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Abstract

The group near-ring constructed from a right near-ring R and a group G is studied in the
special case where the near-ring is distributively generated. In particular, results concerning
homomorphisms of near-rings or of groups and the augmentation ideal are obtained which
resemble closely those obtained for group rings.
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1. Introduction

By defining the group near-ring of a group G over an arbitrary near-ring R as
a subnear-ring of M (RG) , generated by certain functions of R into itself,
Le Riche, Meldrum and van der Walt [2] developed a general theory of group
near-rings which coincides with the usual notion when the base near-ring is
a ring and so laid the foundation for further development of this subject.
In this paper we study the group near-ring constructed in this way in the
special case of our near-ring R being distributively generated. We first give
alternative proofs of results in [2] concerning homomorphisms of near-rings
or of groups which can more readily be restated in the dg case to resemble
similar known results in group rings. We also devote some attention to the
augmentation ideal which was defined in [2].
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2. Notation

Let G be a (multiplicatively written) group with identity e. RY denotes
the cartesian direct sum of |G| copies of (R, +) indexed by the elements
of G. M (RG) is the right near-ring of all mappings of the group RY into
itself. Denote by [r, g] the function of M (RG) defined by ([r, gl(w)(h) =
ru(hg), for all u € RG, h € G. The set {[r, glir € R, g € G} generates
a subnear-ring of M (RG) which in [2] is denoted by R[G], and called the
group near-ring constructed from R and G.

Since R[G] is a subnear-ring of M (RG) it follows that for all 4, B €
R[G], pe R®, (A+B)u = Au+ Bu and (AB)u = A(By). This makes R®
into an R[G]-module. Moreover, RY is a faithful R[G]-module, because
Au =0 for all e R® implies that 4 =0.

3. Generating sequences

Let S be a non-empty subset of the right near-ring (N, +,.). For an
element 4 of N(S), the subnear-ring of N generated by S, we first describe
how A is constructed starting from elements of S. For our purposes this
description must be such that it facilitates proofs by induction.

We introduce the notion of a generating sequence on S. A generating
sequence of length m on § is a sequence 4,, 4,, ..., 4, where each 4,
for all 1 £i < n has either of the following two forms:

(i) A4, is an element of §;
(ii) 4, = t;, where ¢, € N(S) and t, =1, *; ¢, with 1 < k, [ < i,
* €{+,—,.}.
For example, let s,,s,, 5, € SC N then 4,, 4,, ..., Ay is a generating
sequence on S where

2 2
A =5, Ay=s,, A3=8,, A,=5,, As=55, Az=55;,

2 2 2
Ay =58, — 8,5y, Ag=255(55—58;), Ag=35,(55,—55;)+s,.

Note that forall i, 4<i<9, 4, = A, %, A, forsome 1 <k, [ <i and
*, €{+,—,.}.

Given any 4 € N(S) it is possible to construct a generating sequence for
A.Let A4, ..., A, be such a generating sequence on S with 4, = 4 for
some integer m = 1. Then we say A 1is the result of the generating sequence.
It is now possible to express N(S) in terms of generating sequences in the
following way.
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ProPOSITION 3.1. N(S) = {A|A is the result of some generating sequence
on S}.

Ifa,.., A, is a generating sequence on S then clearly 4, ..., A; for
each i, 1 S i< n is a generating sequence for 4, € N(S). Since 4, = ¢, +;¢,
with 1 Sk, I <i, », € {+,—,.} foreach i, 1< i < n, it follows that
A=A, A4 0or A;=A.A with 1 £k, <ior A €S. The length of a
generating sequence of minimal length for 4 will be called the complexity of
A and denoted c(A). Intuitively speaking, the complexity is an indication
of how far A4 is from being an element of S. From the above, since A is
the result of some generating sequence on S, it follows that c(4) = 1 if
and only if 4 € § and if ¢(4) > 1 then 4 = B+ C or A = BC where
B, C e N(S) with ¢(B), ¢(C) < c(A4).

