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In this paper we study commutants of Toeplitz operators with polynomial symbols
acting on Bergman spaces of various domains. For a positive integer n, let V denote the
Lebesgue volume measure on C". If Q is a domain in C”, then the Bergman space L%(Q)
is defined to be the set of all analytic functions from Q into C such that

f If?dV < e
Q

The Bergman space L2(Q) is a closed subspace of the Hilbert space LX(Q, dV) with inner
product given by

Fr8) = L F(g@ AV (2), forf.g e LA@,dV).

Let P denote the orthogonal projection of L*(Q,dV) onto LZ(Q). For a function
f € L*(Q), we define the Toeplitz operator T;:L2%(Q)— L3(Q) and the Hankel operator
H;:L3(Q)— L3(Q)* by T;g =P(fg) and Hsg = (I — P)fg. Clearly, for every f e L*(Q), T;
and H; belong to L(L3(Q)), where L(L3(Q)) is the set of all bounded linear operators on
L%(Q). The commutant of Ty, denoted by {T;}, is the set of all § € L(L3(R)) such that
8§T; = T;S. Much work has been done in studying commutants of Toeplitz operators
defined on the Bergman and Hardy spaces of the unit disk D. The reader can see [1] and
[2], [3], [4], [5] and [6] for further references.

In this paper we will investigate commutants of certain Toeplitz operators for the
cases Q=B,={zeC":|z]<1} and Q=A={z € C:r<|z| <1} for some r>0. In what
follows, we will use T(Q) to denote the norm closed subalgebra of L(L2(Q)) generated by
all Toeplitz operators, and H*(Q) to denote the algebra of bounded analytic functions on
Q. Our first result is an extension of the following theorem: see {3].

THEOREM A. Let n e N and let S € T(D) commute with T,.. Then S = Ty, for some
¥ e H*(D).

This paper is organized as follows. In §1 we prove a theorem for Q= B, that is
analogous to the above Theorem A. In §2 we study commutants of certain Toeplitz
operators T, e L(L(A)), where p is a polynomial. We give a sufficient condition for
{T,} ={Tw:¥ e H(A)} for the case where p is a polynomial with non-negative
coefficients. To our knowledge, nobody has studied commutants of Toeplitz operators
defined on the Bergman space of an annulus. We hope our paper will initiate more work
in that direction.
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1. The unit ball in C". For a multi-index a={(a,.. a,,) a;eN, and 7z € C", we
use the standard notation z* = z{'z%*... zo" and |a| = a; + a5+ ...+ a, The main result
in this section is the following theorem.

THEOREM 1. For a multi-index a = (a,,...,a,), if § € T(B,) commutes with T, for
alli=1,...,n,then S =T, for some y € H*(B,).

Proof. Let g, = Sz*, for k =(ky,...,k,), where 0k, <a;~1foralli=1,...,n
Then for any such &

Ia-+~k =5 H Zla +k; _ =S 1‘1 (T,.-)"H Z,’~"
i=1 i=1
= [ (782 H kg = 2"k, (1)
=1

for!=(,,...,l))and ;,=0,1,2,.... Note that {C(m,,...,m,) ﬁ z™} is an orthonormal
i=1
basis for L2(B,,), with the appropriate constants C(my,. .. ,m,). We let X, = X, Rykyenikin) =
n
span{C(lya, + ky,. .., L,a, + k) II z***%,1=0,1,2,...}. Then it is clear that
i=1

ap—1

Xk k.. ey

ai—1 a;—1
LiB)=DX= D D ...
% k=0 k;=0
Thus each f e L3(B,) can be written as f =2 f, with f, € X;,. Each f, € X; has the
k

expansion f; =lim oy, where
N

oy = 2 2 <fk,C(11a1 +ky,. .. e, tk )H Zla,+k,>

1=0 I,=0

-Clhay+kq,... . La,+k,) n zl{,-a,-+k,-’
i=1

and N=(N,,...,N,). Since the point evaluations are bounded on L2(B,), we have

(ﬁfgk)(z)—hm(a,vg,\)(z) for all z € B,. On the other hand, (1) implies Soy = aNf:,

so that (Sf,)(z) = 11m(SaN)(z) fk(z)gk( ) for every z € B,,. Thus we obtain that
=S558 %S Ak @

Next we need to prove the following two claims.

