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Abstract

A system of interacting multi-class finite-state jump processes is analyzed. The model
under consideration consists of a block-structured network with dynamically changing
multi-color nodes. The interactions are local and described through local empirical mea-
sures. Two levels of heterogeneity are considered: between and within the blocks where
the nodes are labeled into two types. The central nodes are those connected only to nodes
from the same block, whereas the peripheral nodes are connected to both nodes from
the same block and nodes from other blocks. Limits of such systems as the number of
nodes tends to infinity are investigated. In particular, under specific regularity conditions,
propagation of chaos and the law of large numbers are established in a multi-population
setting. Moreover, it is shown that, as the number of nodes goes to infinity, the behavior
of the system can be represented by the solution of a McKean—Vlasov system. Then, we
prove large deviations principles for the vectors of empirical measures and the empirical
processes, which extends the classical results of Dawson and Girtner (Stochastics 20,
1987) and Léonard (Ann. Inst. H. Poincaré Prob. Statist. 31, 1995).
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1. Introduction

Since McKean’s seminal paper [51], mean-field theory has been widely used to study large
stochastic interacting particle systems arising in various domains such as statistical physics
[21, 37, 51, 52], biological systems [23, 53], communication networks [8, 39, 41, 42], math-
ematical finance [38, 47], etc. This theory, first initiated in connection with the mathematical
foundation of the Boltzmann equation, aims for a mathematically rigorous treatment of the
time evolution of stochastic systems with weak long-range interaction where the interaction
between the particles is realized via the empirical measure of the particle configuration. For
such scenarios, it is then natural to investigate the behavior of the empirical process instead
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of considering the particle configuration itself. In particular, one is interested in investigating
laws of large numbers, limit theorems, and large deviations for the empirical process in the
limit as the number of particles tends to infinity. Another concept that plays an important role
is chaos propagation, first introduced by Kac as part of kinetic theory [45], and then widely
studied in the literature since; see, e.g., [37] and [61] for detailed developments on the subject.

Classically, the systems studied are homogeneous with complete interaction graphs; that is,
the particles are exchangeable and each particle interacts with all the others. In such a setting,
the big picture is well understood and various asymptotic results have been established for a
variety of models. One can consult [22], [37], or [61] for an overview. However, though such
assumptions are reasonable in statistical physics and accurately describe a variety of phenom-
ena, this may no longer be the case when considering other applications. Researchers have
therefore studied many new interacting particle systems where the homogeneity or complete
interaction assumptions are not tenable; this is the direction in which this paper proceeds.

Systems in which particles carry intrinsic distinguishing features lead naturally to heteroge-
neous models. Thus, one cannot presume the particles to be identically distributed. Instead, one
relies on additional conditions to establish limiting results. For instance, in [34, 35, 38], models
for the activities of heterogeneous economic agents were proposed and laws of large numbers
were proved under some regularity conditions. In [18], the authors investigated systems of
interacting stochastic differential equations with two kinds of heterogeneity: one originating
from different weights of the linkages, and the other concerning their asymptotic relevance
when the system becomes large. The authors then introduced a partial mean-field system by
averaging only over the particles with weak interactions and proved a law of large numbers
together with a large deviations principle.

A particular instance of heterogeneity, with which our current work is in line, is the multi-
population paradigm, also known as multi-types or multi-species. Here, the particles of the
system are divided into groups, within which they are homogeneous or partially homogeneous.
The interest in these structures is motivated by their ubiquity in different fields (see references
below). We thus propose in this paper to take a step forward in the understanding of their
behavior by studying the large-scale asymptotics of interacting particle systems with jumps on
block-structured networks. Specifically, we will set up a model for block-structured networks
with dynamically changing multi-color nodes. The evolution of node colors is described by
a sequence of finite-state pure-jump processes interacting through local empirical measures
describing the neighborhood of each node. The nodes of the network are divided into a finite
number of blocks. In addition, the nodes within each block are divided into two subgroups:
central and peripheral nodes. The central nodes are those connected only to nodes from the
same block, whereas the peripheral nodes interact with both particles from the same block
and some particles from other blocks. Thus, our model describes two levels of heterogeneity:
between blocks and within blocks.

Block-structured networks are ubiquitous in various interacting particle systems composed
of different communities, where a given community consists of a group of agents densely
connected to each other but sparsely connected to the other dense groups of the population. For
instance, a community in a social network might refer to a circle of friends, a community on the
World Wide Web might include a group of pages on closely related topics, and a community
in a cellular or genetic network might be related to a functional module. The study of the
grouping patterns of communities, together with their detection, is an active field of research
among physicists and applied mathematicians, and the study of what has become known as
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community structure is now one of the most prominent areas of network science. The reader
can consult [59] and the references therein for an overview of the subject.

Our idea builds on the results in several existing works. The authors of [19, 20] studied a bi-
populated Curie—Weiss model and established, via a large deviations approach, the propagation
of chaos and the asymptotic dynamics of the pair of group magnetizations in the infinite-
volume limit. Laws of large numbers and a central limit theorem were proved in [46] for an
extension of this model to the case of heterogeneous coupling within and between groups.
A related paper [50] studied high-temperature fluctuations for a block spin Ising model and
established a central limit theorem. A variant of this model was analyzed in [48], where the
vertices are divided into a finite number of blocks and pair interactions are given according
to their blocks. The authors proved a large deviations principle and a central limit theorem. In
the same spirit, limiting results were established in [56] for a system of reflected diffusions
segregated into two groups of blue and red particles and subject to a reflection condition.
These results were extended in [57] to the case with drift coefficients not of average form.
Other recent related works are [54], which studied the two-community noisy Kuramoto model,
and [4], which studied opinion dynamics in a model with Lotka—Volterra-type interactions.
Among other instances of the multi-population paradigm, we mention in particular the works
[14, 17], which considered mean-field game models with a single major player and statistically
identical minor players. Propagation of chaos was proved for the minor players conditioned on
the major player.

Another closely related model was proposed in [7], where systems of weakly interacting
jump processes on time-varying random graphs with dynamically changing multi-color edges
were studied. In [7], the dynamics of a node depend on the joint empirical distribution of all
other nodes and the edges to which it connects. In contrast, the dynamics of an edge depend
only on the corresponding nodes to which it connects. The paper [7] established the law of
large numbers, propagation of chaos, and central limit theorems for these systems. Despite
certain similarities, the class of models which we are considering in the current paper differs
in several aspects from the models contemplated in [7]. First, the interacting particle systems
that we study are on static block-structured graphs, whereas the ones considered in [7] are on
time-varying random graphs with edge-structure dynamics. Moreover, in the current work, we
consider a multi-population setting where the interaction between the nodes is local, i.e. each
node interacts only with its neighbors, whereas in [7] the interaction between nodes is global,
since the dynamic of a given node depends on the empirical distribution of all the other nodes.
Finally, the analysis carried out and the results obtained in our current work are established
on the vector of local empirical measures adapted to the multi-population context, and thus on
product spaces, which allows us to overcome the heterogeneity due to the block structure of
the graph. Furthermore, note that the current paper addresses the topic of interacting particle
systems on large (random) networks, which has attracted increasing attention in recent years;
see, e.g., [6, 7, 9] and the references therein.

Alongside the papers listed above, the multi-population framework has also been considered
for systems of interacting diffusions. We mention for instance [47] for an analysis of a system
of interacting Ornstein—Uhlenbeck processes on a heterogeneous network of credit-interlinked
agents, [13, 16, 62] and the references therein for studies of neuronal networks composed of
separate populations, or [58] and the references therein for mean-field multi-class interacting
diffusions models in a general setting. (Note that some erroneous results that were originally
stated in [62] were corrected in [63].)
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The goal of the current work is to develop limiting results for interacting finite-state pure-
jump processes on a class of block-structured networks. Our first main result, Theorem 5.1,
and its consequence Corollary 5.1 give propagation of chaos and a law of large numbers under
some regularity conditions on the degrees of the nodes. We show that in the mean-field limit,
the asymptotic behavior of the node colors can be represented by the solution of a McKean—
Vlasov system. Because of the lack of symmetry, we make use of the extension of the notion of
chaoticity and Sznitman coupling methods to multi-class systems developed in [40, 43]. The
existence and uniqueness results for the limiting system are established in Theorem 4.1. The
regularity conditions which we impose (cf. Condition 4.1) can be compared to the uniform
degree property introduced in [28] for a model of interacting diffusions on random graphs and
to the one introduced in [15] for a model of interacting pure-jump processes on sparse graphs.

Another aspect which we are interested in is the large deviations properties of the system.
For this purpose, with the aim of simplicity, we will restrict ourselves to the case where the
blocks are cliques and the peripheral subgraph is complete, that is, the case where all periph-
eral nodes of the system are connected and all the central nodes within the same block are
connected. We then state our next main results in Theorem 6.1, which establishes the large
deviations principle for the empirical measure vector over finite time duration, followed by
Theorem 6.2, which gives the large deviations principle for the empirical process vector. These
results generalize those of [12, 49] to the multi-population context. Also, unlike [49] and simi-
larly to [12], we do not impose chaotic initial conditions, but only converging initial conditions.
The proofs of the large deviations principles, which provide tools for handling the technicali-
ties arising from the multi-population context, generalize the classical approach developed in
[24] and its adaptation to the context of jump processes in [49].

In summary, the current work is a contribution to the multi-population paradigm and a move
towards heterogeneity for mean-field models and their large deviations behavior. The rest of
this paper is organized as follows. The detailed model for interacting finite-state pure-jump
processes on block-structured graphs is introduced in Section 2. Section 3 provides some prac-
tical examples of applications of the class of models studied in this paper. In Section 4, we
introduce the McKean—Vlasov limiting system, and we prove the existence and uniqueness
of its solution under specific regularity conditions introduced in Condition 4.1. Then, under
the same conditions, in Section 5 we prove propagation of chaos (Theorem 5.1) and the law
of large numbers (Corollary 5.1). Next, in Section 6, we present the large deviations prin-
ciples for the empirical measure vector (Theorem 6.1) and for the empirical process vector
(Theorem 6.2).

2. Formulation of the model

This section introduces the model and related notation.

2.1. The setting
A block-structured network:

e Consider an undirected block-structured graph G = (V, E), where V is the set of nodes
and E is the set of edges. The set V is partitioned into r (finite) blocks Cy, ..., C, of
sizes N1, ..., N, respectively. Denote by |V|:= N; +---+ N, =N the cardinality of
the set 1V, which corresponds to the total number of nodes in the network.

o The nodes of each block C; are divided into two categories:
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e Central nodes Cjc are connected to some nodes from the same block but not to any
nodes from any other blocks. We set |C]-C| = Njc.

e Peripheral nodes Cf are connected to some nodes from the same block and some
nodes from other blocks. We set |Cj~’ | = NJP .

Multi-color nodes: Let Z:= {1,2,..., K} C N be a set of K colors. Suppose that each node
of the graph G =(V, E) is colored by one of these colors at each time. One can associate
each node to a particle whose state space is Z. Thus, we will use the denominations ‘node’ and
‘particle’ interchangeably to refer to the same thing. Denote by (Z, &) the directed graph where
€ C Z x Z2\{(z, 2)|z € Z} describes the set of admissible jumps for each particle. Moreover,
whenever (z, 7) € €, a particle colored by z is allowed to move from z to 7 at a rate that
depends on the current state of the node and the state of its neighbors (adjacent nodes).

For each 1 <j<r and ne Cj? (resp. ne Cf), let us define by (X;’j(t), t>0) (resp.
(Xp .(t) t > 0)) the stochastic process that describes the state (color) of the central (resp. periph-

eral) node n at time ¢. In addition, we denote by N(#) the local empirical measure describing
the state of the jth block at time #, which is given by

/L;V(t) = —( Z Sxc )+ Z 5xfjj(r)>

neCC neC”

=—— Z X¢ (r)+ N Z 5x5]<t) D

f neCy N necy
¢ P

N N

J ~J PN
=’— t ; t,

N Mo+ Lo

where pLj (t) = L Znecf 8Xc Fo (resp y,j (t) = N,, Znec” SXp (Z)> is the empirical measure

describing the state of the central (resp. peripheral) nodes of the jth block at time ¢. The frac-
P

N¢ Ny
tions Wj (resp. Vj) thus represent the proportion of central (resp. peripheral) nodes in the block
Jj- Denote by M (Z) the set of all probability measures over Z, endowed with the topology of
weak convergence.

The random dynamics: The process X(f)= (X;‘j(t), X;’j(t), neCé,me Cf, 1<j< r)
describing the evolution of the entire system is a continuous-time Markov chain with state
space ZV. The transition rate of each node depends on its current state and the state of its
neighbors, together with the block to which it belongs. To characterize these neighborhoods,
we introduce a set of local empirical measures describing the state of the star-shaped subgraph
centered at each node n and composed of the nodes connected to it. To lighten the formulas
and for ease of reading, we introduce the following shorthand notation: for any two nodes
n,m eV, m~ n means that {m, n} € E. Moreover, for any block 1 <j<r and : € {c, p}, we
denote by ‘ﬂj‘-(n) = {n e Cj‘. :n~ n'} the set of nodes in C: that are connected to n. Let deg(n)
denote the degree of the node n, and let M:(n) := |9 (n)| for ¢ € {c, p} and 1 <i <r be the
cardinality of the set 9ti(n). Thus, one notices that for n € CY, deg(n) = Mjc(n) + M/’.7 (n), and

forn e C7, deg(n) = M(n) + Y_j_; M;(n).
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Now, for any n € Cjc and 1 <j <r,let us define

1
¢ = — C . = —
s = T e 2 e Ny M (n) 2 e @
J me{n}U‘ﬂ;(n) J me‘)’tf(n)
and
c 4
o€ i= ! +1Mj (m) of = M/ (n) (3)
" 1 +degin)” ~™/ 1 +deg(n)’
and finally
N (0):= 0 R () + o) N (o), )
Equivalently, for any n € C;’ , 1 <j<r, andj #j, define
1
C o—— c .. = —
:”J(t) . ME(n) Z 8Xm,j(’)’ :ixl,,/(t) T + Mp(n) Z 8Xi_j(t)’
J mefﬂj‘:(n) J me{n}u‘)’tf(n)
5)
:tfz,j,j’(t) = M[;(n) Z Sy S
J me‘ﬁ'}(n) m
J
and
ME(n) 1+ M (n) My (n)
gojim i, b= P e (©)
J 1 + deg(n) nJJ 1 + deg(n) n.jij 1 + deg(n)
and finally
,
PN . ¢ me D
M. j ()= §n,J:n,j(t) + /Z gn,j,j/ji,j,j/(t)' ™
=1
J#i

Therefore, the random dynamic in each block 1 <j < ris described as follows:

e The central nodes dynamic. For each central node n € C/?, its color X;’ j(t) goes from z
to 7, for (z, ) € (Z, £), at rate

el (Nz*f(’)’ N0 g Qﬁ,f)’ ®)

which depends on its current state and on the states of its neighbors through the functions
A i M(Z) x M(2) x [0, 1] x [0, 1] — R4
J:3,2Z

e The peripheral nodes dynamic. For each peripheral node n € C;’ , its color Xf;’ (1) goes
from z to 7, for (z, 7) € (Z, £), at rate

p p p
)\'j,Z,Z/ (351’](t)’ ji,j’l(t)a R :p;l’j’r(t)a grijv gn’j’la st S‘n’j’r>7 (9)

which also depends on its state and the states of its neighbors through the functions
i (./\/ll(Z))rJrl x [0, 17"t - R

;-
1,22
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The explicit forms of the rate functions will be introduced in Condition 4.1. To avoid
cluttering our notation, let us introduce the following vectors:

Ny
v = ( ¢ 0.0, 05, Q{;,), (10)
N .
Uﬁyj (t) = (:Z,](I)v :ﬁ’j’](tl cet :ﬁ’j’r(l)v g}i,j’ glf,j,l’ ceey g;ij’r)' (] 1)

Thus, we will write A¢ ,(UC’N (t)) instead of (8) and A” /(Up ’N(t)> instead of (9).
52,2 n,j j,2,2 n,j

Remark 2.1. One can see the model under investigation as a multi-species system where each
block C; represents a separate species. In particular, the rate functions )f ,and A¥ , being

block-dependent, the dynamic of each particle depends on its species, i.e., the block to wh1ch it
belongs. This idea has been extensively used in the literature on multi-type systems; see, €.g.,
[1, 3, 5, 16] and the references therein. The specificity here is the existence of heterogeneity
even across particles of the same species/block. Indeed, the central/peripheral paradigm creates
two sub-types of particles within the same species whose rate functions differ. This construc-
tion appears to be natural in certain multi-group systems where only a few particles from the
different groups interact; detailed examples are given below. Also, the interaction structure dif-
fers even for the central (resp. peripheral) particles of the same species/block, given that the
rate functions depend on the node-centered local empirical measures, which differ even within
the same block.