REMARK. For A, B € N(S) it is possible to construct a generating se-

quence for A+ B, AB in the following way. If 4,,4,,...,4, = A4 and
B,,B,,..., B, = B are generating sequences for 4 and B, respectively,
then C,, C,,...,C,, Crsrs oo+ s Copyinyr Where
C={Ai fori=1,...,m
! B,_, fori=m+1,...,m+n
and C, ., =AxB with x € {+, —, .} is a generating sequence for 4 x B

where x € {+, —, .}.
Now let N, and N, be right near-rings with non-empty subsets S, and

S, , respectively. Suppose that ¢: S, — S, isasurjectionandlet 4,,...,4, ,
m 2 1, be a generating sequence on S, . Consider the generating sequence
B,,B,,B,,...,B, on S, where

B - o(t,) ifd;,=t€S8
/ foxt, ifA, =t % t, with1<k,l<i

with £, x;1; € N,(S,) where #, and ¢, are elements of N,(S,) obtained from

t, and ¢, respectively, by replacing every occurrence of s € §; by ¢(s) and
*: is the corresponding operation in N, . This defines a mapping ® from the
set of all generating sequences on S, onto the set of all generating sequences
on §,. We are interested in the case where ® induces a mapping from
N,(S)) onto N,(S,). We collect sufficient conditions for this to be the case
in our next two results. We first introduce the following notation. Denote
by T =(4,,...,4,) the generating sequence 4, ..., 4, , of length m,
m 21 on §, and by ®(T) the generating sequence T = (By,...,B,) on
S, obtained from T in the way described above. Note that the result of T,
denoted r(T),is 4, .
Our next result gives the first of these sufficient conditions.
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THEOREM 3.2. Let N,, N, be right near-rings with faithful left modules
H,, H,, respectively. Suppose S; C N, are such that N, N(S;) for
i=1,2. Let ¢: 85, = S, bea sur]ectton Let 0: H, — H be a (group)
monomorphism such that for every generating sequence T, on S, we have

r(T,)0(h,) = 6(r(®(T)))h,) for all h, € H,.
Then ®: r(T,) — r(®(T))) defines an epimorphism from N, onto N, .

PROOF. Suppose ® is not well defined. Then there are generating se-
quences T, and 7, on S, such that r(7,) = r(T}) but H(®(T,)) # r(®(T})).
From T, and Tl' we can easily by concatenation and renumbering (as we in-
dicated earlier) construct a generating sequence 7  for 0 such that r(®(7T)) #
0. Since r(®(T)) # 0, there is h, € H, such that r(®(T))(h,) # 0, since
H, is a faithful N, module. But then 6(r(®(T))h,) # O since 0 is a
monomorphism and so r(7T)6(h,) # 0 which contradicts r(7T) =

We have established that the mapping is well defined.

To show that ®: N, — N, is a homomorphism, let 4, B € N,, then by
Proposition 3.1 4 = r(7}) and B = r(T; 1’ )} for some generating sequences
T, =(4,,...,4,), T, =(B,,...,B,) on S,. We can find a generating
sequence T = (C,, C,, ..., C,,.,.,) on S, such that

r(T,)+r( Tl') +r(T)=

m+n+1
where
{Aifori=1,2,...,m
C =
! B,_, fori=m+1,...,m+n
Cm+n+1—A +B ' ,
Then ®(T) = (C;,...,Cm+n+l),whereforeach i=1,2,....,m+n+

C are the elements of N,(S,) obtained from C; € N,(S,) in the way
descrlbed earlier. In particular, C il = A'm + B; , where we use the same
symbol without ambiguity for the addition in N, and N, . Therefore

(4 + B) = B(r(T,) + r(T})) = D((T)) = r(®(T))
= A, + B, = r(®(T})) + r(®(T})) = B(«(T})) + D((T})) .

We can also find a generating sequence T = (C,, ..., C, . .,) on §; such

that AB = r(T,)r(T|) = r(T), where the C; are defined in the same way

as above for i = 1,2,..., m+n and Cm+n+l A, B, . Define C; for

i=1,2,...,m+n as above and Cm+n+1 = AmBn s where we use the same

symbol w1thout amblgulty for multiplication in N, and N, . Then
®(4B) = B((T,)r(T})) = ((T)) = r(V(T))

=A,,,B,, = r(@(T,))r(D(T})) = D((T,))D((T)).
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This completes the proof that ®isa homomorphism.

To show that ® is an epimorphism, take any n, € N,. Then n, = r(T,)
where T, is a generating sequence on S, , by Proposition 3.1. But then there

is a generating sequence 7, on S, such that ®(7,) = 7, and so

&: r(T)) — r(D(T))) = 1(T}).

This implies that ® is an epimorphism.

The last of these sufficient conditions which will be of interest to us is
given next.

