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A GLOBAL ESTIMATE FOR THE
DIEDERICH-FORNAESS INDEX OF WEAKLY
PSEUDOCONVEX DOMAINS

MASANORI ADACHI anp JUDITH BRINKSCHULTE

Abstract. A uniform upper bound for the Diederich—Fornaess index is given
for weakly pseudoconvex domains whose Levi form of the boundary vanishes
in ¢-directions everywhere.

§1. Introduction

The aim of this article is to reveal a relation between the Diederich—
Fornaess index of weakly pseudoconvex domains and the rank of the Levi
form of their boundaries.

Let us first recall the definition of the Diederich—Fornaess index. Consider
a complex manifold X and a relatively compact domain 2 € X with C?-
smooth boundary. A defining function of 2 is a C2-smooth function p: Q —
R satisfying Q© = {p < 0} and whose gradient does not vanish on 99Q. To
avoid using too many minus signs, we will associate to a fixed defining
function p the nonnegative function 6= Sp = —p, which can be thought of
as a boundary distance function of €2 with respect to a certain Hermitian
metric on X (depending on p).

The Diederich—Fornaess exponent n; of a defining function —§ is the
supremum of 7 € (0,1) such that —4" is a bounded, strictly plurisubhar-
monic exhaustion function of €. If there is no such n, we let 75 := 0. The
Diederich—Fornaess index n(£2) of Q is the supremum of the Diederich—
Fornaess exponents of defining functions of €.

The Diederich—Fornaess index is a numerical index on the strength of
a certain pseudoconvexity, more precisely that of hyperconvexity. If 02 is
strictly pseudoconvex, we know that 02 admits a strictly plurisubharmonic
defining function; hence, n(£2) = 1. For Q to have positive n(2),  must be
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68 M. ADACHI AND J. BRINKSCHULTE

Stein, and in fact we need more. A theorem of Ohsawa and Sibony [12, The-
orem 1.1]; (see also [11]) tells us that n; > 0 if and only if i09(—log ) > wo
in Q for some Hermitian metric wy of X. The domains Q with positive n(€2)
should carry such a special exhaustion as if they are proper pseudocon-
vex domains in X = CP", where Takeuchi’s theorem guarantees this kind
of exhaustion. Many techniques using such exhaustions have been devel-
oped for solving the J-equation on weakly pseudoconvex domains (see, e.g.,
2)-[5], [11]).

Let us give several examples to illustrate the situation we are consider-
ing. In a celebrated series of works, Diederich and Fornaess (see [7], [8])
showed that, if X is Stein, 7(Q) > 0 for any domain 2 € X with C?-smooth
pseudoconvex boundary. Note that in this situation 92 must have a strictly
pseudoconvex point, for we can find a level set of a strictly plurisubhar-
monic exhaustion of X touching 02 at some points and bounding 2. They
also showed that, for any e > 0, there is Q € X = C? with 0 < n(2) <& by
using the worm domains, where a Levi-flat portion sits on 0€2. Adachi in [1]
proved that certain holomorphic disk bundles €2 over compact Riemann sur-
faces in their associated flat ruled surfaces X satisfy n(€2) > 0 even though
01 is totally Levi-flat.

A natural question, therefore, is to ask to what extent the Diederich—
Fornaess exponent gets smaller when 0f2 is nearly Levi-flat everywhere.
Our answer is the following.

MAIN THEOREM. Let X be a complex manifold of dimension n > 2, and
let Q € X be a relatively compact domain with C3-smooth boundary. Assume
that the Levi form of the boundary 0S) has at least £ zero eigenvalues every-
where on O where 0 <{<n—1. Then n(Q) < (n—1~¢)/n.

In particular, we obtain the following.
COROLLARY 1.1. If n(Q2) > 1/n, then 0 is not Levi-flat.

COROLLARY 1.2. If n(Q2) > (n—1)/n, then O has a strictly pseudocon-
vexr point.