2.2. The infinitesimal generator
For any T € (0, +00), the processes X;.j 1[0, T]— Z forne C]? and an’j 1[0, T] = Z for

me Cf , which respectively describe the evolution of the central and the peripheral parti-
cles over the time interval [0,77], are cadlag paths, and thus are elements of the Skorokhod
space D([0, T], Z) equipped with the Skorokhod topology. Let XV = ( c X\ . ne C/?', me

n,j’ “‘m,j>

Cj-) ,1<j< r) e D([0, T1, zZN ) denote the full path description of all N particles. Thus the pro-

cess XV is a Markov process with cadlag paths, with state space Z", and with the infinitesimal
generator £V acting on the bounded measurable functions ¢ on Z" according to

£V () Z[Z X M

J=1 LneCi . d)ee

1
<Mjc(n)+1 Z SX””’ 1’() Z sme’QnJ’Q”J>

me(n)UDT¢ (n) mem” (n)

x (¢(_) - ()

n,z,z2

+y ) ]“<Mc(n) > 8xm,,Mp() 37 S

neCj 7 (2,2 )eg me‘ﬁj‘f(n) E‘ﬁp( )

1
T S — Sy iy e
T o

me{n}U‘ﬁf(n)
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1 c P p
" M (n) D Buur S Smjit -+ S

meNy (n)
(ol) o) |

where 1V = (xnj, Xm,j> M E CC me Cp 1<j< r) € ZN and xN , describes the new configu-

ration of the system when the state of the nth node has changed from zto 7.

2.3. Stochastic differential equation representation

Recall that, for each central node n € C]? (resp. peripheral node n € Cj-’ ) from a given block
1 <j <r, the evolution of its color is described by the continuous-time stochastic process
(X5, (1), 1> 0) (resp. (sz FON 0)) that takes values in the finite state space Z, and whose

dynamic is given by the time-dependent transition rate matrix (A‘f ,(vfl’jN (t))) , (resp.
Sozo (z,2)e€

()J? (Uﬁ ’;V(t))) , ). Therefore, using a classical approach (see e.g. [60, p. 104]), the pro-
(z,7)e€
cesses X, - and Xp can be represented, at least weakly, by the following system of stochastic

dlfferentlal equatlons

XC (1) = XC(0) + / Y Ly oyee@ — 01 LN (s, dy),
n,j n.j 0.11xR. e j—)=z [O’A;Z’Z/(UZ:JN(S_))} n.j
(12)
X0 (t)y=X" (0) + / Ty @ —2)1 WP (ds, dy),
e " [0./1xR (125 Koy 6= [0 » <v£’,’,”<sf)>](y m

where{./\/,fj,nec/? 1<j<r}and (M n/’
measures on R? whose intensity measures are Lebesgue on R%r. We will use the representation
(12) in the analysis of the asymptotic behavior of the system when the total number of nodes
N goes to infinity.

ne C}” , 1 <j <r} are collections of Poisson random

3. Examples

As mentioned in the introduction, mean-field block models have been proposed to inves-
tigate various phenomena arising in fields such as physics, engineering, biology, etc. This
section presents some examples of applications of the model analyzed in the current paper,
with the goal being to illustrate its usefulness and its flexibility to capture various phenomena.
Of course, it remains a toy model that should be appropriately adapted to different applications,
but we believe that the insights from the current study are of great interest for both theoretical
and practical purposes.

3.1. Load-balancing networks

Load-balancing protocols are often used in queueing networks to improve system perfor-
mance by shortening the queue length, reducing the waiting time, and increasing the system
throughput. In this regard, the mean-field approach has been proven to be useful; see, e.g.,
[55, 65, 66]. In particular, interesting work in this direction was proposed in [26], where the
authors considered a queueing network with N nodes in which queue lengths are balanced
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through mean-field interactions using an inferaction function. Here we summarize their model
and then describe how our current model can be used to generalize the ideas in [26].

Consider a system consisting of N queues with a mean-field interaction. At t=0, for
1 <n <N, the arrival rate to the nth queue occurs according to ¢x,(0), and the service rate
at queue n is ¥y, ). Let h(x): Ry xRy — R be a continuous nondecreasing interaction
function satisfying certain regularity conditions (see [26, p. 339]). This function makes it
possible to capture the mean-field interaction between queues as follows: for each queue
n=1,2,..., N, the arrival rate at time ¢ is given by $Xi() — hX;(D), (MN (1)(dx), x)), where
uN(@) = ILV Zf’: 1 Ox;(r) 1s the empirical measure corresponding to the N queues at time 7, and
(,uN (H(dx), x) = 1%, Zj\': 1 Xj() is the mean queue length of the N queues at time ¢. Roughly
speaking, the arrival rate at each queue depends on the current size of the queue and on the
mean size of its neighbors (which is the entire set of queues in this case). The authors of [26]
studied the performance of this system when the number of queues N goes to infinity.

The model proposed in the current paper can be seen as a generalization of the model in
[26] to heterogeneous queueing networks, namely, to block-structured networks. To see this,
let us consider the graph G = (V, E) as a queueing network where the particles (nodes) are
finite-buffer server queues of maximum size K (arbitrarily large), and the corresponding states

(X;J(t), X, (0,neCi,meC],1<j<r,1>0) represent the number of customers waiting
in each queue at each time 7. Again, at r =0, for 1 <n <N, the arrival rate to the nth queue
occurs according to ¢y (), and the service rate at queue n is Jx: (), for ¢ € {¢, p}. Since
the network now is heterogeneous, the mean-field interaction is local. Thus, the arrival rate

at a central node queue n € C]? at time ¢ is given by {y. o~ h¢ (X; j(t), <,ufl’§v(t)(dx), x>),
< . .
whereas the arrival rate at a peripheral node queue n€ Cj at time 7 is given by ¢F, 0"
nj
D PN N p.N ..
W (Xn,j(t), </LW. (H(dx), x>>, where ,uZJ (1) and M) (r) are the local empirical measures

respectively given by (4) and (7). The service rates ¥, o and 19;, ® depend only on the
nJj nj

queue sizes X, /.(t) and Xf: j(t) at time . Hence, the transition rates A , and 2z , are specified
» k J53,2 J:3,2

as follows:

o The size X, j(t) of each central queue n € C; at time ¢ goes from z to 7’ at rate

Cxe i~ (Xﬁ,,/(t)’ Tw X an,j(t)> if=z+1land? <K,
k tefe,p} me‘ﬂ_;(n)
e D% ifZ =z—land X () >1,
j,z,z/ = nj
-y, e =z
£z .
0 otherwise.

e The size X‘Z j(t) of each peripheral queue n € Cj-’ at time ¢ goes from z to 7’ at rate

=X, gl XX (X)) i =24 land? <K,
mj 15{k5€mem;(n) '
Le{c,p

P
AP = ﬁX’n’.j(t)
14 el
-y Mo if7 =gz,
y#z

otherwise.

if7=z-1 andXij(t) >1,
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It is worth mentioning that the sparse graph topologies have been considered in applica-
tions in response to some issues encountered when implementing load-balancing protocols. In
particular, many service systems are geographically constrained; therefore, when a task arrives
at any specific server, it may be impossible to collect instantaneous state information from all
the servers. In addition, executing a task commonly involves the use of some data, and storing
such data for all possible tasks on all servers requires an excessive amount of storage capacity.
The use of sparser graph topologies is then considered, such that tasks that arrive at a specific
server can only be forwarded, following a specific load-balancing scheme, to the servers that
possess the data required to process the tasks. In other words, a specific server can only inter-
act with its neighbors in a suitable sparse topology; see, e.g., [15] and the references therein
for more insights about the subject. The block-structured topology with the central/peripheral
paradigm can for instance be considered to overcome the geographic constraint by allowing
central nodes to rely only on the information collected locally on nodes from the same block,
which may represent nodes within the same geographic area, while the peripheral nodes are
those relying on information from both within and outside the block. To increase system effi-
ciency, one could restrict the number of peripheral nodes allowed. The results obtained in
the current work allow us to understand the behavior of such systems when the number N of
servers of the network is very large. In particular, the multi-chaotic property established in
Theorem 5.1 tells us that the queue lengths at any finite collection of tagged servers are statis-
tically asymptotically independent, and the queue-length process for each server converges in
distribution to the corresponding McKean—Vlasov process given by (14). Also, Condition 4.1
and Remark 4.1 tell us that the multi-chaoticity result holds even when the peripheral subgraph
is not complete, which means that one can achieve similar asymptotic performance even with
far fewer connections between the peripheral nodes than when all the peripheral nodes are
connected and all the central nodes of the same block are connected.

3.2. Multi-population SIS epidemics

The susceptible—infected—susceptible (SIS) model, originally used in epidemiology, is also
convenient to model the spread of information in networks, since the two phenomena are
similar. The SIS model can be summarized as follows: consider a piece of information, or
an infectious disease, that propagates across a population. A member that has a copy of the
information/disease is said to be infected, and a member that does not have a copy of the
information/disease is said to be susceptible. When an infected member comes into contact
with a susceptible one, the former transmits a copy of the information (disease) to the lat-
ter, which gets infected. Moreover, an infected member may spontaneously get rid of the
information/disease, a phenomenon called curing, and become susceptible again.

In both epidemiology and network information diffusion, the population often consists of
relatively isolated subgroups such that members of the same subgroup interact a great deal,
but only a few pairs of members from different subgroups are connected. One might think, for
instance, of countries as isolated communities connected by travelers across the globe, or of
interactions in social media, which often happen in almost closed communities, with only a few
influential members interacting across groups. Our model allows one to study the spreading
dynamics of information or of a disease among the members of a population structured as
separate communities.

Consider a population consisting of r isolated communities and a ‘mobile’ community.
The members of each isolated community interact only among themselves and with members
of the mobile community. Thus, there is no direct interaction between members of different

https://doi.org/10.1017/apr.2023.7 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2023.7

Asymptotics of mean-field models with jumps on block-structured networks 1311

communities. However, indirect inter-community interactions happen via the set of mobile
members. This idea was used in [2], where the authors considered an optimal control problem
to find the optimal resource allocation strategy that maximizes information spread over a multi-
community population. Their objective was to obtain a good tradeoff between the information
spread in the network and the use of system resources.

Now, let Z:= {0, 1} be the state space that indicates whether the particle is susceptible
(=0) or infected (= 1). Recalling the model description introduced in Section 2, one might
think of the central nodes of each block as an isolated community that interacts with other
communities only through the members of the mobile community represented by the periph-
eral nodes. Note that in contrast to [2], the central nodes of a given block interact only with
peripheral (mobile) nodes from the same block, and not with all the peripheral/mobile nodes, as
stipulated in [2]. Also, the interaction graph for the peripheral members is not complete; thus,
not all the peripheral nodes interact with each other. Nevertheless, the fact that the multi-chaotic
property holds under Condition 4.1 (cf. Theorem 5.1) tells us that systems with full connections
among the peripheral components and among the components of each block are asymptotically
close to those with fewer connections, as specified by Condition 4.1 and Remark 4.1. This is
of interest, for example, in resource allocation problems where a cost is attributed to each
connection; however, such considerations are beyond the scope of the present paper.

Denote by XZ j(t), forne C].C, and XZ’ j(t), form e C;.’ , the state (‘susceptible’ or ‘infected’)
of the nth central particle and the mth peripheral particle, respectively, in the jth community.
Two connected central members of the same community j come in contact with each other at
rate ;. Connected peripheral and central nodes from the same community interact with each
other at rate v;. Two connected peripheral nodes come in contact with each other at rate 7.
Finally, an infected node in the jth community spontaneously gets rid of the infection at rate

g;. Therefore, the transition rates A , and AP, which sum up the dynamics that we are
J:3,2 J:3,2

interested in, are specified as follows:

o The state X j(t) of each central member n € C]? at time 7 goes from z to 7’ at rate

2 X0y + > Xﬁl,j(t)v,- ifz=0and 7z =1,

meN; (n) meMNy (n)
e =1 ifz=1andz =0,
L= c e
Jaz =2 Ay ifz =z,
y#2
0 otherwise.

e The state Xf; j(t) of each peripheral (mobile) member n € C;’ at time ¢ goes from z to 7’ at
rate

.
Y OXe v+ Y Y Xbn ifz=0andz =1,

meMN; (n) k=1 ey (n)
Ao =1y ) ifz=1and zZ =0,
73,2 _ 3 A
> Aizy if7 =z,
V#2
0 otherwise.

Note that the large deviations properties established in Section 6 constitute a step towards
the study of the large-time behavior of such systems. Indeed, the large deviations of the empir-
ical measures established in Theorem 6.2 can be used to investigate the large deviations of the
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invariant measure, from which one can study the large-time behavior of the system and related
phenomena such as metastability and convergence to the invariant measure. The interested
reader can consult, e.g., [25, 36, 44, 67] and the references therein for further insight.

4. Existence and uniqueness of the limiting system

This section aims to introduce and prove the existence of the limiting equation that describes
the behavior of the interacting particle system detailed in Section 2, as the total number of
particles N in the system tends to infinity. In particular, this equation is of McKean—Vlasov
type as explained below. The main result of this section is Theorem 4.1, which establishes
the existence and uniqueness of the solution of the limiting McKean—Vlasov equation. The
convergence of the system towards this equation will then be investigated in Section 5.

4.1. Notation and conventions

Let (S,d) be a Polish space. For any ye S?, for some d €N, one writes |y| :=
max (y1, . .., yq). For any x € D([0, T], S%), ||x||7 denotes supg<,<7 [X(®)||. Let M(S) be the
set of all measures on S. Given u, v € M(S), the bounded-Lipschitz metric dpz (-, -) is defined
by

dpr(u, v):= sup [(u,g)—(v,g)|, (13)

geLip(S)
where

Lip(S) = {g € Cy(S): sup lg)] < 1, sup S — 8 _ 1}.
xeS Xy d(x,y)

Recall that the bounded-Lipschitz metric metrizes the weak convergence of probability mea-
sures on S with respect to bounded continuous test functions Cp(S). For p > 1, let P,(S) be the
collection of all probability measures on S with finite pth moment. Then, for any © and v in
Py (S), the pth Wasserstein distance between (. and v is defined as

1/p
Wy, v):=( wt [ d(my)f’dy(x,y)) ,
vel(w,v) JExE

where I'(u, v) denotes the collection of all measures on S x S with marginals u and v.
Moreover, for My, M, in P, (D([O, T1,S) x ---D(0, T1, S)), the pth Wasserstein distance
between M1 and M> is given, for any ¢ € [0, T], by

Wy «(My, Mp) := inf { [ENY, — Y2||§’]1/” Y1, Y2eD(0,T],S) x ---D(0, T1, S), M| =
L(Y1), My = E(Yz)}-

4.2. The limiting system
We use in the sequel the convention that N goes to infinity when both min;<j<, NJ.C and

minj <j<, N]’-’ go to infinity. Given the multi-population setting, one describes the state of the
system at each time ¢ using the following empirical measure vector:

W= (Mo Mo, eV e, o).
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where we recall that for each 1 <j<r, M/‘N (1) (resp. ;Lf ’N(t)) is the empirical measure
describing the states of the central (resp. peripheral) nodes of the jth block at time . Under
some regularity conditions (cf. Condition 4.1), we will prove in Section 5 the convergence,
as N tends to infinity, of the empirical measure vector u" towards the distribution 1 €
Ml(D([O, T1, ZZ’)), the solution of an appropriate limiting system. Namely, the empirical
vector 1V should converge weakly to u with

= (S, 1h, -, u) € (Mo, T, )7,

where /,L; = E()_fz’j) forne Cjc and /,Lj? = E(Xﬁ’j) for m e Cf with ()_(C X’

c
nj Xmjo 11 € Gy m e

Cf ,1<j< r) being the solution of the following system of stochastic differential equations:

%50 =500+ [

[0,7] xR

]1 YC _ ! — IL NC i d 5 d 5
Z x¢ (s)=2(2 —2) [(W' /(U;.(S_))}(Y) n,j(dS, dy)
13,2

/
,2)e€
(z,2)e (14)
P _ P _ ;o P
XD (n=X0 (0)+ [ > S L T VNG, (ds, dy).
[0,f]xRy 7 o \Yi
(2,2 )Eg J,2.2
The vectors vjc(t) and U}’ () are defined by
HOE N HONTAON 23 as)
@)= (w @), 1@, - 10, o g, - )
where pj‘.', pf , aj?', gjls - - - » gjr € (0, 1) are parameters satisfying

pi+p)=1 and of +gi+--+qp=1 foreach l1<j<r

these parameters will later be chosen appropriately (cf. Condition 4.1). The link between the
initial conditions of the systems (12) and (14) will be introduced in the sequel. Observe that the
solution of (14) depends not only on its sample path but also on the distribution of the process
itself. Thus, the system (14) is McKean—Vlasov.