THEOREM 3.3. Let N, and N, be right near-rings with faithful left mod-
ules H, and H,, respectively. Suppose S; C N, are such that N; = N,(S,) for
i=1,2 andlet ¢: S, — S, be a surjection. Let 6: H — H, be a (group)
epimorphism such that for every generating sequence T, on S, we have
0(r(T,)h,) = r(®(T,))8(h,), for all h, € H,. Then ®: r(T,) — r(®(T)))
is an epimorphism from N, onto N, .

Proor. We shall only prove that the mapping is well defined. The remain-
der of the proof follows in exactly the same way as in Theorem 3.2. Suppose
the mapping is not well defined. Then there are generating sequences T,
and 7, on S, such that r(T,) = r(T)) but r(®(T,)) # r(®(T,)). From
T, and Tl' we can construct by concatenation and renumbering a generating
sequence 7T for 0, such that r(®(7T)) # 0. Now since r(®(T)) # 0, there is
h, € H, such that r(®(T))h, # 0 since H, is a faithful N,-module. Since

6 is an epimorphism, there exists 4, € H, such that
0 # r(®(T7))0(h,) = 0(r(T)h,).

This contradicts r{7) = 0. So we have established that the mapping is well
defined.

4. Applications in group near-rings

It was shown in [2] that every near-ring epimorphism ¢: R — T induces
an epimorphism ®: R[G] — T[G] on the corresponding group near-rings,
where G is an arbitrary (multiplicatively written) group and every group
epimorphism ¢: G — H induces an epimorphism o: R[G] — R[H] on the
corresponding group near-rings, where R is an arbitrary right near-ring. We
show now that the results of the previous section yield alternative proofs for
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the above mentioned results. This facilitates the statement of similar results
in the special case of our near-rings being distributively generated. This will
be dealt with in our next section.

Let R be a right near-ring and let G and H be (multiplicatively written)
groups. Let ¢: G — H be an epimorphism. As an application of Theorem
3.2 we want to show that ¢ induces an epimorphism o: R[G] — R[H]} on
the corresponding group near-rings.

Let S, ={[r,gllre R, g € G}, S, = {lr,hllr € R, h € H} and let
@: S, — §, be the surjection defined by ¢:[r, gl — [r, #(g)]. Let the
mapping 6: R — RY be defined by (Bu)(g) = u(¢(g)), forall u e R,
g € G. For any ,ul,uzeRH,

(O(u; + 1)) (&) = (g + 1,)(9(8)) = 1, (d(8)) + U, (H(8))
= (0u,)(8) + (0u,)(g) = (Bu, +0u,)(g),

for all g € G, and therefore,

O(uy +1y) =0p, +0u,.

This proves that 8 is a homomorphism.
To show that 6 is injective, let u,, u, € R™ be such that Ou, = 0u,.

Then (6u,)(g) = (6u,)(8), for all g € G. Therefore, u,(#(8)) = u,(4(g))
and so u, = u, since ¢ is an epimorphism.

It only remains to show that r(7)(0u) = 8(r(®(T))u) for all generating
sequences T on S,, u € R¥ . We do this by induction on the length of r(T).
If the length of r(T') is one, then r(T) = [r, g] forsome r € R, g € C,
and therefore r(®(T)) = [r, #(g)].

Now we have

r(T)(0u)(h) = [r, g)(6u)(h) = r(Bu)(hg) = ru(é(hg)),
for all & € G. On the other hand,

6(r(®(T))u)(h) = 6([r, $(g)1u)(h)
= ([r, o)1) (¢(h)) = ru(d(h)¢(g)) = ru(p(hg)),

for all h € G. So in this case we have r(T)(0u) = 6(r(®(T))u), for all
generating sequences 7' on S, of length one and for all x € RY.