Let us explain the idea of our proof of the Main Theorem. When X
is Stein, we found a strictly pseudoconvex point on 92 by approximating
0N by strictly pseudoconvex real hypersurfaces from outside. Since no such
approximation exists in general, we use the following method inside. We
assume by contradiction that n(€2) > (n —¢)/n. Then we show in Theo-
rem 4.1, using weighted L?-estimates, that any smooth, top-degree form
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with compact support in Q is O-exact in the sense of currents on X. This
is impossible essentially because the top-degree cohomology with compact
support does not vanish.

For the proof of Theorem 4.1, we use an estimate of Donnelly—Fefferman
type (see [9]) to pass from an L? vanishing result in Liyn(Q,gn) to an L?
vanishing result in L%m(Q 5‘7’). We also modify this argument by using a
special Kihler metric w :=i9d(—4") in Q for some 7 € (0,mz). This metric
respects the degeneracy of the Levi form of 02 in a certain manner and
permits the proof that the trivial extension of this solution is in fact a
solution on all of X.

§2. Preliminaries on L’-estimate

In this section we introduce some notation that we use throughout this
article. Also, for the convenience of the reader, we recall some of the basic
facts concerning a priori estimates and solvability results for the d operator.

Let X be a complex manifold equipped with a Hermitian metric wg, and
let 2 C X be a domain with C2-smooth boundary. We let —§: 0 —=Rbea
defining function.

We denote by L2 (€, 6%) the Hilbert space of (p, ¢)-forms u which satisfy

Jull2, ::/Q\uﬁ,osscszo < +00.

Here dV,,, is the canonical volume element associated with the metric wy,
and | - |, is the norm of (p, ¢)-forms induced by wq. For s = 0 the L?-spaces
just defined coincide with the usual L?-spaces on ; in this case, we will
omit the index §°.

In our proofs it is sometimes necessary to replace the base metric wy with
a different metric w. The corresponding Hilbert spaces (resp., norms) will
then be denoted by Lqu(Q,(gs,w) (resp., ||+ llgs )

For later use, we recall the well-known Bochner—Kodaira—Nakano inequal-
ity for Kahler metrics for the special case of the trivial line bundle C on
Q) equipped with a weight function ¢ € C?(£2), which is the key point when
establishing L? existence theorems for the d operator (see [6]), as follows.

Let w be a Kéhler metric on €. Then for every u € DP4(Q2) we have

(2.1) [Bull?-s + T oul®-, > ([i00, AJu, u)

e~¢¥’

Here A is the adjoint of multiplication by w.
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A standard computation for the curvature term yields that
(2:2) (108, Alu,u) = (A + -4 Ag = 30N ) uf?
j=1

for any form u € A%IT*Q. Here \; < --- < \, are the eigenvalues of i00¢
with respect to w.

83. A special metric

When 2 has a defining function —4 with positive Diederich—Fornaess
exponent 7;, taking 0 <n <n;, we will equip the domain 2 with another
Kihler metric w :=id8(—4") different from wp.

Let us study the behavior of the metric w near 92 for later use.

LEMMA 3.1. Suppose that O is C3-smooth and that the Levi form of OS2
has at least £ zero eigenvalues everywhere. Then, we have

(3.1) dv,, < gm—2=(n=t=qy,
near Of).

Proof. First fix a finite covering of 9Q by holomorphic charts {(U;zy)}
equipped with the Euclidean metrics wy associated with their coordinates
zy. We can fix the covering so that
e |db|., > 1 on each chart U;

e wy are uniformly comparable to wg; and
e a CF-norm for functions defined on a neighborhood of €, say, || - ller @)
bounds the CF-norm associated with the coordinate zy from above for

functions compactly supported in U.