4.3. Regularity assumptions

We introduce and discuss here the regularity conditions under which the existence and
uniqueness of the limiting system (14), together with the propagation of chaos and laws of
large numbers investigated in Section 5, hold.

Condition 4.1.

1. Forall 1 <j<rand (z,7) €&, there exist measurable functions y“, 1 Z—RT and
2,2

Y'Y« Z = RY such that the following hold:
3,2

e For any probability measures v, u € M1(2) and any real numbers ay, ay satisfying
O0<ay,ar <1landay +ar=1, we have

A (v, ar, ax) =a / 'S (x)v(dx) + az / Y () (). (16)
J:3,2 Z Z,Z Z Z,2
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e Foranyv, uy, ..., U € M{(Z) and any real numbers a, by, . .., b, satisfying 0 <
a,by,...,bp<landa+b;+---+ b, =1, we have

)\,.) AV, 1, s s @, bi,...,b;) :Cl/ Vj’c/(x)v(dx)
j,2,2 z 2z
+ by / y P om (o) + -+ br/ Y B @u(dx). (17)
z 7,2 z 2,2

2. For each block 1 <j <r, there exist p]?, pj’ € (0, 1) such that, as N — oo,

NP N¢
F’j—wf, ﬁfj—w;', and p} +pf=1. (18)

3. Foreach block 1 <j<r,as N— oo,

sup |0, —pj|—0 and sup Qz’j —pf‘ — 0. 19)
nec; neCy
4. For each block 1 <j <r, there exist ajc, qj1, - -, gjr €0, 1) with a; +qgi1+---+gpr=
1 such that the following conditions hold for each block 1 <i<r, as N — oo:
sup [6y;—of[—0 and  sup |g);; —gji| = 0. (20)
nECf neCf-7

5. Forall nodesn €V, deg(n) — oo as N — o0.
Remark 4.1.

1. Since Z is a finite state space, the functions yzj Zc, and yz f, are bounded on Z. Moreover,
since Z C N and since every bounded functi;)n on N ’is automatically Lipschitz, yzj zc,
and yz] f, are also Lipschitz. Denote by y > 0 the maximum bound and by L, the ma;(-
imum Lipschitz coefficient of the sequences of functions {yzj ’ZC/, 1<j<r(z,7)e& }
and{yzj’j,lfjfr, (z,z’)et?}. B

2. The conditions in (19) and (20) are satisfied if, for instance, for all 1 <j<r, the
following hold:

e For each n € Cf, we have Mf(n)/N{ — 1 and Mf(n)/N/‘.’ —las N — oo.

e Foreachne C;’, we have MJ’?(n)/NjC — 1 and Mf(n)/Nf —lasN—ooforall 1<
i<r.
Indeed, under this assumption one can define
C
of N

= lim
7 N=oo NE+ Ny 4+ N7

vi<j<r, (21)

NP
= lim ——0— 7
Nooo NC+ N 4+ N

gji Vi<j,i<r, (22)

and thus, one can easily verify that, as N — oo, the following hold:
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FIGURE 1. Example of a block-structured graph with a complete peripheral subgraph. Here we have a
4-block-structured graph linked by a set of peripheral nodes. For the first block, the set of central nodes
is C{ ={1, 2} and the set of peripheral nodes is C‘f = {3, 4}. The set of all peripheral nodes of the graph
is given by the set of nodes C” = {3, 4, 5, 10, 11, 14, 18}.

e Forallne C]?,

1+ M<(n) M- (n)
1 + deg(n) J 1 + deg(n) /
o ForallneCf and i #j,
M (n) 1+ MY (n) M; () ¢
=g T~ g and ———— i (24)
1 + deg(n) 1 + deg(n) 1+ deg(n) !

3. A special case where the conditions (19) and (20) are satisfied is when the blocks are
cliques and the peripheral subgraph is complete—that is, when all peripheral nodes are
connected (see Figure 1) and all the nodes in the same block are connected. In such a
case, the central (resp. peripheral) nodes in the same block are exchangeable.

4. Even though the conditions (19) and (20) are somewhat restrictive, the construction of
the model allows one to have very different degrees in each block. One might further
compare these conditions with existing conditions in the literature. Consider for example
the condition imposed in [15] for a supermarket model on sparse graphs to asymptot-
ically behave as on cliques. The condition in [15] relies on the local properties of the
graph by requiring direct neighbors of any node to have asymptotically similar degrees;
see [15, Condition 1(ii)]. This condition is violated in our model. Indeed, the condi-
tions (19) and (20) allow central and peripheral nodes from the same block to have very
different degrees, even if they are neighbors, which goes beyond [15, Condition 1(ii)].
In addition, under our condition, degmax(G)/degmin(G) should not go to 1 as N — oo,
nor does max; |(degmin(Cj)/degmaX(Cj)) — 1| go to zero as proposed in [15, Remark 1]
(here degmin(C;) and degpax(C;) refer to the minimum and maximum degrees of nodes
within the same block j). In this sense, the family of graphs which we are considering
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in the present work is sparser than the ones covered by [15, Condition 1(ii)]. Another
condition with which to compare ours is the one proposed in [28], under which an n-
dimensional diffusion system converges to a limiting Fokker—Planck equation; see [28,
Equations (1.1) and (1.3)]. Note that [28, Equations (1.5) and (1.7)] impose global reg-
ularity conditions in the sense that the degrees of all the nodes should converge to the
same limit; such conditions are not imposed here.

5. While the current paper considers deterministic graphs, one can investigate the case
where the underlying graph topology is random. For example, it is of interest for some
applications to have a scenario where the connections between the peripheral nodes are
random. One can then search for adequate conditions to impose on the edge dynamics
for the propagation-of-chaos property to hold. This, however, goes beyond the scope of
the current paper.

4.4. Existence and uniqueness

We now prove the existence and uniqueness of the solution of the limiting McKean—Vlasov
system introduced in (14).

Theorem 4.1. Suppose that Condition 4.1 holds. Then, for a given initial condition
((}_(5(0), XQ(O)), ne C;, me Cj’?; 1<j< r), the McKean—Vlasov system (14) has a unique
solution over any finite time interval [0,T]. In addition, this solution depends continuously
on the initial condition in the following sense: if (X' (1), t € [0, T1) and (X?(1), t € [0, T) are
two solutions of (14) with two different initial conditions (X! (0)) and (X2(0)), respectively, then
there exists a constant Ar, depending on the time horizon T, such that

ol,c o2.c
Xn,j _Xn,j

max max E H
1<j<r nECf

ol.p . 2.0
| om0 - %07,
(25)
< < max max E[

1<j<r neCJ?

whey _ 72 Py — 72 T
X,50) = X (O)H + mnax max HX"J 0) - X, (O)H)eA :
J

Proof. For 1 <j <r, with a slight abuse of notation, let

ejc: (6 o, oo x8 xp)e(er)—nc;eZ

s Ny Ny

and
ejp: (¥, A, x D) e (er)—ncfez
be the cth and the pth component, respectively, of the jth projection. Moreover, for ¢t < T, let
pi:f €D([0, T, %) — f(t) € Z%".
For M € M, (D([0, T1, %)), let M(t) := M op; . Consider the system starting at Xo =
()_((l)’c, )_(é’p, ..., Xy¢, Xy") and given, at each 7 € (0, T], by

0=%0+ [

[0,]x Ry

) ﬂ%mﬂ:JK—zﬂwQK (%@ﬂﬂchﬁah¢wx

(2.7)eE Jjizz 26)
Ho=XO0+ [ Y Ly @-atr o 0N ),
[0,7]xR¢ ’ J Ov)“_ /(Uj (s ))
(z.2)e€ )22
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for 1 <j <r, where /,L;(l‘) =M(t)o ej?cl and Mj-’ H=M(t)o e;pl, the vectors vjc(t) and UJ[»’ (1) are
given by (15), and {/\/}C, 1<j<r} and {j\[j”, 1 <j<r} are collections of Poisson random
measures on R? whose intensity measures are Lebesgue on R%r. Denote by ¢ and ¢ the
mappings that associate to M the solution of this system and its corresponding law. Thus,
Y(M)= (}_(]C }_(]'-7, 1<j< r) and ¢p(M) = ﬁ()_(j”, )’(]{’, 1<j< r). Observe that if X is a solution
of (14), then its law is a fixed point of ¢. Conversely, if M is a fixed point of ¢ for the system
(26), then the corresponding solution (M) defines a solution of the limiting system (14). The
idea is then to prove the existence of a fixed point of ¢.

Take M, My e M;(D([0, T], Z2)). Set Xj:= (X1, X7 ..., X ¢, X7) =y (M)
and Xy := (X2, X7 .. X2, X}P) = ¢ (My). Thus, £(X1)=¢(M)) and L(X2) = (Ms).
Moreover, for all te[0,T], define jui(t):= (i (), uP (@), ..., ube(0), ur’ (1)) and

2, 2, 2, . 1, — 1,
pa(t) = (@ 7). O, @) with 0= Mioe 0=
Mi(t)oe;,, M}”(r):: My(t)oe;! and Mf*”(r):: My(t)yoe; ) for 1 <j<r. According to

(15), we introduce the following notation:
Lega . 1, 1, ,
v 0= (O, 17 @) 5 ).
2,000 . 2, 2, ,
v = (W, 17 @) S ).
1, 1, 1, -
v, 70 = (1O, PO, PO, o g ),

2, 2, 2, , -
vl = (O, 1O, @ o g )

27)

We first prove that ¢ is a contraction mapping on M (D([0, T], Z%")); that is, for any t €
[0, 71,

Wii(o(My), (M) < C(I)E[/ Wi,s(My, Mz)dS}- (28)
[0,7]
To this end, for ease of reading, let us introduce the following notation:

AS() = | X —X7°

A= | X7 - X7, (29)

t

Indeed, for any 1 <j < r we have that

SCH)
[0,x R,

Y @- Z){]lle’”(s)zz]l[o’k_;z,z’ <U-/'LE(S)>} !

/
(z,2)e€ (30)

— 1 1 NE(ds, dy).
X m=2 [O,Af /<uf"<x))}(y)} j s dy)

)42

Using a martingale argument (see (63)) and taking the expectation, by adding and subtracting
terms (see (65)) one gets, for any ¢ € [0, T,

E[A;(t)]gm[fmt] 3
" @eE

c l,c
(]l)_(jl'c(s)=z N ]IXJ-Z’C(S)=Z))\j,z,z/ (Uj (S))

C l,C _ C 2,C
+]l)’(j2,c(s)zz (kjyu/ (vj (s)) )»j’u/ (Uj (s)))

ds].

€29
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Recall the definition of the functions A¢ , in (16). Given that u]?(t) and ,uf () are probability
o2z . :
measures and using the boundedness of the functions 3’*, and y’”,, one easily gets that
2,2 2,2
c l,c -

and

N O O) o S A O) [ AT DRl ©)
Jzz \ jizz \ 2z J

v}

<P 7o (1) 17 ®)) + 7 7o (1] 750, 1576))-

1, 2,
<P (v 1" ©=11 7))

(33)
Therefore one obtains
E[A()] < KIEI?IEO[ / ) (!X}*”m = X7+ pida (1. 17 ®)
[0,] ' '
+ 1 dp (179, uf”’u)))ds]. (34)

Using (17) and the same steps as previously, one finds, for any 1 <j <r,

E[A7(1)] < KIEI?E[ /[ ) (\X} () = X776 + adp (1)), 17))

)]

+ andn (11 7), 177 ) + -+ g (11} 9) Mf’p(S))>dS}-

(35
On the one hand, from the Kantorovich—-Rubinstein theorem, one has that for 1 <j <r and
a € {c, p},
1,a 2,a 1,a 2,
Wi (60 17 @) = sup (152, 8) = {17, g)|: (36)
lgl=1
where the supremum is taken over the functions g with Lipschitz constant 1. Therefore,
it (11 9). 157)) =W (1)), 17 ®)). (37)
On the other hand, one can easily verify that
Wi (1)), 179) = Wi (M1, M2). (38)

Thus, using (37) and (38) and taking the supremum over 1 <j <rin (34) and (35), one obtains

E[ sup A;(t)] §K|5|)7IE|:/ < sup A;(S)+W1,S(M1,M2)>dsi| (39)
[0,7] 1

I<j=<r <j<r
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and

E[ sup A‘"(t)] < K|5|yIE|:/ ( sup Ap(s) + W (M, M2)>dsi| (40)
[0,7]

1<j<r 1<j<r
Adding the two last inequalities side by side and applying Gronwall’s lemma leads to
]E[ sup AS(r)+ sup Ap(t)j| < K|5|)7E[ / Wi s(My, Mz)ds]e[(gl’;’. 1)
1<j<r 1<j<r [0,7]

Hence,
E[Il?_(1 _)_(ZHI] < C(t)]E[/ W1,S(M1,M2)dS}, (42)
[0,7]

with C(r) = K|E|yeX I€171 From the definition of the Wasserstein distance, it is easy to observe
that

Wi (oM1), p(M)) <E[IX" — X?|,].

from which one deduces (28).
Consider now the following recursive scheme:

o Mye My (D([0, T], 2%7));
o Miy1=¢My), k=0.

By iterating the formula in (28) and using the fact that W ,(M7, My) is increasing in ¢, one
finds that for all £ > 0,

k
WMoz, Mep) < S50

Wi,«(My, M>).

Moreover, it is easy to verify that E[||X|7] <oo, where X =1y (M) for any M e
M (D([O, T1, ZZ’)), from which we deduce that W (M1, M>) < oo and thus the sequence
{Mi}g=0 is a Cauchy sequence. Note that the space P;(D([0, T], 2%")) endowed with the
Wasserstein distance W, 7 is complete (see [11]). Hence the sequence {M}r>o converges to
some measure M in P; (D([O, T1, 22’)) which is a fixed point of ¢ on Py (D([O, T, Z2r)).
This proves the existence of the solution of the equation in (26) and thus that of the equation
in (14). Uniqueness follows from again using (28) and Grénwall’s lemma.

