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BANACH ENVELOPES OF NON-LOCALLY
CONVEX SPACES

N.J. KALTON

1. Introduction. Let X be a quasi-Banach space whose dual X* separates
the points of X. Then X* is a Banach space under the norm

llx*[l = sup [x*(x) |.
Idi=1

From X we can construct the Banach envelope X,. of X by defining for
x € X, the norm

lIx|l, = | s*lﬁgll)c*(X) l.

Then X, is the completion of (X, || ||.). Alternatively || ||, is the Minkowski
functional of the convex hull of the unit ball. X, has the property that any
bounded linear operator L:X — Z into a Banach space extends with
preservation of norm to an operator L:X, — Z.

The Banach envelope of lp (0 < p < 1)is, of course, /;. In 1969, Duren,
Romberg and Shields [3] identified the dual space of H, (0 < p < 1) and
thus its Banach envelope (cf. [14] ). The Banach envelope of H, is a
Bergman space which turns out to be isomorphic again to /; (see [18] for
a recent direct proof of this). These examples and others prompted Joel
Shapiro to ask what special properties a Banach envelope of a non-locally
convex space (with separating dual) must have.

An example of Pelczynski, the space 12(1;,’) (0 < p < 1) has a reflexive
Banach envelope (/(/7)). This suggests that the answer to Shapiro’s
question lies with the finite-dimensional structure of the space.

We say that a Banach space Y contains I{’s uniformly (or [, is finitely
representable in Y) if for every n € N and € > 0 there is a subspace Fof Y
with dim F = n and a linear isomorphism T:/{ — F with

ITIT ™ <1 + e

We say that Y contains uniformly complemented I7’s if in addition F can
be chosen so that there is a projection P:Y — F with ||P|| < 1 + .

Y fails to contain /{’s uniformly if and only if Y is of zype p for some
p>lie,forsome C <ocoandally,...,y, €Y
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n n

f@EqmﬂécEHMP
i=1 i=1

where €, . . ., ¢, is a sequence of independent Bernoulli random variables

on some probability space (with P(¢, = 1) = P(¢; = —1) = '4). Y fails to

contain uniformly complemented /{’s if and only if Y* fails to contain

I%s uniformly; this in turn is equivalent to Y* having finite cotype p for

some p < oo, i.e., for some ¢ < 0 and all y¥,...,y% € Y*
n n
f@Zqﬁw)zcEnﬁw
i=1 i=1
See [10].

The author [S] has shown:

THEOREM 1.1. Let X be a non-locally convex quasi-Banach space with
separating dual. Then X, contains [\’s uniformly.

Thus l,(1 <p <oco)and L, (1 <p < o0) cannot be Banach envelopes
of such spaces. However the case of ¢ (or /) was left unresolved. Several
examples have been suggested as possible spaces with Banach envelopes
isomorphic to ¢,. For example, Shapiro has recently studied the harmonic
Hardy spaces /, (0 < p < 1), and these have subspaces hg which are
hereditarily ¢, [15]. Similar examples have been studied by A. Matheson.
The Banach space envelopes of these spaces have not been determined,
however.

In this paper, we shall show first that these and similar examples can
never have ¢, as a Banach envelope. Precisely, we introduce the concept of
a natural quasi-Banach space. The idea is that all non-locally convex
quasi-Banach spaces which commonly arise in analysis are natural (e.g.
any subspace of an Orlicz function space or of a Lorentz function space).
We then show that any non-locally convex subspace of a natural space
with a basis (or the bounded approximation property) has a Banach
envelope which contains uniformly complemented /}’s. The same conclu-
sion applies to any subspace of the nonseparable space h, (Theorems 3.4
and 3.5). The proofs of these facts depend on a theorem essentially due
to Maurey [8] (cf. [9]) on the factorization of operators into L, where
0 < p < 1. As we require a slight modification of Maurey’s theorem and,
in any case, his proof lies deeply embedded in [8], we shall present an
exposition of the result we need in Section 2, using ideas of Bennett
(11, 2D).