Let p € 990, and take one of the holomorphic charts that contains p,
say, (U;zy = (21,22, ---,2n)). For small € > 0, consider a nontangential cone
[,.:={2eUNQ||z—p| <25(2),|z —p| < e} with vertex at p. Note that
I’y is nonempty as fpys contains a segment starting from p normal to
ker dgp. It suffices to find a positive constant C independent of the choice

of p so that
_dVy,

~ dVy,
holds on I . for some € =¢£(p) > 0. That is because [ ,coq I'p ) =W N
for some neighborhood W of 9f) and wq is comparable to every wy with a

Dy : < Cénn—Z—(n—Z—l)

uniform constant; we can prove the desired inequality on W N €.
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To compute dV,,/dV,,,, we will select an orthonormal frame of T Loy, By
a unitary transformation, we can suppose that ker dgp =C""! xR and that
C? x {0’} is contained in the kernel of the Levi form of 9Q at p. Define a
C2%-smooth frame Y = (Y1,Ys,...,Y,) of THOU by

9 06/dz; & . .
j._azj_ag/(?znazn (]_1725"'an_1)7 Y,

Note that {Y,Ya,...,Y,_1} spans ker 5 on U. We apply the Gram-Schmidt
procedure to ) and obtain an orthonormal frame X = (X1, X»,...,X,,) with
respect to wy. Denote by A(z) = (a;x(z)) the change-of-base matrices at
each point: X}, = Z?Zl Yjaj, on U.

We would like to estimate each Az := w(Xj, X)) on I', .. To achieve it,
we combine two estimates: one is about pz = w(Y;,Y:), and the other is
about the change-of-base matrices A(z).

First consider the behavior of u k on I'pc. The equality
96 N Db }

(3.2) a)_inén{gggggz—%(l—-n) 5

yields that, if j =k =mn,

. Nnﬁ(z) S 2 5112
g — < o1}
z%plfzglUﬂQ 5(z)n—2 n(1=m)|0s(Ya(p)|" < H(SHCI(QV

otherwise,

@
8 5 = MO 50 T | < ey

We can say more for directions in which the Levi form vanishes. If 1 < j </,
1<k<n—-1lorl<j<n—1,1<k</,

: x(2)]
limsup —
zpz€lp . 0(2)7

= limsup 7
z—p,z€l0p ¢

99(—0)(Y;(2), Yi(z)) ‘
(2)
|z — p| 85(—5)(19<2)7m> — O‘

(o9

= limsup n—
z—p,z€LN e 5(2) ’Z - p‘
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< 2[d(00(—9)(Y;,Yx)) (p)]

<2([I0lles @) + 2\\5\@2(5))-

wu

Next we proceed to estimate the change-of-base matrices A(z). We iden-
tify an n-tuple of (1, 0)-vectors with an n x n matrix by using our coordinate
2y. Then, we have X (p) = Y(p) = I, and A(z) =Y~ !(z) - X(z), where I,
denotes the identity matrix. As a matrix-valued 1-form, we have

dA(p) =Y~ (p) - dX(p) +dY ' (p) - X (p) = dX (p) + dY ™ ().
Since I,, = Y71(2) - Y(2), we also have
0=d(Y™"-Y)(p) =dV ™" (p) +dYV(p)-

Now let GS : GL(n,C) — U(n) be the map determined by the Gram—Schmidt
procedure. Its differential at I,, defines dGSy, : gl(n,C) — u(n). We lin-
early extend this map on matrix-valued, that is, gl(n,C)-valued 1-forms,
and we also write d GSj, for the extended linear map by abuse of notation.
Then, dGSy, (dY(p)) = dX(p) follows from GS(Y(z)) = X(z). Combining
these equalities, we therefore have

dA(p) = dGSy, (dY(p)) — dY(p).