For any generating sequence T on S|, r(T) is either of the form r(7) =
r(T,) + r(T}) or r(T) = r(T,)r(T,) for some generating sequences T,, T,
on S, of shorter length. We assume the result is true for 7, and Tl' . We
consider the two cases separately.
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(1) n(T)=r(T))+ r(Tl’). Then
r(T)(0u) = (r(T,) + r(T))(0u)
= r(T))(6u) + r(T))(0n) = 6(r(D(T,))1) + O(r((T)))1)
= 0((r(D(T,)) + r(D(T))))) = 6(r(D(T))n),
forall ue RC.
(2) r(T)=r(T,)r(T}). Then
(F(T)HT))NOw) = r(T)(r(T,)(On)) = r(T,)(O(r(D(T)))u))
= 0(r(®(T)(H(D(T)))) = O((r(D(T,))r(D(T}))) )
= 6(r(P(T))u) .-
This completes the proof by induction. We have proved

THEOREM 4.1. Let G and H be groups and let ¢: G — H be an epimor-
phism, then ¢ induces an epimorphism ®: R[G] — R[H] of the correspond-
ing group near-rings. Moreover, R[G]/Ann R[G](Ime) ~ R[H] where

Imé = {u € R%|u(g) = B(¢(g)) for some B € R" , Vg € G}.

Observe that for any generating sequence 7 on {[r, g]Ir € R, g € G},
r(T) € ker® if and only if r(®(T)) =0 if and only if r(®(T))u =0 if and
only if 6(r(®(T))x) = 0 if and only if r(T)(6p) =0, forall u € R 1t
therefore follows that ker® = Anng, . (Imf) , where

Imf={ue RGlu = 6(p) for some B € RH}
= {u e Ru(g) = (8B)(g) for some B € R”, forall g € G}
={ue RGI,u(g) = B(#(g)) for some B € RH, for all g € G}.

The last part of Theorem 4.1 therefore follows from the fundamental homo-
morphism theorem.

COROLLARY 4.2. Let H be a normal subgroup of G. Then
R[G]/Ann g Ry ~ R[G/H]
where
Rg =Imf = {u e RG|Hx = Hy imply u(x) = u(y) forall x, y € G}
and where 6: R¥" — RY is defined by
(OR)(g) = A(Hg) forall g € G, me R
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Let N, = R, N, =T be right near-rings and let ¢: R — T be a near-ring
epimorphism. As an application of Theorem 3.3 we wish to show that ¢
induces an epimorphism o: R[G] — T[G], where G is a (multiplicatively
written) group. Let S, ={[r, gllre R, g€ G}, S, ={[t, glite T, g € G}
and let ¢: S, — §, be the surjection defined by o:[r, g — [6(r), g].
Define a mapping 6: R® — T by (6u)(g) = ¢(u(g)) for all u € R®,
g€G. Let ,ul,,uzeRG,thenforall geq,

(0(p; +1))(8) = (1, + 1,)(8)) = d(u (&) + u,(g))
= d(u,(8)) + o(u,(8)) = (6u,)(g) + (Ou,)(8)
= (0u, +0u,)(g), forall geG.

Hence 6(u,+u,) = 6u, +6u, and so 6 is a homomorphism. To show that
@ is an epimorphism, let £ € T¢ and define U € R® by u(g) = #(B(g)),

where ¢: T — R is such that ¢¢(f) =t forall t € T. Then
(Ou)(g) = d(u(g)) = 6((B(8))) = B(g), forall g€ G.
Hence Ou=48.
It only remains to show that for any generating sequence 7; on S,

0(r(T))p) = r(®(T,))(0n),

forall ue R%. We do this by induction on the length of r(7)). If r(T))
is of length one, then r(T,) = [r, g] for some r € R, g € G. Then
r(®(T,)) = [¢(r), g]. Now we have

0([r, glu)(h) = ¢(([r, glu)(h)) = ¢(ru(hg)) = ¢(r)dp(u(hg)),

for all # € G. On the other hand,

r(®(T)))(Bu)(h) = [6(r), gY(Ou)(h) = ¢(r)(Op)(hg) = $(r)p(u(hg)),

for all A € G. So in this case we have 6(r(T))u) = r(®(7,))(0u), for all

JIxS RS and for all generating sequences of length 1.

For any T on S, r(T) is either of the form r(T) = r(T)) + r(Tl') or
r(T) = r(Tl)r(Tl' ) for some generating sequences 7, and Tl' on S, . We as-
sume the result is true for 7; and Tl' . We consider the two cases separately.

(1) r(T) =r(T,) +r(T,). Then

O(r(T)w) = 6((r(T)) + r(T)))p) = O(r(T))p + r(T))p)
= O(r(T,)p) + 6(r(T})p) = r(®(T,))(On) + r(D(T,))(On)
= (H®(T})) + 1(D(T})))(6x) = r(®(T))(0y), forall u e RC.
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(2) r(T) = r(T))r(T}). Then

O(r(T)u) = O((r(T)r(T))w) = 0(r(T)(r(T))w)) = r(®(T))O(r(T;)p)
= r(®(T))(r(®(T)))(6u)) = (r®(T,)r(P(T})))(6u)
=r(®(T))(0u).

