ENDOMORPHISM RINGS OF QUASI-INJECTIVE
MODULES

B. L. OSOFSKY

Y. Utumi (14 and 15) obtained some interesting results on self-injective
rings. He showed that, if R is right self-injective, then so is R/J, where J is
the Jacobson radical of R. Also, if R is right self-injective and regular, then
R is left self-injective < for any set of orthogonal idempotents {e;}, I, ¢;R
is an essential extension of 3> ; @ e,R. This note extends these results to endo-
morphism rings of quasi-injective modules.

Let R be a ring with identity 1, Mg a unital right R-module. M3 is called
injective if it is a direct summand of every R-module containing it. The fol-
lowing are well-known properties of injective modules (see 1, Chapter 1).

(I.1) A direct summand of an injective module is injective.

(I.2) A finite direct sum of injective modules is injective.

(I1.3) If Ar C Bpg, and f: A — M, where M is injective, then f extends to
a map f: B— M.

(I.4) If for any right ideal I of R and map f: I — M, there is an m € M
such that f(x) = mx for all x € I, then M is injective.

My is called an essential extension of Nz, written M '2DO N or N C' M,
if M DN and forall KpC M, KNN=0K =0. Every My has an
injective essential extension called the injective hull of M. Every injective
module containing M contains an isomorphic copy of this injective hull. (See
Eckmann and Schopf 2.)

Nz is called closed in My if Np has no essential extension in Mg, It is
called complemented in Mg if there exists By € M such that N is a maximal
element in the set of all submodules of M/ which have zero intersection with B.

My is called quasi-injective if, for all Ny © Mz and all f: N — M, f ex-
tends to a map from M to M. This condition is weaker than injectivity. For
example, any simple module is quasi-injective but not necessarily injective.

LeMMA 1. Let Np © Mpg. Then N is closed in M < N is complemented in M.
Proof. This is an immediate consequence of Proposition 1.7 of Miyashita
9).

LeEMMA 2. Any closed submodule of a quasi-injective module M is quasi-
injective and a direct summand of M.

Proof. This is Proposition 4.3 of (9).
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CoROLLARY 3. Let N be a closed submodule of the quasi-injective module M .
Let P C M, f: P— N. Then f extends to a map from M to N.

Proof. Extend f to a map from M to M and follow this by a projection onto
the direct summand N.

LeMMA 4. Let M be quasi-injective, N & M. Then there is a direct summund
P of M such that P'D N.

Proof. By Zorn’s lemma, one can find a maximal essential extension P of
N in M. Since K'2 P'D N implies K'2 N, P is closed. By Lemma 2, P
is a direct summand of M.

If M, N, and P are as in Lemma 4, P will be called a quasi-injective closure
of N in M. Unlike the injective hull of N, quasi-injective closures of N in
distinct quasi-injective modules need not be isomorphic. However, two quasi-
injective closures P and P’ of N in M must be isomorphic. For the identity
of N extends to a map f from P to P’ whose kernel has zero intersection with
N. Since P2 N, f is a monomorphism. By (9, Proposition 4.4), P = P’.

Property 1.2 for injective modules does not hold for quasi-injective modules.
However, the following weaker version is sufficient for our purpose.

LEMMA 5. Let M be quasi-injective, M = A @ B = C @ D where AMNC=0.
Then the projection of C on B is a direct summand of B, and A @ C is a direct
summand of M.

Proof. Let = project M on B with kernel 4. Then = restricted to C is a
monomorphism. Let o: 7 (C) — C be its inverse. ¢ extends to a map: B — C.
Then or is the identity of C, so B = #(C) @ kernel ¢. We show that
M=4® C® kernel o.

Let x € M. Then x = ¢ 4+ w{c) + d for some @ € 4, ¢ € C, d € kernel o.
Moreover, w(c) = ¢ — &' for some &' € A. Then

x=(a—da)+c+d¢c A+ C+ kernel o,

and therefore 4 + C + kernel ¢ = M.

leta+c+d=0,a € A,¢c € C,d € kernel ¢. Then ¢ = —a — d, thus
7{c) = —d € m(C) M kernel ¢ = 0. Thus a + ¢ = 0, and therefore « and ¢
are in A M C = 0. We conclude that the sum is direct.

A ring R is called regular if every finitely generated right ideal is generated
by an idempotent. Every finitely generated left ideal of a regular ring is also
generated by an idempotent.