We use the norm |A| = max; |a;i| for matrices, and we consider the
induced norm for linear maps between spaces of matrices. Since a straight-
forward computation yields [dY(p)]w, < [|d]|c2(), we have

A B In - A — In
lim sup |(ZA)—| = limsup |ZA pl|A(2) |
z—>p,z€f‘p,5 5(2) Z_>P7Z€Fp,g 5(2) |Z — p|
<2[dA(p)],,,

<2(|dGSy, | +1)]dY(p)],,
<2(|dGSr, | + 1) 18]l -

Note that |d GSy, | is independent of p and depends only on n.
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By combining the estimates on p1;z and A(z) above, we can find a positive

constant C' depending only on n = dim X and |||z (@) so that

A2 =[S sm(2)asu(2) o (2)
Ilym

(3.3) C’(?"i2 (for j=k=n)
< C(f" (for 1<j</l1<k<n-1)
| Com (for 1<j<n—-1,1<k<Y)
Co"1 (otherwise)

holds on I, . for 0 < e < 1. It follows that
Dy = det(A )5 k=1
< plonytnt(n—t=1)n-1)+(n-2)

_ n!Cngnn—Q—(n—Z—l)

on I', ., which completes the proof. 0

LEMMA 3.2. Suppose that OS2 is C3-smooth and that the Levi form of 0Q
has at least ¢ zero eigenvalues everywhere. Then, for any (n,n — 1)-form u

on €, A
ul?,dVey < |ul2 o= Dn=2-(n=t=D gy,

near 0N) with positive constant independent of u.

Proof. It suffices to prove the inequality on I', . with wy instead of wy,
where we work in the same local situation as in the proof of Lemma 3.1.
Consider the induced frame of A"T1O0U @ AP~ 1T from { X1, Xa,..., X, }
over U. It follows from (3.3) that

IXi AXo A AXp @ X1 AXo A AXE A AXpl2
=Dy| X1 AXoA- - AXp A AXp2
SUDnt(n—t=1)(=D+M=2)  (for 1 < k < ()

< Dy(n—1)IC" 1 fnt(n—t=2)(n-1)+(n-2) (for {+1<k<n-—1)
Sh]—&—(n—ﬁ—l)(n—l) (for k= n)

< Dy (n — DICm1g(n—n=2=(n=t=1),
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Hence, we can estimate |u|? as

2 ‘U(Xl,XQ,...,Xn,yl,yg,...,yk,...,yn)P
lulZ, > max — — —
ISES XA Xo A AXp @ X1 AXo A AXEA-- AN X2

> maxi<k<n ]u(Xl,XQ, e ,Xn,yl,y% ce ,Y}c, ce ,Yn)|2
. (n — 1)!Cn—lDUg(n—nn—Q—(n—Z—l)

: iy

DUS(nfl)n727(nf€fl) !

with constant C” > 0 independent of u. We therefore have the desired
inequality

|u|2 dv, >C’—]u|2 6 (n— 1)n+2+(n—€—1)DUdVWU
_Cl|u|wU —(n=1)n+2+(n—€— l)deU- [

§4. The 0 equation in top degree

In this section we will study a version of an L? 9-Cauchy problem in top
degree on a smoothly bounded domain with weakly pseudoconvex boundary,
which, by duality, implies a restriction on the rank of the Levi form of 0f2.

THEOREM 4.1. Let X be a complex manifold of dimension n > 2, and let
Q€ X be a relatively compact domain with C3-smooth boundary. Suppose
that the Levi form of 02 has at least £ zero eigenvalues everywhere on 052
Jor some 0 <L <n—1.Ifn(Q) > (n—£)/n, then for any f € L2, (X) which
s compactly supported in ) there exists a current T € D671(X ) supported in
Q such that OT = f in the distribution sense on X.

Theorem 4.1 is based on the following estimate of Donnelly—Fefferman
type.

THEOREM 4.2. Let X be a complex manifold of dimension n > 2, and
let Q € X be a relatively compact domain with C%-smooth boundary. Let -5
be a defining function of ) with Diederich-Fornaess exponent nz > 0. For
an arbitrary but fived n € (0,n;5) we define w := i0d(—b"). Then, for any
fe L%’H(Q,S_",w) there exists u € Lnn Q677 w) satisfying Ou = f in
the distribution sense in ).
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Proof. Let us first see that the conclusion follows in a standard manner
from the following a priori estimate.