This completes the proof by induction. We have thus proved

THEOREM 4.3. Let R and T be near-rings and G a (multiplicatively writ-
ten) group and let ¢: R — T be a near-ring epimorphism, then ¢ induces an
epimorphism ®: R[G] — T[G] of the corresponding group near-rings.

Denote the kernel of ¢ by A. Then u € ker@ if and only if 6y =0 if
and only if (6u)(g) =0 if and only if ¢(u(g)) =0 if and only if u(g) e 4,
forall ge G,ifand onlyif u € A% . Therefore, ker§ = A°.

COROLLARY 4.4. Let R and T be near-rings, G a group and ¢: R —
T an epimorphism of near-rings. Then R[G]/A* ~ T[G], where A" =
(A%: R%):= {B| € R[G1|Bu € A® forall ue R°} and A=kero.

5. The group distributively generated near-ring (R[G], S[G])

Recall that a distributively generated near-ring (hereafter written as dg
near-ring) is a near-ring R such that (R, +) is generated as an additive
group by the subset S, which need not be the set of all distributive elements
of R. We denote a dg near-ring by (R, S). We state as the first result of
this section the following theorem, the proof of which can be found in [1].

THEOREM 5.1. If (R, S) is a dg near-ring then

m
R[G] = {Zai[si’gi]ImGN’ai=il’siGS’gieG} '

i=1

If (R, S) isa dg near-ring we can now, in view of Theorem 5.1, redefine
the complexity of 4 € R[G], which we also denote by ¢(A4), as the smallest
natural number m such that

m
A=) 0jls;, ]

i=1
for some s5; € §, g, € G and o; = £1. It is now obvious that if (R, S)
is a dg near-ring and 4 € R[G] with ¢(4) 2 2, then 4 = A, + 4, with
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c(4,), c(4,) < c(4) and 4,, A, € R[G]. We shall henceforth always write
(RG], S[G]) for the group dg near-ring R[G] if (R, S) is dg.

We would like to restate the results in section 4 in the special case of our
near-rings being distributively generated in a way which will resemble similar
results in group rings.

Let (R, S) be a dg near-ring and let ¢: G — H be an epimorphism
of groups. Consider the dg near-rings (R[G], S[G]) and (R[H], S[H])
having generating sets of distributive elements S, = {[s, glls € S, g € G}
and S, = {[s, hl|s € S, h € H}, respectively. Let ¢ and 6 be the mappings
defined in the proof of Theorem 4.1.

It can now easily be shown that

( (Z a;ls;, g,-]) (W)) (g)=16 ( (Z alls;, ¢(g,-)]> u) (&)
i=1 i=1

forall g€ G, ueRH.
By Theorem 3.2 it now follows that the mapping

n n
D: ) ols;, gl Y als;, d(g)]
i=1 i=1
defines an epimorphism from (R[G], S[G]) onto (R[H], S[H]).
We state this result as follows.

THEOREM 5.2. Let (R, S) be a dg near-ring and let ¢: G — H be an
epimorphism of groups. Then ®: (R[G], S[G]) — (R{H], S[H]) defined by

o (Z o;ls;» gi]) = Z o,ls;, o(g)}
i=1 i=1

is an epimorphism of dg group near-rings.

Let (R, S) and (T, U) be dg near-rings and let ¢: R — T be a near-
ring epimorphism. Consider the dg near-rings (R[G], S[G]) and (T[G],
U[G]) with generating sets of distributive elements S, = {[s, glls€ S, g €
G} and S, = {[u, gllue U, g € G}.

Let ¢ and 6 be the mappings defined in the proof of Theorem 4.3. It is
easily shown that

6 ((Z o,ls;, g,-]) u) (&) = ((Z o,1¢(s), g,-]) (Gﬂ)) (8),
i=1 i=1

forall g € G, u € R. Thus by Theorem 3.3 the mapping
n n
®: Y ojls;, gl Y oil8(s,), &]
i=1 i=1
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is an epimorphism from (R[G], S[G]) onto (7T[G], U[G])).
We have thus proved

THEOREM 5.3. Let (R, S) and (T, U) be two dg near-rings and G
a group. Let ¢: R — T be a near-ring epimorphism, then the mapping
®: (R[G], S[G)) — (T[G], U[G)) defined by

n n
D: ) als;, gl Y o), &
i=1 i=1
is a group dg near-ring epimorphism.
We can combine the results of Theorems 5.2 and 5.3 into a single result.

