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Abstract

In this paper we consider the stationary Poisson Boolean model with spherical grains and
propose a family of nonparametric estimators for the radius distribution. These estimators
are based on observed distances and radii, weighted in an appropriate way. They are ratio
unbiased and asymptotically consistent for a growing observation window. We show
that the asymptotic variance exists and is given by a fairly explicit integral expression.
Asymptotic normality is established under a suitable integrability assumption on the
weight function. We also provide a short discussion of related estimators as well as a
simulation study.

Keywords: Stochastic geometry; spatial statistic; contact distribution function; Boolean
model; spherical typical grain; point process; nonparametric estimation; radius distribu-
tion; asymptotic normality

2010 Mathematics Subject Classification: Primary 60D05; 60G57; 52A21
Secondary 60G55; 52A22; 52A20; 53C65;
46B20; 62G05

1. Introduction

We consider a stationary random closed set Z in R? (d > 2) which is given as a union of
random balls of the form

Z:=J B Ry). (1.1)

n>1

where B(x, r) is the closed Euclidean ball with radius » > O centered at x € R, @ = {£,:n >
1} is a stationary Poisson point process on R4, and the sequence (Ry),>1 is independent of ¢
and formed by independent nonnegative random variables with common distribution G. Let
R be a generic random variable with distribution G. We will always assume that it has a finite
2dth moment, that is,

ER* < 0.
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FIGURE 1: A simulated realization of a planar stationary Boolean model Z with spherical grains observed
in a rectangular observation window. The symbol d denotes dg2(x, Z) and r stands for 2 (x, Z).

Definition (1.1) provides an important model in stochastic geometry with numerous applications
in, e.g. physics and materials science. The set Z is called a stationary Boolean model with
spherical grains. A simulated realization for d = 2 is shown in Figure 1.

It is a fundamental statistical problem to retrieve information on G based on an observation
of Z in a bounded window W. Our aim in this paper is to propose and study a family of
nonparametric estimators of G. The nonparametric estimation of the radius distribution G has
been studied before; see [4]-[6, Chapter 5.6], [19], [21], [25], or [26]. In [21] a kernel estimator
is obtained by the method of tangent points. The asymptotic properties of this estimator are
studied in [12]. For earlier work on statistics for the Boolean model, we refer the reader to [3,
Chapter 3.4], [20], and the references therein.

In the following we assume that all random elements are defined on an underlying probability
space (2, ¥, P). ForaBorelset A C RY, we write O (A) :=card{n > 1: &, € A}, and assume
that ® has a positive and finite intensity

y = E®([0, 11%).

Throughout the paper, let B be a compact convex set which contains the origin o and a
nondegenerate segment. We call B the structuring element or gauge body, but we point out that
B need not be centrally symmetric or full dimensional. The B-distance from a point x € R? to
aset A C R?is

dp(x, A) :==inf{r > 0: (x +rB) N A # &} € [0, c<].

Clearly, if o € int B, and A is nonempty and closed, then the infimum is a minimum. The most
common structuring element is the Euclidean unit ball B(o, 1), for which we also write B¢
and which is based on the Euclidean norm denoted by || - ||. For given x ¢ Z, almost surely,
dp(x,Z) < oo whenever R satisfies P(R > 0) > 0. We always assume that this condition
is fulfilled. Then, almost surely, there is a unique n € N (that is, a ball B(&,, R,)) such that
(x +dp(x, Z)B) N B(&,, R,) # @ (see [14, Lemma 3.1] or [24, Lemma 9.5.1]). In this case,
we define rp(x, Z) as R,. In Figure 1 we illustrate the definitions of dg(x, Z) and rp(x, Z)
forx ¢ Z and B = B2

For s, r > 0, we write By , :==sB & rB = {sx +ry:xeB, ye€ Bd} for the Minkowski
sum of s B and r B?. Let |A|; denote the d-dimensional Lebesgue measure of aset A C R, let
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K 1= |Bk Ik = ak/2 /T (1 4+ k/2) denote the volume of the k-dimensional unit ball, and write
V;(B) for the jth intrinsic volume of B (see [24, Chapter 14.3]). Then, for ¢ € R := [0, 00),
the empty space function Fp of Z is given by

Fp(t) :=P(dp(0,2) <1)
—P(ZNtB # )
=1 —exp{—yE|B; rla}

d
=1 —exp{—y de_jVj(B)tjERdj}. (1.2)
Jj=0

The empty space function is a useful summary statistic of random sets (see [3] and [8]). In
the case of a strictly convex gauge body B a detailed study of Fp for (nonstationary) germ—
grain models can be found in [13]. We denote the complementary empty space function by
Fp(t):=1— Fp(t). Asa consequence of [14, Theorem 3.2], for all measurable functions
g:[0,00] x R* — R* such that (0, ) = g(co,r) =0, r € Rt, and all x € R?, we obtain

Egdp(x. 2).rp(x. 2)) = ¥ fo fo §e.0hs(, N ACA)  (13)
with
d—1 N
hp(t,r) = Z(j + Drg—1—j Vj_i_l(B)rd*I*JtJ
j=0

for t,r € [0, 00); see also [24, Theorem 9.5.2]. Note that on the left-hand side of (1.3) the
restriction to {0 < dp(x, Z) < oo} is expressed by the condition g(0, r) = g(co, r) = 0.

For Borel sets C ¢ Rt and A C R?, and a measurable function f:10,00] = Rt with
f(0) = f(o0) =0, we define a random measure 14 by

na(C) = /A Urp(x, Z) € C}f(dp(x, Z))hp(dp(x, Z),rp(x, Z)) "' dx,  (14)

where 1{-} denotes the indicator function. Here we set 0/0 := 0. Thus, in particular, the
integration effectively extends over the complement Z¢ := {x € R?: dp(x, Z) > 0} of Z.
Throughout the paper, we will assume that

0<p:= /OO f(t)Fp(r)dt < oo. (1.5)
0

In view of (1.2) this is a rather weak assumption on f. Moreover, we assume that the origin
is an interior point of B if P(R = 0) > 0. This assumption ensures that Ag(t,r) > 0 for
t € (0, 00) and G-almost all r € R*. By Fubini’s theorem and (1.3), we obtain

Ena(C) =y B1Ala G(O). (1.6)

Consider a compact convex observation window W C R? with |W|s > 0. We propose a
nonparametric estimator G for G based on the information contained in the data

((dp(x,Z),rg(x,2)): x € W\ Z}.
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Note that this data may also require information from outside W. The estimator is given by

= nw(C)

G(C) : nw ®S)’ 1.7
where C C R* is a Borel set. If the denominator in (1.7) is O then the numerator is 0 as well,
and we use the convention 0/0 := 0. From (1.6) we see that Enw (C) = y 8 |W|q G(C) and
Enw (RT) =y B|W|y. This means that G is a ratio-unbiased estimator of G.

The paper is organized as follows. In Section 2 we study second-order properties of (1.4).
Our Theorem 2.1 shows that the asymptotic variance exists, is positive, and is given by a fairly
explicit integral expression. The proof is provided in Appendix A. Consequently, estimator
(1.7) is asymptotically weakly consistent as the compact convex observation window W is
expanding. Strong consistency follows from the spatial ergodic theorem. Section 3 contains
the proof of asymptotic normality (see Theorem 3.2) under an integrability assumption on the
function f. The proof of Theorem 3.2 is essentially based on the asymptotic normality of (1.4)
established in Appendix B. In Section 4 we consider the estimator G in the plane and for the
spherical case (B = B(o, 1)) as well as for the linear case (B a segment). We also discuss
some related estimators. A simulation study is performed to compare the behavior of different
(discrete) versions of these estimators of the radius distribution G.