Lt (X0)= (Xio. X 0.necComec 1j<r)  and  (R0):=

<X2 W, XD neClmeCl 1<) < r) be two solutions of (14) with respective initial

m.j
conditions (X'(0)) and (X2(0)). Denote by u} (1) := L(X‘ C(r)) and /(1) := ,c( ,‘n’j’(t))
for 1 <j <r, the probability measures corresponding to the first solution. Similarly, denote by
,ujz’”(t) = E(}_(,zl:;'(t)) and pgl.z’P ()= ,C()_(,zn’f;(t)) the probability measures corresponding to
the second solution. Again, for ease of reading, let us introduce the following notation:

(t) _ ”ch_ 5]0

AL (0= X7 - X0, 43)
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Using this together with the notation in (27), one finds that for any n € C¢,

vl.c

AS (D) <

X2 c(o)‘

\/[\0 t XR+

Z 4 —Z){ X (s Y=z [O’)‘i (1‘0(5))}()})

v
2.7)e€ '\

_ ]15(5_‘1{«‘(%)=z]l |:0’)Li , ( e, (y)} ‘ (ds dy).
JEX: "

Using a martingale argument (see (63)), taking the conditional expectation E% given
(X1(0), X2(0)), and finally adding and subtracting terms (see (65)), one gets that for ¢ € [0, T],

vl,c

£ A5,0] < X250

+KE0|:

c 1,c
]IX’I,/C(Y) =z ]l)_(i;;(s)zz>}tjgz,z’<vj (s))

c 1,c _sC 2.¢
*‘13ﬂY)z(%Lg(W (ﬂ) %%{<%.(@))

0,
(0.1 (z z/)eé‘

dsj| .
(45)

Since /L;’C(l‘) and ,u; P(f) are probability measures, it is easy to see using (16) and the
boundedness of the functions )/] " and y] P that
2,2 2,2

S (O ES2 (46)

12,2

Additionally, the Lipschitz property of the functions 3", leads to
2,2
2 (v @)= (v7)
J:3,2 1,32

Therefore one obtains

i) = X5+ A 7E[[X 76 - K1) |
47)

fpf?E[

EO[A;,j(t)] < AS(0)+KFIE] f (EO A‘ (s)] n p;'E[A;J(s)] n pr[A’l’,j(s)Dds
(48)

Taking the expectation on both sides of the last inequality, and recalling that pj? + pf =1 for
all 1 <j<r, one gets

E[Af,,j(t)] <E[A;, (0] +2K7(€| /[O . < ,”(s)] +1E[ (s)])ds. (49)
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Thus,

]E[ (t)] < max max IE[ mj(O)]

1<j<r mEC

+ 2Ky €| ( max max E[ (s)] + max max ]E[Ap (s)]) 5. (50)
[0,7]

lgjfrmeCj” 1<j<r mgc

Taking the maximum over n € C; and 1 <j <r gives

max max E[Anj(t)] < max max E[AC (O)] + 2Ky |&| ( max max E[Am](s)]
1<j<r neCL 1<j<r meC [0, \ 1<j<r meCC

(1

+ max max E[Ap (s)])
l<sj=r meCp

Using similar arguments, one finds that forany 1 <j<randn e ,
06 =X ) (v )
n.j n.j Gz \J
/

* (A;,z,z/ (Ufl’p(s)) B )Liz,z’ (szyp(s)) ) Hds. (52)

By (17) and the Lipschitz boundedness property of the functions yj ", and y’ P one finds that
2,2 2,2

RO [A” (t)] < X170 - X2p(0)|+KEO[/
[01

O [AI;V j(t)] < A (0)+K7I€] / <E° A” (s)] +of [A; j(s)] n qﬂ]E[AI;J(s)] +
+ quE[A’f’r(s)Dds. (53)
Taking the expectation on both sides of the last inequality gives
E[al,0] <E[al,0] + K7 /[ y (E[Aﬁ’ S+ B[ A 0] +giE[ A7 )] +
+ quIE[A’f’r(s)Dds. (54)
Recall that, forall 1 <j<r, ajC +gj1 + - - - + gjr = 1. Therefore

[AP (t)] < max max E[AP (0)]

1sj=r mECp
+ K7€ ( max max E[A‘ (s)] + (r+ 1) max max E[Ap (s)])
[0.1] \ 1=j=<rmeCj 1<j<r meC
(55)
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Taking the maximum over n € Cp and 1 <j <r gives

max max IE[A (t)] < max max IE[AP (O)]
lsj=rnec) 1=j=rmecy

Ky|E max max E[A€ 1) max max E . ds.
+ K7€ [0,,]<1_,§rmec’_( (A5, ()] +(r+ )ugrmecx [A m,(s)]) s

(56)
Now (51) and (56) together lead to

max max E[Anj(t)] 4+ max max E [AP (t)]

1<j=rnecy l<j=r neCp

< max max ]E[AmJ(O)] + max max ]E[Afnyj(O)]

1<j<rmeC§ lsj=r meC (57)

+ 4Ky |E|(r+2) max max ]E[ i (S )] 4+ max max E[AP (s)]
[0,/] \ 1=/=rmeC§ J ]§]<rmec m.j

Then Gronwall’s lemma gives

max max IE[A” (t)] + max max E [Ap (t)]

1<j<r neC‘ lJ<rneC

(58)

( max max IE[A (0)] + max max E[AP (O)D exp {H4KTIE|(r + 2)).
l<j<rmeCy 1_1<rmec

Defining A; = 8Ky |E](2 + r)t leads to (25). The theorem is proved. O

5. Laws of large numbers and propagation of chaos

This section investigates the weak convergence of the finite particle system represented by
the stochastic differential equation in (12) towards the limiting McKean—Vlasov system (14) as
the total number of particles N tends to infinity. In particular, as the main results of this section,
we establish propagation of chaos in Theorem 5.1 and laws of large numbers in Corollary 5.1.

Let us start this section by recalling the notions of multi-exchangeability and multi-
chaoticity introduced in [40].

Definition 5.1. A sequence of random variables (X, 1 <n <N, 1 <k <K) indexed by
(N, 1 <k<K)e NX is said to be multi-exchangeable if its law is invariant under permutation
of the indexes within the classes; that is, for any permutations oy of {1, ..., Ni} for 1 <k <K,
the following equality holds in distribution:

Kogomr 1 <N <N 1 <k <K% Xypo 1 <n<Ni, 1 <k <K).

A sequence of random variables (X, x, | <n <Ni, 1 <k <K) indexed by (N¢, 1 <k<K)e
NK is P1 ® - - - @ Px-multi-chaotic if, for any m > 1, the convergence in distribution

lim Xop, I <n<m 1<k<K)ZP"g..qpE"
N—oo

holds for the topology of uniform convergence on compact sets, where Py, for 1 <k <K, is a
probability distribution on R, and with the convention that N goes to infinity when min Ny
goes to infinity.
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5.1. Propagation of chaos

The following result establishes the weak convergence of the pre-limiting system (12)
towards the McKean—Vlasov system (14) as the number of particles N goes to infinity, and
thus its multi-chaoticity.
Theorem 5.1. Suppose that Condition 4.1 holds true. Moreover, suppose that the initial con-
ditions (X;’j(O), X[r:l’j(O), neCé,me C]p; 1<j< r) are multi-exchangeable and vlegulr
- -V Qv P -multi-chaotic. Then, for any t € [0, T], as N — oo,

¥ P WP
max max]Ef[HXgJ- - X, Hx] + max max IE[HXM- _Xn,j”t] — 0, (59)

1<j<rneCf I<j=rnect
and the sequence of processes ((Xfl'N(t), Xﬁ[N(t), t> O), ne Cj‘f, me Cf; 1<j< r), the solu-
tions of the stochastic differential equation (12) with initial conditions (Xle (0, Xl,:[N(O), ne
Cjc, me Cj-’; 1<j< r), is Pg-multi-chaotic, where Py = | ® pfl) R Ui ® Wb is the distri-

bution of the process (()_(fl(t), )_(f),,(t), t> 0), ne Cjc, me C;’; 1<j< r), the solution of the

limiting stochastic differential equation (14) with initial distribution v\ @ VP ® - - - v ®
VP,

Before proceeding to the proof, we recall, without proof, an elementary result on (condi-
tionally) independent and identically distributed (i.i.d.) random variables.

Lemma 5.1. Let {S;:i=1, ..., n} be a collection of S-valued random variables defined on
some probability space (2, F,P), where S is a Polish space. Suppose that Sy, ..., S, are
conditionally i.i.d. given some o-algebra G C F. Then, for any k € N, there exists a positive
and finite constant 0 < ay < oo such that

1 n

= (F(S) — EI£(S)IG1)

n“
i=1

k
ax
su E < —.
P = k2

flloo=<1

(60)

Proof of Theorem 5.1. We use a coupling method. Let X(7) = ((X;’j(t), X[r:t,j(t))’ ne
Cjc, me C;’ 1<j< r) be the solution of the stochastic differential equation (12) with ini-
tial conditions X(0)= ((X;’j(O), X;J(O)), neCimeClil<j< r). Moreover, let Y(r) =

((Y,f’j(t), wa(t)), neCf,meC};1<j<r) be the solution of the limiting stochastic differ-
ential equation (14) with the same initial conditions as X(¢), i.e., Y(0) = X(0). Also, let the
processes Y (f) and X(7) be defined on the same probability space by taking the same sequences
of Poisson random measures {7} and {A];} in both cases. We first prove that these two
processes are asymptotically close, that is, for any 7 € [0, T1],

max max EH
1<j<r neC]?'

X —Yu; z] + max maxEH

Isj=r neCJ‘l-7

4 4
D ¢

n.j

]—>0, asN—oo.  (61)
t

To this end, we treat the central and peripheral nodes in two separate steps. For convenience,
define

1

O(I’l) = W
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Step 1. Fix 1 <j <r. For each central node n € C]? and any ¢ € [0, T],

E [HXE,,- - Yz,,»Ht] =E [ sup |X5(s) — Yg,,(s)ﬂ
0<s<t

x|

- Ly o=@ =91 (INE (ds. dy)
/[OJJXR+ ( Z T 0= |:0,)J_' /(u;'(s))] Y)Nnj Y

/
<s |
[0,/ xR

2,2 )€€
— Ly A(s*):Z]l[

Txe (sy=(Z — 21 , N5 (ds, dy)
/[o,z]xﬂh(z/: ni0= [o,xé ,<u;;jN(s)>] "

2,2 )eE
)}(y)}/\/,f,j(ds, dy)H- (62)

122

142

Z 7 — Z){]lxgv_,(s—)—zll[o,)f / (”ziﬁv(‘v))}(y)

(z,z/)eé'

J:2.2

n 0.2, (vf()
2.2

Denote by F; the filtration generated by the Poisson random measures and defined by
Fii= a(/\f,;;j(A xB):neC{UN; (AxB):meCj,AcBRy), BeB(0, T]))>.

Then X; j(t) and Y;, j(t) are adapted to the filtration F;. Therefore, the two processes

Ly; 5= — 91 W[NE (ds, dy) — dsdy],
/[OJ]XRJr Z o= [O,A‘f‘ /(UC,’I-V(S)>] [ " ]
)22

. 7)e€ "
(z,2)e 63)
Tye (so)=(Z —2)1 (y)[Nc (ds, dy) — dsdy]
/[;,zbdl&r ,Z niS )= |:0’}‘? / (Ujr(s))] "
(z,7 )€€ 2z
are F;-martingales. Furthermore, (62) reduces to
N
I [“XZ,.;‘ it ﬁ,j”t] = E[ f ‘ > @- Z){]lxz,xs):zf\fz y (Ufi,j (S)>
[0,7] , -

(z.2)e€

- ]lY,fyj(x):z)“;zyZ/ (vj"(s)) } dsi|. (64)

Recall that K = | Z| is the cardinality of the set Z. By adding and subtracting terms we obtain
E[ x5, - i1,

<KE /
[0,7]

c,N c,N
(2.7)e€

|

. N . .
+ ]lY,‘l‘J(s):z)";’z’Z/ (UZJ- (S)) — Ly (9=;A° / (Uf (S))}

nJ I
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_ . c c,N

(z,z/)eg

N
e e (/\ () <, (U;(s))> Hds. (65)

J

The goal now is to bound the right-hand side of (65). Let us start with the second term. Again,
by adding and subtracting terms we get

E[ Ly (9= (x]?’u, (UZ:/N (s)) - )\;z’z,(vj?(s))> H
sl (520) -0

:E|: <0(n) 3 yZ’; (X5, ,9) +om) Y ysz, (an)j(s))>

me{n)UNE (n) o meN! (n)
_<0(n> > ) Fom Y ,/Zf,(y;;,j(s)))
memUNSm) med(n)

+<0(n) > @)+ Y )fi’?(Y%ﬂS)))

me{n}U‘ﬁ]‘-'(n) ' me‘ﬁf(n)

— (p; f Y S ous (s)ds + pl f v/ D eouf (S>dS>

Z Z,2 Z 2,2

§IE|: <o(n) > ) Fom Y ;{’f,(xf;,j(s))>
me{nfUMNS (n) ' me‘ﬁf(n) ’

- (o(n) Y V) +om Y y”(YP,(s>)>H

me{nfUe (n) meMNy (n)
+x|

<O(”) > VZ/ZC/ (Y5, ®) +om) Y )/Z]f/ (Y;[;,, j(s))>
ef ’
_ <p]‘ /Z VZ]ZC/ () (s)ds + pjp /Z )/Z] Zp/ (x)uj-’ (s)ds)

memUNEm) me’(n)
] . (66)

Denote by J1 and J; respectively the first and the second expectation in the right-hand side

of (66). Then, from the Lipschitz property of the functions y”*, and 3’7, J; is bounded as
2,2 2,2

follows:

Jizom Y LE[X 60 ,60|]+om Y LE[[X 50— 1) )]

me{n}UdT; (n) me‘)’tf(n)

(67)

< Qhyly max E[X5,; =y | + g Ly max B[X,; — )

7
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where L, is the maximum Lipschitz constant of the functions y] and y P for all (z, ) € 2.

Moreover, by adding and subtracting terms and using the fact that both {Y ¢ (s)} and { Y, P (s)}
are sequences of i.i.d. random variables, /> can be bounded as follows:

om) ﬂﬂmw»ﬂjéﬁymwwm
o Y V(v ) - /’w”um¢n$

me{n}U‘)’lJ‘f(n)
med (n)

szE|:

HE[

I T S TR ) |

me{n}U‘ﬁ;(n)

pc
e W‘E[

|
-

HE[

(68)

> Yr,0)

me{n}UYRf(n)

Hiww T (72(50) -=2205,00]) |

nemf(n)

7
T W >‘ {

Note that, by the exchangeability of {Y; FONAE CJ‘} and the boundedness of the functions

> () |

memj?(n)

. .
y”,, one obtains
2,2

C

Pj
o(n) — —ijc OE

c c

j,c _ j.c -
E[ > szﬁz/(YrCn,j(S)):| = |05 —Pf|]E[VZ,Z/ (Yf,,-(s))] <7y
me{n}U‘ﬁ;(n)
(69)
In the same manner, the fourth term in the right member of (68) is also bounded as follows:

[ > y”(ﬁ@mﬁ}sf

o (n)

o(n) —

o~ 7). (70)

o

M (m)+1

Furthermore, using (60), the first and third expectations in (68) are bounded by

o’ respectively, where k| and k» are positive constants.