THEOREM 5.4. Let (R, S) and (T, U) be two dg near-rings and let G
and H be groups. Let ¢: G — H be an epimorphism of groups and let
0: R — T be an epimorphism of near-rings. Then there is an epimorphism
®: (R[G], S[G] — (T[H], U[H]) defined by

o (Z a;ls;» gi]) = ql6(s,), (g,
i=1 i=1

ProoF. By Theorem 5.2 the mapping ¢°: (R[G], S[G]) — (R[H], S[H])
defined by ¢" (T, 0,ls;, g1) = X1, 0,ls;, ¢(g;)] is an epimorphism.

By Theorem 5.3 the mapping 6*: (R[H], S[H]) — (T[H], U[H]) defined
by

0‘ (Z Ui[si ’ hl]) = Z o'i[o(si) ’ h,]
i=1 i=1

is an epimorphism. Then ® = §*¢" is the required epimorphism.

Before we leave this section we turn our attention to the ideals I* and I*
of the group near-ring. Recall that for an ideal I of the right near-ring R, the
ideals I* = (I°: R%) = {4 € R[G]|(Au)(g) € I forall g€ G, u e R} and
I'" =id{[a, e]ja € I}, the ideal of R[G] generated by the subset {[a, e]|a €
I}, were defined in [2]. It was shown there that I" ¢ I". Theorem 5.1
facilitates proving that if R is a dg near-ring and [ is an ideal of R such
that R is distributive over I, then R[G] is distributive over I*. We require
the following preliminary results.
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LEMMA 5.5. Let R be a near-ring, I an ideal of R. If R is distributive
over I, then
[r, glu, +1s, 8, =[5, &Iy + 17, gly,,
where r,s€ R, g,8 €G,u,, 1, eI,

PrROOF. Let r,s€ R, x,y €I, then
(r+s)x+y)=rix+py)+s(x+y)=rx+ry+sx+sy.
Also since R is distributive over I,
(r+s)(x+y)=(+s)x+(r+s)y=rx+sx+ry+sy.
Hence ry+sx=sx+ry. Forevery he G,

(Ir, glu, +1s, &' l)(h) =1r, glu,(h) +[s, & luy(h)
= ru,(hg) +suy(hg') = spy(hg') + ru, (hg)
=[s, &'lu,(h) +[r, glu,(h)
=([s, &'lu, +1[r, glu,)(h),
for all & € G. Hence the result follows.

LEMMA 5.6. Let R be a dg near-ring and I an ideal of R. If R is dis-

tributive over I, then Ap,+Bu, = Bu,+Au,, where A, B € R[G], u,, u, €
G
I

Proor. By induction on c¢(A4) and ¢(B). If ¢(4) =c(B)=1 then 4 =
[r,g] and B = [s, g'] for some r,s € R, g, g € G. By Lemma 5.5,
the result is true in this case. Let m,n € N, m,n 2 2 and c(4) = m,
¢(B)=n. Then 4= A4, + 4, and B = B, + B, where c(4), c(4,) < m
and ¢(B,), c¢(B,) < n. Assume that for all 4, B with c(4) <m, c¢(B)<n,
Ap, +Bu, = Bu, + Au, .

Now we have

Ap,+ Bu, = (A, + Ay, + (B, + By)u,

= A\ + Aypy + By + By, = Ay + By iy + Ay + By,

=By + A py + Byp, + Ay,

= By + By + Ay gy + Ay,

= (B, + By)u, + (4, + 4))u; = Bu, + Ay,
by the induction hypothesis. It remains to consider the case when c(A4) = 1
and ¢(B)>1 or ¢(4d)>1 and ¢(B)=1. If ¢(4) =1 and ¢(B) > 1 then
A=[s, g] forsome s €S, g€ G and B = B, + B, where ¢(B,), ¢(B,) <
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¢(B) . The required result follows immediately from our induction hypothesis
that

[s, 8luy +Cuy = Cuy +[s, gly,

for all C with ¢(C) < c¢(B). The case c¢(4) > 1| and c(B) = 1 follows
similarly. This completes the proof.