We note that, for any module Mz, Nr © M is a direct summand of A7 if
and only if there is an idempotent e = ¢® € Homz(M, M) such that N = ell.

In the following, M will denote a quasi-injective R-module; A = Homz(Mg,
Mg); e, f, and g will denote idempotents in A; J = the Jacobson radical of A;
A = A/J; and for x € A, & will denote its image in A. If Nz C Py, where P
is a direct summand of M, then E(V) will denote any quasi-injective closure of
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N in P. By the above, IV is a closed quasi-injective submodule of M & N=¢M
for some e = ¢? € A.

References to (14) indicate that Utumi’'s proof goes through with very
minor changes.

LeEMMA 6. Let £ = 2 € A. Then there exists an ¢ = e € A such that & = é.
Proof. See (7), or (14, Corollary 3.2).

We will henceforth write idempotents in A as ¢ f, or g. Of course, the
lifting idempotent need not be a unique idempotent of A.

LEMMA 7. J = {x € A| kernel x &' M}, and A is regular.
Proof. See Utumi (11, or 14, Lemma 4.1).

1. Right self-injectivity of A. It is well known that A need not be a
right self-injective ring. For example, the p-adic integers equal Hom,(Z,=,
Zy=) are not self-injective. However, if / = 0, then A, must be injective. (See
Johnson and Wong (6).) Moreover, if M = R, A = R, then M is injective by
1.4 and A3 is injective by Utumi’s theorem. In this section we show that
Utumi's result is true in general; that is, the quasi-injectivity of M implies
injectivity of Ax.

LEMMA 8. Let éA N fA = 0. Then there exists a g = g> € A such that
fA = gA and ge = 0.

@I Let A = ha,
h, and

=]

Proof. Since A is regular by Lemma 7, A = éA @/

A @I = (1 —h)A for h = h2 € A. Then if = f, fh
h=h+h@d—F=7+7T -]
Set g = f + fh(1 — f). Then gA = fA, g2 = g, and g = h, thus
e=(1—-he+ge=ge=0.
LEMMA 9. N &' M =eN C' eM for all e = ¢® € A.

Proof. This is (14, Lemma 2.2) with right ideals replaced by submodules
of M. Let eM DK, KMeN =0. Let y € KM N. Then y = ey since
K C eM, and therefore y € eN M K = 0. Hence K = 0 since N &' M.

LEmMmA 10. Let &, f € A, eANFA = 0. Then eM N fM = 0, eA N fA = 0,
and eA + fA = gA for some g = g* € A

Proof. By Lemma 8, we may assume that fé = 0. Then fe € J. By Lemma 7,
N = kernel fe &’ M. Then eN M fM = 0, so by Lemma 9, eM N fM = 0.
(See 14, Lemma 3.4.) Since x € eA M fA takes M toeM M fM, eA N fA = 0.
Moreover, eM @ fM is a direct summand of M by Lemma 5. Hence there
isag = g? € Asuch thateM @ fM = gM. ge = eand gf = f, so gADeA+fA.
Let 7, project M on eM with kernel fM 4 (1 — g)M, =, project M on fM
with kernel eM + (1 — g)M. Then g = er; -+ fr2 € eA + fA. Thus
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eA + fA = gA.

LeEMmaA 11. Let {e)| 1 € I} be idempotents in A such that Ye;A is direct.
Then Y eA is direct, 3 e; M is direct, and if I 1is finite, Y. e;A = eA for some
e = e € A, where eM = Y, ®e; M.

Proof. Since independence of modules depends only on finite sums, it
suffices to consider only the case when .# is finite. If # has only one element,
the lemma is true. Now assume the lemma for all sets of # — 1 idempotents
e;. Then if 3%_; &,A is direct,

n—1 n—1

261A= e'A, e’]ll=ZeiM,
=1 i==1
and the sums are direct. Since

G A =8AQ5A,

.
L

by Lemma 10, ¢'A M ¢, A = 0, and

Z PeA=¢ADe, A =eA
=1

for some e = e2 € A, where
eM =M @e,M =2, @eM.
=1

THEOREM 12. Az s injective.

Proof. Let T be a right ideal of A, f: T — A. Let {&,| 7 € #} be a maximal
set of idempotents in I such that }.é;A is direct. Then I'D Z,we“\ since
FAN Y jcp8h =0 implies TA + X ies8.A isa direct sum. Since A is regular
by Lemma 7, ZA = fA for some f = 2 € A. Then f = 0 by the maximality
of {e;|i € J}.