2. Second-order properties
For a Borel set A C RY, we define the restricted Boolean model as
zA) = |J BG. Ry
{n: §n€A}

Clearly, Z(A) is not stationary unless A = R?. Furthermore, for t € R™, the complementary
empty space function of Z(A) with respect to x € R is defined by

Fj(x; 1) := P(dp(x, Z(A)) > 1)
=P((x +1B) N Z(A) = @)
=E ]_[(1 — Y& +1tB)N By, Ry) # S1{E, € A})

n>1
= exp{—yE/d 1{(x+tB)N B(y, R) # o}1{y € A}dy}
R

= exp{—yE|(x + B, r) N Ala}.
In particular, we have F}Ed (x;1) = Fp ().
For Borel sets Aj, A» C RY and 11,15 € RT, it will be convenient to introduce the
complementary second-order empty space function with respect to x1, x» € R as
Fyt ™2 (x1, x01 11, 1) 1= P(dp(x1, Z(A))) > 11, dp(x2, Z(A2)) > 1)
=P((x1 +1B)NZA) =9, (xp +1HB)NZ(Ay) = @)
=E[[0-Hoa +nB)NBGE, R) # 25 € A1) o)

n>1
x (1 = {(x2 + nB) N B(&,, Ry) # @}1{§, € Az})
= exp{—yE[((x1 + By ,r) N A1) U ((x2 + By, r) N A2)la}.

This function is related to the second-order contact distribution function studied in [1].
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In order to obtain a more concise statement in Lemma 2.1 below (and again in the proof
of Theorem 3.1 below), for given Borel sets A1, Ay C R4 , we introduce two functions,
I1 (A1, A2) and (A1, Ay), depending on the arguments (x1, x2, y,r) € (R”l)3 x RT and
(X1, X2, Y1, y2, 71, 12) € (RH* x (RT)?, respectively, defined by
L/(Ar, AY)(x1, X2, y.7) == 1{y € Ay N A} F" ™2 (x1, xp: dp(x1, B(y. 7)), dp(x2. B(y, 7))

and

L (Ay, A2)(x1, X2, Y1, Y2, 71, 12)
= 1{y1 € A1}1{y2 € A}[(1 — I{y2 € A}1{dp(x1, B(y2,72)) < dp(x1, B(y1,71))})
x (1 =1y € Ax}l{dp(x2, B(y1,71)) < dp(x2, B(y2,72))})

x Fy' "2 (e, x2; dp(x1, B(y1, 1)), dg(x2, B(y2,72)))

— Fy'(vi3 dp(x1, B, ) Fy? (623 dp(x2, By, )]
If the arguments of these two functions are clear from the context, they are sometimes omitted.
Lemma 2.1. Let A;, Ay C R? be Borel sets, and let x|, x; € RY. Ifg:[0,00] x Rt — RT
is a measurable function with (0, r) = g(co,r) = 0 forr € RY, then

cov(g(dp(x1, Z(A1), rp(x1, Z(A1))), §(dp(x2, Z(A2)), rp(x2, Z(A2))))

= 7//0 /Rd g(dp(x1, B(y,r),r)g(dp(x2, B(y, 1)), r)11(Ay, A2)(x1, x2, y, r) dy G(dr)

oo o0
* yz/ / / / 8(dp(x1, B(y1,r1)), r1)g(dp(x2, B(y2,12)),12)
0o Jo JrdJpd
x (A1, A2)(x1, x2, Y1, ¥2, 11, r2) dyy dyz G(dry) G(dr).

Proof. Forn e N, x € R4 andi € {1, 2}, we define the event

D,(li)(x) = {dB (x, U B (&, Rk)) > dp(x, B, Rn))}-

{(k#n: EreA;}

Then

Eg(dp(x1, Z(A1), rp(x1, Z(A1)))&(dp(x2, Z(A2)), rp(x2, Z(A2)))

=E ) > 150 (D@ (1) 8 (@B (X1, B(§ns Rn)), Rn)
{n:&peAr} {m: §neAa}
x g(dp(x2, B(&ms Rm)), Rm)

=E ) 10600208 @sG1, B R)). Ri)E(dp(x2, BEn, Ru)), Ra)
{n: &,€A1NA2}

+E Z Z ID,(,')(xl)ﬁD,g,z)(xz)g(dB(xl’ B(&,, Ry)), Ry)
{n#m: §,€A1,6m€A}

X g(dB(xL B(Sm’ Rn)), Rip)
= J1+ /5.
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Applying Mecke’s formula (see [24, Corollary 3.2.3]), we obtain

Ji IV/ / g(dp(x1, B(y,r)), r)g(dp(x2, B(y,r)),r)
0 A1NAp

x P(dp(x1, Z(A1)) > dp(x1, B(y, r)),
dp(x2, Z(A2)) > dp(x2, B(y,r)))dy G(dr)

and

h=y? / / / / g(dp(x1, By1, ), r)&(dg(x2, B(y2,12)), 12)
0 0 Ay JA|

x E[l{dp(x1, Zy,(A1)) > dp(x1, B(y1,71))}
x Hdp(x2, Zy,(A2)) > dp(x2, B(y2,12))}]
x dy; dy, G(dry) G(drp),

where Zy,(A1) = Z(A1) U B(yz, 1) if yo € Ay and Zy,(Ay) = Z(Ay) if yo ¢ Aj.
Analogously, Zy] (A2) = Z(A2) U B(y1, 1) if y1 € A and Zy1 (A2) = Z(Ay) if y1 ¢ Aj.
Hence,

J2=V2/ / //g’(dB(XhB(y17r1)),r1)§(dB(X2,B(yz,rz)),rz)
0 0 Ay JA

x (I = lyz € A} l{dp(x1, B(y2,72)) < dp(x1, B(y1,71))})
x (1 =y € Ax}l{dp(x2, B(y1,71)) < dp(x2, B(y2,72))})
x P(dp(x1, Z(A1)) > dp(x1, B(y1,11)),
dp(x2, Z(A2)) > dp(x2, B(y2,1r2))) dy1 dy> G(dry) G(drp).

Finally,

Eg(dp(x1, Z(A1)), re(x1, Z(A1)))

=E Y 1,0, &@ds1 B Ri). Ry)
{n: §neAr}

=V/O /A g(dp(x1, By1, 1)), r) Fp' (15 dp(x1, By, 1)) dyy G(dry).
1

This completes the proof of Lemma 2.1.

Our aim is to analyze the second-order properties of the random measure n4 given by (1.4).
For this reason, we work with the complementary second-order empty space function (2.1).
ForA; = Ay =R 1, tp e RT, and u = x5 — x1, by the stationarity of Z, this function turns

into
FP s 11, 10) :=P(dp(o, Z) > 11, dg(u, Z) > 1)
=exp{—VE|B;,,r U (u+ By, r)la}
= Fp(t)) Fp(t2) explyExp(u; t1, 12, R)}, (2.2)
where

kp(u; ty, 12, 1) :=|By r N (u+ By r)la-
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Observe that, for any u € R and 11, 1, € RT, we have

FP w; 11, 12) = Fp(11) Fp(ta) 2.3)

FPwsn,n) < CXP{—%EOBH,RM + |Bt2,R|d>} =/ Fp(t) Fp(n2). (2.4)

These inequalities will be used subsequently. In addition, we will need the assumption that

and

/O - f(He ' dt < oo, (2.5)

where ¢ := 4 'y _1 VI(B)ERY™! < oo and ¢ > 0 since V;(B) > 0 (recall that B contains a
nondegenerate line segment) and P(R > 0) > 0.