LeMMA 5.7. If R is distributive over I, then
[r, &lu, +uy)) =1[r, glu, +1r, glu,,
where re R, g€ G, ,ul,uzeIG.

Proor. Forall he G,

[r, 8Xuy + uy)(h) = r((n) + uy)(hg))
=r(u,(hg) + uy(hg)) = ru,(hg) + ru,(hg)
=[r, glu,(h) +[r, gluy(h) = ([r, glu, +1[r, glu,)(h).
Hence the result follows.

LeMMA 5.8. If R is dg and distributive over I, then RG] is distributive
over I€.

PrROOF. We must show that for all 4 € R[G], u,, u, € °, Alp, + p1,) =
Ap, + Ap, . We do this by induction on c¢(4). If c(4) =1, then 4 =[r, g]
for some r € R, g € G. By Lemma 5.7 the result is true in this case. Let
méeN, m22 andlet c(4) =m. Then 4 = A + A, where c(4,), c¢(4,) <
m . We assume for all B € R[G] with ¢(B) <m, B(u, +u,) = Bu, + By,
forall u,, u, € 1°. Now

A(.u'l + ﬂz) = (Al + Az)(ﬂl + uz) = Al(}ll + ﬂz) + Az(ﬂl + ”2)

= Ay + Ay + Ay + Aty = Ay + Ayp + Ay + Aoy
= (4, +4)u, + (4, + A))u, = Ap, + Ap,,
the third last step being a result of Lemma 5.6.

We can now prove the result which we mentioned earlier.

THEOREM 5.9. If R is dg and distributive over I, then R[G] is distribu-
tive over I".

ProoF. We must show that A(B + C) = AB + AC for all 4 € R[G],
B,CeI". Forall ueR®,

(A(B + C))u = A(Bu+ Cu) = A(Bp) + A(Cu),
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by Lemma 5.8 since Bu, Cu € I° . Hence
(A(B+ C))u = A(Bu) + A(Cp) = (AB)u + (AC)p = (AB + AC)u,

forall ue€ R% . Hence the result follows.
An immediate consequence of this result is

COROLLARY 5.10. If R is dg and distributive over an ideal I of R, then
R[G] is distributive over I" .

ProoF. This follows immediately from Theorem 5.9 and the fact that
rrcr.

6. The augmentation ideal A = A(R[G], S[G])

It was shown in [2] that the augmentation ideal of the group near-ring R[G]
is generated as an ideal by the set {[1, g]—[1,ellg € G}. If (R, S) isa dg
near-ring we would like to give a set of generators for A = A(R[G], S[G])
as a normal subgroup of (R[G], +). In order to do this we make use of the
following result, the proof of which can be found in {4, Lemma 13.10].

LEMMA 6.1. Let (R, S) bea dg near-ring andlet X C R. Then the ideal
of (R, S) generated by X is the normal subgroup of (R, +) generated by
SXR:={sxr,sx,xr,x|x€e X, reR,se€S}.

We now restate Lemma 6.1 in the context of the group dg near-ring
(R[G], S1G)).

LEMMA 6.2. Let (R, S) be a dg near-ring and let X C R[G]. Then the
ideal of (R[G], S[G]) generated by X is the normal subgroup of (R[G], +)
generated by

S[G)XRIG] := {[s, hlxr, [s, hlx, xr ,x|x € X, ¥ € R[G],s €S, h € G}.

If we take X = {[1, g]—[1, ellg € G} C R[G] in Lemma 6.2 and remem-
bering that our near-rings have identity, we get the following result.

THEOREM 6.3. Let (R, S) be a dg near-ring. Then the augmentation

ideal of (R[G], S[GY)) is the normal subgroup of (R[G], +) generated by the
set {[s,g]—I[s,e]l|s€S, geG}.
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PrRoOOF. By Lemma 6.2, A = A(R[G], S[G]) is the normal subgroup of
(R[G], +) generated by the set