In Section 4, however, we construct a non-locally convex space whose
Banach envelope is isomorphic to ¢j; although this space has an uncondi-
tional basis, it cannot be natural. In Section 5 we show further that for
any separable Banach space Z we can find a subspace of [, (0 <p < 1)
whose Banach envelope is isomorphic to /; @ Z. Thus although ¢, is not
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the Banach envelope of any subspace of /,, /, ® ¢, is such a Banach
envelope. Note, of course, that /, has no infinite-dimensional locally
convex subspaces.

Finally in Section 6 we prove some special results for the Banach
envelopes of spaces with unconditional bases.

All our results are stated for real quasi-Banach spaces with the under-
standing that they generalize to the complex case without difficulty.

We conclude the introduction by making a few remarks which we hope
will assist the non-specialist reader.

First we remark that Banach spaces which do not contain /{’s uni-
formly have been studied in the past both from the point of view of the
geometry of Banach spaces and from the point of view of probability in
Banach spaces; in the latter context such spaces are called B-convex, and
this terminology was used by the author in [S]. The reader is referred to
[12] for several formulations of this notion. We note that every uniformly
convex Banach space fails to contain /{’s uniformly, but, in the converse
direction there do exist non-reflexive B-convex spaces ( [4]). The most
important observation for the reader is that ¢, does contain /’s;
indeed /] embeds in [ if m = 2", and ¢, contains I5’s. However ¢,
does not contain uniformly complemented /’s since ¢} = [/, does not
contain [ _’s.

The second observation is that in Section 3 we introduce the notion of a
natural space, building on ideas in [6]. However the reader who does not
wish to delve into [6] may instead take the conclusion of Theorem 3.1 for
the definition of a natural space. Using this it is easy enough to show that
L, 0 < p <1, is natural since it is transitive (see [13]).

2. A theorem of Maurey. In this section we present a slight modification
of a theorem due to Maurey [8]. This theorem is very difficult to trace in
[8] however (cf. Theorem 93 and the remarks in [1] or [2]) and so we
present a direct proof based on ideas of Bennett ([1], [2] ).

Let (2, Z, p) be a measure space of total mass one. On L,(Q, 2, p) we
define for E € = the projection P; by Py f = 15 fwhere 1 is the indicator
function of E.

LEMMA 2.1. Let X be a quasi-Banach space whose dual X* has finite
cotype, and suppose 0 < p << 1. Then there is a constant C so that
whenever

T X— L(Q 2, p
is an operator and € > Q then there is E € Z with (E) = 1 — € and
IPTIl, = Ce' =7 || T,

Here ||S||, denotes the norm of the operator S:X — L,.
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Proof. Since X* has finite cotype there exists an integer m so that
whenever x§, ..., x% € X* then

max ||Znx¢] = 27 min ||x?]|.

n==*1 1Si=m

Now suppose S: X — L(2, Z, p) is any operator and fix ¢ > 0. We shall
prove the existence of a set F € £ with A(E) = 1 — € so that for any
x e X

. - e p m\l/p—1
(*)  1BSxlly = 27 V2l 1xl| + m(:) IS,

To prove this select inductively x;,...,x, € X and disjoint sets
E,,...,E, € Z so that
@ Ixil=1 1=i=m

b wE)=m'e 1=i=m

]
(c) /L |Tx|dy = 5 Sup ﬁlSyldu

where the supremum is taken over all F € ¥ with

wF) =m 'e and Fc Q\U E,
J<l J

and all y € X with ||y|| = 1. Then let
E=0U E;

clearly p(E) = 1 — e
Now pick u; € L, with |lul,, = 1 and supp u; C E; so that

/[ 1 ()Sx,(@)dp = ﬁ 1S .

Then if S*:L_, — X* is the adjoint of S,

[[S*ull = fF |Sx;|dp.
Now for 9, = *£1

2 n,S*ull = |ISI
<o that

‘min [IS*u)l = 2727 is]]

I=i1=m

and hence
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min fE 1Sx,ldp = 27177 Y8,

I1=i=m

Now suppose x € X and let h = 1,Sx. Let f:(0, 1) > R be the
decreasing rearrangement of #, i.e.,

f@) = inf sup |A(w)].
pA)=t w&A

Hence
S = 7 V78x]),.
It follows that there exists F € 3 with F C E, f(F) = m ‘e and
[ee]
-1/ P MAp—1
Jo i = isxt, [ e - m(—) Pl
However

fF hldp = (2 min L{ ISxildu)leII

1=i=m
-1
= 27"7s|l1xll.

