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Abstract

Most finite spatial point process models specified by a density are locally stable, implying
that the Papangelou intensity is bounded by some integrable function g defined on the
space for the points of the process. It is possible to superpose a locally stable spatial
point process X with a complementary spatial point process Y to obtain a Poisson
process X U Y with intensity function 8. Underlying this is a bivariate spatial birth—
death process (X;, Y;) which converges towards the distribution of (X, Y). We study
the joint distribution of X and Y, and their marginal and conditional distributions. In
particular, we introduce a fast and easy simulation procedure for Y conditional on X.
This may be used for model checking: given a model for the Papangelou intensity of the
original spatial point process, this model is used to generate the complementary process,
and the resulting superposition is a Poisson process with intensity function g if and only
if the true Papangelou intensity is used. Whether the superposition is actually such a
Poisson process can easily be examined using well-known results and fast simulation
procedures for Poisson processes. We illustrate this approach to model checking in the
case of a Strauss process.
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1. Introduction

A spatial birth—death process is a continuous-time jump process where each jump consists
of either adding or removing a point from a finite spatial point pattern. Preston [17] provided
a detailed mathematical study of such processes, and showed among other things that, under
suitable conditions, (approximate) realisations of a finite spatial point process can be obtained
by running a spatial birth—death process for a long enough time; this point was also used in
[10] and [19], and in connection to perfect simulation algorithms in [6], [11], and [12]. Spatial
birth—death processes have also been used as statistical models for geological data [7], [22]
and sand dunes [15], and for Bayesian analysis of mixture models with an unknown number of
components [21].

Preston [17] established the existence of a spatial birth—death process through a coupling
to a nonexplosive birth—death process on the nonnegative integers, which can be extended to
a ‘dominating’ spatial birth—death process. This coupling is particularly useful in connection
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with point processes that are locally stable, the latter being a property satisfied by most spatial
point process models specified by a density; this condition and other background material are
presented in Section 2. Briefly, local stability implies that the Papangelou conditional intensity
A(x, u) is bounded from above by an integrable function §(u) defined on S, where S denotes
the state space of the points, x is any finite point pattern (i.e. a finite subset of §),andu € S\ x is
any point. To describe the coupling construction, consider a (dominating) birth—death process
D, with birth rate §(u) and death rate 1 so that its equilibrium distribution is a Poisson process
on § with intensity function 8. It is possible, by a dependent thinning of D,, to obtain a
(target) birth—death process X, with birth rate A(x, u) and death rate 1 such that its distribution
converges towards that of X as time ¢ tends to oco: the dependent thinning is such that if
Xo € Dg then X; € Dy for all + > 0 (explaining what is meant by ‘dominating’). Further
details are given in Section 2.2. This coupling construction also plays a key role in connection
with the perfect simulation algorithms of locally stable point processes given by the dominating
coupling-from-the-past (CFTP) algorithm [11], [12] and the method of clans of ancestors [6].

In this paper we study the birth—death process Y; = D; \ X;, i.e. the points in the dominating
process D; that are not included in the target birth—death process X,;. We refer to Y; as the com-
plementary birth—death process (to the target birth—death process X;). In Section 2.2 we define
the bivariate birth—death process (X;, Y;), and in Section 3 we establish that (X;, Y;) converges
towards a bivariate point process (X, Y), where we call Y the complementary point process (to
the target point process X). In general, it seems difficult to say anything detailed about this
equilibrium distribution except in the special cases considered in Section 3 and in Appendix A.

Although the distribution of Y conditional on X = x seems complicated in general, it turns
out to be simple to simulate from this conditional distribution. In Section 4.1 we present an
algorithm which is both fast and easily implemented. In Section 4.2 we study the speed of the
algorithm, which, unlike dominating CFTP, depends only on $, i.e. it does not depend on any
(interaction or monotonicity) properties of A, except on its upper bound B.

The algorithm may be used for model checking: given data x (a finite point pattern in ) and
a model for the Papangelou intensity of the underlying spatial point process X, this model is
used for generating a realisation y from the complementary process conditional on X = x. In
Section 5.1 we establish that the resulting superposition x Uy is a Poisson process with intensity
function g if and only if the true Papangelou intensity is used. Whether the superposition is
actually such a Poisson process can easily be examined using theoretical results for (functional)
summary statistics of Poisson processes, where quantiles of the summary statistics can be
quickly simulated. In Section 5.2 we illustrate this approach to model checking in the case of
a Strauss process [10], [23].

The above model checking procedure of superimposing the complementary point pattern on
the data pattern and checking if the resulting point pattern is Poisson has some similarities to the
approach considered by Mgller and Schoenberg [14]. Their procedure is based on dependent
thinning of the data pattern x, obtaining a realisation of a Poisson process if the assumed model
for X is correct. This construction relies on an assumption of a positive lower bound on the
Papangelou intensity on S which is typically not available for most point processes of interest.

2. Preliminaries

2.1. Assumptions

For simplicity and specificity, we consider a spatial point process X defined on a Borel set
S CRF (k € {1,2,...}) of finite and positive Lebesgue measure | S|, where, with probability 1,
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X is finite and simple (i.e. has no multiple points). This means that X can be considered as
a random finite subset of S. So we let the state space 2 of X be the set of all finite point
configurations contained in S, i.e.

Q={x CS:nkx) < oo},

where n(x) is the cardinality of x (for n(x) = 0, x = & is the empty point configuration).
For measure theoretical details, see, e.g. Appendix B of [16]. The setting covers most cases of
practical interest, but our methods can easily be extended to nonsimple point processes defined
on a general state space and using an exponential state space setting [5], [17], [20]. We refer to
X as our target point process.