Proposition 2.1. Assume that (2.5) is satisfied. If C C RY is a Borel set and Wy, Wo C R?
are compact convex sets, then

cov(nw, (C), nw,(C)) = /Rd Wi N (Wa — w)|alyt1(C, u) + y?72(C, u)] du,
where

711(C, u) = / f(dp(x, B(o,r))) f(dp(u+x, B(o, r)))
,u): c Jra hp(dp(x, B(o,r)),r) hp(dg(u + x, B(o,r)), r)

x F$Y u; dp(x, B(o,r)), dg(u + x, B(0, r))) dx G(dr) (2.6)

‘L'Z(C u) = / / / / f(dB(Xl, B(Ov rl))) f(dB (XZ, B(o7 rz)))
0 Je Je Jrd Jre hp(dp(x1, B(o, 1)), r1) hp(dg(x2, B(o,12)),12)

x q(u; x1, x2, 11, r2) dx1 dx G(dry) G(drp) 2.7

and

foru € R, and

q(u; x1,x2,711,712) := Hdp(x2, B(u, r2)) > dp(x1, B(o, 1))}
X l{dB(Xl, B(—M, rl)) > dB(XZ» B(O9 72))}

x Fy(u; dp(x1, B(o, 1)), dg(x2, B(0,72))
— Fp(dg(x1, B(o, 1)) Fp(dp(x2, B(0,72))) (2.8)
forxi, x> € R and ri, r, € RT.
Proof. To abbreviate the notation, we define the function
g, r):=1{r € C}f()hp(t,r)"" (2.9)

for t € [0, 00] and r € RY, with the previous conventions in the cases where ¢ € {0, co}.
Recall also that hg(t, r) > 0 for t € (0, c0) and G-almost all € R™. Using Fubini’s theorem
and stationarity, we obtain

cov(nw, (C), nw, (C))

=/ / cov(g(dp(x1, Z),rp(x1, Z)), g(dp(x2, Z), rp(x2, Z))) dxz dx;
Wi J Wy

= /Rd [Wi 0 (W2 —u)lqcov(g(dp(o, Z),rp(o, Z)), g(dp(u, Z), rp(u, Z))) du.
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By Lemma 2.1 with A] = A = RY, x| = o, and x» = u, we obtain

cov(g(dp(0, Z),rp(0, 2)), g(dp(u, Z), rp(u, Z))) = Ji(u) + J21(u) — J2,

where
Ji(u) == V/O /Rd g(dp(o, B(x,r)),r)gldp(u, B(x,r)),r)
x F$? (u; d(o, B(x,r)), dg(u, B(x, r))) dx G(dr),

121(14)1=V2/ / //g(dB(O,B(Xl,rl)),rl)g(dB(O,B(Xz,rz)),rz)
o Jo JrdJre

x Hdp(—u, B(xz, 1)) > dg(o, B(x1, 1))}
x Hdp(u, B(x1,r1)) > dg(o, B(x2,12))}

x F (u; dp (o, B(x1, 1)), dp(0, B(x2,72)))
x dx1 dxo G(dry) G(drp),

and

J221=J/2/ f //g(dB(O,B(Xl,r1)),rl)g(d3(0,B(Xz,rz)),rz)
o Jo JreJre

x Fg(dp (o, B(x1,71)))Fp(dg(0, B(x2,12)))
X dx1 dx2 G(d}’]) G(drz).
Using the fact that dp (4, B(x,r)) = dp(u — x, B(o, r)) and the reflection invariance of the

Lebesgue measure, we deduce that

Ji(u) = )//O /Rd g(dp(x, B(o,r)), r)g(dp(u + x, B(o,r)), r)
x F{P (u; dg(x, B(o,r)), dg(u + x, B(0o, r))) dx G(dr),

J21(u)=)/2/ / //g(dB(XhB(O,rl)),rl)g(dB(XLB(O,rz)),rz)
o Jo JrdJrd

x Hdp(x2, B(u, r2)) > dp(x1, B(o, r1))}
X l{dB(xlv B(—M, rl)) > dB(xz’ B(O’ r2))}

x Fy(u; dp(x1, B(o, 1)), dg(x2, B(0,72))
x dxj dxo G(dry) G(drp),

and

Jn = y? / f / / g(dp(x1, Bo, 1)), r)g(dg (x2, B(0,72)),72)
0 0 R4 JRR4

x Fg(dg(x1, B(0o,71)))Fg(dg(x2, B(0,72)))
x dxj dxy G(dry) G(drp).

The assertion now follows by recalling (2.9). The integrability of t;(C, -) and 7> (C, -), which

is explicitly stated in (A.1), will be shown in the proof of Theorem 2.1 given in Appendix A
and is implied by assumption (2.5).
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Remark 2.1. Recall that || - || denotes the Euclidean norm on R¢. If B = B is the unit ball
then dga(u, B(x,r)) = (||lx — ul| — T,

d—1
d—1 -
hpa(t,r) = Zd"d( : )rd_l_jt'/ = dica(t +1)*7,
; J
j=0

and

kpa(u;t1,t2,7r) = |B(o,t1 +7) N B(u, 12 +r)|q-

Hence, 71(C, u) and 12(C, u) from Proposition 2.1 may be slightly simplified. In particular,
we have

7 (C, u)
:/ / / / FWxll = rD™) SFlx2ll = r2)™)
cJe Jra Jra hpa((Ix1ll —r)t, r1) hga((x2ll = r2)*, 7r2)
x [M{(lx2 —ull —r)* > (lx1 | = r)™}
x H(llxt +ul —r)™ > (Ix2ll — r2)*}
x FO s (Ixill = r)®, (2l = r2)™)

— Fga((Ix1ll = r) ) Fpa (%21l — r2)H)1dx1 dx2 G(dry) G(dra)

O O Rl R L N
_/C/C/O /S'H/O /S‘H th(Sl,rl)(S1+rl) th(sz,rz)(sz+r2)

x [H{(lI(s2 + r2)va — ull — )" > s1}
x H{(lI(s1 + rpvr +ull — r) ™ > s}
x F3) (s s1.,52) — Fpa(s1) Fpa(s2)]
x H47(dvy) dsy #H9(dvy) dsy G(dry) G(dr)

_ % oo HA1(@B(0, 52+ r2) N B(u, 51 +12)°)
_/C/C/o /0 f(“)f(”)[ HI=T(@B (0, 52+ 1))

y HI1(@B(o, s1 +r1) N B(—u, 52 +r1)°)
J(d—l(aB(o, s1+r1))

- _ _
X Féd)(uv S1, SZ) - FBd(sl)FBd(SZ):|

x dsy dsy G(dry) G(drp),

where S9! is the unit sphere in R4, 3¢94=1 is the (d — 1)-dimensional Hausdorff measure, and
9B(x,r) is the boundary of B(x, r). We used the fact that £((]|x|| — r)™) is nonzero only if
x|l > r. Thenx = (s + r)vfors > Oand v € S~ 1.

Next we state a special case of [14, Theorem 2.1 and Remark 3.1] in the form needed in the
present context. Let g: R4 — [0, co] be measurable, and let K, B C R be convex bodies
such that o € B and K and B are in general relative position. Since in our application we will
only need the case K = rB? for r € R, the assumption of general relative position will be
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satisfied for any choice of B. Then we have

/d 1{0 < dp(z, rBd) < oo}g(z)dz
R

d—1 d—1 00 )
= ( ; )/ [zd—l—fg(z+rb)®j;d,j(r3d;B*; d(z, b)) dt,
0

J

Il
S

where B* := — B and the mixed support measures ®j;d_j(rBd; B*;4), je{0,...,d —1},
are finite Borel measures on R24. Using [24, Equation (14.18)] (cf. [23, Equations (4.9) and
(5.53)]) and [17, Middle of p. 327], for the total measures, we obtain ® ;.4 ; (rBd; B*; ]RZd) =

r f dkjVa—;j(B)/ (31) In particular, for any measurable function f: [0, 00] — [0, co] with
F(0) = f(o00) =0, this yields

/f(dB(z,rBd))dz:/ hg(t,r) f(r)ds. (2.10)
R4 0

We now turn to the asymptotic properties of the ratio-unbiased estimator (1.7). Our setting
is similar to [20], where all limit theorems refer to a growing observation window in R<.
More formally, we consider a sequence (W,,),en of compact, convex sets W, C R4 such that
W, C W, for all n € N and the inradius of W), tends to oo as n — o0.