Equation (*) now follows immediately.
To complete the proof of the lemma fix an operator 7:X — L, and
define for e > 0

$e) = inf{ [IPTIl:n(E) Z 1 — ¢).
1. Let

(v

For convenience ¢(e) = 0 if €

A = sup €77 1g(e).

0
Clearly 4 = ||T|;.
Now apply (*) to S = P.T for any E with p(E) = 1 — ¢ We decide
that
$(2¢) = 2—1/17[|S||l + Ti—Pml/p_lfl_l/p”Tllp
and hence that
d(2e) = 27 Pe(e) + Tf’_—pm“”“e“””llTll,,.
We deduce that
_ 14,- _
(20'7 71620 = 27 '(0) + 1’+P<2m)”f’ 71,

so that
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1 14 1/p—1
A=A+ —0Qm)"?P T
A+ T em I,

/p . .
< _ =  lp
A= " m IHHP

and the lemma is proved with

2]/[)
C = Z—m"" 71|,
1 =p

If X and Y are two quasi-Banach spaces we shall define &/(X, Y) to be
the smallest linear subspace of AX, Y) containing the finite-rank
operators and closed under pointwise convergence of uniformly bounded
nets. If T € &/(X, Y) we shall say that T is approximable.

THEOREM 2.2. Let X be a quasi-Banach space such that X* has finite
cotype and suppose O < p < 1. Then there is a constant C = C(p, X) so that
if T:X — L, Z, p) is a bounded operator then the Sfollowing are
equivalent:

(1) T is approximable

(1) For 0 < € < 1 there exists E € = with p(E) = 1 — € so that

P.T € AX, L)) and

IPTN, = Ce' ~V7||T]),.

(ii1) For 0 < € << 1 there exists E € = with (E) = 1 — e so that PgT is a
bounded operator of X into L,.

Proof. (ii) = (ii1). This is immediate.
(iii) = (ii). For € > 0 select E, so that

1
Ey=1- -
p(E) 5

and Py, T maps X into L,. Now apply Lemma 2.1 to Py, T with e replaced
1 _
by 56' Condition (ii) follows with C replaced by pXlantel

(iii) = (i). Select a sequence E, € Z so that
1
pE)=1——- and P T € AKX, L)).
n n

Now L, has the metric approximation property so that each P T is
approximable in (X, L;) and hence also in #(X, L,). Thus T is ap-
proximable in A(X, L,).
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(i) = (iii). Let #(X, L,) be the set of operators 7:X — L, so that for
every € > 0 we can find £ € £ with

Hence #(X, L,) is a linear subspace of (X, L,) and contains the
finite-rank operators. Suppose T € (X, L,); we will show that
T € #A(X, L,). Suppose T, is a bounded net in #(X, L,) so that

lim T)x = Tx forx € X.

Fixe > 0and E, € Z so that p(E,) Z 1 — e and
1B, Tl = C' ~VPITI,.

(using (iii) = (i1) proved above). The net 1 E, in the unit ball of L (£, Z, u)
has a weak*-cluster point # with 0 = 4 = 1 and

/hd,uil—e

Now for each x € X

‘/S;thxldu = Ce! VP sup Tl

Let £ = {wih(w) = %} Then

w(E)y=1— 2 and P;T € LX, L))
so that T € #(X, L,). It follows that
AX, L) > X, L)
and hence (1) = (ii1).
3. Natural spaces and Banach envelopes. Let Y be a quasi-Banach

lattice. Y is said to L-convex (or lattice-convex) [6] if there exists 0 < § < 1
sothatif u =2 0and 0 = x; = u (1 =i = n) satisfy

1
-+ ...+ x) =1 —8u
n

then

max ||x|| = 8lull.