Cramm 1. ST, - T, S is compact for each i=1,2,...,n
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Proof. 1f S =T, for ¢ € L™(B,), then we easily see that ST, — 7,5 = HfH,. We also
easily check that the function z; belongs to the little Bloch space which is defined in the

( of (2),... ,i(z)) For any A € B,
9z, Zp

there exists a function ¢, € Aut(B,) such that ¢,(0)=A. We define the invariant
derivative

following way. For any f € Hol(B,), denote f'(z) =

(D)X =1(f = ,)"(O).

The little Bloch space B, is the -space of all holomorphic functions f on B, that satisfy
(Df)(A)—> 0 as |A\|—>1. By [7], we know that z; € B, implies that H% is compact. So the
rest of the proof for Claim 1 follows easily in the same way as in [3].

CLaM 2. g = go, where 0=(0,0,...,0).

Proof. We write g = g, x,...k,)- Clearly we only need to prove that

8k konkn) _
T T Btk kiciki= LK g ikin)
i

for any 1 =k, =< a; — 1. Without loss of generality, we may assume i =1 and prove that

8(kyksyikn)
Zz = Bky—1kpy)y OT1=ki=<a;—1
f

We calculate ST, f =2 ST,, fi, where f = X f, with f, € X,. By (1),
k k

oo

ST, fi=> ... 2 |IClhay + ki, ..., La, +k,) <fk,Hz’“+">STz]l—[z"”"
1,=0

L=0

n
=3 1€+ K,y k) [ ot e) [ gl Bttt
I i=1

ki +1.k;. ky :
=ﬁ(g( +1,’(< k), lfk1<a]-1.
Z

We can also easily see that

T..Sf = Ek_,I_—_kﬁ(

Therefore, we have

“2egl e g(k+1k k) kg ky)
ST, - T, 5)f = 2 2 E [ » k,—]hkfm § k]ﬁc
=0 k= H Z{." <1 i2°. .. 2y

i=]

02—1
2180k, ky)  _ Blon—1kp...
+ . 2 ( = ’ =1k by
oL Gk gk gk gk e
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By Claim 1, (ST, = T,,5)|x, = My|x, is compact, where

d] - g(k1+1v:2v~---kn) _ zlg(klwka--vkn) , for 0 < kl <a, - 2.
Z Lk
It follows that M:X,— L%(B,) is compact too. Let ¢ = %y, for 0=k, <a,-2. The
operator M|y = x= M_,i(M,|x,)(M,~] x;) is compact for every j, so that M, is compact on

L3(B,). This 1mphes that ¢ =0 and consequently

Bk 41k k) _
= 8kykan.. ko)
4

for all 0=k, = a, — 2, which proves Claim 2.
Hence, by (2) and Claim 2 we have Sf = Efk%=g02fk =gof,and go e H*(B,) is a
k k

multiplier of L%(B,,) (see [5]). The theorem is proved.
Theorem 1 has the following corollary.

CoroOLLARY 2. Let u = (uy,us,...,u,) € Aut(B,) and let S € T(B,) commute with
{Ta:i=1,...,n}, where a; € N. Then § = T, for some ¢ € H*(B,,).

Proof. For u € Aut(B,) define V:L%(B,)— L%(B,) by Vf=feu"". Then
VITVf =V . (fou™))=(@zow)f =T.f
and hence
TV = VT,

for a; e N. Since S commutes with 7T,., for every i=1,...,n, it follows that U=
VSVle {Tw:ii=1,...,n}. If we can show that UT, - T,.U is compact, then the
corollary will follow easily from the proof of Theorem 1. Observe that

UT, - T,U=V(ST, - T,S)V .

Since § e T(B,), by a similar argument to that used in Claim 1, it suffices to show that
u; € By. We denote f =u; = z;ou. If u = ¢,, for some a € B,, then

(DFYA) = 1(zi° ba® 1) (0)] = [z:° D (a)) O)-

For simplicity, we will denote ¢ = ¢,(a). Thus a simple computation shows that

e e a)
e bo)(2) ST
e 1-z.¢
If i #j, then )
a(zl ¢§) gjgt 1/2§L__§
0)= 1-
7 — ()= P 3+ &E+(1-1¢P) T
Now |£]—1 as |A}—1, and therefore (a ¢e) (0)— 0. Similarly, (:9 $¢) (0)=0 as
|A|— 1, which proves that u; € B,,. K O
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2. The annulus. We are also interested in studying Toeplitz operators defined on
the Bergman spaces of nonsimply connected domains. The most basic and typical
example is the annulus A={z e C:r<|z|<1} It is reasonable to ask when the
commutant of 7, is equal to the set of analytic Toeplitz operators for the case where p is
an arbitrary polynomial. The best result that we can obtain is under the assumption that
all the polynomial coefficients are non-negative. In order to prove that result, we need the
following well-known lemma.