Theorem 2.1. Assume that (2.5) is fulfilled. Then, for any Borel set C C RY,

var nw, (C)

2
— 0°(C) asn — 0. (2.11)
[Wala

The asymptotic variance is finite and given by
%(0) :y/ 7 (C, u)du+y2/ ©(C, u) du, (2.12)
R4 R4
where t1(C, u) and ©(C, u) are defined in (2.6) and (2.7), respectively. Moreover, if 0 <
G(C) < 1 then c*(C) > 0.
Proof. See Appendix A.

Remark 2.2. Assumption (2.5) is slightly stronger than (1.5).

Remark 2.3. Let @,I(C) be given by (1.7) with W = W,,. Theorem 2.1 implies that @,,(C) is
asymptotically weakly consistent. Indeed, (1.6) and

var nw, (C)

5 —0 asn— o0
[Waly

ensure that nw, (C)/|W,|a converges to y 8 G(C) in probability as n — oo. Specifically,

nw, (R™)

— yB in probability as n — oo. (2.13)
[Whala

Hence, by the continuous mapping theorem, nw, (C)/nw (R™) converges to G(C) in probability
asn — oo. This is in accordance with the following proposition which even shows that G, (C)
is asymptotically strongly consistent.
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Proposition 2.2. For any Borel set C C R™, we have @n(C ) = G(C) P-almost surely
(abbreviated as P-a.s.) as n — o0.

Proof. The mapping W — nw (C) defined by (1.4) is a random measure on R¢ depending
on the Boolean model Z in a translation-invariant way. As the Boolean model is ergodic
(see [24, Theorem 9.3.5]), we can apply the spatial ergodic theorem (see [16, Corollary 10.19])
to conclude that

Lim [Walg ' nw, (€) = Enyg 110(C) = y BG(C)  Pas.

Applying this to the numerator as well as to the denominator in (1.7), we obtain the desired
result.

The P-almost sure uniform convergence for distribution functions can be obtained by a
standard technique in analogy with the classical Glivenko—Cantelli theorem.

Proposition 2.3. Let C = {C C RT: C = (a,b], 0 <a < b}. Then

sup |G (C) — G(C)| = 0 P-a.s. asn — oo.
CeC

Proof. Denote by G(t) the distribution function corresponding to the radius distribution
G, ie. G(t) = G([O, t]), t > 0. Exploiting Proposition 2.2, and the right continuity and
monotonicity of G(¢) and G, (¢t) = G,([0, t]), t > 0, it can be shown that

sup |@,,(t) —G@) — 0 P-as.asn — oo;
>0

see, e.g. [9, Lemma 3] where a similar case is treated. The proof is completed by noting that
Gn((a,b]) = Gn(b) — Gula) and G((a, b)) = G(b) — G(a).

3. Asymptotic normality

In this section we study the asymptotic normality of the ratio-unbiased estimator (1.7) for the
radius distribution G of our stationary Boolean model Z with spherical grains. The proof will
be based on approximation by m-dependent random fields. This idea comes from [11], where
the same technique was used to prove the central limit theorem for random measures which are
associated with the Boolean model in an additive way. In contrast to [11], the contribution of
an individual grain to the random measure A — 14 (C) is not determined by the grain alone,
but does depend on a random number of other grains in a nontrivial manner. Therefore, the
results of [11] do not apply in our setting.

We consider, for n € N and a Borel set C C R7, the estimator

a nw, (C)
Gn(C) = ——-,
! nw, (RY)
where W, := [—n,n)? and nw, is given in (1.4). First we concentrate on the asymptotic

normality of the numerator nw, (C). In addition to (1.5), we will need the integrability condition

/00(1 + 1D F @) dt < oo, (3.1
0

which is more restrictive than (2.5).
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Theorem 3.1. Assume that (1.5) and (3.1) are fulfilled. Then, for any Borel set C C R,

. |Wn|d<n|w‘;;(f) - J/,BG(C)) 2 N(,0%(C)) asn — oo,
nld

where o2(C) is given by (2.12).
Proof. See Appendix B.

Now we deal with the asymptotic normality of @n (C).

Theorem 3.2. Assume that (3.1) is satisfied. Let W, = [—n,n). If C C R* is a Borel set
then

VIWala(G(C) — G(C)) > N(0,04(C)) asn — 0,

where

1
02 (C) = W[“ —G(C))a*(C) + G(C)a*(RT\ €) — G(C)(1 — G(C)a*(RN)] (3.2)

and o> (-) is given by (2.12). If0 < G(C) < 1 then o2(C) > 0.
Proof. Using (2.13) and Slutsky’s theorem, the weak limit of
VIWala(Gn(C) — G(C))

coincides with the weak limit of

Y, = (nw, (C) — nw, RNHG(C)).

1
Y BN Wala

Observing that

1
yBY, = AR /W ({rp(x, Z) € C}=G(C)) f(dp(x, Z))hp(dp(x, Z), rp(x, Z)) " dx,

VI

we can proceed along the same lines as in the proof of Theorem 3.1 (see Appendix B) and
obtain

Y B Yy = N, y*B%62(C)) asn — oo,

provided we can identify the asymptotic variance o(é(C) of Y,,. Theorem 2.1 implies that

1
y2B% lim varY, = 62(C) + G(C)’62(RT) — 2G(C) lim
n— 00 n—oo |W,

n|d

cov(nw, (C), nw, (RM)).
(3.3)

Since nw, (-) is additive, from Theorem 2.1 we obtain

2 lim
n—00 |

1
- cov(nw, (C), nw, (RM))

1
_ 2 :
=207(C) +2 lim W

n

cov(nw, (C), nw, R\ C))
1
[Wala
=20%(C) + 6*>(RT) = 02(C) = 62(RT\ O)

=062(C) + o*(R") — 2R\ ©).

=20%(C) + lim —— (var i, (R*) — var i, (C) — var nw, (R* \ €))

Substituting this result into (3.3) yields (3.2) upon some simplification.
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To prove the last assertion, we define (r,s) := (I{s € C} — G(C)) f()hp(t,s)! and
assume that 0 < G(C) < 1. For a convex body W C R?, we need to consider the variance of

Hy = / g(dp(x, Z), rp(x, Z)) dx.
w
As in the proof of the positivity assertion in Theorem 2.1 (see Appendix A), we obtain

o
var Hy > y/ f h(y, r)?dy G(dr), (3.4)
0 R4

where

h(y,r) := E/w {dp(o, B(y — x,r)) < dp(o, Z)}g(dp(o, B(y — x,r)),r)dx
— IE/W 1{dp(o, B(y — x,r)) < dp(o, Z)}g(dp (o, Z), rp(0, Z)) dx.

By (1.3) and the definition of g, the second expectation on the right-hand side of the above
equation vanishes for all y € W and r > 0. Therefore,

h(y,r) = /W Fg(dg(o, B(y — x,1))&(dp(0, B(y — x,r)),r)dx.