CLAIM. There exists a constant C' > 0 such that

(4.1) [lv

2 =% 12
o S Cllo UHg_n,w

for any v € D™"(Q). Here 9 = 5377,,“, is the adjoint of O with respect to the
scalar product induced by || -

5*’7,(»'

Note that in the top degree we can work with noncomplete metrics, since
there is no compatibility condition. Indeed, let us take f € Lfljn(Q,éfn,w)
and define a linear functional ¢ on 8 (D™"(Q)) C L2, (2,6 ",w) by

n,n—1

(8" v) = (v, f)s-y ,» which is well defined and bounded from (4.1). The

Hahn-Banach theorem allows us to extend ¢ to a bounded linear func-

2
n,n—1

u € L2 (Q, S_W,w) satisfying

n,n—1
<<5*Uau>>5*n,w = <<Ua f>>(§fn7w

for all v € D™"™(£); that is, Ju = f in the distribution sense in (2.
Let us proceed to prove (4.1). For a direct proof of it, we would have
to work with different adjoint operators. Therefore, it is somewhat more

tional on L (Q,sfn,w), and the Riesz representation theorem yields

convenient to actually prove the dual a priori estimate
(4.2) [vll0, < CllOvll50,,

for any v € D%0(Q). Equation (4.1) then follows from (4.2) using a weighted
Hodge star operator.

So let us proceed to prove (4.2). Since 7 < 7n;, there exists some small
€ > 0 such that n + e <nj;, which means that

i00(—0"F) >0 in Q.
But then

—i0log 6" A Dlog 6" < —idlog 6" A Dlog 67T,

i001og 6" = m{?ﬂ

Hence, we get

Trace,, (i081og §"%) < —|9log "> in Q.
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Putting 1) = 6", we have i09y = —w by definition of w; thus, Trace,, (100 =
—n. Hence, we get

(4.3) Trace,, (1881 + i0log §"7°) < —n — |81log 8"*|>  on Q.

On ), we consider the weight function e~%. Since e~ is bounded from
below and from above by positive constants on 2, we can replace the norm
|- || by || - ||e-v for forms on .

Multiplying the metric of the trivial bundle C further by s—(nte) =
e~ 1089 on Q. it then follows from (2.1) and (2.2) that for u € D%0(1)
one has

{(— Trace,, (00 + i09log 5" Vu, u>>e_w5,(n+s> s ng”iws—(ws) o

Using (4.3) we obtain
(((n+ 191080 [2) 1, uhs5-rver oy S NI -0,

for u € D*0(Q). Observing that dlogd"te = (n+ ¢)dlogd and setting u =
v8"11¢/2 we obtain

{(n+m+ £)?|01og S\i)v, U>>67w8,77w

(4.4) < Hgv + (77 + %)v510g5 ’

e=Yém w
1 = 112 N2 _— 219
< (142 )IBulZ 5, + 1+ a) (n+ 5 ) 10D log 25, -

Choosing a so small that (1+a)(n+¢/2)* < (n+¢)?, we can thus absorb
the last term in (4.4) in the left-hand side, which immediately gives the a
priori estimate (4.2). {

Now let us give the proof of Theorem 4.1.

Proof of Theorem /.1. By the assumption on 2, we can find a defining

function —é with ns > (n — L) /n. We fix some real 1 such that (n —¢)/n <
n <ns, and we apply Theorem 4.2 with this choice of n.
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Now let f € L?%n(X ) be compactly supported in 2, which implies that
fe L%n(Q,S*",w). Hence, it follows from Theorem 4.2 that there exists
S L%’n_l(Q, S_W,w) satisfying Ou = f in Q.