M (n

J

Now let us take a look at the first term of the right-hand side of (65). Since XC and Y¢ . are

n,j
Z-valued, and Z is a subset of N, one easily sees that

Lo st
50— Ye,09) an

C (o
Xnj = Ynj P
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where 7 is the upper bound of the functions y’ ¢ and y] P for all (z, ) € Z2. Finally, by
7,2
combining (65), (66), (67), (68), (69), (70), and (71) one obtams

t
E[“X;J—Y;J“t]SKw'/O [?E”Xﬁ,j Yoills +eniLy maXE” i = Yol

¢ P >
+0f, Ly may Ex, - Ym’jHS +7
J

K . o) } i
\/Mc(n) +1 \/Mp(n)

where |€]| stands for the cardinality of the set of edges £ of the graph (Z, £). Recall that
deg(n) = Mj”(n) + M}" (n) for any n € C]?. Using this and then taking the maximum over n € Cjc
in (72) and over 1 <j <r, one finally obtains

+v

Qrcl,j PP‘

max maXE [ —Y°. ]
max mas [~ 5, |
t
§K|5|/ (y +Ly )max maxIE” Yfles~|—L max max [E Yﬁ.
0 _/<rn€C‘ R I<j<rp eCp Jls
i _ K1p§ op]
+ 2 (V max oy, j — pj X |og.; — P} | + max ———— + max ﬁ)}
1<5=r neCj' eCj' neC M‘(n)—i—l neC Mp(n

(73)
Step 2. Fix a block 1 <j < r and a peripheral node n € Cj-’ . For any ¢ € [0, T, one has

il

-y, ]:IE su
" "l |:0§s2t

<E / ]lp _(Z -1 ()NP-(dS,d)
12,2

XD (s) - wﬂ

/

|

— Ly 9. (@ —21 N (ds, dy)
/[0,t]><R+ Z Y j(9)=2 [O,A;’”,(uf(s))] i

@7)e€

14 p,N
= K'/[O f] Z EH Xp (S) z ]lyﬁj(s) z) )Lj‘Z,Z/ (Un’j (S))
' (z,z/)eg

, P p.N V4 P
+ ]lY;Izvj(S):Z ()Lj,z,z/ (U”’j (S)) Aj,z,z/ (Uj (s)) )Hds
(74)

where the last inequality is obtained by following the same steps as in (63) and (65). Again,
given that Xp n,j and Y[7 ,j re Z-valued and that Z C N, the first expectation in the right-hand
side of (74) can be bounded as follows:

r ».N -
E[ (T 0 = g 0me) 47 (v 0) H SVEU
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It remains to bound the second term in the right-hand side of (74). Using Condition 4.1 one
gets
n,j J,2.2

1
<ﬁ,z@ﬁ®—&fﬁwm
—E[o(m( D @)+ Y @) e Y (X @)+

me‘)’lj(n) me‘ﬁ’ (n) me{n}u ‘ﬁf(n)

om0, (40) 2 700) |

4+ Y Y (s)))

mem”(n)

—( / M ()ds + g1 / Yol ds +- - + g /Z yj’f,(x)wz(s)ds) }
(76)

By rearranging the terms and using the triangle inequality one obtains

S [CRCRRESER) R
|

ot Y v (x0,0) —ay [ o s

me{n}U‘J’tf(n)

o T 5 0)

memj(n)

—af / Y@ (s)ds
z 2,3

|

om > J/Z]'::/(Xf;,’l(s))_‘ﬂl /Z Vi‘f,(x)u’f(S)ds

mem’f(n)

tom) Y m(X” (s))

meN (n)

— gjr / VPl (s)ds
z Z,Z

}.

Note that | Z'f/(x)uf’(s)dp]E[ Z.,?(Yﬁz,i(s))] for meC! and [, ysz,(xm;(s)ds:

an

E[yj’c,(Y;j(s))] for neCj?’. Then, by using the exchangeability of Y,‘l'j(t) for ne C§,
2,2 > P
one finds
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IEH (M’ ,(Uﬁ’;v(s)> AP ,(uj’(s)) > ] < ]E[
2.2 - 2.2

n E[

ton Y V(X0 0) - aE[r (v,0)]

me{n}umj.’(n)

om Y yjjz‘}(xfn,ﬂs))—“fE[Vf,?(Y’ZJ(S))]H

memj(n)

o) Y V(0 () = agnE[y (1 1) ]

me‘ﬁp(n)

tom Y V08,00 ~ g [yzf‘;g(yﬁz,,(s))]ﬂ.
meM (n)
(78)

Observe that there are r 4 1 terms on the right-hand side of the last inequality. Let us start with
the first expectation. By adding and subtracting terms one gets

[o(n) > () — B[y (v, (s))]H

me‘ﬁc(n)
< IE|:

+E[

Note that, by the Lipschitz property of the functions y’ ¢, one finds that
2,2

|

Moreover, using (60) together with the exchangeability of { Y, FONAS CJC} leads to

|:0(n) > ) —ac]E[ “(YC (s))]H
me‘)’t‘(n)
) (;“w ) -=20m,0]) |

of
< E“ . ) -
Mj () me‘ﬁ]‘-'(n)
af .
+EU <o(n) — Mj”](n) Z yi’z,(YmJ(s))H

o(n) Z ( ch Xc (s)) —yj”;(Yncl,j(s))>’:| (79)

mefﬁ‘ (n)

o Y V(¥ ) —a]E[ny;’;(Y,‘,‘,J(s))]H.

me‘)’l‘ (n)

LY ( " (X59)) - V;,’Z(Yfﬁ,j(s))) H < Guly max B[, = Yol (s0)
J

mE‘J’I‘ (n)

me‘ﬁ_l?(n)
afk3 . _
L+ g5 —af 7. 81)
M;(n)
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Now let us examine the remaining r terms on the right-hand side of (78). For simplicity of
notation, denote by Z the left-hand side of (78). Then, by adding and subtracting terms, one

gets
< E[

o ¥ (5000 - 70,0 +

me‘ﬁq(n)

o Y (yf (x0,0) = 7 (v (s)))

me{n}umj.’(n)

o Y ( () = y{’j(Yﬁ,@))H

meN? (n) (82)
EUom) S 0 0) - B[ (0, 0)] +
med (n)
-+ o(n) Z szf (ij(s)> qjj [ Jp(Yp (S)>]
me{nUNy (n)
o Y A(7,0) — [a{;j(Yz,,(s))]H.
meNy (n)

Let 7 and 7, denote respectively the first and the second expectation in the right-hand side of
the inequality (82). Then, by using the Lipschitz property of the functions y’**,, and recalling
2,2

that, for 1 <i<rv, Mf (n) represents the number of peripheral nodes of the ith block connecting
to node n, the first expectation Zj is straightforwardly bounded as follows:

T, <L, ( ]maxIEHX —v | el max B[], ¥/, ]+
A e
J

(83)
ot g,f,j’r max E |xb, —vh | )
meCy
Moreover, by adding and subtracting terms in Z, one obtains
I =I3+1a, (84)

where

Ty:= E{ W = (”’(Y”lm) [yjjf/(Y,Z,ws))])

meN (n)
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" M;«Z’f +1 mz ( (1) B[] (Yfﬂ’r(s))D (85)

P,
eCj.

i T () -zl no)]) |
meNL (n)

and

I4:= E|:

" A
<o()— yrae )> > () +t (o(n) M”(>+1> )D yZ’,ZP,<Y£,’1,j(s))+

met (n) medy,(n)

G Jjp [ yp
+<0(") M'Z(n)) 2 y“<Ym ’(s)”
meN- (n)
(86)
First, from the triangle inequality one gets
4qj1
L<E|| (o~ 5] 3 V(1,6)
My (n) o
meM| (n)
. _ Y P (yP
HE[ (0(”) M’,’(n)—i—l) 2 ’iz’(YmJ“))H+ (87)
J me (U (n)

gjr
(0(”) - Mé’]m)) 2

med; (n)

v (vh, r(s))H

Using (20), the exchangeability of the variables {Yf, j(s), ne Cf }, and the boundedness of the

functions y’ we easily show that the right-hand side of (87) vanishes as N — oo. Indeed, the

Jjth term satlsﬁes

i .i,p< » )
o Mf(n)—i—l‘E ZP Vo (Y ()
me{n}U‘ﬁj(n)
! : (88)
g , ip (P
= §n,j,j_Q/1’AmE Z Vz,zl(ym’j(S))'
J

me{n}umf(n)

p -
=\Snjj— ij‘y,
and thus goes to zero by (20). Using the same steps, one obtains for all 1 <i <r with i #j that

gji
M (n )

o(n) — > V)| =

me‘ﬁ’ (n)

Vs (89)

’ M (n)
— 4ji

deg(n) + 1
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which also vanishes as N — oo by (20); thus, so does Z4. In order to bound Z3, we use again
the moment inequality (60), which straightforwardly gives us

01di b )
Bs ety (90)
\/1‘% M)+ 1 VME(n)
where 01, - - - , 0, are positive constants. Now, by (75), (80), (81), (83), (88), (89), and (90),

one obtains

gl

D
nj Yn,,/'

t O{CK3
]§K|€|/ Y% n.—Yp. C.Ly maxIEHXC -Y, || + L4
t J Il k Cc¢ m.j c
0 meC; M( )

P
+§rf,] ‘)/-l-L <n/ l_Ym,le—}_'”
+ gy max BIXP  — Y+t op o max E XD — Yr’iw||s>
mEC} meC;
+ P P 4 T P P P Py
Snj1 CI]I‘V—F""F Snijj %j)y‘i""‘f‘ Sujor — qir|V
+

91‘]]1 B ]gj] Or%r :|

,/M'l’(n /Mp(n) + 1 \/ T(n)

Recall that deg(n) = M{(n) + > i MZ(n) for any n € Cf . Using this and taking the maximum
over n € Cj-’ and over 1 <j <rin (91), one gets

!

<K|5|/ |:L max max E

O

—Y.

max max ]EH nj

I<j<r neC’-’

Xo, =Y,

+(y +L,) max maXE‘

lsj=r neCp

P
nj = Yng s

1<j<r neC‘

0[ K3
Zmax( >+Zmax|gn/
1<j<r"=%i \/Mc(” 1<j<r "=

+ Z max Shil C]jl‘); + - -+ 4 max Smii— C]jj’); +- -+ 4 max Smiv = 4ir|V
1<j<r \"€G ned neC

+max ]qjl +...+max¢+...+max F(IZ;IV )}ds (92)
ned) MY () neG) M)+ 1 neq VM (n)

Adding side by side the two inequalities in (73) and (92) leads to

+ C> max max E
I<j=<r neCp

max max E - Yp

1<j<r nECC

- Y,C,,j(t)H + 111_1Ja<xr n;acowc]E
n

t
§K|5|/ (C1 max max E —Y‘ —Y[7
0

1<j<r neC‘

\ + c3<N>> ds,

93)
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where, with a slight abuse of notation, the constants C, C; and the function C3(V) are defined
by

Cr:=y+2L,,

and

i} _ K1p§ cop]
C3(N):= Z yma)§|gg’j—pf|+yma)§|gfhj |+ma)(( — + max
\<Sj=r neCj neCj' neC /Mc(n)—}—l nEC /Mp(n

HS
+ max + Z max |¢¢ . —af |y
5 ” o 1°mi T &;j
1<j<r"€G M (n) 1<j<r"€Y

3 Y] p —_— .. ) “ .. p —_— ) Y]
+ E max|§n]1 11|y+-'-+mapp(|§n‘j‘j ql,|y+ +ma)lg|gn,j’r qjr|¥
1<j<r nECj neC}

01q; 0:q:: 0.0:
+max — P 44 max 19 4+ + max r(ijr )
neq \/M neq ML (n)+ 1 neC /M (n)

Therefore, applying Gronwall’s lemma to (93) gives

c c P
Xn,j o Yn,j nj Yn,j

max max E[

] + max max EH
1<j<r neCJ?' t

Isj=r neCf

t
’ ] < KIE|C3(N)t exp { / C4ds},
! 0
%94)
with C4 = C1 + C. Finally, Condition 4.1 ensures that C3(N) — 0 as N — oo, which proves
(61).

We are now ready to conclude the proof. First, Theorem 4.1 ensures the uniqueness of the
solution of the limiting stochastic differential equation (14). In addition, the relation in (25)
shows that the solution is continuous with respect to the initial condition. Therefore, the pro-
cess Y(£) = ((YS(0), Yin(1)), n € Cf,me Cf; 1<j<r)ispu{®u] ®: - ué® uf-multi-chaotic
since the initial condition ¥(0) = X(0) is multi-exchangeable and v @ VP @ - - - V"¢ ® v/P-
multi-chaotic. Then, by the relation in (61), we conclude that the convergence in (59) holds
and the sequence of processes ((X;'N(t), Xﬁ;N(t), t> O), ne C]?, me Cf; 1<j< r) is also
Py =p{® “[1’ Q- Ui ® w?-multi-chaotic, which concludes the proof. O

5.2. Laws of large numbers

The following laws of large numbers are immediate consequences of Theorem 5.1.
Corollary 5.1. Suppose that the conditions of Theorem 5.1 hold. Define ,u; = E()_(z’ j), uf =
L()_(ﬁl,j) for 1 <j<r, where (()_(,‘l"j(t), }_(Z!j(t), t> 0), 1<j< r) is the solution of the McKean—

Viasov limiting system in (14) with initial distribution v'>¢ ® vI-P . .. v"¢ @ v*P_ Then, for each
1<j<r asN— oo,

. 1
wit = D o, (95)
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and

W= oY s . (96)

J nECp
for the weak topology on M 1(D([0, T], Z)) with D([0, T1, Z) endowed with the Skorokhod
topology.
Proof. We prove (96); the proof of (95) is similar. Let

Bim i
= P
17 X’
j neCp

and recall that the bounded-Lipschitz metric dp; metrizes the weak convergence on
M(D([0, T], Z)). Therefore, to prove the convergence in (96), it suffices to prove that

dpr. (uf’N, ﬁ;”N) = 0 and that [LJN”’ = Mf First note that forall 1 <j <r,

sl (1. 74 )] =5 _wp_ ") (") |

geLip(Z)

=EL;;;$Z) P Z (s(x2) - (xg,))H .
| n,j—Xg,j ]
neCp

neCp ]_Xp T

which goes to zero according to (59). Thus, dpy, (uf ’N, ,EL;-) ’N) =0 as N — oo. It remains to

show that MJ P = ,uj as N — oo. Since the stochastic processes { ne Cf ] are i.i.d., for

n,j’
any continuous and bounded function g € C,(Z) one finds that

(7)) =5( T (662) - )

N e

((j » 2 (s(% )‘(Mf’g))z) (98)

neC‘"

Np4”g”°°’

which goes to zero given the boundedness of g. Therefore, ,tlf N converges weakly to /Lf

as N — oo. Thus, combining the two convergence results, we conclude that ,uf].” N converges
weakly to [,Lj-j as N — oo. The corollary is proved. O
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6. Large deviations

We investigate here the large deviations principles of the interacting particle system intro-
duced in Section 2 over finite time durations. For the sake of simplicity, we restrict ourselves
to the case of block-structured graphs where the blocks are cliques, i.e., complete subgraphs,
and the peripheral subgraph is complete, that is, all peripheral nodes in the system are con-
nected; see, e.g., Figure 1. The first main result of this section is Theorem 6.1, which states
the large deviations principle of the vector of empirical measures. The second main result is
Theorem 6.2, which states the large deviations principle of the corresponding vector of empir-
ical processes. The approach we take to establish these results is based on a generalization to
the multi-class setting of the classical approach developed in [24] and adapted in [49] to the
context of jump processes. One might also consult [32, 33] for an alternative approach.

Let us first introduce the assumptions under which the results of this section hold.

Assumption 6.1.

1. The peripheral subgraph is complete; that is, for any two peripheral nodes n, m €

U Cp there exists an edge (n, m) € & connecting n and m.
I<j<r !

2. The r blocks of the graphs are cliques; that is, for any two nodes n, m € Cf of the same
block 1 <j <r, there exists an edge (n, m) € E connecting n and m.

3. The mappings )f J and A’ | introduced in (16) and (17) are uniformly bounded away
J:2,2

from zero; that zs there exzsts ¢ > 0 such that, for all v, uy, ..., u € M(2) and all
(z,Z) €& wehave A (v, u)>cand X' (v, 1, ..., 1uy)>c.
J1:3,2 J:2,2
4. As N — oo,
N
N — o 99)

for some o € (0, 1), where we recall that N; is the number of nodes in the jth block and
Nj" (resp. Nf ) is the number of central (resp. peripheral) nodes in the jth block.

Remark 6.1.

1. From (16) and (17), together with Remark 4.1, the functions A° , and A’ , are

J:3.2 1,32

Lipschitz.

2. Since M(Z) is compact and the rate functions A , and 2P, are continuous and
’Z Z ] Z Z
Lipschitz, the rates are uniformly bounded from above that is, there exists a con-

stant C < oo such that for all v, wy, ..., u, € M(2), and all (z,7) €€, we have
A () <Cand 2’ (v, p1, ..., pup) <C.
J:2,2 J:2,2

3. For ease of reading, we have omitted subscripts indicating the dependence of the rate
functions A , and A¥ , on the proportions ay, b1, a, by, ..., by.
J:3,2 J:3,2

4. We use again throughout this section the convention that N goes to infinity when both
minj<j<, Nj" and min| <j<, le-’ go to infinity.
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5. We emphasize that for simplicity, the results obtained in this section hold under
Assumption 6.1, which describes a special case of the class of models given by
Condition 4.1; that is, we suppose here that each block is a clique and the peripheral
subgraph is complete.