By Lemma 11, 3 ,c5¢,A is direct. Hence we may define a A-homomorphism
¢: X egeA— A by ¢(e;) = xe; forall ¢ € #, where x; is any element in A
such that f(&;) = £.&..

Define ¢: 3 icpe.M — M by

11’(2 e,-m,-) = é ¢ (e;)m;.

¥ is an R-homomorphism if it is well-defined. Let 3~ JL; em,; = 0. By Lemma 11,
> 7_1e;A = eA for some ¢ = ¢2 € A. Then ¢; = ¢e¢,, and

é dle)m; = é d(e)em;

é(e) 21 em; = 0,
=
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thus ¢ is well-defined. Since M is quasi-injective, ¢ extends to an element
AN € A Then forall u € M,

Nei(u) = Me(u)) = ¥(e,(u)) = ¢le)) () = xei(u).

Then Xél = I.6; z_f:(él) fOr all ) E_j, and (X _f)zieyéix = 0. Let T e [,
and set K = {Z € A| %2 € X_.e,8.A}. Then (X — f(£))K = 0. Since
I'D Y ies8h, A'DK.
— f(Z)) = Aé, where € = &2 Then éANK =0, so A = 0 and

Let A(
f@ =

The argument used in proving Theorem 12 is basically that of Johnson
and Wong; see (6).

We have as immediate corollaries the theorems whose proofs were modified
to prove Theorem 1.

X_
AE for all £ € I. Then A is injective by I.4.

Cororrary 13 (Utumi). Let R be a right self-injective ring. Then R/J(R)
15 a right self-injective ring.

CoroLLARY 14 (Johnson-Wong). Let Mg be quasi-injective, and A =
Hompgz(Mp, Mg) regular. Then Ay ts injective.

As in Utumi’s work, we can show that an arbitrary set of orthogonal
idempotents in A lifts orthogonally to A. Indeed, the following lemma and
theorem are a minor modification of (14, Theorem 4.9).

LEMMA 15. Let SSe.A be direct, and eM 'D Se;M. Then éA'D 3.

Proof. Since A is regular, we need only show any non-zero right ideal
generated by an idempotent intersects Y.é,A non-trivially. Let f ¢ éa,
FAN Y éA = 0. By Lemma 11, fM @ Ye,M is a direct sum. Since ef — f € J,
by Lemma 7 there is an N C’ M such that (¢f — f)N = 0. Hence fN & el.
Since eM 'D Y e M, fN'DfNMN 3 e,M = 0. Thus fN = 0. By Lemma 9,
FfM'DfN =0, s0 fM =0. Then f = 0 and éA'D 3 é.A.

THEOREM 16. Let {¢,]i € S} be a set of orthogonal idempotents in A. Then
there exists {f,|1 € F} C A of orthogonal idempolents such that f, = é,.

Proof. By Lemma 11, e, M is direct. Let eM = E(3 ¢;M). For ¢ € #,
iet g.M = E(3 ;¢;M) be a quasi-injective closure of 3 ,.e;M in eM. Then
eiMf\ Zj#'[ejM = O:GiMmgiM =0 so

M=eM@PgMPA—e)M =¢,M D (1 —e)M.
By Lemma 5,
M=eMPgM(1l—e)1l—e)M PK,

where K C (1 —e¢,)M. Since (1 —e¢) =e;,(1 —e) + (1 —e)(1 —e), K=0.
Now let f; project M on e, M with kernel g.M @ (1 — e;)(1 — e)M. Then
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f12 = fi) eJi = fi,flei = € and if 7 #]., fiej =0 so jJ] =_f1'6]fj_: 0. thUS
{fi i € F} are orthogonal idempotents, and eA = fiA, &A = j_ﬁ\ for all 1.
By Lemma 15, gA'2 Y&A. Since fi(X =i 8A) = (X2 f8,4) = 0, we
have, as in the proof of Theorem 12, that fi(g.A) = &,(g.A) = 0. Moreover,
fi@—e)(T —¢& =0. Hence (I —F)A 284 @ (1 —¢&)(1 —&)A. Since
A=2A@gA @0 —2)(1 -0,
T-f)A=>0-e)A=ga@®1-2)T - oA
Then

Jio=fié +]-z(I — &) =[&; = @i) = &,

2. Left self-injectivity of A. Let {e;]7 € .} be a family of orthogonal
idempotents of A. Then there exists a map ¢: M — I,y ¢,M given by
¢{m) = {esm). ¢ is an isomorphism between >, e,M C M and

ZiEJ @61'Mg HiE] eilw.