1=i=n
As pointed out in [5] those function spaces commonly studied in analysis
(e.g. Orlicz spaces, Lorentz spaces, etc.) are automatically L-convex; one
needs an ‘artificial’ construction to make non L-convex lattices. Motivated
by this idea we shall define a (real) quasi-Banach space X to be natural if it
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is linearly isomorphic to a closed linear subspace of an L-convex lattice.
This definition is rendered consistent by Theorem 4.2 of [6] which asserts
that a natural quasi-Banach lattice is always L-convex.

We now characterize natural quasi-Banach spaces. As noted in the
introduction, this theorem can be used to define natural spaces.

THEOREM 3.1. 4 quasi-Banach space X is natural if and only if there
exists p > 0 and C < oo so that if x € X with x # 0 there exists a measure
space (R, 2., p,) with n(,) = 1 and an operator

T, .X— Lp(Qx, 2 thy)
such that
i T = Cllxll ™!
(i) Tx = 1g.

Proof. For the “if”” direction simply note that the map

X = { “y”Tyx}yEX,y#O
embeds X into an [*-product of spaces L,Q,, Z,, p) which is
L-convex.

The “only if”” direction is essentially proved in [6] Theorem 3.3. We can
suppose that X is a closed linear subspace of an L-convex quasi-Banach
lattice Y. By Theorem 2.2 of [5] Y is a p-convex lattice for some p > O i.e.,
for some constant B and y,,...,y, € Y

1@, )| = 5(Z )

Fix x € X ¢ Y with x # 0. Let v = |x| and let V be the linear span of

[—v, v]. Taking [—v, v] as the unit ball, V' is an abstract M-space and then

may be isometrically and lattice isomorphically identified with a space

C(2,), where @, is compact Hausdorff. Let J:C(Q,) — V be the

associated lattice isomorphism. Let = be the Borel subsets of ..
Iffi,....f[, € C(R,) then

WEILP) PP = B §1 1P

Hence it is impossible that

X 1fis) P > B P g} IWfIIP

i=1

for all s € @, since this would imply that

n 1
JEIAN' = + e)an||"(§ nmnp) "
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for some € > 0.
Now by a Hahn-Banach separation argument there is a probability
measure g, on & so that

LX |/ VPdp, = BPIMI PP

for f € C(Q,).
Fory € Y, define Sy € LP(SZX, w,) by

Sy =supJ (y A nv)
n
and extend by linearity. Then S is a bounded linear operator of Y into

L,(Q,. p,) with [|S|| = BIp|lI ™.
Now define T,: X — L,(2,, u,) by

T.z = (Sx) - Sz.
Note that |Sx| = 1, since S is a lattice isomorphism and Sv = S|x| = 1.
Thus

ITJ = BIMI™" = Bllxl™' and T,x = Iq.

We now define a complex quasi-Banach space X to be natural if the
underlying real space is natural. Then we observe that Theorem 3.1 holds
also for complex spaces. One constructs the real-linear map 7, as in
Theorem 3.1 and then complexifies by setting

Tz = T,(z) — iT(iz)
to obtain a complex linear map
T.X— L@, 2, 1)
Finally one sets
S,(2) = (T(x) ™' T (2)

(noting that Re T, (x) = 1g).
We shall need an observation before proceeding.

LeEMMA 3.2. Suppose X, Y, Z are quasi-Banach spaces and S:X — Y,
T:Y — Z are linear operators. If either S or T is approximable then so
is TS.

Proof. For example if S is approximable set £ C A(X, Y) to be the set of
all R so that TR is approximable in AX, Z). Then ¢ contains the
finite-rank operators and is closed under pointwise convergence of
uniformly bounded nets. Thus S € _#Z The other case is similar.

THEOREM 3.3. Let X and Y be quasi-Banach spaces and suppose X* has
finite cotype and Y is natural. Then there is a constant C so that if T:X =Y
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is an approximable linear operator, then
I7xl = ClITI Ixll, x € X.

Proof. There exists B and p > 0 so thatif y € Y and y # O there is a
bounded linear operator

S Y = L&, 2, p)
where
p@ =1, ISl = Blyl™" and S,y = I,

We can use Theorem 2.2 to determine A (depending only on p) so that
if

R:X— L,(Q, 2, p)
then there exists £ € X with p(F) = 1/2 and
PeR:X — L\(Q, 2, p) with [|PgR]|; = AlIRIl,,

Now fix x € X. If Tx = 0 there is nothing to prove. If Tx # 0, there
exists

S:Y = L,(Q, 2, p)

so that
IIS|| = B||Tx||”" and STx = Iq.