LemMma 3. Let K, denote the reproducing kernel in L2(A) for A € A. If h € H*(A) and
S e L(L2(A)) commutes with T, then S*K, is an eigenvector for T}, for every A € A, with
eigenvalue h(A).

Now, we are ready to state and prove the above mentioned theorem.

THEOREM 4. Suppose that p(z) =z +a,z°+...+a,z", where a;=0 for i=2,...,n.
If p(z) — p(1) has n distinct zeros, then

{T,} ={T,:y e H*}.
Proof. Consider the equation p(z) — p(1) = 0; that is
2+a2+.. . ta"=1+a,+... +a, (3)
For z € D, we have
lz +a,2%+... +a,7"|<1+a,+... +a,

and consequently there is no solution of (3) in D. If z is on the boundary of D and satisfies

(3), then
1+a,+...+a,=|z+az>+... +a,z"|
slzl+ayz*+... +a,z|
=1l+a,+...+a,
Therefore z,z%,...,z" are linearly dependent, so that

arg(z +a,2%+... +a,z") = arg z + 2km.

On the other hand, z + a,z> +. . .a,z" is positive so that arg z = 2mmn, showing that z = 1.
Therefore z = 1 is the only solution of (3) in D, and other zeros z;, 2z, - . - , Zy-1 are outside
D. We now choose a positive number & which is small enough such that K(z;,€) ND =&
for every i, and K(z;,€)NK(z, &)=, for i#j. Here K(z;,€)={zeC:|lz—z|<e}
Define a function F:C X C— C by

F(\,2)=z+a72°+...+a,7" = A—aA*—... —a,\"
Then z— F(1,z) has n—1 zeros outside D. From the assumption on the zeros of
oF
p(z) — p(1), it follows that P (1,z)={p@@) - p(L)}Y(z;) #0. Thus by the Implicit Func-
Z

tion Theorem, for each i, there exists an open neighborhood W,, 1 € W, and a continuous
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map ¢;: W;— C such that ¢;(1) = z; and F(A, ¢,(1)) =0 for all A € W,. By continuity of ¢;,
n—1

there exists an open subset V; = W, such that 1 € V; and (V) c K(z;,€). Let V = Q V.

Then V is an open neighborhood of 1 and U =V N A is a nonempty open subset of A. If
A e U is fixed, then A € V; for each i and thus (A, ¢;(A)), (A, @2(A)),. .., (A, @.—1(A)) are
zeros of F. Hence ¢;(A),...,¢,_1(A) are roots of the equation p(z)— p(A)=0. Since
@i(A) € K(z;, €), we have ¢;(A)# ¢;(A) for i#j Thus for each A e U, the equation
p(z) —p(A) =0 has exactly n — 1 roots outside D. This implies that there is exactly one
root in A.

If g € Range T,_,), it is clear that g(A)=0. On the other hand, if g € L2(A) and
g(A) =0, then g(z) = (z — A)u(z), where u e L3(A). Since p(z) — p(A) = (z — A)g(z), with
a polynomial g, we can write

u(z)
(2)=[px)-pQ) -
gz)=[p ] 22)
By the previous discussion, the polynomial g(z) has no roots in D so that u—((i—)) e LX(A).

Thus g(z) € Range T,_,,. In other words, Range T,,_,, = {g € L2(A):g(A) =0}, for all
A e U Let S e{T,}'. Because of Lemma 3,

S*K, € Ker T}_,,y = [Range T,_,,)]* = span{K,}.
Thus $*K, =f_(—)5K »» Where f is some function defined on U. For any u € L%(A), we have
Su)(A)=(Su, K,) = (u,5*K,) = f(A)u(r), for each A € U.

For such A, we further have
[(ST, = T.S)u)(A) = [S(zu))(A) — [2Su](A) =0.

Thus (ST, - T,8)u =0, so that ST, = T,S. Therefore we have S = T, where ¢ e H"(A).
The theorem is proved.

Finally, we would like to point out that on the Hardy and Bergman spaces of the unit
disk, Theorem 4 is true without the assumption on the zeros of p(z) — p(1). Is the same
true on L3(A)?
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