{ls, hI([1, g]-[1,e])r|r e RIG],s€ S, g, he G},

since (R, S) has an identity. We show that the elements in this set are a
sum of conjugates of elements of the form [s, e]([1, g] —[1, e]) and their
inverses. Consider the element of the form [s, 2]([1, g] — [1, e])r’, where
reR[G], s€S, g,heG.Let ' =% a)ls;, &]. Then

i

[s, h)([1, gl = [1, eD) D a/ls;, g1 =(Is, hgl—[s, h]) Y _ails;, &]
i=1 i=1
=[s, hgl)_ajls;, g1 - s, h1D_ojls;, &
i=1 i=1
= Z O'i[SSi s hgg,] - Zai[ssi s hg,] s
i=1

i=1
by the fact that [s, ~g] and [s, 4] are distributive. We then have
m m
Z O'i[SSi ’ hgg,] - Z O'i[SSi H hg,]
i=1 i=1

m—1

m—1
=Y alss;, hggl+o,lss,, hge,] — a,lss,. hg,1- D oss;, hg,).
i=1

i=1

Consider the element o,[ss,,, hgg, ] — 0,lss,, hg,]. If o, = +1, then
this element can be written in the form

[ss,,. €l([1, hgg,l —[1, e]) —[ss,,, e]([1, hg,]1 -1, €]).

If 6, = ~1 then it can be written in the form

—[ss,,, hg,]+[ss,, el(l, hg,1-[1, e])
~ [ss,,, el([1, hgg, 1 - (1, e]) +[ss,,, hg,].

It therefore follows that if

o, = +1,[s, hI(1L, g1- 11, e])r
m—1 m—1

Y olss;, hggl - Y ajlss;, hgl+y +Iss,, el(l, hgg,1 -1, €))

i=1 i=1

~-y+y-lss,,el(l, hg,1-[1,e]) -y,
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where y = 2;':11 o;ss;, hg;] and if
0, = —1,[s, A1, g1 -1, e)r'

m—1 m-—1
= Z o,lss;, hggl- Z o,lss;, hg,]
i=1 i=1
+y+ [ssm, e]([1 » hgm] - [1 > e]) -y
+y —Iss,,el(ll, hgg,]l—[1,e]) -,

where y = Z:’;l o,lss;, hg]—Iss,,, hg,]. It then follows by an induction
argument that [s, A)([1, g] -1, e])r’ is a sum of conjugates of elements of

the form [s, e]([1, g]—[1, e]) and their inverses. This completes the proof.

The next result is an element wise characterization of A = A(R[G], S[G])
analogous to the one in the ring-theoretic case.

THEOREM 6.4. A(R[G], SIG]) ={X ., a,s;, &1l > -, 0;5; = O} .

Proof. Let T ={Y" o,ls;, 11X, 0,5, = 0}. Itis clear that 3" 0,5,
= 0 if and only if 3, g,[s;, e] = 0. By Theorem 6.3 A(R[G], S[G]) is
the normal subgroup of (R[G], +) generated by the set {[s, g] —[s, e]ls €
S, g € G}. Itis easy to see that sums and conjugates of elements of this type
lie in 7. Hence the augmentation ideal is a subset of 7. To show that T
is a subset of the augmentation ideal, let X = E:‘:l g,ls;, g] be an element

in T. Then
m m m
Y oils;, g1= Y als, gl-) als;. el
i=1 i=1 i=1

m—1 m—1
= Z ai[Si’ gi] + am[Sm > gm] - am[‘gm ’ e] - Z ai[si’ e]'
i=1 i=1
Soif g, = +1, then
m—1

m—1
X=Y als;, g1 ols;.el+y+Is,,elll, g, - [1,e]) -y
i=1 i=1
where y = Z:’:ll o,[s;,el. If g, = —1 then
m—1

m—1
X=Y oals;, g1- Y als;,el+y—Is,, elll, g, - [1, e) -y,
i=1 i=1

where y = Z:’;l ols;, &l —[s,,e]l. It now follows by an induction argu-

ment that X is a sum of conjugates of elements of the form [s, e]([1, g] —
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[1, e]) and their inverses and hence X is an element of A(R[G], S[G]).
This completes the proof.

We conclude this section with a few remarks concerning the group dg
near-ring (R[G], S[G]). From Theorem 6.4 it is immediate that the augmen-
tation ideal A(R[G], S[G]) is the kernel of the dg near-ring homomorphism
¢: (R[G], S[G)) — (R, S) defined by

¢ (Z als; gi]) =D as;.
i=1 i=1

It is shown in [1] and [2] that (R[G], S[G]) is an epimorphic image of
the group dg near-ring (R(G), SG) defined by Meldrum {3]. Many of
the results obtained by Meldrum [3] carry over to the group dg near-ring
(R[G], S[G]), some of which are immediate consequences of the epimor-
phism existing between the two group dg near-rings.
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