Again, as in the proof of Theorem 2.1, we let C := R* \ C and obtain, from Jensen’s inequality

and (3.4),
J/var Hy c /‘// _
Fp(d ,B(y — x, d ,B(y —x,
Tan z| 2 el g(dp(0, B(y —x,1))) f(dp(0, B(y —x,r)))

x hg(dg(o, B(y — x,r)), r)" dx dy G(dr)
/c /Rd W N (W —y)|aFp(dp(o, B(y, ) f(dp(0, B(y,r)))
x hp(dp (o, B(y,r)),r)~" dy G(dr),

C
(W4

where ¢ > 0 is a constant not depending on W. Hence, it is sufficient to show that

/@/Rd FB(dB(O9 B(yv r)))f(dB(O, B(y, r)))hB(dB(O, B(y’ V)), r)*l dy G(dr) > 0.

By (2.10), the above integral equals G(C) fRd Fp (t) f (t) dt, which is positive by (1.5).

Remark 3.1. After some manipulation we obtain

y?Boz(C) =y / 7(C, ) du +y? / #(C, u) du,
R4 R4

where

#(C.u) = /°° f(dp(o, B(x,r)))  f(dg(u, B(x,r)))
o Jre hp(dp(o, B(x,r)),r) hg(dp(u, B(x,r)),r)
x ES u; dp (o, B(x,r)), dg(u, B(x,r)))
x (1{r € C} — G(C))*dx G(dr)
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and

5(C,u) = /°° /°°f / Fdp(xi, BO.r))  f(ds(xa, B(o, )
0 Jo Joo Jra Jre hp(dp(x2, B(o, 1)), r1) hp(dp(x2, B(0,12)),12)

x H{dp(x2, B(u, r2)) < dp(x1, B(o,71))}

x Hdp(x1, B(—u,r1)) < dp(xz, B(o, 1))}
x FP(u; dg(x1, B(o, 1)), dp(x2, B(0,2)))
x ({r; € C} = G(C))A{r2 € C} - G(C))
x dxy dxy G(dry) G(drp).

This relation can also be obtained directly by an analogue of the proof of Theorem 2.1.

Remark 3.2. Theorem 3.1 can be generalized to a multivariate setting. First we note that, for
arbitrary Borel sets C, C’ C R,

cov(nw, (C), nw, (C"))

— o(C,C") asn — oo, (3.5)
|Wn|d

where

o(C,C) = V/Rd n(cnc, u)du—l—yz[l‘w 7(C, C’, u) du.

Here 71(C, u) is given by (2.6), while 7(C, C’, u) is obtained from (2.7) by replacing the
second C on the right-hand side by C’. In the case C N C’ = @, relation (3.5) follows from
(2.11) and the identity

2cov(nw, (C), nw, (C") = var nw, (C U C") — var nw, (C) — var nw, (C").

In the general case, we can use the disjoint decompositions C = (C \ (CNC))U(CNC’) and
C'=(C'"\(CNCH)U(CNC) todeduce, from the bilinearity of the covariance, the previous
case, and a straightforward calculation, that

1
a(C,C") = yfRd rl(CﬁC/,u)du+y2 /Rd E(rg(C, C',u) +n(C, C,u))du.

Checking the definition of the function ¢ (see (2.8)), we obtain g (u; x1, x2, 1, r2) = q(—u; x2,
x1,72,71), and, hence, 7o(C, C', u) = ©(C’, C, —u). Relation (3.5) then follows from the
reflection invariance of the Lebesgue measure.

Let us now consider the random vectors X, := (nw, (C1), ..., nw,(Ck)), where Cq, ...,
Crx C RT are fixed Borel sets. Using the Cramér—Wold device and proceeding exactly as in
the proof of Theorem 3.1 (see Appendix B), we can then show that

X, D
\/|Wn|d(m — v B(G(C), ---,G(Ck))) — N(,%) asn— oo,

where N (0, ¥) is a multivariate normal distribution with mean O and covariance matrix X :=

(0 (Ci, Cj)).
Theorem 3.2 can be extended in a similar way. We omit further details.
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4. The planar case

We mentioned at the beginning that the nonparametric estimator G which we discussed
so far is based on the data {(dp(x, Z),rp(x, Z)): x € W \ Z} and, therefore, may require
information from outside the window W. To overcome this problem, a common procedure in
spatial statistics is the so-called minus sampling, which can be used, e.g. if the radius distribution
G is concentrated on an interval [0, r9], 0 < rg < oco. We can avoid such a condition by
assuming that the function f is concentrated on an interval [0, e] with ¢ > 0. If we then
assume that Z is observable in a window W€ which contains W @ ¢ B, then, for each x € W,
we have either f(dp(x, Z)) = 0ordp(x, Z) < ¢, in which case the (a.s. unique) contact point
(x +dg(x,Z)B) N Z lies in W,

In this section we restrict attention to the planar case d = 2 and focus on spherical (that is,
B = B?)and on linear (thatis, B = [0, u] witha given unit vector u € R?) structuring elements
B. For simplicity, in the following considerations we concentrate on the window W = [0, 1],
and assume, as explained above, that f is concentrated on [0, €], ¢ > 0, and that Z is observed
in W& = W@ eB. Let C I C be the (connected and relatively open) visible arcs in
dZ N W®. We do not need to know whether some of these arcs belong to the same particle.
In the following we consider the corresponding ‘effective’ arcs. These consist of the points of
C; which are contained in (x+dp(x,Z)B)NZ forsome x € W\ Z withdp(x, Z) < ¢. The
latter sets may be empty or not connected. Let Cq, ..., Ci be an enumeration of the nonempty
and connected (relatively open) components of the effective arcs. Fori € {1, ..., k}, letr; be
the radius and /; the length of C;, and let A; be the set of points x € W \ Z withdp(x, Z) < ¢
which project onto C; in the sense that (x +dp(x, Z)B) N Z consists of a unique point and this
point lies in C;. Note that k, the arcs C;, the sets A;, and the subsequent notions depend on ¢.
See Figure 2 for an illustration. Our estimator G is now of the form

W & [0, 861]

Ag

sl 72

FIGURE 2: An illustration of the arcs C;, the effective arcs C;, and the sets A; for spherical B (left) and
linear B (right).

A, Gy
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where the weight w; is given by
w; =/ f(dp(x, Z))hp(dp(x, Z), rp(x, Z)) " dx.
Aj

For B = B2, we have hg2(t,r) = 2m(t 4 r); see Remark 2.1. Therefore, upon choosing

f(t) =& 1{t < ¢}, we obtain
1 1
w; = — —dx
2me Ja, dp2(x, Ci) + 1

If we let ¢ — O then the outer sampling window W shrinks to W and the effective arcs
C1, ..., Cy become subsets of W, so that in the limit only information in W is needed. The
weights then converge to w; = [;/Q2nr;) if r; > O0Oandtow; = 1ifr;, =1; =0 (ie. if C;
consists of one point only). Then the estimator becomes

T &
Go(C) := < L5,
(©=(X1) Xk,
i=1 i=1

with [; /r; interpreted as 27 if r; = [; = 0. The estimator @O(C) was discussed by H/z\ill [6,
Chapter 5.6] (more generally, he considered estimators of EA (R) for a given function A; G, (C)
corresponds to the case A = 1¢).

For B = [0, u] (with u € {%ey, e;}), assuming (in the linear case) that G({0}) = O and,
hence, r; > 0, and again choosing f(f) = e~ '1{r < ¢}, we obtain hg(t, r) = 2r and
1 A;

dx = | l|2

281’,‘ A; 2$ri

wi s

which gives the estimator

k —1 k

=~ |Ail2 [Ail2

G (; - ) ; -
For example, if # = ey, information in [0, 1 + ¢] x [0, 1] would be required and the estimation
is based on the areas of the regions A; C [0, 172, which depend on u and €. The estimation can
be improved by combining the estimators for u = ej, —ej, e, —e2 which are available if Z is
observed in [—&, 1 + ¢]2. N

In the limit ¢ — 0, we obtain the estimator G; ,,, u € {u1, £us}, which is given by

k

k -1
B1m (Z l @) 3,

’
i=1 i=1 !