Let 8 be a nonnegative Lebesgue integrable function defined on S, denote by Poisson(S, B8)
the distribution of the Poisson process on S with intensity function §, and set v = Poisson(S, 1)
(the distribution of the homogeneous Poisson process on S with intensity 1). Note that, for any
nonnegative measurable function 4 defined on €2,

o s
/h(x)dv(x):e*‘s‘h(z)jtZeT/---/h({xl,...,xn})dxl---dxn. )
n=1 . S S

We assume that X is absolutely continuous with respect to v and denote its density by f.
We also assume that f is locally stable with respect to 8, i.e. forany x € Q andanyu € S\ x,

fxUfu)) < ) f(x). @)

This condition is satisfied for most point process models specified by a density (where of course
the choice of 8 depends on the density); see [8], [16], and the references therein. Clearly, (2)
implies that the Papangelou conditional intensity defined, for any x € Q and any u € S\ x, by

U 0
Ay = L&) (taking S 0) 3)
fx) 0
is bounded by B(u). In fact, local stability also implies that many desirable properties for
simulation algorithms are satisfied; cf. [16] and the references therein. Note that

b:/ﬂ(u)du (@)
S

is finite and equal to the mean number of points under Poisson(S, 8). Henceforth, to avoid the
trivial case where f(x) = 0 whenever x # &, we assume that b > 0.

2.2. Coupled spatial birth—death processes

We shall exploit the fact that (3) ensures a coupling of a continuous-time spatial birth—death
process {X;: t > 0} with a dominating spatial birth—death process {D;: r > 0} such that
X; € D for all times ¢t > 0, where the X, process has birth rate A(x, #) and death rate 1, and
the D; process has birth rate 8(u) and death rate 1. Both processes are time reversible, X; has
equilibrium density f, and the equilibrium distribution of D; is Poisson(S, 8). See [11], [12],
[16, Appendix G], and [17]. However, in general, as shown in Section 3, the coupled process
(X;, D;) is not time reversible.

For later use, we now recall the details of the coupling construction, where we let the initial
states be arbitrary, except that it is assumed that Xo € Dy.
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First, we generate the dominating birth—death process {D;: t > 0} as follows. We start
by generating a pure birth process on S with birth rate S(u). Viewed as a space—time point
process, this is simply a Poisson process on S x [0, o) with intensity function p(u, t) = B(u).
For each space—time Poisson point (i, t), we generate a lifetime 7 (1) which is exponentially
distributed with mean 1; these lifetimes are independent of the birth process, and the lifetimes
are mutually independent. In the dominating birth—death process, the point u is then included
for the time period starting at the birth time ¢ and ending at the death time ¢ + t(u) (where u
is excluded).

Second, the X; process is obtained from the D; process by a dependent thinning. Write
D;_ and X,_ for the states of the processes just before time ¢. If a birth happens in the
dominating spatial birth—death process at time ¢ > 0 so that D; = D;_ U {u}, then, conditional
on this knowledge and what previously has happened in the two processes, with probability
MXi—,u)/B(u), set X; = X,_ U {u}, otherwise do nothing, i.e. X; = X;_ is unchanged.
Moreover, if a death happens in the dominating spatial birth—death process at time ¢ > 0 so that
D; = D;_\ {u}, where u € D;_, then X; = X,_ \ {u} (of course, X; = X,_ is unchanged if u
is not in X;_). Finally, as a transition in the X; process can only happen if a similar transition
happens in the D, process, it follows that X, € D; for all ¢+ > 0.

We call Y; = D; \ X;, t > 0, the complementary spatial birth—death process. Note that
{(Xy, Yy): t > 0} is a bivariate jump process such that a transition from a given state

(e y) = {xts s Xm by (Y1, ynh) € R X Q

of the process (with x = @ if m = 0, and y = @ if n = 0) can be one of the following four
types. The rate of transition is

(1) A(x,u) if (x U {u}, y) is the new state, i.e. when a birth of a point # € S happens in the
D; process and it is accepted into the X, process;

(i1) B(u) — A(x, u)if (x, y U {u}) is the new state, i.e. when a birth of a point u € S happens
in the D; process and it is not accepted into the X; process;

@iii) 1 if (x \ {x;}, y) is the new state, i.e. when the ith point in the X, process dies (i €
{1, ..., m} and provided m > 0);

(iv) 1if (x,y \ {y;}) is the new state, i.e. when the jth point in the Y, process dies (j €
{1,...,n}and provided n > 0).

3. The equilibrium distribution of the bivariate jump process

The (X;, Y;) process converges in distribution towards a unique equilibrium distribution IT;
in fact, the process converges geometrically fast towards IT as seen by combining the results
of [13] with those in Appendix G of [16]. Henceforth, assume that (X, Y) follows IT. We call
Y the complementary point process (to the target point process X). Note that D = X UY
follows Poisson(S, §), but what else can we say about I1? Propositions 1-3 below are verified
in Appendix A.

Proposition 1. The equilibrium distribution T1 is absolutely continuous with respect to the
product measure v X V.

We need some further notation. Let 7 (x, y) denote the density of IT with respect to v X v.
Recall that, for x € Q, n(x) denotes the cardinality of x. If n(x) = 0,set >, .. g(x,u) =0
for any real function g (x, u).
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Proposition 2. Apart from a (v x v)-nullset, the equilibrium density w is the unique density
satisfying the equation

[b +n(x) +n(w (x, y)
=Y A0\ ud wm e \ {u), ) + ) [BG) — A0, Wl (x, y \ {u})

UEX uey

+/n(xU{u},y)du+/n(x,yU{u})du ®))
S S

forall (x,y) € Q x Q.

We have not been able to solve (5) without imposing rather restrictive conditions, such as in
Proposition 3 below or as in the examples discussed in Appendix A.
One attempt at solving (5) is given by solving the detailed balance condition

7 (x, y)A(x,u) = m(x Ulu}, y), 7 (x, y)(Bu) — Alx, u))m(x, y U{u}), (6)

which is equivalent to time reversibility of the (X;, ¥;) process. This is, however, only satisfied
in the following simple case.

Proposition 3. The equilibrium density mw (-, -) satisfies the detailed balance condition (6) if
and only if M(x,u) = A(u) does not depend on x, in which case X and Y are independent
Poisson processes on S with intensity functions M(u) and B(u) — A(u), respectively.

As noted in Remark 1 (Section 5.1) and in Appendix A, apart from the case where the
detailed balance condition (6) holds, the conditional distribution of ¥ given X = x is in
general a complicated distribution—nevertheless, we can easily simulate from this conditional
distribution, as shown in Section 4.1. So, in general, it seems difficult to explicitly evaluate the
joint density of X and Y. Also, the density of Y seems in general to be very complicated, as
discussed in Appendix A.

4. Conditional simulation of the complementary point process

4.1. Simulation procedure

The following algorithm provides an easy way to make a conditional simulation Y (x) of the
complementary point process, given that x is a realization from the target point process X.

