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A NOTE ON FIBONACCI TYPE GROUPS 
BY 

C. M. CAMPBELL AND E. F. ROBERTSON 

1. Introduction. Let Fn be the free group on {a{:i e Z j where the set of con­
gruence classes mod n is used as an index set for the generators. The permutation 
(1, 2, 3 , . . . , n) o fZ n induces an automorphism 6 of Fn by permuting the sub­
scripts of the generators. Suppose w is a word in Fn and let N(w) denote the normal 
closure of {w0*_1:l <i<ri}. Define the group Gn(w) by Gn(w)=FjN(w) and 
call wdi~1=l the relation (/) of Gn(w). 

In this note we consider the group Gn(w) where w is the word 

w = aha2h • • • arh(cÇl+k) 

and r, h, k are integers such that k>0, h>\, r>2. For this particular choice of w 
we denote Gn(w) by R(r,n,k,h). The groups R(2, n,n—1,2) are discussed in 
[6] while the groups R(2, n, k, h) have been investigated by Johnson and Mawdesley. 
The groups R(r, n, k, 1) are the generalized Fibonacci groups F(r, n, k) discussed 
in [2], [3], [4] and [7] while the groups R(r, « ,1,1) are the ordinary Fibonacci 
groups F(r, n) discussed in [5] and [8]. We exhibit some isomorphisms, showing 
that more of the groups R(r, n,k,h) are generalized Fibonacci groups than are 
indicated above. We also discuss the group R(3, 6, 5, 2), a finite non-metacyclic 
group which is not a generalized Fibonacci group. 

2. Some isomorphisms. It follows immediately from the definition that if 
ki=k2 mod n and h^h^ mod n then R(r, n, ku Ai)^R(r, n, k2, h2) so that when 
we write R(r, n, k, h) we shall assume that k and h have been reduced mod n. 

LEMMA 1. 

R(r5 n, k, h) g* R(r, n, fc+(r-l)fc, -h) 

^ R(r, n, — fc, — /*) 

^ R ( r , n , - f c - ( r - l ) f c , f t ) . 

Proof. The isomorphisms are immediate on considering the maps <f>l9(f>2, <£3 from 
the free group Fn on {x^.i e Zw} to R(r, «, /:, A) induced by xi(j>1=aj1

9 xi(f)2=a_i 

and Xi(f)Q=aZ^ 

LEMMA 2.1/OL is an integer coprime to n then 

R(r, n, k, h) ^ R(r, n, fe/a, ft/a). 
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Proof. This isomorphism follows from considering the map <j> from the free 
group on {x{:i e Zw} to R(r, n, k, h) induced by x ^ = x i / a . 

Notice that it follows from this result that if h is coprime to n, R(r, n9 k, h)^. 
F(r, n9 k/h). 

THEOREM 3. Suppose that (r—l)h~0 mod n and k is coprime to n9 then 

R(r, n, k, h) ^ F(r{n'h\ d9 y) 

where d=nj(n9 h) and y is such that (n9 h)=(3n+yh. 

Proof. By Lemma 2 we can assume without loss of generality that k=l. The 
first relation of R(r, n9\9h) reduces to 

(aha2h • • • adh)
{r-1)/dah = ah+1 

where the generators an, a2h,... ,adh are distinct. This allows us to express ah+1 

in terms of ah, a2h,... ,adh and relation (ih) allows us to express a{i+1)h+1 also in 
terms of ah, a2h,. . . , adh for l<i<d—-1. Substituting these expressions in relation 
(2) gives 

(aha2h • • • adh)
ir2-1)/dah = ah+2. 

Continuing in this way we obtain 

(aha2h • • • adh)
{r3-1)/dah = ah+j, 1 < j < (n, h), 

since ah+j9 1 <]'<(n, h) are distinct and ah+in,h) e {ah, a2h,... , anh}. At this stage 
the n relations for R(r, n, l9h) have been reduced to the d relations 

((aha2h • • • ̂ ( r < " , * U ) ^ f l i ; ( W i W ) f l ( w ) * = 1 , l£i<d. 

Putting x~aill9 \<i<d we obtain the relations 

((*i*2 ' • • xa)
{rtn'M-1)/ax1xriv)S

i'1 = 1 , 1 < i < d, 

where 6 permutes the subscripts of xi9 l<i<d, according to the permutation 
( 1 , 2 , . . . , * / ) . The result now follows. 

COROLLARY. With the conditions on r, n, k, h as in the statement of Theorem 3, 
R(r, n, k9 h) is metacyclic of order rn—l. 

Proof. This follows from Theorem 1 of [3] and Theorem 3 on showing that 
r{n,h) = l mod d and y is coprime to n. These are straightforward applications of 
elementary number theory. 

Notice, using the results of [4], that if R(r, n9 kl9 h±) and R(r, n9 k2, h2) satisfy 
the conditions of the above theorem then they are isomorphic if, and only if, 
(n9h-ù=(n9h2). 

Next we show that if (n9 k9h)^\9 then R(r, n, k9 h) is infinite. 
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THEOREM 4. If(n, k, h)=d^l, then 

R(r, n, k, h) ^ * R(r, n/d, /c/d, hjd), 
d 

the free product of d copies ofR(r, njd, k/d, hjd). 

Proof. Let oi=n[d, j3=kjd, y=hjd and fix t with 0<t<d— 1. With ^ = a ^ + < the 
relations (id+t), 1< /<OC, reduce to 

(xyx2y • • • x ^ x ^ f l * " 1 = 1 , 1 < î ^ a, 

where the subscripts of the x{ are reduced mod a and permuted by 6 according to 
the permutation (1, 2 , . . . , a). The result now follows. 

3. The group R(3, 6, 5, 2). The only Fibonacci group known to be finite and 
not metacyclic is F(3, 6), a group of order 1512, see [2], where the three known 
finite non-metacyclic generalized Fibonacci groups are discussed. The only finite 
non-metacyclic group which we have discovered in the class R(r, n, k, h) other 
than these generalized Fibonacci groups is R(3, 6, 5, 2). 

Using Tietze transformations the following 2-generator, 2-relation presentation 
is obtained. 

R(3, 6, 5, 2) = (a,b\ a^ba^ab2 = (bcT^a^fba^bab^a = 1). 

We have investigated this group using the coset enumeration programme [1] which 
shows that |R(3, 6, 5, 2)| = 1512=23 • 33 • 7. It is soluble but not metabelian and 
has the following Sylow structure. A Sylow 2-subgroup is cyclic and generated 
by a. It is not normal. Both the Sylow 3-subgroup and the Sylow 7-subgroup are 
normal, the Sylow 3-subgroup being the non-abelian group of order 27 with 
exponent 3. Despite the coincidence in the orders R(3, 6, 5, 2) is not isomorphic 
to F(3, 6) since, for example, F(3, 6) has Q8 as a Sylow 2-subgroup. 
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