Choose E € X so that P:ST maps X into L(2, Z, p),
I1PSTIl, = AlISTI|, and w(E) = 1/2.

Now

[
(A

IPeSTxll, = [IPeSTIL Ixl,

= AIISTI,llxll,
= AB|Tx| "7 1],
so that
ITx|| = 24B||T]| [Ixl..

THEOREM 3.4. Let Y be a natural quasi-Banach space with a basis (or
more generally the identity on Y is approximable). Let X be any non-locally
convex subspace of Y. Then the Banach envelope of X contains uniformly
complemented I’s (or equivalently X* does not have finite cotype).

Proof. The embedding J: X — Y is approximable and the result follows
from Theorem 3.3.
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Examples. If X is a subspace of [, or of H, (0 < p <'1) then X, contains
uniformly complemented /}’s.

As a further example consider the space h, (0 < p < 1) studied by
Shapiro [12]. This consists of all complex harmonic functions u on the
open disc A in C so that

1 7 ” /p
ull, = sup = [ weetras} " < oo
Pooo<r<t 2 Y 7T

Shapiro shows that 4, contains many copies of ¢;, and one might suspect
that hp has a non-locally convex subspace with a containing Banach space
isomorphic to c,. This is impossible however; in this case a slightly
different proof is needed, since the identity on hp is not known to be
approximable.

THEOREM 3.5. Let X be a closed linear subspace of h,. If X is non-locally
convex then X, contains uniformly complemented I7’s.

Proof. Suppose X, does not contain uniformly complemented /{’s, and
consider the map 7,:X — L (T) given by
T,u(eia) = u(rew).
If 0 < r < 1, T, is approximable. In fact

Tu = lim Ty
n—o0

where

T[rn]u _ 2 i\l(k)rlkleika

kI=n
where {tAz(k) }ro _ o are the Fourier coefficients of u.
Thus for some constant C independent of r
ITull, = Cllull,
where || ||, is the Banach envelope norm on X. Hence
lall, = Cllul,

i.e., X is locally convex.

4. A Banach envelope isomorphic to c,. In this section we construct a
non-locally convex quasi-Banach space with an unconditional basis,
whose Banach envelope is isomorphic to ¢,. Of course such a space cannot
be natural by Theorem 3.4.

We start with an observation used by Talagrand [16] to construct
a pathological submeasure. For each n € N we can find a finite set
Q (= Q,) and a collection of subsets {4, ..., 4,,} of Q so that

@ U4+
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whenever J C {1,2,...,2n} and |J| < n, and
(i1) (1A|+ A +1A2n) = nlg.
Indeed let § consist of all subsets of {1, 2,...,2n} of cardinality n. Let

A4, = {w € Qi € w}.

Fix p with 0 < p < 1| and quasi-norm the finite-dimensional space
v, = () by taking

2n
11 = inf{ZlciI":lf! =3 cilAi}.

i=1
Let

1A llee = max [f(@) .

Then clearly || fl, = IIfIl. Suppose ¢; = 0 and

1
Then let J = {i:c,- = En} If |[J| < n then we may pick

w € Q\igj A4,
and then

Sely(w) <1

Hence |J| = n and so

1\ 1Y _
lpin'(—)=(—)n1p
lITgll > 5

i.e.,

1
1o/l = =P 1,
gl 3

Next we note that for the Banach envelope norm || ||,

2n
1
glle, =~ 2 Lyl = 2
i=1

Clearly || |, is a lattice norm on 1°(Q) and || |l.,, = |l llo.. Hence for
VSR A(Y)

1 lloe = 111l = 201/ lloo-
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We repeat this construction for each n and then form the c,-product
co(V,) ie., the space of all sequences f, with f, € V,, |||l = 0 and

()1l = max [If,ll.
The Banach envelope norm on cy(V,,) is clearly seen to be
I () 1l = max [|f]l, -

Thus the Banach envelope of cy(V,) is isomorphic to ¢,. However the space
is non-locally convex since

100,0,...,19,0,..)|| = %n“f"l

but
H(O,O,...,IQ",O,...)IIC§2.