Let MV € (M(D([0, T], Z)))*" denote the vector of empirical measures defined by

N :
e (1)

(100)
(3 Zonep S i Do g Do)

neCs neC” " nece nec?

where XV = ( ,‘l], Xf:”, ne C‘ me Cp 1<j< r) e D([0, T], ZV) denotes the full descrip-
tion of the N particles and M‘ N (resp MP ) is the empirical measure of the central (resp.
penpheral) nodes of the jth block for 1 < <j <r. With a slight abuse of notation, denote by
([O, T, ZN ) — (M1 (D([0, T], Z)))Z’ the mapping that takes the full description XV to
the empirical measures vector MY | that is,
Gy : (Xn],Xp ineCi.meCh; 1<]<r)

m;’

1
( X b Xy X O Zaxnr>

neCs U nec? " neC¢ Ny nect

Thus, MY = GN(XN ) Denote by IP’ZV the law of XV with initial condition 7V = (Zf; o zﬁ jne
CC me C[7 1 <j <r). Note that the distribution of the empirical vector MV depends on the

1n1t1a1 cond1t1on only through its empirical vector, defined by

vy = (v}bc, vll\,p, IVt v;/”) —
1 1 1
(F oo Doge i Sosop D) o
I nece 1 nect " nece nec?

Moreover, denote by PZUVN the distribution of MV, which is the pushforward of IP’?,’V under the
mapping Gy; that is, PC’N = IP’ZZ\]{, ) GX,I.

Let us now introduce the (M (Z))* -valued vector of empirical processes

N ;
1€ (0,71 — Mo = (i o kN 0., u';”Nm)
(NC Z Xn l(t)7 Np Z n 1(’)’ o NL Z X l‘(t)’ Z Xn r(ﬁ)
neCy nec? " neCs necp

(102)

and denote by yy the corresponding mapping that takes a full description X" € D([0, T1, ZV)
of the N particles of the system to the empirical process vector ", that is,

i (Xe) X0 ine G ome il <j<r) eD(0, 71, 2Y) — w110, 71— (My(2)”

mj’
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Observe that 1V (0) = vy and that 1V (7) is the projection 7; (MN ) at time ¢, that is,
ul =7 (M) =7 (G (xXV)) = yu (X™),

where the notation 7 denotes, again with a slight abuse of notation, both the vector projection

7 (M(D(0, T, 2))* — (D([0, T1, M1 (2))*
and the component projection
7w : Mi(D(0, T], 2)) — D([0, T], Mi(2)).

Finally, denote by p{YN the distribution of ", which is the pushforward plva = IP’Q,'\, oYN ! Note

that, since u = 7 (M), we can also write pe’N as the pushforward p{YN = P{YN o~

The goal of this section is to study the large deviations principles for the sequences of
probability measures (PiVN, N >1) and (p)),, N > 1). The two main results are Theorem 6.1
and Theorem 6.2.

6.1. Large deviations principle for the empirical measure vector

We start by investigating the large deviations principle of the sequence (PC’N, N> 1). To this
end, we first establish the result in the non-interacting case. Then, through the Radon—Nikodym
derivative, one uses the Laplace—Varadhan principle to deduce the case with interactions.

Let us first describe the hypothetical non-interacting system. Suppose that all the nodes are
independent of each other and that the color of each node changes with a constant rate equal
to 1 for all allowed transitions (z, ') € £, while all other transition rates are zero. Denote by
P, the marginal law on D([0, T'], Z) of this process with initial condition zg. Thus, P, is the
unique solution to the martingale problem in D([0, T], Z) associated with the generator £°
operating on bounded measurable functions ¢ on Z according to

L9G):= Y L) —¢@)
7@ )eE
and the initial condition zo. Given that the transition rates are upper-bounded and that
sup Z 7=zl <F(+2)
€2, ,
7 :(z,2)e€

for some constant /, there exists a unique solution to the martingale problem for (£°, zo) (cf.
[31, Problem 4.11.15]).

For any 7, p1, ..., por in D([0, T], M{(2)), let Rgo(n, pj) be the unique solution to the
martingale problem in D([0, T], Z) associated with the time-varying generator

Lo po®@i= 2. X0, pO)N$E) ~ () (103)
z/:(z,z/)eé'

and the initial condition zg. Similarly, let Rfo(n, 01, - .., pr) be the unique solution to the
martingale problem in D([0, T], Z) associated with the time-varying generator

0@ = D X 0P o D)) —$@) (104

7 @7)eE
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and the initial condition zo. Again by the upper-boundedness of A° , and A” ,, the uniqueness
J:3,2 J:3,2

of Rgo(n, pj) and R’Z’O(n, 01, - - ., pr) follows (see again [31, Problem 4.11.15]). Therefore, the
density of Rgo(n, pj) and Rfo(n, o1, ..., pr) with respect to P, can be written as follows (see
[49, Equation (2.4)]):

dr: (1, pj) dRS, (1, p1, - - -, Or)

(x) =exp{hi(x, 1, p))} and (x) =expl{ha(x, 1, p1, - - -, pr)},

dp, dp,
(105)
where
hi(x, m, pj) = Z Lixx,) log (kﬁx,,,x,(n(t—), pj(t—)))
0<t<T
T
- / > AL @), pi(e) — 1 )d (106)
0 2:(x,2)€€
and
ha(x, n, o1, ..., pr) = Z L5, log ()»ﬁx,_,x,(ﬁ(t—), p1(t=), ..y ,Or(f—)>
0<t<T
T
—/ Z kf,x,,z(n(t), p1(®), .., p()— 1 |dr.  (107)
0 z: (x,2)€€

Consider now a system of N non-interacting particles where the law of the nth particle is P,
with initial condition z,,. The law of such a system is the product distribution IP’S];,N = ®2’=1Pzn.
Moreover, the distribution of the corresponding empirical vector is given by PS;\I,V = PS&N o

G;,l where vy is the initial empirical vector (101). Therefore, by applying an analogue of the
Cameron—Martin—Girsanov formula for stochastic integrals with respect to point processes (see
e.g. [27, Lemma 3.7] or [49, Equation (2.8)]), one can compute the Radon—Nikodym derivative

dPY, /P’ atany Q= (05, 0. -+ . Q5. Q) € (M(D([0, T1, £))* as follows:

dPNN r
W Q) = NE I (x. 7(0°). 7 (0°)) 05 (d
v (Q) =exp { Z |: J /D([O’T]’Z) 1(x, () N(Qf))QJ( )

dPS}v j=1
, (108)
[ by ]
D([0,T1,2)
=exp {NhN(Q)},

with

Q) = (7 (Qf). 7 (Q)). -+ . 7(0). 7 (Q))
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being the vector containing the component projections (Q]‘) eD(0, T], Mi(Z)) for1 <j <
rand ¢ € {c, p}, and where

V=3[ Y . X
h(Q)-_Z[N/D([O,T],Z)hl(x (). = (Qf)) @

=1 (109)
NP
j (. 7(05). (). ... n(Q’r’))Qf(dx):|.

N Jpqo,11,2)
Note that under Assumption 6.1, the sequence of functions {hN }n>1 converges, as N — oo,
towards the function & given by

r

Q= Y arf [ (). 7 (@) jtan

: 0,72
P (10.7).2) (110)

vap [ (@) 7 () n(Q’r’))Qf(dx):|.

D([0,T],2)

We now introduce the necessary spaces and topologies following the notation of [12, 49].
Consider the Polish space (X, d) where

X = {x e D([0, T, 2)

Z ]lxgéx,, < 400,
0<t<T

and for each ¢ € (0, T'] with x; # x;—, we have (x(t—), x(t)) € E},

and the metric d is defined by

d(x, y):= dsio(x, y) + o) — oI, x.yed, (111)

with ¢(x):= ZO<,<T 1,,4y,_ denoting the number of jumps and ds, standing for the
Skorokhod complete metric (see [10, Section 12]). For this topology, the function ¢ is con-
tinuous, and two paths are close to each other if they have the same number of jumps and if
they are Skorokhod-close [49, p. 299]. For any function f : X — R, define

J
112
Iflly := xeX T+ o0’ (112)
and write
Cy(X):= {f|f : X > Ris continuous and |||, < oo}, (113)
M (X)) := {QeMl(X)|/X<de<+oo}. (114)

We endow the set M ,(X) with the weak-* topology o (M 4(X), Cy(X)), the weakest
topology under which Oy — Q as N — +oo if and only if

/ fdQN—>/ fdQ foreach f e Cy(X).
X X
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For a measure v = (vl’”, lr o une v”p) € (Ml(Z))zr we define, forall 1 <j<rand: €
{c, p}, the mixture

dP; ()= Y 17 (20)dPy, ().

20€EZ

Moreover, let R°(n, pj) and RP(n, p1, . .., pr) be the mixtures given by

dR"(n, pp(x) == > vI“(z0)dR, (1, p)(x),

20€Z
. (115)
dRP(n, p1, ..., pAX) =Y vP(20)dRE (0, pi, - . ., pr)(X).
20€Z

Finally, let us introduce the relative entropy H : M o(X) — [0, +-00] of Q with respect to P
as follows:

[y log ()do ifo <P,
otherwise.

H(Q|P) := (116)

We are now ready to state the large deviations principle for the sequence (PI‘}’N, N=>1).

Theorem 6.1. Let  the space M o(X) be equipped with the weak-* topology
0 (M,4(X), Cyp(X)). Moreover, suppose that the initial condition vy — v weakly as
N — oo. Then the sequence (PI‘YN, N > 1) satisfies the large deviations principle in the space

(Mi,p(X N, endowed with the product topology, with speed N and the good rate function
1(Q) = L(Q) — h(Q), where the function h(Q) is given by (110) and L : (ML(p(X))z’ — [0, o0]
is defined as

LQ):= a1 (Q5) + a1 pfd (@) + - -+ aupld ™ (QF) + ™ (Q0),  (117)
with, for each 1 <j<r, 1 € {c, p}, and Q € M o(X),

JHQ) = sup [/ fdQ— " v-j"(ZO)log/ efdpm], (118)
X X

feCy(X) 0eZ

and o, p]?, pf being given in (99) and (18). Furthermore, for each Q € (Ml,(p(/'\,’))zr, the rate
function [(Q) admits the representation

1Q) =
st [t (gl (@) 7))
+aijH(Q§’|RP(;T(Q;), (). ..., n(Q’j))>] it Q 0”0_1 —. (119)

+00 otherwise.
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Remark 6.2. This is a generalization of [49, Theorem 2.1] to our multi-population setting.
Also, while [49] studied the case where z, = zo for some fixed zp, so that vy = §,, we consider,
as in [12, Theorem 3.1], more general initial conditions, provided that the initial empirical
vector vy converges weakly towards v = (vl'c JobP o phe vr’f’). Moreover, similarly to
[12], we consider here the case where not all transitions are allowed, but only those in &, the
set of directed edges in the graph (Z, £).

Note that, from Definition 5.1, the weak convergence of the initial empirical vector vy

towards v amounts to the assertion that the initial conditions (X; j(O), an j(O), neCé,me
Cf; 1<j< r) are vH¢ @ v1P ... "¢ @ v P-multi-chaotic (cf. [61]).

Proof of Theorem 6.1. The proof of Theorem 6.1 is based on the generalization of Sanov’s
theorem for empirical measures on Polish spaces due to Dawson and Gértner [24], the Girsanov
transformation, and the Laplace—Varadhan principle [64]. We proceed through several lemmas.
We follow [49, Theorem 2.1] and [12, Theorem 3.1].

Large deviations principle for the non-interacting case. We first establish a large
deviations principle in the non-interacting case. U

Lemma 6.1. Suppose that the initial condition vy converges towards v weakly as N — oo.
Let M ,(X) be endowed with the weak-* topology o (M 4(X), Cy,(X)). Then the sequence
(PSNN ,N> 1) satisfies a large deviations principle in (M o(X N2, endowed with the product

topology, with speed N and the action functional L: (M 4,(X N — [0, oo] given by (117).
Proof. Fix a given block 1 <j <r. Denote by

0,N; 0,N
(P,J,NC>1) and (P/p’,Np>1>
VN VN

the sequences of probability distributions of the local empirical measures MJN’C and I\\/[[]]-V’p of the
central and peripheral nodes, respectively, of the jth block. Note that in the non-interacting case,
the transition rate from any state to any other state is bounded by 1. Therefore, the family of
probability measures {P; : z € Z} is a subset of M ,(X). Moreover, for any continuous func-
tion F € Cy,(X), the integral [ F(y)P,,(dy) depends continuously upon zo, and then {Py 20 €
Z} is a Feller continuous family of probability measures on X'. Now, since vy, — v/ and
v,{,’p — v/ as N — oo, by applying the generalization of Sanov’s theorem [24, Theorem 3.5],
V/ c VII’ ’
ations principle in M 4,(X) endowed with the weak-* topology 0 (M 4(X), Cyp(X)), with
speeds Njc and N]p respectively, and good rate functions J-(Q) and JP(Q) defined by (118).

Let K7, IC’; s, KS KR e BIM 1,o(X)) be closed Borelian sets. By independence, one has

0,N¢{
we find that both the sequences < / Nc >1) and (P / Np > 1) satisfy the large devi-

.
0,N? 0,N?
I (PVN,-”J {M]N,c € ic;} X PV/}'\}I’J {M]Nw € /Cj’}) . (120)

j=1

Pg;VN{MN ]_[ xIC”}
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Therefore, by Assumption 6.1 we get

r 1,
lim sup % log PO:N ( l_[ Kf x ICP> =lim sup % log ( PN (ICC) N (Kf))
J

N—oo N—oo _
J=1 =1
r C
NN 1 0,N¢
= lim sup L _logP; /(K¢
N—>ooj:Zl<NNN "11\'/(])
NN 1 ON”
<L L __ Kt
+NN N? ogP ( )

P
< Z <a/p1 lim sup — N log PO (IC‘)

j=1 NC—>oo j

+ li 1 P ;

@} ;rprljlioz) Nf og U,, )
,

S; (—ajp Q‘mIfC‘J/ ( )—a]pp Q/}n}fg)ﬂp(gf))

r

=— inf 3 (ogpF(QS) + el (). (121)

Similar arguments allow us to prove the lower bound for the large deviations principle, which
concludes the proof. O

The next result gives a characterization of the space containing the probability measures
satisfying L(Q) < oo.

Lemma 6.2. If, for a given Q= (Qf, Q’f, S, 06 Qf) € (M(D([0, T1, £))¥, the action
Sfunctional L(Q) < oo, then the following hold:

L Qe (M (X)¥.
2. Qorro_1 =v. Thus,
(7m0 (@) 75 (@) - (€5) 7 (@0)) = (1o wio e v vre).
Proof. This is a generalization of [12, Lemma 5.2]. Recall that the function ¢(x)=
>0 <1<T 1x(—)x(r denotes the number of jumps of x in the interval [0,7]. From (112) we

have that ||¢||, < 1. Moreover, ¢ is continuous in the topology induced by the metric d defined
in (111). Hence ¢ € Cy(X). Furthermore, L(Q) < oo implies that, forall 1 <j <7,

/ 0dQf — Y v/(2) log / e?dP,, < 00 (122)

0€Z
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and

/ gon}l-7 - Z VP (Z) log/ e?dP, < oo. (123)
X X

20€Z

Now, note that under the non-interacting distribution P, the transition rates are bounded by
1. Since the number of allowed transitions from any state is at most equal to K — 1, ¢ is
thus stochastically dominated by a Poisson random variable of rate (K — 1)T. Therefore, for
any initial condition zp € Z, we have 1 < f y €9dP;, < oo. It follows from (122) and (123)
thathgon; <ooandfx(de§’<ooforeachl <j<r,andsoQ=(Q¢, @, ---,05 00 ¢
(M (X ))?", which proves the first claim. In order to prove the second point, we pro-

ceed by contraposition. Suppose that for a given measure Q, L(Q) < oo and Qo 7w, =

vQ # v. Consider the bounded continuous functions ff(x), ff ), ..., ff(x), ff (x) defined on
X and depending on x only through the initial condition; that is, there exist functions
g, &), ..., g, & suchthat, forall 1 <j<r,

ff@) =gf(mo)) and f7(x) = g (mo(x)).