Here /; (1) is the length of the projection of the visible part of C; in direction u (projected onto
the line orthogonal to u). The combined estimator for u = e, —eq, €2, —e2 is

Gi = 3Gre, + Gr—ey + G, + Gy —ey).

If we do not have information from outside W then we may use a minus sampling approach
and replace W by the eroded window Wg, := {x € W: x + ¢B C W}, i.e. we consider the

estimator
NWge (C)

Geop(C) 1= e m?
e=(C) Mo, (RY)
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Another possibility would be to use the naive approach which ignores edge effects. Then we
have the uncorrected estimator
nw,u(C)

Gu(C) = — 2,
NwW,u (RT)
where

fldp(x, ZNW))
hp(dp(x, ZNW), rg(x, ZNW))

nw.u(C) == / 1{rg(x,ZN W) e C}
w

If B = [0, u] then it can happen that dg(x, Z N W) = co. In that case we use our convention
concerning fhgl, i.e. the points x satisfying dp(x, Z N W) = oo do not contribute to nw ,(C).
Besides minus sampling there exist more sophisticated methods of edge correction in the
statistics of spatial point processes. We adopt the idea of local minus sampling that was
originally applied in [7] to the estimation of the nearest-neighbor distance distribution function
for stationary point processes (see also [8]). We use only points that are closer to Z than to the
boundary of the window W. This gives the Hanisch-type estimator

2w r(C)

@ C) = ,
H(C) nw,H(RT)

where

fldp(x, 2))
hp(dp(x, Z),rp(x, Z))

nwu(C) = /W Hrp(x,Z) € C{dp(x, Z) < dp(x,dW)}

Note that, for B = [0, u], the estimators @H and @u coincide.

In numerical implementations we can replace the integration with respect to the Lebesgue
measure in (1.4) by an integration with respect to a discrete measure. This still gives a ratio-
unbiased estimator of G.

We compare the performance of the different estimators discussed above through computer
simulations. We simulate a stationary planar Boolean model with spherical grains, given by
(1.1). The observation window W is the unit square [0, 1]%. The distribution G is assumed to
be uniform on (0.05, 0.1). We approximate the integrals over W by Riemannian sums over a
rectangular grid of points L, N W, where Ly := {((k — %)h, (- %)h) : k,l € N}. For our
purposes, we choose h = ﬁ.

We take f (1) = e '1{r < ¢} for different choices of ¢ and compare the estimator G given
by (1.7), with the estimators G (for spherical B) and (Grl (for linear B) corresponding to the
limiting case ¢ — 0. The estimators Ges, Gu, and GH are also evaluated. Forlinear B = [0, u],
we always combine the corresponding estimators for u = u1, —u1, ua, —u>, which leads to a
noticeable improvement.

The radius distribution G is uniquely determined by the distribution function G(r) =
G([0,t]), + = 0. We measure the quality of the estimators by the Kolmogorov—Smirnov
distance R R

dgs(G, G) :=sup|G(s) — G(s)|

s>0
and the Cramér—von Mises distance
R 0.1 _ , ds
d, G,G) = G G .
cvM ( ) _/0.05( () —G(s)) 005
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We generated 1000 independent realizations of the Boolean model Z with chosen intensity y .
For each realization, we determined several estimators under study. The sample means and their
standard errors (given in parentheses in the tables) of corresponding Kolmogorov—Smirnov
and Cramér—von Mises distances over 1000 simulations are presented in Table 1 for y =
25 and Table 2 for y = 100. By standard error we understand s/+/1000, where s =

TABLE 1: Sample means and their standard errors (in parentheses) of distances between distribution

functions computed from 1000 realizations of a Boolean model with intensity y = 25 and uniform radius

distribution on (0.05, 0.1). For better readability, we multiply both the means and standard errors by 1000
in the case of the Cramér—von Mises distance.

dks 1000dcym

Estimator Spherical B Linear B Spherical B Linear B

Goe=1 0.18 (0.002)  0.15(0.001) 8.36(0.24)  5.30 (0.15)
G, e=0.05 0.18(0.002) 0.17(0.002) 7.89(0.23) 7.41(0.22)
G, e=0.01 0.17(0.002) 0.17(0.002) 7.58(0.22) 7.53(0.22)

G, or G, 0.17 (0.002) 0.17 (0.002) 7.50(0.22)  7.51 (0.22)

Gee, £ =0.05  0.20(0.002) 0.18 (0.002)  9.69 (0.28)  8.04 (0.23)
Gee, £ =001 0.18(0.002) 0.17(0.002) 7.90(0.23)  7.64 (0.22)
Gu, e =1 0.19 (0.002) 0.18 (0.002) 9.01 (0.26)  8.39 (0.24)

-~

Gy, €=0.05 0.18(0.002) 0.17(0.002) 8.12(0.24)  7.69 (0.22)

~

Gy, £=0.01  0.17(0.002) 0.17(0.002) 7.62(0.22) 7.58(0.22)
Gu, e=1 0.19 (0.002) 0.18 (0.002)  9.52(0.28) 8.39(0.24)
Gu, e=0.05 0.18(0.002) 0.17(0.002) 8.54(0.25) 7.69(0.22)

Gu, =001 0.18 (0.002) 0.17(0.002) 7.73(0.22) 7.58(0.22)

TaBLE 2: Sample means and their standard errors (in parentheses) of distances between distribution

functions computed from 1000 realizations of a Boolean model with intensity y = 100 and uniform

radius distribution on (0.05, 0.1). For better readability, we multiply both the means and standard errors
by 1000 in the case of the Cramér—von Mises distance.

dks 1000dcym

Estimator Spherical B Linear B Spherical B Linear B

G e=1 0.14 (0.001)  0.13 (0.001)  4.95(0.14)  4.14 (0.12)
G, e=0.05 0.14(0.001) 0.13(0.001) 4.82(0.13) 3.90(0.11)
G, e=001  0.13(0.001) 0.12(0.001) 3.97(0.11) 3.71(0.10)

G, or G, 0.12 (0.001) 0.12 (0.001) 3.62(0.10)  3.62 (0.10)

Gee, € =0.05 0.15(0.002) 0.13(0.001) 5.81(0.16) 4.17 (0.11)
Gee, e =001  0.13(0.001) 0.12(0.001) 4.11(0.11)  3.76 (0.10)

Gu, e=1 0.14 (0.001)  0.14 (0.001)  5.06 (0.14)  4.59 (0.13)
Gu, £ =0.05  0.14(0.001) 0.13(0.001)  4.90(0.14)  4.37(0.13)
Gu, e =0.01  0.13(0.001) 0.13(0.001) 3.98(0.11) 3.89 (0.11)

Gu,e=1  0.14(0.001) 0.14(0.001) 5.14(0.14)  4.59 (0.13)
Gu, e =0.05 0.14(0.001) 0.13(0.001) 5.02(0.14) 437 (0.13)
Gu, e =0.01  0.13(0.001) 0.13(0.001) 4.03(0.11) 3.89(0.11)
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\/ le 0(;0 d; — d)z/ 999 is the sample standard dev1at10n The results show that smaller values
of ¢ are more preferable. The limiting estimators (G and (Gl produced the smallest error. They
are outperformed only in the case of smaller intensity and linear B where our estimator, given
by (1.7), with larger ¢, gives better results. However, this estimator also uses information
from outside W. Simulation studies for exponentially distributed radii (not presented) show
very similar results. A change of resolution /. has only a minor influence on the quality of
the estimators. For intensity y > 100, the deviation from the radius distribution increases,
which is intuitively clear because many balls are covered so their radii are not available for the
estimators.