5. Subspaces of /,. We shall need the following simple lemma.

LemMMA 5.1. Let (u,:n € N) be a normalized sequence in lp O<p<)
with disjoint supports. Let M = [u,] be its closed linear span. Then

(1) L,/ M is linearly isomorphic to a subspace of /

(i1) The Banach envelope of 1./ M is isomorphic to l.

Proof. We first note that (u) is essentlally trivial. The Banach envelope
of /,/M is isomorphic to /,/ M where M is the closure of M in [;. However

Mis a complemented subspace of /; (by a projection of norm one) and
/M =1,
To prove (i) first let (e;) be the standard basis of /, and

2 ae;

i€A,
where |a,| > 0 for all i € A4, and
Slalf =1 n=12....

i€d,
We shall define a linear map
S:l, = [,(N X N).
Let f be the standard basis of /,(N X N) and define S so that
Se, =f,; ifi & Oy An
Se= 2 afy — 2 af; i€ 4,
JjEA

JjEA,

n

Then S extends to a bounded linear operator with ||S]|” = 2. Note that
Su, = 0 for each n. We shall show that
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inf [|x — || = d(x, M) = ||Sx||
veM

forall x € .
Indeed if

x = X &g,

i=1

in /, then we may select for each n € N, 0, so that

2 (51 - T)na,-)e,- = 2 giei - >\un
i€A, i€,
forall A € R.
Thus
2 |£I-aj - nna,.ajlp = E |€iaj - éja,"p-
i€A, i€A,
Hence

2 2 2 |§,‘aj - n,,a,-ajl” = 2 2 E lﬁiaj - gjailp-

n=1j€A, i€A, n=1j€A, i€A,

Since the right-hand side is at most ||Sx||” we conclude that X |n, |7 <
oo and if we set y = X n,u, then

oo
Ix —ylF = 2 kP + 2 X 2 e — gal
i€ua, n=1j€A, i€d,
= ||Sx||?.
Thus d(x, M) = ||Sx|| and S factors to an embedding of L,/ M into
LN X N) = [,

THEOREM 5.2. Let Z be a separable Banach space and suppose 0 < p < 1.
Then there is a closed subspace X of l, whose Banach envelope is linearly
isomorphic to I, © Z.

Proof. Let (e;) be the standard basis of l, = Ip(N) and let ( fij) be the
standard basis of lp(N X N) and, for convenience, we take the quasi-norm
on the direct sum to be

Il (x, p) I = max(llx]l, [I1])

Choose an integer a so that

a(l—1)>3 and d = 2%
P

https://doi.org/10.4153/CJM-1986-004-2 Published online by Cambridge University Press


file:///tfij
https://doi.org/10.4153/CJM-1986-004-2

BANACH ENVELOPES 79

Write N as a disjoint union Yy 4 where |4,] = 4", and define the
n
normalized sequence

w,=d " X e,

i€A,

Select a total fundamental biorthogonal system (z,, z) for Z so that
llzl = 1 (n € N) and |z}l = 2 for n € N (see [11]). We define
K:[u,] = Z to be a bounded linear map such that

Ku, = 27"z,
Note that ||[K|| = 1 and that K is one-one. In fact if x € [u,], say
(o]
x = Eu,

n=1
then
|lz3(Kx) | = 277§, = 2IIKxl|
so that
&, = 2" IKx].
Now let || ||, be the /;-norm on [,(N). Then

oo
lxll, = 2 |, ld" 1P
n=1

oo
= 2||Kx|| 2 on . gan(1=(1/p))

n=1

[ee)
= Kx|| D 47"

n=1
2
= —[IKx]l.
3

Now let (y;:i € N) be any sequence dense in the unit sphere
{x:||Ix]| = 1} of [u,]. Then

o0
yi=2 a;€
j=1

where

g lal” = 1.
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Let
oo
Vi = 21 a;fy
J=

n lp(N X N) and define for (i, j)) € N X N
wy =Ji + B

where

B: = Iyl /11Kyl
Note 0 < B; = 2/3 for all i € N and hence that [w;] is isometric to /,.
Let M = [v,], and consider the quotient /, ® [,(N X N)/M. By Lemma
5.1 this quotient is isomorphic to a subspace of /,. Let ¢ be the quotient
mapping and X be the closed linear span of
{gwp:i € N,j € N}.