Algorithm 1. Inputs: S C R?, where S has a finite and positive volume; f, a locally stable
density for a target point process on S; A, the corresponding Papangelou conditional intensity;
B(u), an upper bound on A(-, #); x C S, a finite point configuration.

(a) Set Y(x) = @ and generate Z from Poisson(S, 8). If Z = @ then set T = 0 and go to
(®.

(b) Foreach pointu € Z, generate an exponentially distributed lifetime 7,, with mean 1, and
a uniformly distributed ‘mark’ M,, on [0, 1], assuming that all these times and marks are
mutually independent. Set 7 = max{7,: u € Z}.

(c) Set Xy = x and generate the spatial birth—death process X; with birth rate A and death
rate 1, stopping the generation at time 7', assuming that this generation, conditional on
T, is independent of everything else in (a)—(b).
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(d) Foreachu € Z,if M,, > A(Xr,,u)/B(u),add u to Y (x),1.e. Y (x) < Y (x) U {u}.
(e) Return Y (x).

Theorem 1. The output Y (x) in Algorithm 1 is a realization from the conditional distribution
of the complementary point process Y given that X = x is a realization from the target point
process.

Proof. Intuitively, this follows by

e imagining that we have extended the (X, ¥;) process to al times ¢ € R such that it is in
equilibrium; this is easily done, since the (X;, D;) process regenerates each time D; = &
(see, e.g. Appendix G of [16]);

e observing that, by (i)—(iv) in Section 2.2, conditional on {X;: t € R}, the births in
{Y;: ¢t € R} form a space—time Poisson process B on § x R with intensity function
w(u,t) = Bu) — L(X;, u), the corresponding lifetimes are mutually independent and
independent of B, and each lifetime is exponentially distributed with mean 1;

e noting that B can be obtained by an independent thinning from a space—time Poisson
process on S x R with intensity function p (u, t) = B(u), where the retention probability
for a space—time point (u, 1) is u(u,t)/p(u,t) =1 — A( X, u)/B(u).

For a formal proof, it is convenient to reverse time, and to imagine that we have generated
more than is actually needed, as described in the following.

Let {D;: t <0} be an independent copy of the dominating spatial birth—death process
{D;: t < 0} considered backwards in time, where D} = Z. We use this notation, since (as
discussed at the beginning of Section 4.2) the D, process may instead be used when generating
the X, process. In Algorithm 1(b), T is the largest lifetime of the points in Z; correspondingly,
let 7 be the first time before time 0 where a point in Dg; was born when the D; process is
considered forwards in time, setting T = 0 if Dj = ;50 —T is distributed as T. Moreover,
suppose that we have generated the X; process backwards in time ¢ < 0, independently of the
Dy process and anything else associated to this process, as considered below, and with Xo = X.

By time reversibility, the generation of these processes is just like running them forwards
in time. To each birth time ¢ in D] (considered forwards in time), we attach a mark given
by a uniformly distributed random variable M; on [0, 1]. All these marks are assumed to be
mutually independent and independent of {(X;, D;): t < 0}.

Moreover, suppose that, for any time s < 0, we have generated a complementary spatial
birth—death process Y; forwards in time ¢ € [s, 0] in the following way. Initially, Y = @.
Furthermore, a birth in the ¥;’ process can only happen if it also happens in the D; process:
it Df = D} U{u} then Y =Y U{u}ift M; > AM(X,,u)/B(), and Y} =Y} otherwise
Slmllarly, a death in the Y s process can only happen if it also happens in the D} process:
if a death happens so that D} = D\ {u} (where u € D} ) then Y =Y/ \ {u}. Hence,
{(X;,Y}):s <t <0}isseento be a jump process with transition rates as given in (i)—(iv) in
Section 2.2. Consequently, {(X,, YS):s <t <0} is distributed as {(X;,Y;): 0 <t < —s}
with X in equilibrium and Yy =

Note that Yj € Dj and Whether or not a birth happens in the complementary spatial birth—
death process does not depend on the history of this process. Hence, to generate Y, if s < T,
we need to only consider the death times of the points in D (when D; is viewed backwards
in time) and to use the states of the X; process at these death times. So in our simulation
procedure we need only steps (a)—(e), and (X, Y (X)) is distributed as the limiting distribution
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of (X_g, Y_;) as —s — o00. Therefore, (X, Y (X)) follows I, and so Y (X) is distributed as Y
conditional on X. Thereby Theorem 1 is verified.

Remark 1. It follows from the proof of Theorem 1 that the conditional distribution of ¥ given
{X;: t > 0} is a Poisson process on S with intensity function

Bu)— Y (€7 —e AKXy, u),  uES, (7)

i=0

where 7o = O and 71 < 72 < --- denote the transition (or jump) times of {X,: r > 0}, and
e~ % —e Tt is the probability that an exponentially distributed lifetime with mean 1 falls
in the interval from t; to ;4 (within this interval X; is constant). Now, Y conditional on
X = x is distributed as Y conditional on Xy = x, and the latter distribution may in principle
be obtained by considering the Poisson process on S with intensity function (7) and integrating
over all possible paths of {X;: t > 0} when Xg = x. However, apart from the special case
where A(x, u) = A(u) does not depend on x, this calculation appears to be very complicated,
indicating that the conditional distribution of Y given X is in general a complicated distribution.

Remark 2. A comparison of Algorithm 1 with perfect simulation algorithms seems in order,
since the proof of Theorem 1 has some similarity to arguments used when establishing the
correctness of the CFTP algorithm in [18], the dominating CFTP algorithm in [11] and [12],
and the method of clans of ancestors in [6]. The latter two algorithms are used for perfect
simulation of a locally stable point process, using spatial birth—death processes in different
ways. As argued below, Algorithm 1 is much simpler to implement and much faster than these
perfect simulation algorithms.