Appendix A. Proof of Theorem 2.1

Suppose that x € W,, and u € RY. If x +u ¢ W, then dpa(x, 9W,) < ||lu||. Hence, we
obtain

[Wala — [{x € Wyt dga(x,dWyn) < |lull}lg < |Wp N Wy —u)lg < [Whala-
Thus, [16, Lemma 10.15(ii)] implies that

[Wy N (W, — u)la

— 1 asn— oo foranyu e RY.
[Whla

Therefore, Lebesgue’s dominated convergence theorem and Proposition 2.1 yield (2.11) pro-
vided that

frl(C,u)du<w and / |72(C, u)| du < oo. (A.1)
R4 R4

Using (2.4), we have

/ // f(dg(x,rBY)  f(dg(y,rB?)
71(C,u)du <
RY c Jrd Jre hp(dp(x,rB9), r) hg(dg(y,rB?),r)

X \/FB(dB(x, rBd))FB(dB(y, rBd)) dxdy G(dr)
_ f(dp(x,rB%)) ﬁ 2
_,/C< rd hp(dp(x,rBd),r) Fp(dp(x,rB ))dx) G(dr).
An application of (2.10) shows that
f(dB(x,rBd)) ﬁ B 00 -
rd hp(dp(x,rBY),r) Fp(dp(x, rB9)) dx —/0 f(y Fp(t)dt,

and, thus, we obtain

00 2
/ 71(C, u)du5/</ f@) FB(t)dt> G(dr)
R4 C 0
00 2
sG(C)< / f(t)emdt>
0

< 00,

where we have used the fact that Fg (1) < e~ and assumption (2.5).
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In order to show the second inequality in (A.1), we first rewrite g (u; x1, x2, r1, r2) as the
difference of two nonnegative terms, that is, ¢ = g1 — g2 with

q1u; x1, x2, 71, 12) 1= FS (s dp(x1, B(o, 1)), dp(x2, B0, 2)))
— Fp(dp(x1, B(o, 7)) Fp(dp(x2, B(0,12))),

which is nonnegative by (2.3), and

g2 (u; x1, x2, 71, 12) := FSY (w; dp(x1, B0, 1)), dp(x2, B(0, 2)))
x (1 = Hdp(x2, B(u,r2)) > dp(x1, B(o,r1))}
x 1{dp(x1, B(—u, r1)) > dg(x2, B0, r)}),

for u, x1,x» € R? and ri,r» € RT. Using (2.2), (2.4), and the inequality 1 — e~ < a for
a > 0, we obtain

q1(u; x1, %2, 71, 72) < F$ (s dg(x1, B(o, 1)), dp(x2, B(0,12)))
x (1 — exp{—yEkp(u; dp(x1, B(o, 1)), dp(x2, B(o,r2)), R)})

<\ Fa(dp(x1, B, ) Fs(ds (e, B0, 12)))
x yExp(u; dg(x1, B(0, r1)), dg(x2, B(0, r2)), R).

Moreover, the inequality 1 — (1 —a)(1 — b) < a + b for a, b > 0 and again (2.4) imply that

q2(u; X1, X2, 11, 12) < \/FB(dB(Xh B(o, 1)) Fp(dp(x2, B(0,12)))
x ({dp(x2, B(u,r2)) < dp(x1, B(o, 1))}
+ Udp(x1, B(—u,r1)) < dp(x2, B(o,2))}).

Combining these bounds, we arrive at

/ |2 (C u)ldu</// [ / f(dp(x1, B(o, r1))) f(dp(x2, B(o,r2)))
ka2 ~ JcJo Jrd Jra Jra hp(dp(x1, B(o,r1)), r1) hg(dp(xa, B(0,12)),12)

x | Fs(d (x1, B(o, 1)) Fig(dp (2, B(o, 72))

x [yE«p(u; dp(x1, B(o,r1)), dp(x2, B(0,72)), R)
+ Hdp(x2, B(u, r2)) < dp(x1, B(o,r1))}
+ Hdp(x1, B(—u,r1)) < dp(xz, B(o,r2))}]

x dxi dxy du G(dry) G(drp).

The above expression splits naturally into three summands which will be bounded from above
separately. For the first bound, we observe that, by Fubini’s theorem,

B [kt s1.52 R) du = E1Boy alalBos e
I
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Then we apply (2.10) to obtain

/// / / fdp(x1, B(o,r1))) f(dp(x2, B(o, 12)))
c Jc Jrd Jre Jre hp(dp(x1, B(o, 1)), 1) hp(dp(x2, B(0, 12)),12)
%/ Fs(dsx1, B, 1)) Fy(dp (2, B, 7))

x yExp(u; dp(xy, B(o, 1)), dg(x2, B(0,72)), R)
x dxy dxy du G(dry) G(drp)

— ¥ G(CY? /O /O a0y Fs(t) £y Fi(02) EI By, glal By rla dn di.

Choose cg > 0 such that B C cp B<. Then |B: rla < kq(cpt + R)d and, hence, the Cauchy—
Schwarz inequality, the convexity of s — s”, p > 1, and va +b < Ja + «/E, a,b>0,
yield

E|Bi,. rla|Bn.gla < c1v/E(cpti + R)2VE(cpty + R)X
< e2(chtd + VERXM) (chtd + VERXM)
<+ +15),
where c1, ¢3, and c3 denote finite constants independent of the expectation or #; and #;. From
this and (2.5), it follows again that the first summand is finite.

Since dp(x2, B(u,r2)) < t1 if and only if u € x2 + By, r,, applying Fubini’s theorem and
(2.10) (twice) we obtain, for the second summand,

/// // f(dp(x1, B(o,r1))) f(dp(x2, B(o,r2)))
c Jc Jre Jre Jra hp(dp(x1, B(o,r1)), r1) hp(dp(x2, B(0,12)),12)
%\ F(dp(x1, B, r) Fa(dp(x, B0, 12)))

x H{dp(x2, B(u, r2)) < dp(x1, B(o,71))}
x dxj dxp du G(dry) G(drp)

= /c/c/o /0 f(ll)\/FB(tl)f(lz)\/FB(lz)lel,rzId dt dtp G(dr1) G(drp),

which is finite by the same reasoning as above.

The third summand can be treated in exactly the same way.

To prove positivity of the asymptotic variance, we use the fact that the variance of any
square-integrable function H (V) of the Poisson process ¥ := {(&,, R,): n > 1} satisfies the
inequality

var H(V) > J//O /Rd(E[H(‘I’ U{(y, ) — HW)D* dy G(dr);

see, e.g. [18, Theorem 4.2]. In our case this means that

varnw (C) = y / ” / R n?dy G, (A2)
0 R
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where
0= E [ e, 2 U B ). 7. Z U BO1) = gt 2).rae, Z)]ds
- fw 1ds (x, By, ) < d(x, 2)}
x [8(ds (x, By, 1), r) — g(dp(x, 2), rp(x, Z))1dx
—E [ 11dsfo. B~ x.1) < du(o. 2))
el (0. B —x.r).1)  g(da(o. 2). a0, 2] dr.

Here the last identity follows from the stationarity of Z and g is as defined in (2.9). By (1.3),

h(y,r)=y fW/O /0 Hdg(o, B(y — x,r)) < t}[g(dp(o, B(y — x,1)),r) — g(t, 5)]
x hp(t, s)Fp(t) dt G(ds) dx.