X will be our example; clearly X embeds into
Note first that for fixed i

Z aw;; = 2 aij(fij + Biej) =+ By
J

J

L,

Thus X contains a subspace

Xo = lg(y,)] = lg(u,) ].
We first identify the quotient space X/X,. To do this note that
g (X)) = ] @[y, c [, ® LN

Now suppose

X = 2 £ijwij S [w,-j]
i

and that for some ¢,, > |c,lf < oo

We shall show that

Indeed we have

2 & — calf <1
ij

.

2 gy'f,'j - E CuVn
i,J n

-

2 s,'jw,'j - 2 Cn(vn + ,3,,)’,,)
L]

n
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and hence

2(&,;,,,

1.e.,

2 é‘ijIBiej - E Canyn <1
i, n

as required.
Now suppose x € [w;] and d(x, [u,] © [v,]) < 1. Then by the above

dix, [v, + B,y,]) < L.
However v, + B,y, is a sequence with disjoint support with respect to
(w;)- Hence wl/lv, + B,y,] has a Banach envelope isomorphic to /;. It
follows that X/X, is isomorphic to [w; 1/lv, + B,»,] and hence embeds
into /, and has a Banach envelope 1somorphxc to /;. X, is then weakly
closed in X (X/X, has a separating dual).

Let X, be the weak closure of X, in X.. Then

X/ Xy = (XIXp), = 1,
and hence

X. =1, 0X,

It remains to show that X, = Z.
To do this we define a bounded linear map L: [wy]l = Z so that

Lyw,) = (sgn a;) ——Ky,.

Bi
1yl
To see L is bounded we need only note that

Bi
llyilly

ILow) Il = Il =

for all i, j.
Suppose

x=23&w, €[w)] and d(x, M) <1
Then there exist ¢;, 2 |¢;f < 1 so that
Ix — 2 eyl < 1.

Hence

<

’ 2 §fy — 2 e,
LJ
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and, as before,

Ix — 2 v + Byl < L
Thus

IZ 8Kyl < 2'7.

However

Lov; + By = 2 aLo(wy)

) (2 '“’f')n I

= BKy;
since ||y,-l|1 = 2 |aij|-
J

Thus
ILyZ ¢, + By)) Il <277
and hence
|Lox|l < 3'7.
In general for x &€ [w],
ILy(x) 1| = 3!7 - d(x, M).
Hence L, factors to a linear operator L:X — Z with ||L|| = 3'7. As Zis a
Banach space
1Ll = 3V7Ix]],.
Now
Lq(y) = Lq(y; + B; ')
= Ly(y; + B V) = Ky,
Hence
IKgyll = 3"7llg(y) Il
Extending by continuity, if x € [u,]
IKx|| = 3"7llg(x) .
Conversely

g ll. = B 'llgv; + By .
= 8" 2 gl ligowy Il
J

= Byl = lIKyl.
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Hence for x € [u,]

llg(x) Il = NIKx]l.
Thus

37Kl = llg(x) II, = IIKxll for x € X,
so that X, = Z (since the range of K is dense).

6. Spaces with unconditional bases. In this section we give some special
results for spaces with unconditional bases.

THEOREM 6.1. Let X be a quasi-Banach space with an unconditional basis.
Then X contains a complemented subspace isomorphic to ¢, if and only if X,
contains a copy of c.

Proof. Suppose (e,) is a normalized unconditional basis of X with
unconditional basis constant K so that if N € N, a;,...,a, € R and
e = 1(1 =i = N) then
N
2 ¢iae;
i=1

N

z ae;

i=1

=K

Let e} be the biorthogonal functionals in X*. Then
il = K and |le,ll. = K.

Suppose X, contains a copy of ¢,. Then by a gliding hump argument we
can find a block basic sequence (u,,) of the form

k’l
u, = 2 be
Ky—y+1
(where ky = 0 < k; < k, ...) and so that for some 0 << C < co and all
a,...a, € R, N € N we have

n
i=1

. = C max |aj.
1Si=N

C7! max la)| = ‘
1Si=N

We may also determine

so that
sup |lu¥fl = B < oo and uXu,) = 1.