The speed of the dominating CFTP algorithm depends much on the monotonicity properties
of A(x, u) (used for generating a sequence of so-called lower and upper processes), and how
strong the interaction is between u and neighbouring points in x (a point v € x is said to be a
neighbour to u if A(x, u) depends on v). In fact, in cases where A(x, ) can be much smaller
than B(u), the dominating CFTP algorithm can be very slow [3]. Moreover, a doubling scheme
is used in the dominating CFTP algorithm (this doubling scheme is for the abovementioned
sequence of lower and upper processes), where Berthelsen and Mgller [3] recommend that
the first time in the doubling scheme should be random and distributed as 7' (more precisely,
this is the case if the waiting times for transitions are included; in fact, we need only consider
the jump chain in the dominating CFTP algorithm, so this partly reduces the computations).
Furthermore, the method of clans of ancestors depends on how A(x, u) specifies which points
are neighbours (but not on how strong the interaction is), and this method can be very slow, in
fact even slower than dominating CFTP [3], [12].

In contrast, Algorithm 1 depends neither on any monotonicity property of A(x, u), on how
strong the interaction is, nor on how A(x, u) specifies which points are neighbours. The speed
of our simulation procedure Algorithm 1(a)—(e) depends only on b (defined in (4)), as further
discussed in Section 4.2.

Remark 3. Algorithm 1 is useful when verifying Theorem 1. In practice, it is easier to use
the following algorithm, where we exploit the fact that the actual lifetimes in Algorithm 1 are
not needed if we know the order in which the points are born and die. Moreover, we can
simultaneously generate the jumps in (b)-(d) of Algorithm 1. The output of the following
algorithm is therefore still a conditional simulation of ¥ given X = x.
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Algorithm 2. Inputs: S C R?, where S has a finite and positive volume; f, a locally stable
density for a target point process on S; A, the corresponding Papangelou conditional intensity;
B(u), an upper bound on A(-, #); x C S, a finite point configuration.

(a) Set Y(x) = @ and w = x. Generate M from a Poisson distribution with mean b.
(b) While M > 0,

(i) setn = n(w) and m = M, and generate a uniformly distributed variable v on
[0, 1]

(i) ifv <m/(m+n+b),
(ii.1) reduce M by 1,ie. M < M — 1;
(ii.2) generate a point u on S with density B(-)/b;
(ii.3) with probability 1 — A(w, u)/B(u), add u to Y (x), i.e. Y (x) < Y (x) U {u};
(i) ifv € [m/(m +n +b), im +n)/(m +n + b)],
(iii.1) remove a point # from w chosen uniformly at random, i.e. w < w \ {u};
@v) ifv > (m+n)/(m +n+>b),
(iv.1) generate a point u# on S with density B(-)/b;
(iv.2) with probability A(w, u)/B(u), add u to w, i.e. w < w U {u}.
(c) Return Y (x).
4.2. The speed of the algorithm

In this section we consider the computational load of using Algorithm 2.

Inspecting Algorithm 2 we note that essentially it involves only two computational aspects:
generating a point on S with density B8(-)/b and evaluating A(w, u)/B(u). We claim that, for
most applications, the computational load of the latter is (much) higher than the former. In
particular, this is so if B(-) is constant, the calculation of A(w, u) involves a loop over all
points in w (as, e.g. in the Strauss process considered in Section 5.2), and n(w) is not (very)
small. We quantify therefore the computational load of Algorithm 2 in terms of the number of
times A(w, u)/B(u) is evaluated. Algorithm 2 evaluates A(w, u)/B(u) only in step (ii.3), which
happens M times, and in step (iv.2). Letting N denote the number of times (iv.2) is evaluated,
the computational load is C = M + N. Step (iv) corresponds to a birth in the dominating
process D; used in the (backwards) construction of X; in step (c) of Algorithm 1. Hence, N
corresponds to the number of births in the dominating process in a time interval of random
length 7', where T is defined as in Algorithm 1. For this reason, although 7T is not used in
Algorithm 2, the mean of T is related to the mean of C, as stated in the following proposition.

Proposition 4. The mean computational load is

E(C) = b(1 —e™?) + bE(T), (8)
where b
E(T) = (1 — e—b)[(l —e ") In) —/ In(s)e™ ds:| )
0
<1 -e D[ —-e ) In®) +al (10)

and a = — [} In(s)e™ ds ~ 0.7966.
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Proof. Conditional on 7,if T = Othen M = N = 0, and if T > O then M and N are
independent and Poisson distributed, with mean b and b7, respectively. Hence, as exp(—b) is
the probability that 7' = 0,

E(C) =EEU[T > 0]C | T)),

where 1[-] is the indicator function, and so we obtain (8). Furthermore, when " > 0, T is
the maximum of M independent exponential random variables with mean 1. So, for ¢ > 0,
conditioning on M,

P(T <t|T>0)=E(1—e ")) =exp(—be ™),

so that
E(T)=P(T >0E(T | T > 0)

=(1—e_b)fooP(T >t | T >0)dt

0

=(1—-e? fooa —exp(—be™)) dr
0

b -5
1—
=1 —e_”)/ s,
0

s
using the substitution s = be™’. Then integrating by parts gives (9), and (10) is easily obtained.

The integral in (9) can easily be evaluated by numerical integration, and in most applications,
the term exp(—>) appearing in (8), (9), and (10) will be effectively 0. It follows that

E(C) < b+ b(In(b) + a),

where in most applications, ‘<’ can be replaced by ‘~’.

5. Model checking

5.1. The random superposition procedure

Suppose that a realization x from a spatial point process X * with ‘true’ density f™* is observed,
and we want to check the goodness of fit for a fitted model with density f. In order to apply
Algorithm 2, assume that both f* and f are locally stable with respect to (the same) 8. Suppose
furthermore that we have generated a realisation of ¥ (X*) using Algorithm 2 which has f (and
not f* unless f = f*) as input. By Theorem 1, the random superposition procedure

D" = X*UY(X")

is a realization of Poisson(S, g8) if f = f*. Conversely, the following theorem establishes that
if f and f* do not specify the same model, then D* does not follow Poisson(S, 8).

Theorem 2. Assume that f* and f are locally stable with respect to B. Then D* follows
Poisson(S, B) if and only if f and f* agree, except on a v-nullset.