Assume now that 0 < G(C) < 1, and let C := R* \ C. Recalling the definition of g given in
(2.9), from (A.2) we obtain

o0
var ny (C) > V/ / "*(y,r)*1{r € C, y € W}dy G(dr),
0 R4
where

h(y,r) :=y/ [)m /000 1{dp(o, B(y — x,r)) < t}g(t,s)hg(t,s)ﬁg(t) dr G(ds) dx
w

:y(G(C)/ /Ool{dg(o, B(y — x,r)) <t} f(t)Fp(t)dr dx.
w JO

Applying Jensen’s inequality with the normalization of 1{r € C, y € W}dy G(dr), we obtain

2
Y
C e — h* , d Gd .
var )2G<C)|W|d</cfw (v. 1) dy (r))

Letting a := y3G(C)2/G(C_') > () we obtain

var ny (€)
Wla
a 00 B 2
> 2(/:/// l{dB(o,B(y—x,r))<t}f(t)FB(t)dtdxdyG(dr))
Wiz \Je Jw Jw Jo
o0 2
=L2(/f / W N (W = y)lalidp o, B(y,r»<t}f(r)FB<t)dtdyG<dr>).
Wiz \J¢ Jre Jo

Hence, it is sufficient to show that

//Oo</ l{dB(o,B(y,r))<t}dy)f(t)FB(t)dt(Gr(dr)>0.
CcJO R4

This is true since the inner integral is positive for all r,# > 0, and since both G(C_‘) and
Jo° f(®)Fp(t) dt are positive.
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Appendix B. Proof of Theorem 3.1

We fix a Borel set C C R and skip the dependence on C in the notation. Let E,
[0, )¢ +zforz eI, :={-n,...,n —1}¢. Then

nw, =Y nE =Y / g(dp(x, Z), rp(x, Z)) dx,

zely zely

where g is given by (2.9). For some fixed integer m, we put F, := E, @ [-m,m)?. We
decompose 71 g, into the two random variables

o = f ¢(dp(x. Z(F.)). ry(x. Z(F2))) dx
EZ
andf/(m) =ng, — (m). Letn(m) = el né and n(m) =) e, nz sothatnwn = 77(‘,"7)4—
ﬁ;,) It is easily seen that {n(m). u € U} and {n(m). v € V} are independent whenever

U V C 74 are such that lu—v|lco > 2mforeachu € U andv € V. Thus, the random variables
) for z € 74 Constltute a stationary 2m-dependent random field (cf. [10, Section 4.3.1]).

The variance of nW is
var n = var E (m)
W n;

zel,
=D Y v i)
z1€ly 22€ly
= Y Na@cov(ni™. ni™),
zel,—1I,

where N, (z) is the cardinality of {(z1, z2) € I,, X I,: zo0 — 71 = z}, which may be bounded by
[W,la = 2n)? and lim,,— o0 Ny, (2)/|Wyla = 1 for any z € Z¢. We define

(m)

M) i var !
" Wala
Since cov(n{™, n™) = 0 for ||z|| > 2m, the limit of (o,"™)2 as n — oo exists and satisfies
(m)\2 . _ 1; (m)\2 _ (m) (m)
(0" = lim (0,")* = Z cov(n{™, nim). (B.1)

ze{—2m,....2m}4

Next we show that IE(n(m))2 < o0o0. Weput A :=[—m,m + l)d; hence,
ny" = /E g(dp(x, Z(A)), rp(x, Z(A))) dx.

Proceeding as in the proof of Proposition 2.1 and bounding FQ’A(') as well as (1 — 1{-}1{-})
by 1, we obtain

E(n™)? <y /E /E /O fA g(dp(y, B(x1,7)),1)g(dp(y, B(xa, 1)), r)dy G(dr)dx; dxa

”2[ // / ,/fg(dB(yl’B(xl’”))’rl)g(dB(yz,B(xz,rz)),rz)
o 0 Y0 0 AJA

x dy; dy, G(dry) G(drp) dx; dx;.
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The right-hand side increases if A is replaced by R?. Arguing then as in the proof of Theorem
2.1, we obtain

00 2 00 2
E(n{™)? < y|E0|d</O f(t)dt> G(C) + <V|Eo|a’/0 f@) dtG(C)) < 00.

Therefore, the central limit theorem for stationary m-dependent random fields (see, e.g. [22])
yields

——— > (™ —En{™) > N, (™)) asn — co.

zely

vIWn

In view of [2, Theorem 3.2], it remains to verify that

lim ™ =0o(C) (B.2)
m—00
and
lim lim sup P (3 m) _ Eh0m)y 28) =0 foranye > 0. (B.3)
i timsup (| 52 i ,
Define
0,% = Yarnw, .
|Wn|d
Then

16(C) — ™| < [0(C) — 0u| + 0w — ™| + o™ — ™),

The first term goes to 0 as n — oco by Theorem 2.1, and the last term goes to 0 as n — 00 as
well for any m € N, by (B.1). By Minkowski’s inequality, the middle term can be bounded as

1
(m)
|o —cr(m)| < ———,/varp
" " |”n|d Wa

Therefore, (B.2) follows if we can show that

var n(v;,") — 0 asm — oo. (B.4)

sup
neN |Wn|d

By Chebyshev’s inequality, (B.4) also implies (B.3). The variance in (B.4) satisfies

§ : S(m) _

var n;

IW la IWI
zely

N (Z) COV(T](m) m)) < Z |COV(T)(m), nzm))|
zel,—I, zezd

Therefore, the proof will be complete if we show that
> leov(i{™, 7)) — 0 asm — oo. (B.5)
ze74
Consider a fixed z € Z?. Then the covariance can be written as
(m) grn))

cov (7,

= cov(nE,, nE,) — cov(n{™, ng.) — cov(ng,, ™) + cov(n{™, n™)

= / / [cra ra (X1, X2) — €, ga (X1, X2) — CRa_f, (X1, X2) + CF,,F, (x1, X2)] dx2 dx1,
EO EZ
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where, for Borel sets Aj, Ay C R? and x1, xo € RY,

€Ay A, (X1, x2) 1= cov(g(dp(x1, Z(A1)), re(x1, Z(A1))), 8(dp(x2, Z(A2)), rp(x2, Z(A2))))

is expressed in Lemma 2.1 as
CAy A, (X1, X2)

= V/O /Rdg(dB(XLB(y,r)),r)g(dB(m, B(y,r),r1i(Ar, Az)dy G(dr)

+y2/ / / / ;(dB(xl» B(yls’l))all)g(dB(XZ,B(y , T ))’rz)
0 0 Rd JR4 2,12
X 12(“17 “2) d)’I dy2 G(d’ 1) (}(d’z).

Here we skip the arguments xp, x2, y, r and x1, x2, y1, y2, 1, 2 of the functions 11 (A, A2)
and Io(A1, Ay), respectively, which were defined before Lemma 2.1. It is natural to treat both
parts of c4,, 4, (x1, x2) separately. For this, we define

S :=Z/ /f fg(dg(xl,B(y,r»,r)g(dB(xz,B(y,r»,r)
sezd ) Eo JE:JO R4

X |1 (RY, RY) — 11 (Fo, RY) — I1(RY, Fy) + 11 (Fo, Fy)
x dy G(dr) dxp dx;

and

= [ [ [ [ sntn vy rogat, B
File e Jo Jo Jrd Jre

x LR, RY) — I (Fo, RY) — L(RY, F,) + L(Fo, F)|
x dy; dy, G(dry) G(drp) dxp dx;.

Observe that S; and S, depend on m via the dependence of F;, and F; on m. It is possible to
prove that both S; and S, tend to 0 as m — oo. For a detailed argument, which requires a
careful distinction of several cases, we refer the reader to [15]. This shows that (B.5) holds,
which completes the proof of Theorem 3.1.
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