Since v # v, the above functions satisfy the following claim: either
PG YCREDIFACEROIY (124)
Z z

or

Y vy @ - PR #£0 (125)

for at least one 1 <j <r. Therefore, one can always find, for at least one j, an arb_itrarily
large af > 0 (or af > 0) such that ) gj‘f(z)v’d‘(z) — Y @) =af (or ", gf(z)v’ép(z) _
3. &/ @v/P(2) =a}). Indeed, this can be done by flipping the sign of £ (or ) if necessary
and scaling the functions. Note that, by the assumption, fj", Jj.p € Cy(X) since they are bounded
and continuous. Suppose without loss of generality that, for a given j, (124) is satisfied; then
by direct calculation we obtain

/X £2dQ5 — > 1<) log /X iap., = /X 85 (m0(x)) Q5 (dx)

20€Z

— Y vi€(z) log / exp { g (mo(x)) }dP,
20€Z X
=Y gy o) — Y g (v (z0) = a.
20 20

Hence, since a > 0 may be arbitrarily large, one gets that J (QJC) =00 and then L(Q) = oo,
which contradicts the assumption of the lemma and thus proves the second claim. ]

Conditions for application of the Laplace—Varadhan lemma. Lemma 6.1 establishes
the large deviations principle for the sequence (PB,’VN ,N> 1) in the topological space

(Mi,p(X ))2’ . Moreover, recall that the Radon—Nikodym derivative is given by

N
wN

oy @ =exp {NHY(Q)}, (126)
WV
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where the function #V(Q) is given by (109). Therefore, to find the large deviations princi-
ple for (P}, N > 1), one can apply the Laplace—Varadhan principle (cf. [64, Theorem 3.4])

to the sequence (PB;/N N> 1). The Laplace—Varadhan principle holds under the following
conditions:

1. The sequence of functions {#"(Q)} satisfies

1
lim lim sup — log / exp {NhN(Q)}dP(v)I’VN = —00. (127)
mN(Q)=A

A—>00 Nooo
2. Forevery Q in (Ml,w()())zr such that L(Q) < oo and Q¥ — Q,

lim sup &Y (QY) < h(Q). (128)
N

3. Forevery Q in (M,,(X))2" and QV — Q,

lim inf HN(QY) = h(Q), (129)

where (Ml,w(X))%’ is the set of points Q* in (Ml,w(X))zr for which, given any ¢ > 0,
there exists a neighborhood V of Q* such that, for any Q € V and N large enough,

HN(Q) > h(Q*) —e. (130)
4. We have
sup [7(Q) — L(Q)] = sup [7(Q) — L(Q)]. (131
Qe( M) Qe(My, ().

Note that, on the one hand, the condition in (127) is satisfied if, for any « > 0,

lim sup l log 5, €XP {Noz|hN| }dPgl’VN < 0. (132)

N—oo N v/;Ml,w(X))

Indeed, take o > 1; then

1 1
— log / exp [NV (Q)}aP’N =A + — log / exp {N(hV(Q) — A)}aPN
N hN(Q)ZA { } VN N /’LN(Q)ZA { ( )} VN
1
<A+ — log/ exp {aN(h(Q) — A) }dP)N
N WV (Q)=A
1
=(1—wA+ — log / exp {aNH" (Q)}dP)N
N WV (Q)=A

<(1 —oz)A+Zlvlog/ 2 exp {aN[IN Q)| }aP;Y.

(Mi4(2))
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Therefore,

1
lim sup — log/ exp {NhN(Q)}dPSI’VN <limsup ((1 —a)A
N Q)=A N—oo

N—o00

1

—lo exp {aN |V daproN ),
+ - log f(MW(X))2, p {aN|n"(Q)|}aP);!
where the right-hand side of the last inequality goes to —oo as A — oo if (132) is true. On the
other hand, it is easy to see that the conditions (128), (129), and (131) hold if the functions Y
defined in (109) are continuous and the sequence {hN } converges uniformly on (M 4(X ))2’
towards the function £ given in (110). The next lemmas are thus dedicated to the verification
of these conditions. First, we establish a regularity property for all the probability measures Q
satisfying L(Q) < oo.

Lemma 6.3. Let Q= (05, 0.+, 05 0F) e My,o(X)* be such that L(Q) < oo.
Moreover, suppose that the random vector X = (Xf, X’f s, X, X ) is distributed according
to Q. Then

sup ]E|: sup { ]lx(u#x(u_)}} —0 asalO. (133)
te[0,T] uelt—a,t+a]N[0,T]

Proof. This is a generalization of [12, Lemma 5.7]. Note that X(u) # X(u—) if Xj”(u) #
Xf(u—) or Xf (u) # X;’ (u—) for at least one 1 <j < r. Therefore, for each ¢ € [0, T] one obtains

]E[ sup { ]1X<u>;éX<u>}} = ]E[ sup {]lew)aé)ﬁ <u>”
u€(t—a,t+a]N[0,T] u€t—a,t+a]N[0,T]

+]E|: sip e ”
weli—aitainpor) L 217X @)

Ly ) }]
(134)

oot IE[ sup {]1X¢<u>¢X;'<u—)}] + E[ sup {
u€lt—a,t+a]N[0,T] uelt—a,t+a]N[0,7T]

Moreover, since L(Q) < oo, one gets that J (QJC) <ooandJ (Qf ) < oo forall 1 <j<r.Hence,
applying [12, Lemma 5.7] to each of the ch and XJP with respective marginal distributions Q]?
and ij gives us that, foreach 1 <j <r,

sup IE|: sup []].X?(u)#xf‘(u_)}} -0 asal0 (135)
t€l0,T] L uelt—a,t+aln[0,T] * !
and
sup E[ swp i, ﬂp(u_)}] —0 asa 0. (136)
€[0.7] L uelt—a,t4+aln[o,7] ¢ J
Combining (134), (135), and (136) leads to (133). O
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The next lemma establishes the continuity of the projection &, which is needed for the
continuity of the function 4(Q).

Lemma 6.4. Let M {(D([0, T1, Z)) be equipped with its usual weak topology and let
D([0, T], M{(2)) be equipped with the metric

pr(i, v) =OSUP po(fes ve), v € D0, T], M1(2)), (137)
<t<T

where po(-, ) is a metric on M |(Z) which generates the weak topology o(M(Z), Cp(2)).
Moreover; let (M{(D([0, T, Z)))*" be endowed with the product topology induced by the
product metric. Equivalently, let (D([0, T], M1(2)))*" be equipped with the product topology
obtained from the product metric p%’ =max{pr, ..., pr}. Then the projection

7:Qe (M(D(0, T1, 2))* — 7(Q) = (Qo<i<T € (D([0, T, M(Z))*"
is continuous at each Q € (M1(D([0, T], £)))*" where L(Q) < .

Proof. The statement of our lemma resembles the statement of [49, Lemma 2.8]. The dif-
ference here is that our spaces of interest are the product spaces (M (D([0, T1, 2% and
(D0, T, M1(Z))* endowed with the product metrics. Moreover, the rate J(Q) in [49,
Lemma 2.8] is here replaced by L(Q). Therefore, if we replace the norm | - | by the product
norm || - || adapted to the context of our product spaces, then the proof of our lemma follows
verbatim the proof of [49, Lemma 2.8], provided that we can prove [49, Equation (2.14)]. This
is done in Lemma 6.3. Thus, the proof is complete. U

We next prove the continuity of the functions 4.

Lemma 6.5. The functions hV : (./\/ll,(/,()('))zr — R defined at (109) are continuous at any Q
such that L(Q) < oo.

Proof. This is a generalization of [49, Lemma 2.9]. For any Q € (Ml,(p(X))Z’, define

O 0= > Ly, 1og< > i (G0, Q) )) (138)

0<t<T (x—,x(1)e€

0 = Y Ly 1og< DN o/ () Q’f(t—),.-.,Q’,’(t—))), (139)

0<t<T (-, x)€€
Vo )= / ( > A,xtz(Qj?(t),Qf(t))%)dh (140)
z:(x,2)€E
7g )= / ( 2 x,,z<Q;-‘<t>,Q’i'<r>,...,Q';(r»—l)dt- (140
z2:(x1,2)€€

Note that the function /" given by (109) can be rewritten using the functions Qgc(x), 96’" (x),
;/éc(x), and yé’p (x) as follows:

" | N¢ - - N? 4 .
Q=Y [Fj /X (e{;(x) - y{;(x)) 0 (d + /X (eg’<x) - V(jjp(x)>Qf(dx)}.

j=1
(142)
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Therefore, to show the continuity of W (Q), we show that for any 1 <j < r, the functions
Q- [ dwgia@n. Q- [ efwelan.
X X
Q- | ¥iw@y. Q- | v§ 0 dx)
X : X /

are continuous at any Q where L(Q) < oco. First, from Assumption 6.1, there exists a positive
constant C > 0 such that, foreach 1 <j <r,

’9’(;(36)‘55;%)(10%( 3 A;,x,,x,@,;))

(xr—.x)e€
< C( + ¢(x)) Vxe X

)fp(x)
(143)

and

o5 @[ = sup
gsgl ----- ;r

log ( > Mo G L1 ;,))

(xr—,x)€E
< C( + ¢(x)) Vxe X.

><p(x)
(144)

Similarly, by Assumption 6.1 we have that, for each 1 <j <r,

T
./(.) ( Z Aﬁx;,z(gvg)—1>dt

21 (x,2)€€

<00 Vxe X (145)

Jj.c
‘y (x)‘ <sup
Q £.¢
and

‘;fé’p(x)‘f sup <00 VxeX. (146)
¢

s(lw-n{r

T
/ Z )\ﬁxtgz(gv Cl,'..’é‘r)_l dt
0

2 (x,2)€€

Take Q' € (M (X )% in the neighborhood of Q. Note that

- N? i.c - j,c c
N -r Q) <] [—-’(\w{{, o) — (65 0)

)

+| o e — o o)

‘ N
j=1
N/I'7 9P oP 0/ P j.c A
+ -2 (|6 @ - wn. 0| + |0 e - s o)) |
(147)
In addition, for each 1 <j < r, the following inequalities hold:

. o — 6l 0| <[l o — 09| + [ — o o). a4m)
. Q) — . 0| < |l 0 — oM + | — el 0| 49)
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|0 06 - 05 0

Q

= |0 o -0

+ ‘(VQ _7/ /s Qj/¢> ) (150)

" e =l o < |0l & = o + [ = vl o] asy

The idea now is to control the right-hand sides of the last four inequalities. We show this for
the inequality in (148). Similar arguments can be used to treat the other three inequalities.

First, notice that the function %C is continuous. Indeed, the topology of X’ is built so that the

function x — Y o,y Ly, is continuous. Moreover, from Assumption 6.1, the functions
A€, are continuous. Furthermore, from Lemma 6.4, the component projection Qc — JT(QC) =
J:2,2
(Q (t))o</<T 18 continuous since 7 (Q) = (Q(#))o<;<7 is continuous. Finally, the log function
being continuous gives that 0’ is continuous provided that L(Q) < oco. In addition, from (143)
we have that 06‘ <C(+ gp); thus 06‘ € Cy(X) provided that L(Q) < co. Therefore, the term
|0 o - 0/)
Q/ ¢ close enough to Qj?). The second term in the right-hand side of (148) is bounded as follows:

can be made as small as desired by taking Q' close enough to Q (and thus

log ( > (@), 2ao) )

| 60 0/)| < sup
! (-, x)€€ (152)
—log( Do M (Q’f(t—), 07 (t—)))’ /X pdQ';.
(xr—,x)€E

Therefore, using again Assumption 6.1, Lemma 6.4, and the continuity of the log function,
the right-hand side of (152) is controlled for any Q' in the neighborhood of Q in (M (X ))2r

provided that L(Q) < co. Thus, the integral Q — f dQc is continuous. The same steps allow
us to show that

0 [ dwelan. Q- [ wg@.  wmd 0~ [ mda

are also continuous at any Q where L(Q) < oco. Hence, the function 4" is a linear combination
of continuous functions and thus is continuous, which concludes the proof. O

The following lemma states the uniform convergence of {hN , N> 1} towards h.

Lemma 6.6. Suppose Assumption 6.1 holds. Then the sequence of functions {hN ,N> 1}
introduced in (109) converges uniformly towards the function h given by (110).

Proof. From (110) and (142) one has

r N<C ic j,c c
B[ o) s

j=1

sup BN Q) —h@Q]=  sup i
Qe(My )" Qe(M ()"

N7 | |
+ <W] - O‘ﬂ’f) /X <961’(x) - y{iﬂx))Qf(dx)H
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< < Wj — a;p§ sup / (960(16) - y(’;(x)> 05 (dx)
= QM (X 1 /X
17 . .
| cx]pp‘ | (e(’{(x) - y(f(x))Qf(dx) )
QG(Ml W(X))Z’

(153)

First, observe that

sup

) (9{;(@— y{f(x)) 0 (dv)| <
Qe(M (X))

sup
Qe(M )"

0L (1) QS (d
/X b ()05 (dx)

+
Qe (M1 wm

/ Yo (005 ().

Using (143) one obtains

sup
Qe(My ()"

0L (005 (d
|, g <

sup / C(1 + ¢(x))Qj (dx)
Qe (M 4)" 7

< sup C( / Q; (dx) + / <p(x)Qf(dX)>,
2r X X

Qe(M (X))

which is < oo since Q¢ is a probability measure and the second integral is finite for Qj? €
M,o(X). Moreover, by (145) one has

<00,

f V& (005 (dx)

QE(Ml w(X)

again since QJ? is a probability measure. Therefore, by Assumption 6.1, one deduces that

N¢
(F] - ogpf) sup
2r
Qe( M (X))

Similarly, one obtains
—30.

N} . ,
(— — oszp) sup [ (QIQ'[?(X) - V(jjp(x)>Q§)(dx) "
Qe(M )" 7

Thus /" converges uniformly towards 4. (]

N%oo

(9’ ™) = % (x)> £(dx)

The final step before applying the Laplace—Varadhan principle is to verify that (132) is
satisfied.

Lemma 6.7. For any o > 0,

limsupl%llog/(Mw(X)) exp {Na|hN|} PON < .