Proof. We have already noted that the ‘if” part holds; to verify the ‘only if” part, we first
observe the following. For any nonnegative measurable function 4 (x, y), defined for (x, y) €

Q x Q,
/Zh(x,z\x)dv(z) =e'5‘//h(x,y)dv(x)du(y). (11)

xCz
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To verify this, let x = {x1,...,xn}, Yy ={1,..., mbandz=xUy = {z1, ..., 2k}, and use
(1) to conclude that the right-hand side of (11) equals

E E ' ‘/...//.../h(x’y)dxl...dxmdy]...dyn
=0 m.n. S NAY S

oIS
/ f Z h(x,z\ x)dzy ---dzg,

{xSz: n(x)=m}

which, by (1), reduces to the left-hand side of (11). Now, if X| and X are spatial point processes
on S such that X has density 7| and X, conditional on X| = x has density 2 (- | x), then,
using (11) with A(x, y) = m1(x)ma2(y | x), we see that X1 U X, has density

7(2) =e 5 mmz \ x | x). (12)
xCz

Let
q(z) =P [T Bw)

uez

denote the density of Z ~ Poisson(S, 8). By (a)—(c) of Algorithm 1, Y (x) has a density
g(- | x); specifically,
gy | x) = /q(y Uw)h(x,y, w)dv(w),

MX7,u) AMXT,, u)
hix,y, =E ] - —2 = e )
G, 3. w) <{l_[< Bu) )Hl_[ Bu) })

uey uew

where

with the expectation calculated conditional on X¢ = x. In particular,
g@|x)>P(Z=w2)=e¢">0.

Moreover, by Theorem 1 and (12), for v-almost all z € €2,

g =e1Y" fg\x | x). (13)
xCz
This means that, for v-almost all z € 2, f(z) is determined by ¢ and g, since first (13) with
7 = O gives
N

e”'q(2)
f@) = ——F—, (14)

8@ | @)

and second, by induction, f(z) is given in terms of those f(x) with x strictly contained in z,
using the fact that, by (13),

f(@) =¢é° (q(z) —e Iy fgz\ x| x)) / 2@ | 2). (15)

xCz

Similarly, if D* follows Poisson(S, 8) then, for v-almost all z € €2, we also obtain (13), but
with f replaced by f*, and, hence, (14)—(15), but with f replaced by f*. Hence, the ‘only if’
part is verified.
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Remark 4. In[14] model checking is based on a random thinning method—where it is assumed
that A(x, u) > B(u), a condition which is rarely satisfied for point process models, as discussed
in [14], and where the method of clans of ancestors (discussed in Remark 2) plays a key role.
This seems a less appealing procedure than our random superposition procedure, since the latter
is faster, simpler, and generally applicable.

5.2. Example: the Strauss process

In this section we consider an example of how to utilise Theorem 2 for model checking. The
basic idea is as follows. Given data x generated from the ‘true’ f*, we generate a realisation
y of Y (x) using Algorithm 2, which has f as the ‘input density’. Suppose that f and f* are
locally stable. According to Theorem 2 the union x U y is (approximately) a realisation of a
Poisson process on S with intensity function § if and only if f and f* specify the same model;
here we write ‘approximately’ because in practice f has been estimated from the data x. The
model check consists in testing the hypothesis that x U y is a realisation of a Poisson process
on S with intensity function S.

There exist numerous ways of testing if a given point pattern is a realisation of a Poisson
point process. In the sequel we assume that 8 is constant and restrict attention to methods based
on Besag’s L function, which is a useful transformation of Ripley’s K function [4]. Informally,
L(r) is a nonnegative functional point process summary which indicates the extent to which a
given stationary point process exhibits clustering or repulsion at an interpoint distance r > 0.
In the present context the most important property of the L function is that, for a stationary
Poisson process, L(r) = r. Furthermore, for a point process with L(r) < r, the expected
number of points within a distance r from a ‘typical point’ is lower than what is expected under
a stationary Poisson process, indicating repulsion between the points if r is small. Similarly,
L(r) > r implies that more points are expected within distance » from a typical point when
compared to a stationary Poisson process, indicating clustering between the points if r is small.
For more details, including extensions to the case where B is not constant, see [16] and the
references therein.

We let L(r) = L(r; z) denote an estimate of L based on a point pattern z obtained by
observing a stationary point process within S; see, e.g. [9] and [16]. Usually, this estimate
involves first estimating the intensity of the process; below, unless otherwise stated, we make
use of the fact that the intensity is given by 8, which is assumed to be known. If z is a realisation
of a stationary Poisson process restricted to S, we expect that L(riz)—r=~0forallr > 0.
Accordingly, if L(r;xU y) — r deviates too much from 0, we have an indication that the model
specified by fis not (close to) the true model. To get a handle on the ‘too much’ part, we need
to take into account the variation in L. Let L(r) —r and L(r) — r denote estimated 2.5% and
97.5% quantiles for L(r, W) — r when W follows Poisson(S, 8). These estimates are based
on independent simulations from Poisson(S, §); unless otherwise stated, we use k = 239 such
simulations W, ..., W® so that L(r) is the fifth smallest and L(r) the fifth largest among
i(r; wy o I:(r; w®)Y). We refer to the pair of functions L(r) — r and L(r) —r as the
(pointwise) estimated 95% Poisson envelopes. If I:(r; x U y) —r deviates too much outside
these envelopes, we reject the assumed model. For more details on this test procedure, see, e.g.
Section 7.4.1 of [9].

We now consider model checking procedures based on the random superposition procedure.
For specificity, we consider a planar Strauss process with density

Fx) o pryse),

where 8 > 0, y € [0, 1], and R > 0 are parameters, and where sz (x) is the number of point
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FIGURE 1: Top left: realisation x of a Strauss process on the unit square and with (8, y, R) =

(250, 0.1, 0.05). Top right: union of x and a realisation y of the complementary process Y (x). Bottom

left: L(r; x)—r corresponding to top-left diagram (thin line). Bottom right: L(r; xUy)—r corresponding

to top-right diagram (thin line). The thick lines in the two lower diagrams are estimated 95% Poisson
envelopes.

pairs {u, v} C x (withu # v) separated by a distance less than R [10], [23]. The Strauss process
is often used in the spatial point process literature for illustrative purposes and we know how
to make (even perfect) simulations under this model. It is locally stable, since

A(x,u) = By R < B,

where sg (x, u) is the number of points in x within a distance R from u. Thus, 8 is the intensity
of the dominating Poisson process, while y is an interaction parameter and R determines the
range of interaction in the Strauss process.