We first claim that, if we extend u by zero outside €2, then it defines a
current T'= T, € Dj 1 (X). Indeed, we see from Lemma 3.2 that

/ |ul2, 047 dViy S / 281§ —Ln—2=(n—=1) g7
Q Q

Now a straightforward computation shows that the last integral can be
estimated by [, [u|26=7dV,, < +o0 if v < nn—n+£. But by assumption on
1 we have nn —n + £ > 0; hence, we may deduce that for some small v > 0
we have u € L%’n_l(Q,Sl_”).

But then for any v € C§%(X) we have

)/QuAU(2< (/Q P, ). (/QM?JO(;_HWWO)

<l ([ 57 vy ) suplol,

Since v > 0, we have fQ o 1tv dV,, < +oo. Therefore, u defines a current
T € Dy, (X).

It remains to see that T = T}, satisfies 9T = f in the sense of distributions
on X. Let a € C§5(X). We must show that

(4.6) /Qu/\gaz/gf/\a.

Let x € C*°(R,R) be a function such that x(¢) =0 for ¢t <1/2 and x(t) =1
for t > 1. Set x; = x(jo) € D*(Q). Then y,ja € D*0(Q), and since du = f
in , we therefore have

/f/\Xja:/U/\g(Xja):/U/\(Oéng'-l-)(j/\ga).
Q Q Q

As f has L? coefficients on , the integral of f A y;ja converges to the
integral of f A « as j tends to infinity. The convergence of the integral of
u A xj0a to the integral of u A da follows from u e L2, (%, 617") (use the
estimate (4.5)).
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The remaining term can be estimated as follows. Using the Cauchy-
Schwarz inequality we have

_ 2 o —_—— 2
‘/ u/\oz@xj’ = ’/ <u5—"/27*wa6Xj5W/2>dew’
Q {35<0<3}
< / w22 dV, - | % @Bx ;0" 2 [ AV
{4 <é<hy {5 <0<t}
Ssup\aP/ \u\ig_"de-/ lnglignde,
Q {6<3} Q

where %, denotes the Hodge star operator with respect to w in . Since
u € L%m,l(Q, 07", w), the integral f{Sgl/j} |u|26="dV,, converges to 0 when
J tends to infinity.

To estimate the second integral, we look at the behavior of its integrand
|0x;|% near Q. From dx; = jx'99,

8(2)"210x515(2) < 521X 13 () 90 o, (2)

21112 196 (v)|>
=7"lx HCI(R) max Y a7, ¢ S N2
0£veTH X N(0(2)i00(—0)(v,v) 4+ |06 (v)|?)

) 1
*}szlegl(R)g as z — 0.

Therefore, |dx;|? < j26% near 9. Since the Levi form of dQ has ¢ zero
eigenvalues, we can estimate it with Lemma 3.1 as

\ng \2 5" dv, < j252—n(§n(§nn—2—(n—é—1) v,
@ ’ {6<y

— -2 ¢14+nn—(n—L)
/{3<1}] 1) AV,
=37

5 j2—(2+nn—(n—6))

:jfnnJran =0
as j — oo since —nn +n — £ <0 by the assumption that n > (n —£)/n.

Therefore, fQ u A ang converges to 0 when j tends to infinity. Equation
(4.6) follows. 0
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85. Proof of the Main Theorem

The proof of the Main Theorem easily follows from Theorem 4.1 using a
duality argument.

Proof of the Main Theorem. Assume by contradiction that the Levi form
of the boundary 02 has ¢ zero eigenvalues, and assume that () > (n — ¢) /n.
Let f € D™"(Q) be a smooth form of top degree with compact support
in Q satisfying [, f = 1. Applying Theorem 4.1, we can find a current
T € Dy 1 (X) satisfying OT = f in the current sense. Let x be a compactly
supported smooth function on X which is equal to one on Q. But then

1= [ 7= (0= (00 =0,
This contradiction proves that n(Q) < (n —¥¢)/n. U
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