N—o00
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Proof. First note that, using the bounds (143), (144), (145), and (146), we find that for all
Q € (M (X)),

r N(,
M= [W]C (1 + /X w(x)Qf(dX)> -

J=1

P
—]C<1+/;(¢(x)Qf(dx)>j|. (154)

Therefore, to show (132), it is enough to show that, for any o > 0,

1 [N}
lim sup — log/ ,, €Xp § Nav Z |:—j / P(0)Q; (dx)
N (M) et N Jx

N—oo
NP
+ Fj /X (p(x)Qf(dx):| }dPg;VN(Q) < o0. (155)

Recall that PS}VN = PS,;,N o GX,I , where PS,Q,N = ®],:':1Pzn and P, is the law of the nth particle in
the case of non-interaction, with the initial condition being z,. Hence, by independence, the
integral term in the left-hand side of (155) is equivalent to

r

NE
IT (/ e Vo [ wogsianfar’yl o)) [
j=1 \ Mg M)
P 0.N7
exp { N« . P00 (dx) dP p @)) (156)
N
Now, using [49, Lemma 2.10], we find that forall 1 <j <r,

1 0,N¢
lim sup N log /M exp {Njca /X (p(x)Qf(dx)}dPULC’ (QJC) <00 (157)
Lp(X) N

Nj.”—)OO J

and

l1m sup Lp log /M exp {Nf’ / (x)Qp(dx)}dP (Qp) < 00. (158)
Lo(X)

Since N‘ <N and Np <N for all 1 <j<r, (157), (158), and (156) lead to (155), which
concludes the proof. O

The interacting case. We are now ready to apply the Laplace—Varadhan principle to the
sequence of probability measures {Pg;VN ,N >1}. By Lemma 6.1, the sequence {PS&N ,N>1}
obeys a large deviations principle in the topological space (M 4 (X ))?" with rate function L(Q)
defined by (117), and with speed N. Moreover, by Lemma 6.5, the functions K" defined in (109)
are continuous at any Q such that L(Q) < co. Furthermore, by Lemma 6.2, the functions Il
are continuous on the set {Q e (M (D([0, T, 2))¥'|L(Q) < oo} Therefore, the conditions in
(128), (129), and (131) hold true. Finally, we have seen in Lemma 6.7 that (132) is satisfied.
Hence, a straightforward application of [64, Theorem 3.4] gives

1

—log / . exp NIV }aPON —s sup [1(Q) — LQ)]

N - o ) (159)
(Ml @(X) QE(MLW(;{))Z
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as N — oo, and the sequence

exp (NAN) ON
Py ) N 2 1
{ / (M) exp (NhV)apyY ™ (160)
Lo(X)

obeys a large deviations principle with speed N and rate function

Q— LQ) — Q) — inf [L(Q") — h(Q"]. (161)
Q'e(Mi4)
Now, from (108) we have

N

(@ =cxp (NH(Q}. (162)
N

Since PQ/N is a probability measure we obtain

exp (NHM)aPON = / dP, =1. (163)
/(Ml,wm)z ( ) VN Mwm)z '

Thus, the left-hand side of (159) is always zero and so

sup  [h(Q) — L(Q)] =0, (164)
(Ml.w(X))zr
which gives that
inf [L(Q) — h(Q"] =0. (165)
Q'e(Mipa))

We then conclude that the sequence {P",, N > 1} obeys a large deviations principle in the
topological space (M (X ))?", with speed N and rate function

1(Q) =L(Q) — h(Q). (166)

In order to obtain the representation in (119), we proceed as follows. First, from (154) We_have
that, for Q € (Ml,(p(.)c'))zr, h(Q) < oo. Moreover, from [12, Lemma 5.6], the functions J7**(Q)
defined by (118) have the following representation:

H(Q|Pj,L) ifQonal — Uj,t’

+00 otherwise,

JHQ) = (167)

where H (Q|Pj,t) is the relative entropy defined by (116). Therefore, if either Q o 7 ! £ vt
or Q is not absolutely continuous with respect to P;,, then one can immediately observe that
JPH(Q) = oo; thus L(Q) = oo, and finally 1(Q) = co. Now, assume that for all 1 <j < r we have
Qj? o 710_1 =, Qj‘f <« P, and Qf o no_l = /P, Qf &« P; then

LQ =aipiH(Q{|P1c) + 1tiH(QY|P1p) + -+ aopiH(Q1|Pre) + et H(QF|Prp).
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Furthermore, one can observe from (105) that the densities exp {hl(x, n, ,oj)} and
exp {ha(x, n, o1, - . ., pr)} do not depend on the initial condition zo. Therefore, for each 1 <
J <r, the densities of Rc(n (QJC) rr(Qf)) and RP (n (Q]C)) n(Q’l’) ..... rr(Q[,’))) with respect

to the mixtures P; . and P; , are given by, respectively,

dRc(n(Sg,cn(Qf))( =exp [ (v, 7(€9), 7(2)))]
and
aR? (7 (05)). 7(Q5). - 7 (%)

=exp [In(r. 7(0))). 7(2)). ... 7 (@D))].

de,p
Replacing h1(-) and hy(-) in (109) by the two representations above, we find
" [ N¢ dR¢ (7 (QS), 7 (OF
Q=) —f/ dQs log (x(2). 7(&)))
D([0,T],2)

P N de,c

+zi;’/ delongP(n(Q;)ﬂ(Q?),---aﬂ(Q’r’)))}.
D([0,T],Z)

dPj

(168)

Finally, using (99) we find that, as N — oo,

. dQ; dR‘ (7 (05). 7 (Q}))
L(Q) — h(Q) = e dQ° 1 dQ° 1
@@ Z[%pj</0<[0ﬂ, 2) 0 log dPjc /D<[0,T],Z> G loe dPjc

j=1
dQy
+apl / dQ’ log —~
! ’( pqo,r,z) dP

dR? (z(Q5). 7 (Q). - ... 7(0F)))
B x/D([O,T],Z) dQJp log dap )i|
r ) deq
; [ajp’ /D([o nz 0 dR (7(05). 7 (7))

+°‘ij /I;([O,T],Z) de log dRP (m (QJ?), (). ..., n(Q)
=3 [t el @)

e (R (). x(0). ... x(00) )|
(169)

This concludes the proof. d

6.2. Large deviations principle for the empirical process
We now investigate the large deviations of the sequence (p")’ , N> 1) where, for any N >
1, va =P N © yN = (M") is the distribution of the (M (Z))* -valued empirical process
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defined by
N .
i€ (0. 71— 10 = (i O V0. N0 1V )
1
(Nc > %00 Np 250 e 2 S0 D> xn,m)
neCy I nec? " neCe " pec?

The flow u” takes values in the product space (D([0, T],MI(Z)))zr. Again let
D([0, T], M{(2)) be equipped with the metric

pr(p, v):= sup po(us, ve), w, v €D(0, T], Mi(2)), (170)

0<t<T

where po(a, B), o, B € M(2), is a metric on M(Z) that generates the weak topology on
M (2). Moreover, let the product space (D([O, T], M, (Z)))zr be equipped with the product

topology induced by the product metric p%’ =max{pr, ..., pT}.
For any & = (Ef g, < $£’) € (M1(Z))2r, define the rate matrices
A= (2 (&80 and A= (3 (&8 8 :
& .2, \>1 7 % , Z\5 51 r ,
= (2,2 )EZXZ (2,2 ))EZXZ
(171)
where

Az, z(g Ep) Z )‘;,z,z/ (éjc’ gj”)

z;éz

W5 g) == (e 8).

/
7 #z

and

From the laws of large numbers given in Corollary 5.1, one can deduce that, as N — oo, the
sequence (/,LN , N> 1) converges weakly, for converging initial conditions, towards the solution
1 of the following McKean—Vlasov system:

H«, (= A] (t),U«, HOR

D
/“LJ (t) A,u(t)l'l/j (t)’ (172)
10y = vf, uf (0) = v7,

1<j<r,

where A* is the adjunct/transpose of the matrix A and u(f) = 3 ty,(t) Note that the Lipschitz

property of the functions A° , and A” , ensures that (172) is well-posed. Also, one can notice
J:2,2 J:3,2

that the representation (172) is consistent with the infinitesimal generators Eg,m and ’cgm

introduced in (103) and (104). Indeed, if we consider ¢, Eg,njd” and E‘;m m_qb as column

,,,,,

vectors, then the right-hand sides of (103) and (104) are the results of right-multiplying the
rates matrices A€ and A’'P, respectively, by the vector ¢.
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Denote by t the log-Laplace transform of the centered Poisson distribution with parameter
1 given by t(u) = e* — u — 1, and let 7* be its Legendre transform, defined by

w+Dlog(u+1)—u if u>-—1,
T u) = {1 if u=—1,
400 if u<-—1.

Let us recall now the notion of absolute continuity introduced in [24, Definition 4.1]. Denote
by S the Schwartz space of test functions R — R having compact support and possessing
continuous derivatives of all orders. We endow S with the usual inductive topology. Let S’ be
the corresponding space of real distributions. For each compact set K C RY, Sk will denote
the subspace of S consisting of all test functions whose support is contained in K. Finally, let
(v, f) denote the application of the test function f to the distribution v.

Definition 6.1. Let I be an interval of the real line. A map v(-):I— &’ is called absolutely
continuous if, for each compact set K C R4 , there exists a neighborhood Uk of 0 in Sk and an
absolutely continuous function Hg : I — R such that

[(w@), )] = [{(v(V), f)| < Hx(u) — Hg (v)

forall u,velandf € Uk.
Finally, for any 6 € M(Z), define

eIt = sup {Ze(zm(z)— > T(OE@) - @) - 0@ -2 (0, u,(r))}

T ez (.7)e€
161115, == S { > 0 02
e €Z

- Y () - 2@)- uj.’(z)(z).kj’“/(u;(r), u‘f(o,...,ur(t))}
(z,z/)eé' h

Also let us introduce, for each v € (M;(2))*, and according to [24, Equation (4.9)], the
functional S(u|v) defined from (D([0, T, M1(2)))*" to [0, co] by setting

r

T
S[o,nwv)::Z[a,-p;f / 1150 = AL 1 @]t + ) / A
j=1 0 (173)

u(t)'U“J A0l |u(t)dt:|

if w(0)=v and ,u pL are absolutely continuous in the sense of Definition 6.1 forall 1 <j <r,
and Spo, 7(u|v) = +oo otherwise.
We are now ready to state our large deviations principle for the sequence (p{YN, N> l).

Theorem 6.2. Suppose that vy — v weakly. The sequence of probability measures (p’VVN, N>

2r

1) obeys a large deviations principle in the space (D([O, T], ./\/ll(Z)))
rate function Syo,71(t|v) given by (173).

, with speed N, and
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Moreover, if a path i € (D([O, T], /\/ll(Z)))zr satisfies Sjo,7)((|v) < oo, then ujf and uf

are absolutely continuous and there exist families of rate matrices L; -(t) = (l]Z ’Z,(t), (z,2)eé& )

and L; (1) = (li’p/(t), (z,7) € 5) such that, forall 1 <j<randtel0,T],
7,2
15 (6) = Lj (O 11 (8),
15 (1) = Lj p (0" 15 (0).
Furthermore, in this case, the good rate function Sjo,71(w|v) is given by

) 0!
Z[“mf/f( > (uf<f><z>)k,-:,/(ﬂf<”’“f(”)’*( £010) _1>>d’

. C C
=1 (@.7)eE )\j,z,z/ (/ij (1),

T
+ ) /0 ( > (Mw@) (koo ko)
@e

L0
( : QM.
V(o do.. i)

/
2,2

(174)

Proof. We first use a contraction argument to derive a large deviations principle for the
sequence (pC’N, N > 1). From Theorem 6.1, the sequence (P , N > 1) obeys a large deviations
principle with speed N and rate function /(Q) given by

S [ (IR (2 (€))7 (2)))) ifQony' = v,
A I AL AR CARE )]

+00 otherwise.

Moreover, from Lemma 6.4, the projection
7 1 (My(D((0, T), 2))” = (D0, T1, M1 (2))”

is continuous at each Q € (Ml(D([O, T, Z)))zr where L(Q) < 0o, and thus at any Q such
that 7(Q) < oo. The latter corresponds to the effective domain D; = {Q : I(Q) < oo} of the rate
function I (see [29, p. 4]). Therefore, by applying the contraction principle to the large devia-
tions principle of (PN N> 1) (see [29, Theorem 4.2.1, Remark (c)]) with rate I, we deduce

VN
that the family of probability measures (P{}’N on !, N> 1) obeys a large deviations principle

in (D([0, T1, M;(2)))”" with the rate function defined, for any z € (D([0, T1, M;(2)))”, by
V()= inf {1Q), Q & (Mi(D(0, T1, )", 7(Q) = pu}. (175)

We now derive another representation for the rate function V following [24, 49]. Fix
w=(us. 1l 1<j<r) e (D0, T1, M(2))”. Note that writing 7(Q)=p. with Qe
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(Ml(D([O, 71, Z)))2r, is equivalent to n(Q]?) ? and rr(Qf) = /Lf for all 1<j<r.
Therefore V can be rewritten as

V() = inf [ Xr: [a,p]H(QC|RC(M], W )) T ajpj?H(QﬂRP(M;, uh pd;))],
j=1

Qe (My(D([0, T1, 2)))”, 7(Q) = u}.

Fix 1 <j<r. Let (Xj('g) 1 and (X()> be sequences of i.i.d. processes with common
) is
p
r

> i>1
laws R"’(uj‘.', ,uj.’ ) and RP (u/., wi, ..., ull), respectively. By Sanov’s theorem, the empirical

measures
o i
— @ - (i)
Ne 2K and G ) X
i=1 J i=1

obey large deviations principles as Njc — o0 and N]’.’ — 00, with speeds Njc and N]P , respec-
tively, and rate functions given by

Q € My(D(0, T, 2)) — H(Q|R (1. 1))

and
0 € My(D(0, T1, £) > H(Q|R (u5, i, ..., i2)),

respectively. Using the same arguments as in the proof of Lemma 6.4, one can show that the
projection 7 is continuous at any Q € (./\/ll(D([O, T], Z)))zr such that

r

Z [ogpr(QﬂRc(u;, uf)) +Oljp5~7H<Q§)|Rp(/L;, ,u’f, o, ;ﬁr’)] < 00.

J=1

Thus, the component projections 7 (Qf) and 7 (Qf) are also continuous. Hence, using the
contraction principle ([29, Theorem 4.2.1]), the sequences

C

1 &

@ 5.

{te[O Tl — Ne » )(jfc(t),zvjczl}
i=1

and

{r el0,7)— Zxﬁ’;(r);Nf > 1}

Jll

obey large deviations principles with speeds Nj" and Nf , respectively, and rate functions

1€ D0, T], Mi(2) > S = inf {H(QIR (15, 7)),
0 Mi(D(0. T, 2)), 7(@) =]
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and
1€ D0, 1, Mi(2) > S 0n) = inf {H(QIR (s, 1if. ..., i) ),
0 € MyD(0, 71, 2)), 7(Q) =1},

respectively. Note that, by using an independence argument and following the same steps as in
the proof of Lemma 6.1, one can show that the sequence

N§
(z‘ €[0, T] — (1% Zx(z) ), lp ZX(I) ), . Nc Zx(t) 1), — ZX(z) (t)))
1 =1 Ny i= r N>1

obeys a large deviations principle with speed N and rate function

r

n=(nf. 7} ... nfnl) € (DO, T) Mi(2))” — S =Y [%p, S (1) + el S (f ))]-

j=1

In addition, the vector

N¢ NE
1 1
(SIS SR B0 22

i=1 =1 N>1

obeys a large deviations principle with rate /(Q). Therefore, by a contraction argument and
using again the continuity of the projection, we find that

Ni

r

( e[0,T]— ( Zx(l) 1), — Zx(l) 0, . 1 Z (l) (t) lp Zx(l) (0))
Ny i=1 Ny i= N>1

obeys a large deviations principle with rate V(). Hence, by the uniqueness of the rate function
(cf. [30, Lemma 2.1.1]), we find

V() = Su(w). (176)

We next derive another representation for S, (v). For any 1 <j <rand v € D([0, T], M(2)),
we have from [49, p. 319] that

550 = U,

' i (177)
SiP(v) = U (uildz)d),

where, for all b € M, ([0, T[ x Z), U’,.L’c(ﬁ) and U{jp (V) are given by the following (see [49,
Equation (3.14)]):

,C g a
o [ Gt

- Y e - (w0 o). vt(dz>>},

7 @7)eE

(178)
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r 3
vipwr=sp | ["(- (5t oo

D DR (CEOE(O)  (HONTHORSNTIIC) vt(dz)>},

)€

(179)

where C{ stands for the set of all continuous functions with compact support on [0, [ x Z
which are #-differentiable. Using (177), (178), and (179) together with [49, Lemma 3.2], we

obtain
T
Sy = / ‘ ‘

S (w) = f o - aiigol||  a

(t) AM(I)MJ (t)‘ ‘ ‘ dt,
(180)

Finally, using (176), we deduce that (pl),, N > 1) obeys a large deviations principle with rate N
and good rate function (173). The representation (174) follows immediately from [49, Lemma
3.2], and the statement about absolute continuity follows from [49, Theorem 3.1]. The theorem
is proved. O

The following result shows that the large deviations principle for (p), N>1) holds
uniformly in the initial condition.

Corollary 6.1. For any compact set KC (./\/ll(Z)))zr, any closed set FC
(D([O, T1, ./\/ll(Z)))zr, and any open set G C (D([O, T1, ./\/ll(Z)))zr, we have

1
lim sup — log sup p), (/,LN € F) <- 1nf 1nf S[o 1 |v), (181)
N—o0 vek
1iminfllog inf p) (1 € G) = — sup 1nf Sio.71(ie[v). (182)
N—oco N vek v vekK 1 !
Proof. This follows immediately from [29, Corollary 5.6.15] and Theorem 6.2. (]
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