The top-left diagram of Figure 1 shows a realisation x of a Strauss process on the unit
square S = [0, 1]2 with § = 250, y = 0.1, and R = 0.05. In the following we will refer
to this model as the true model. Here n(x) = 87 and x is a perfect simulation obtained by
the dominating CFTP algorithm described in [3]. The bottom-left diagram shows a plot of
i(r; x) — r compared to estimated 95% Poisson envelopes, where L and L are estimated,
assuming that 8 = n(x)/|S| (the maximum likelihood estimate under the stationary Poisson
process). As I:(r; x) — r is well outside the 95% envelopes, this correctly indicates that x is
not a realisation of a Poisson process. In fact, the dip in i(r; x) — r around r = R indicates a
repulsive point process. We used the spatstat packages for the calculation of L(x); see [1]
and [2].

To illustrate the use of our random superposition procedure, let y be a realisation of Y (x)
under the true model. The top-right diagram of Figure 1 shows x U y, where n(x U y) = 235.
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FIGURE 2: Left: i,(r; x UY(x)) — r for ten independent realisations of Y (x), assuming the true model.

Right: estimated 95% envelopes for i(r; x UY(x)) — r (thin lines), together with an estimate of E(Z(r;

xUY (x)) —r) (dotted line). The thick lines in the two diagrams are estimated 95% Poisson envelopes for

ﬁ(r; W) — r when W ~ Poisson(S, B) (they are identical to the thick line in the bottom-right diagram of
Figure 1).

The bottom-right diagram of Figure 1 shows L(r;xU y) — r, together with estimated 95%
Poisson envelopes. As L(r;xU y) — r is well within these envelopes, we cannot dismiss that
x Uy is a realisation of a Poisson process. In turn this implies, correctly, that we cannot reject
that the assumed model is the true model.

One may be concerned by the fact that the conclusion above of course depends on the
realisation Y (x) = y. The left diagram of Figure 2 shows L(r;xU y) — r for ten realisations
of y from Y (x) together with estimated 95% Poisson envelopes. The right diagram of Figure 2
shows estimated 95% envelopes for i(r; x UY(x)) —r, an estimate of E(i(r; xUY(x)—r),
and 95% Poisson envelopes. Note that the two sets of envelopes are a close match. This is in
general not to be expected even if the estimated model equals the true model since, for a given
x, x U Y(x) is in general not distributed as Poisson(S, ).

Now let us consider two misspecifications of the model. In model A we assume that x is
a realisation of a Strauss process with 8 = 150, y = 0.5, and R = 0.05 (i.e. incorrect 8 and
y, but correct R), and in model B we assume that x is a realisation of a Strauss process with
B =125,y = 0.1, and R = 0.025 (i.e. incorrect 8 and R, but correct ). Under both the true
model and the two misspecified models, the expected number of points in the point processes
are roughly the same (confirmed by simulations).

The results obtained under model A are summarised in Figure 3. Compared to Figure 2,
the realisations of i(r; x UY(x)) —r are no longer centred around O and the two pairs of
envelopes in the right diagram do not match. Since most of the L(r; x UY(x)) — r curves in
the left diagram of Figure 3 are within the 95% Poisson envelopes, and keeping in mind that
x U Y (x) is not distributed as Poison(S, 8), Figure 3 is not a strong indication that the model
specified in model A is wrong.

For model B, the conclusions based on Figure 4 are much clearer. The fact that both the
estimated mean and estimated 2.5% envelope for L(r; x U Y (x)) — r are well outside the
Poisson envelopes for r ~ 0.05 gives clear indications of a misspecified model. Furthermore,
the distinct V-shaped deviation from 0 in the curves in the left diagram of Figure 4 is unlikely
under a Poisson process.
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FIGURE 3: As in Figure 2, but 8 = 150, y = 0.5, and R = 0.05 when generating Y (x) and W ~
Poisson(S, B).
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FIGURE 4: As in Figure 2, but B = 125, y = 0.1, and R = 0.025 when generating Y (x) and W ~
Poisson(S, B).
Although we prefer model checking based on functional summary statistics as illustrated in
Figures 2—4, we now consider two one-dimensional test statistics given by

Ti(z) = / I(lA,(r; 7) — r)2 dr
0

and

T>(z) = max d(r;z) — min d(r; z), (16)

re(0,7;] re(0,7;]

where d(r; z) = (i(r; z) —r)/(L(r) — L(r)) and 7; is a user-specified parameter, i = 1, 2.
Note that T} captures the overall deviation from O expected if the model is correct, and 7>
should capture large V-shaped deviations, as seen in Figure 4, while taking into account that the
variance of f,(r; W) — r varies with r, where W ~ Poisson(S, 8). Based on 1000 realisations
from Poisson(S, 8) we obtain, for each test statistic 7;, an estimate YA}’C of the critical value at
the 5% significance level. For each of the misspecified models A and B, we have generated
1000 independent realisations xM . x(1000) of ¥ and, for each realisation x), we have
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generated a realisation y(f ) from Y (x()). For each test statistic T}, the estimated power is glven
by the fraction of the 1000 realisations where the value of 7; (xD Uy y(’ ) is larger than Tl c-

For both models A and B and for both 77 and 7>, in order to cover well the V-shaped part
of the curves in Figure 4, we have used 7| = r, = 0.15. For model A, the estimated power is
very low: 3.7% and 7.9% respectively for 77 and T5. This is in agreement with the conclusion
above based on a visual inspection of Figure 3. For model B, the estimated power is 11.4% and
47.7% respectively for the two test statistics. Here 7> has a reasonable level of power, which is
in accordance with the conclusion based on a visual inspection of Figure 4. We expect that it is
in general difficult to find a good test statistic which captures the type of deviations in Figure 4
which we noted above.

Remark 5. One inherent limitation of our proposed model checking procedure stems from the
fact that we compare x U y to a homogeneous Poisson process with intensity 8, where b = §|S|
can be far from the maximum likelihood estimate n(x) under this Poisson process. Consider
the case where b > n(x), which is the case for point processes with strong interaction and
dense packing, e.g. a Strauss process with y =~ 0 and R > 0 combined with a high value of g.
Assuming b > n(x) implies that Em (Y (x))) & b > n(x), i.e. in the union x U y we expect the
points of the complementary point process to vastly outnumber the data points—essentially the
data ‘drowns’ in the complementary point process. Consequently, the distribution of Y (x) is
very similar to Poisson(S, 8) no matter what the true model is. Hence, no matter what the true
model is, the probability of rejecting a wrong model effectively equals the significance level.