Let A = [—2CK, 2CK[N, A is a compact metrizable space. For
£ = (£,) € A define ¢,(§) € X by
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kn

¢n (‘S) = 2 gielw

i=k,_,+1
Let
Ay =({¢ € Allgy®)) +...+¢,8)Il =2CK, ne N}.

A is a closed subset of A.
For each n € N,

lluy + ...+ ull, = C

and so we can express u; + ... + u, as a convex combination of elements
of the unit ball of X. Identify x € X such that ||x|]| = 1 with £ € A so that
x = 2 ¢e,. Thus we can find a probability measure p, on A whose support
is finite so thatif 1 = m = n

J 60 @i ® = u,.
(The integral is well-defined in the finite-dimensional space
lex ,+15--- € ])- Furthermore p, is supported on A,.
Let u be any weak*-cluster point of (u,:n € N) in C(A)*. p is also
supported on A, and
[ 6 @au® = 4, men.
Thus
Juron @) =1
and as
lun(,(§)) | = 2BCK,

we can conclude by the Bounded Convergence Theorem that there exists
my, 1 oo and £ € A, so that

uh (6, (H) = B >y > 0.
Let
v = By 6, ().

Then v, is an unconditional basic sequence in X.
We also have

v~ 'K max ||

1A

llayv, + ...+ aqll

imgkl ¢i(£)’ ‘

A

2CK2y_i max |a|.
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Now u;;, (v.) = 1 so that llvill = B~ !so that (v¢) is equivalent to the usual
cp-basis and is complemented by the projection

(o]

Px = X U (X)Ve
k=1

In fact
IlP|| = 2BCK*y™ .

The converse is trivial; if X = ¢, @ Y then X, = ¢, @ Y.

~

If we further assume X, = ¢, then since (e,) is also an unconditional
basis for X with

-1
K =le,l. =1,

then by a theorem of Lindenstrauss and Pelczynski [7] (e,) is actually
equivalent to the usual cy-basis in X_. Thus in the preceding proof we can
take u, = e, and each v, is a multiple of e, . Thus we have also
proved:

THEOREM 6.2. Let X be a quasi-Banach space with normalized uncondi-
tional basis (e,). If X, = ¢,, then some subsequence of (e,) is equivalent (in
X) to the standard basis of c,.

COROLLARY 6.3. Let X be a quasi-Banach space with a symmetric basis. If
X, = ¢y, then X = ¢,

c

We remark that the example constructed in Section 4 has an
unconditional basis and X, = ¢,, but is not locally convex. We also
remark that it is easy to find spaces X with unconditional basis which
contain ¢y, but so that X, does not contain ¢,. For example let X be the
“weak” /P-sequence space (0 < p < 1) of all sequences x,, so that the de-
creasing rearrangement x;* satisfies nl’ Px* — 0. This is quasi-normed by

1/
llxll = sup n'/7x:
n

Then X has an unconditional basis and contains c;, but X, = /;.
Finally we conclude with a theorem suggested by the example in
Section 5.

THEOREM 6.4. Let X be a quasi-Banach space with an unconditional basis.
Suppose X, = I, @ Y. Then

(i) I Y does not contain I7’s uniformly, then X contains a complemented
subspace isomorphic to Y.
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(i) If Y does not contain uniformly complemented I1’s and X is natural,
then X contains a complemented copy of Y.

Proof. In either case every operator from Y into /; is compact. Let (e,)
be the unconditional basis of X. Then (e,) is also an unconditional basis
of X, = I/, @ Y and also by a theorem of Wojtasczyk [17] there is an
infinite subset [e,:n € M] which is an unconditional basis of Y. Then
[e,;n € M] spans a subspace X, of X which is complemented and such
that (X;), = Y. Now apply either Theorem 1.1. or Theorem 3.4, to
conclude that X; = Y.

Thus the examples in Theorem 6.2 do not have an unconditional basis
in the case when Z does not contain uniformly complemented /|’s.
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