that (a) cf(¢) < 7 < . (b) x* < o for any cardinal
y <o, and (c¢) either c¢f(g) > w. or ¢ is not a fixed point of the aleph
function, then pp,(c) = ¢*. Hence for any ¢ € D' U {4}, (a) pp(k.o) =
0<% =u(k,o) and (b) MC;(k, o) holds if cf(¢) > w. Moreover if Ais not a
fixed point of the aleph function, then M C3(k, o) holds for any large enough
o in D’ (of cofinality w).

§16. The case x = w;. What is so special about the case k = w, is that
there is only one possible cofinality (for, e.g.. 0(x, 4)). namely w, which is
thus unavoidable.

As we have seen, one problem we have to deal with for any value of « is the
possibility of the weak inaccessibility of pp(k. ) (with pp(x.4) > 1). For
k = w1, we may appeal to Theorem 14.8(i) and (iii ). Further, Observation
4.7 and Corollary 5.20 give us the following.

OBSERVATION 16.1. Suppose that (a) k = w1, (b) pp(k. 4) > 4, (c) pp(k. A)
is the successor of a singular cardinal, and (d) pp(k.2) = pp;(0(s. 1)) for
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some P-point ideal I on w. Then MCy(k. A) holds, and in fact there is S €
(NG?,)" such that no (k. 1)-normal. fine ideal H on P.() with S € H™ is

weakly pp(k. A)-saturated.

Here we have a second problem, due to the P-pointness condition. It turns
out that if pp(6(k. 4)) is close to &, this condition can be removed. Recall
that the pseudointersection number p is the least size of any collection
Z of infinite subsets of w such that (a) |(w| =Ry for any w C Z with
0 < |w| < N, and (b) there is no infinite 4 C w such that |4\ B| < Ny
for all B € Z. The following, which was pointed out to the author by
Todd Eisworth, is largely due to Shelah (see [50, Remark 1.6B, p. 322]
and [52]).

FacT16.2[32]. Letd and r be two infinite cardinals such that w = ¢f(0) <
0 < =cf(n) < min(pp™(0).0?). Then there is a set u of regular cardinals
such that supu = 0, |u| = Ry < minu and tef([Ju/1,) = .

OBSERVATION 16.3. Suppose that k = wy and pp(k, A) < min{FP(k), x™"}.
Then MC3(k, 4) holds.

Proor. Case when u(k,A) = A. Then by Fact 3.1, no k-complete, fine
ideal on P, (4) is weakly u(x. A)-saturated.

Case when u(k, A) > A. By Observation 14.10(i), pp(x. 4) = u(x. 4) (and
hence MC3(k,A) and MCy(k. 4) assert the same thing). Furthermore by
Fact 11.1, pp(k.A) is not weakly inaccessible. Now MCy(k. 4) holds by
Observation 16.1 and Fact 16.2 if pp(k. 4) is the successor of a singular
cardinal, and by Theorem 14.8(i) otherwise. -

§17. A small, private, devotional altar to pcf theory. The original conjec-
ture of Menas is not only consistently false, by the result of Baumgartner
and Taylor [3], but it is also, as seen in Corollary 10.3, heavily dependent
on cardinal arithmetic. A weaker statement, which looks more reasonable,
asserts that the nonstationary ideal NS, is nowhere weakly u(x,A)-
saturated (where u(k.A) denotes the least size of any cofinal subset of
P.(A)). but by the result of Gitik [12], this assertion too is relative to a
(large) large cardinal, consistently false. If there are no large cardinals in
an inner model, and either u(x, ) > A, or A is the successor of a singular
cardinal of cofinality less than k, the assertion does hold by Observation
10.1 and Proposition 3.8, and in fact no normal, fine ideal on P, (A) is weakly
u(k, A)-saturated (so, contrary to Gitik, we are not taking advantage of the
specificity of NS, ;). By Facts 3.4 and 8.2, and Observations 8.1 and 10.1, a
similar result holds in the case when (x is weakly inaccessible,) u(x. 1) = A
(and 4 is not the successor of a cardinal of cofinality less than «). However
with such statements we are far from the (unconditional) spirit of Menas’s
conjecture. So how much of the original conjecture is true in ZFC? By
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Theorems 11.2and 11.4,if k > w; and Aisclose to s, then thereis S € NS;’j
such that no normal extension of NS, ;|S is weakly u(x, 1)-saturated. This
can be generalized to some extent. If k > w; and pp(k, A) is not weakly
inaccessible (where pp(k.4) = max(4, sup{pp(x) : cf(x) < k < x < A})).
then by Theorem 14.8, there is S € NS, such that no normal extension
of NS, ;|S is weakly pp(. A)-saturated. Much remains to be clarified. What
about the case when k = w;? Is it consistent that pp(k. 1) < u(k.4)? That
pp(k. 4) is weakly inaccessible and greater than A?

There are problems that are intractable in ZFC alone, but have a shadow
version that can be established using the tools of pcf theory. Some people are
not impressed, pointing out that the original problems remain unresolved.
For others it is a way of showing that ZFC is not so desperately incomplete
as it may seem. The most prominent such problem is the Generalized
Continuum Hypothesis revisited by Shelah in [51]. Our goal in the present
paper was to show, on a more modest scale, that Menas’s Conjecture is
also amenable to an analysis of this type. Hopefully, future will tell which
is the correct formulation for its shadow variant: should it be MC;(k, A),
MCy4(k, A) or maybe some other assertion?
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