Remark 6. A byproduct of Algorithm 2 is that when generating independent and identically
distributed (i.i.d.) realisations of Y (x), we obtain i.i.d. realisations of X 7 conditional on X = x.
If the model is correct, any summary of x is not expected to be extreme compared to the same
summary for realisations of X7. A simple summary would be the number of points.

Remark 7. The conventional way to use the L function for model checking is to compare
i(r; x) — r to estimated 95% envelopes for f,(r; X) —r when X is distributed according to
the assumed model (see, e.g. [9] and [16]). Obtaining the envelopes typically involves either
generating i.i.d. realisations of X or subsampling from a long Markov chain converging towards
the assumed model. In general, both methods are computationally more expensive (see, e.g.
[16]) than generating both Y (x) and Poisson(S, ) used in our test. Hence, our approach has
a computational advantage compared to the more conventional approach for model checking,
but the cost of this computational advantage is a loss of power.

Remark 8. To assess the difference in power and computational load between our method and
the conventional approach sketched in Remark 7, we performed a simulation experiment as
follows. We now let X be distributed according to some assumed (wrong) model, e.g. model
A or model B, and let the envelopes L(r) and L(r) be the estimated 2.5% and 97.5% quantiles
for L(r; X). These envelopes are estimated as in the case of Poisson envelopes but with
w® . W® replaced by k independent copies of X, denoted by XV, ..., X® k =239,
Furthermore, let I:(r) = ZL] I:(r; X @) /k be the empirical mean estimate of E(I:(r; X)).
Unlike in the Poisson case, we do not expect E(I:(r; X)) to be near O for all values of r.
With this in mind, redefine 77 = forl (I:(r; z) — L(r))%dr and let 7> be as in (16), but
with d(r; z) = (L(r; z) — L(r))/(L(r) — L(r)). Each estimated critical value T; . (i = 1,2)
at the 5% significance level is based on 1000 independent realisations under the assumed
model. Furthermore, let X*( . x*(1000) pe independent copies of X*. The power is then
estimated by the fraction of those T; (X *())y which exceed f]c When X is specified by model A,
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the estimated power is 60.0% for 77 and 70.9% for T,. When X is specified by model B, the
estimated power is 87.4% for T1 and 99.8% for T,. Hence, as expected, the conventional
method performs better in terms of power.

We now turn to a comparison of the computational load associated with model checking
based on simulating Y (x) and the conventional model checking based on simulation of X
under the fitted model. Our procedure involves generating a single realisation of Y (x) and k
independent realisations of a Poisson process used for the estimation of the upper and lower
Poisson envelopes. A further k’, say, independent realisations of a Poisson process are needed for
estimating critical values. The conventional procedure for model checking involves generating
k realisations of X using time consuming birth—death Metropolis—Hastings simulations (in
fact, we are even using perfect simulations), and a further k' realisations of X when estimating
a critical value. As in Section 4.2, we let the computational load be given by the number of
times the Papangelou conditional intensity X is evaluated; in the case of birth—death Metropolis—
Hastings and perfect simulations, the computational load is also effectively given by the number
of times A is evaluated; see, e.g. [16]. Under the true model, using (8), the mean computational
load of generating a realisation of Y (x) is 1830.4. We do not have theoretical results for the
mean computational load associated with generating a realisation from the true model using
perfect simulation; the average computational load from 1000 realisation of the true model
is 32448.8. Although the computational load as defined here does not give the complete
picture of the practical difference in computing time, it does underline that our method for
model checking has an computational advantage. The difference in mean computational load
between generating Y (x) and X is less significant when using models A and B. For model A,
the mean computational loads for generating Y (x) and X are 1021.6 and 2980.4, respectively.
For model B, the mean loads are 828.5 and 1629.7, respectively.

In conclusion our proposed procedure is computationally advantageous compared to a more
conventional way of model checking, but it comes at the price of lower power. Moreover,
we find our proposed procedure informative when using envelopes for i(r; xUY((x)) —ras
exemplified in the right diagrams of Figures 2—4.

Appendix A

Forn = 0,1,..., define 2, = {x C S: n(x) = n}. So Q= Uf,ioﬂn. For any event

18]

v(Fn):—/~-/1[{x1,...,xn}€Fn]dx1-~-dxn. (17
N N

n!

Moreover, v(Fy) = 1[@ € Fylif Fy € Qp, i.e. when either Fj is empty or it is the set consisting
of the empty point configuration &.

Proof of Proposition 1. By the assumption that X is absolutely continuous with respect to v,
it suffices to verify that, for any point configuration x € €2,,, event F;, C 2,, and nonnegative
integers m and n, P(Y € F, | X = x) = 0if v(F,) = 0. This follows immediately from (17)
and Theorem 1.

Proof of Proposition 2. For any events F,,, C 2, and F,, € Q,, withm,n =0, 1, ..., the
total rate of moving away from any state in F,,, x F, is b + m + n; the mean of the total rate
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of moving into F,, x F, by a birth in the X, process is

Gi(Fyx B = [ [ S0t € P (1) € )
i=1

X )"({xla ---7~xi71’xi+17~--,xm}»xi)
X n({xl’ '-'7-xi—11xi+17 "'1xm}7 {y13 ,Yn})
e—2|S|

— dxp -+ dxy, dy; - -dy,

(setting G1(F,, x F,) = 0 if m = 0); the mean of the total rate of moving into F,,, x F,, by a
birth in the Y; process is

Ga(F x By = [ [ ST € B 1) € )
i=1

X [Byi) — A({x1, ..., X}, xi)]

X ﬂ({xli '-~7xm}s {}’1, ~--,)’i—1, Yi+17 1)’n})
o-2ISI

— dxi -+ dxy, dy; - - dy,

(setting G2 (Fy, x F,) = 0if n = 0); the mean of the total rate of moving into F,, x F, by a
death in the X, process is

m+1
G3(Fp x F) = // D AL o Xk it d s X1} € Foy (15, Ya} € F
N S
i=1

X n({xlv --~,xm+1}» {)’1’ vyn})
672|S\
X mdxl codxpmgr dyr - - dys

and the mean of the total rate of moving into F,, X F, by a death in the ¥; process is
n+1
G4(Fm X Fn)=f/21[{xl,vxm} € Fm’ {)’1,~~y}’i71,)’i+1w~,)’n+l} € Fn]
S S
i=1

xw({xt, oo X V1, o Y1)
o218

X mdxl“'dxmd)’I < dynt.

Consequently, by Proposition 8.1 of [17], the equilibrium distribution IT is the unique distribu-
tion satisfying

(b+m+nmIl(Fy x Fy) = Gi(Fp x Fp) + Go(Fy X Fy) + G3(Fi X Fy)
+G4(Fm X Fn)

for all events F,,, € @, and F,, € Q,, withm,n =0, 1, .... This is seen to be equivalent to
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the statement in Proposition 2, since

H(FmxFn>=/s.~/sl[{x1,...,xm}eFm, D1y} € Bl

2|5

X”({xla~~-,xm}»{y13-~~ayn}) d-x] "'d-xmdy]"'dyn~

m!n!
Proof of Proposition 3. The ‘if’ part is easily verified, since
fx) = exp<— / A(u) du) []rw
N uex
is the density of X, and
g(y) = exp(b - / 2 (u) du) [JB@ —ra0)
S uey

is the density of Y. Now suppose that (6) holds. The first equation in (6) implies that
f)A(x,u) = f(x U {u}), which is clearly satisfied and just means that X has density f.
Thus, g(y | x) = w(x, y)/f(x) is the conditional density of Y given X = x (when f(x) > 0),
and the first equation in (6) gives

gy 1 x) =gy | xU{u}) whenever f(xU{u})>0,

meaning that X and Y are independent and g(y | x) = g(y) does not depend on x. The second
equation in (6) is then equivalent to

g (B) — Alx,u)) =gy U {u}),

so A(x, u) = A(u) does not depend on x. Consequently, by induction,

f@oc[[rw), g o [JB@) — 1wy,

uex uey

whereby also the ‘only if” part is verified.

Example 1. Consider the very simple case with (&, u) = 8 > 0 and A(x, #) = 0 whenever
n(x) > 0, that is,

oIS| Bels
1 =1

f@) = f(x)=0 whenever n(x)> 1,
meaning that n(X) < 1 and, with probability /(1 4+ b), n(X) = 1, in which case X consists
of a uniformly distributed point in S. Note that b = §|S|, and, by Algorithm 1 and Theorem 1,
conditional on X = x, the points in Y (x) are independent and uniformly distributed in S.
Thus, conditional on (n(X), n(Y)) = (m, n), the m + n points in X and Y are independent
and uniformly distributed in S. So the joint distribution of X and Y is effectively given by the
distribution of (n(X), n(Y)). Defining

Tmn =Pm(X) =m, n(Y) =n), m,ne{0,1,...},
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we have, for any (x, y) with (n(x), n(y)) = (m, n),

|S|m+ne—2|5|
Tm,n = #ﬂ(x, y)
m!n!
and 7, , = 0if m > 2. Hence, (5) is seen to be equivalent to

bn—i—l

(}’l + 1)'6 — 7T0,n+1, (b + n)jTO,n =T1i,n + (n + 1)7T()’n+],

mo.0 =¢e 7, T =
where the two first equations follow from the fact that n(X) 4+ n(Y) is Poisson distributed with
parameter b, and the last equation follows since (5) gives

0'n 1!'n! 0!'(n+1)!

(b+n )|S|” 2|S| 0+0+|S|mﬂln+| |Wn0n+l

Consequently, the m,, , are determined by mp i, since my , is determined by mp 41 for n =

0,1,...,and mp 41 is determined by 7o | forn = 1,2, ..., since
1 bn+l b
=\ —— e 7|, =1,2,.... 18
7T0,n+1 n[( + n)mo,n (n+1)!e } n (18)

Using induction, it follows easily from (18) that

b+i n+1 i—1 b
7t0,n+1=|:l_[ ; :|[ﬂ01—ebzl(l_l)l_[b ]:| n=12,..., (19)

i=1 j=1

which can be rewritten as

Cb+n+1)

Fn+DI'G+1)
b 3 Frb+n+1,0)b+1)
X I:TL’OJ b (F(b+1,b) Fbtntl) )

—e_bb(1_ P'T(b+ 1) ) L, »
n+Dr+n+1 /] J2,.. .,

To,n4+1 =

where ['(a, x) = f t%~le~" dt is the incomplete gamma function which has the property that
[, x)=(a—DI@—1,x)+x*le,

As n — oo, we have mp 41 — 0. Smce ]—[;'zl(b +1i)/i - oo asn — oo, (19) implies
that

]

. b T(h+1)
o1 =€ Zl(l—l) Th+i)

Using a similar argument, but taking (20) as the starting point, we obtain
mo1 =b""(C(b+1,b)=TB+1)+e™”

Inserting this into (20) and noting that

bn+1

PO(Y) =) = Ton + Tin = Tou + e

U= 7T(),n+l,
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we find that the marginal distribution of n(Y) is given by

1-b _
P (Y) =n) = 2 (F(“FZ:HF)(”*"”’”, n 1.2

Example 2. The case above extends to when A(x, u) = u(y) depends only on the number of
points in x, where, forn = 0,1,...,0 < u, < B and if u, = 0 then u,+; = 0. Again,
conditional on (n(X),n(Y)) = (m,n), the m + n points in X and Y are independent and
uniformly distributed in S, and solving (5) becomes equivalent to solving

(b+m+ n)nm,n = )Wn—lﬂm—l,n + (b - )\m)n'm,n—l + (m + 1)7Tm+l,n + (n+ 1)7Tm,n+l

form,n =1,2,..., where A,, = |S|m, m—1,» = 0, and 7,,,, 1 = 0. It follows by induction
that the mp ,, n = 0, 1, ..., determine all the ), ,, m,n = 1,2, .... We know that 7y o = e~
but, in general, for n > 1, we do not have a simple recursion for the g ,; this is in contrast to
(18). So finding an expression for 7 , when n > 1 seems now to be a much harder problem.

In conclusion, apart from the rather trivial case where X and Y are independent Poisson
processes (see Proposition 3), the joint distribution of X and Y seems to be complicated.
Furthermore, apart from simple cases (such as Example 1), the marginal distribution of Y also
seems to be very complicated.
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