¢ is then a monomorphism on any essential extension of > ¢, M in M, in
particular on E(X e M). As in Utumi’s work (12), we investigate when ¢
is onto.

LEMMA 17. (1) ¢ is onto < for all f: 3 Ae; — 1M, there exists an m € M such
that f(\) = Mm for all N € 3 Ae..

(ii) ¢ onto = for all {1 3" Ae, — AA, there exists a v € A such that f(A) = Ny
for all » € X Ae,.

Proof. (i) Let ¢ be onto, and let f: > Ae; — M, f(e;) = ex,. Let{ex,)=¢(m).
Then egm = ex; = f(e,) forall 2 € #, so am = f(\) for all A € 3 Ae..

Conversely, let every f: > Ae; — M be given by right multiplication by
some m € M. Let {exx;) € Ile,M. Define f: 3" Ae; — M by f(e;) = ex,. Then
there exists m € M with esm = e, so ¢(m) = (exy).

(ii) Let f: 2 Ae; — A, f(e;) = ey Define v € A by y(x) = ¢~ YeAx) for
all x € M. Then ey(x) = e\ (x) forallx € M, 7€ S, s0exy = e\, = fle;)
for all 7 € £.

LEMMA 18. Lei ¢ be onto for every set {es] 1 € F} of orthogonal idempotents.
Let {N,| j € 7} be a family of independent submodules of M. Then TIN;' DY N,.
Moreover, if M in injective, then 1IN ;" C 3" N, for every set of independent sub-
modules implies ¢ is onto for every set of orthogonal idempotents.

Proof. Let {N,| j E/} be a family of independent submodules of M, and
let eM = E(2_,esE(N;)). Let N be a quasi-injective closure of Y ..,V
in eM. Let e; project M on E(N,;) with kernel N* + (1 — e)M. Then
fe;l 7 64/} is a set of orthogonal idempotents, and ej;e = ¢; for all j. Let
(ejx;) € Ile;M. Since ¢ is onto, there exists m € M such that ¢(m) ={e;x,).
Then ¢(em) = {(e,em) = {e;m), so ¢ restricts to an isomorphism from eM to
ey e, M. Then Ile; M 'O >e; M. Since e;,M ' 2D N, for all 7, Xe,M' DN,
Hence >N, &’ 1IN, C Ile; M.
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Conversely, assume M is injective. Let {e;] ¢ € #} be a set of orthogonal
idempotents of A. Then E(X e;M) is injective, so ¢(E(D.e;M)) is a direct
summand of Ile;M. Thus e, M’'D > e;M implies ¢ is onto.

LemMMA 19, Let S be a right self-injective regular ving. Then S 1is left self-
injective < for every set {e,| 1 € F} of orthogonal idempotents and f: 3 Se; — S,
there is an m € S such that f(u) = um for all u € 3. Se,.

Proof. See Utumi (15, § 3).

THEOREM 20. Let ¢ be onto for every orthogonal set of idempotents
{e] i € P} C A. Then A is injective.

Proof. By Theorem 12, Az is injective. Hence we need only show that for
any set {&,] ¢ € #} of orthogonal idempotents of A, and f: > A&, — A, there
exists ¥ € A with f(é;) = & for all ¢ ¢ £,

By Theorem 16, we may assume that {e,/ 7 € £} are orthogonal idem-
potents of A. Let f(é;) = éx,. By Lemma 17 (ii), there exists ¥ € A such
thate;y = e foralli € F#. Thené7 = éx; = f(é,) foralli € £, Lemma 19
then shows that zA is injective.

CoroLLARY 21. If M s injective, then 1IN, 2D 3 N, for any independent
family of submodules of M implies A is injective.

Proof. Apply Lemma 18 and Theorem 20.

We note that ¢ is not always onto, even if 3A is injective. Let M, =Y. @& Z,=,
where the sum is over all primes p. Then M is injective, A = II p-adic
integers is commutative, so 1A is injective, but IIZ, is not an essential
extension of M. This same example shows that the converse to Lemma 17 (ii)
is false.

The hypothesis M injective cannot be removed from the second part of
Lemma 18. For let R be a direct product of fields IIF,, and let M = 3} F..
Then M is quasi-injective, I[F,’ 2D > F;, but ¢ is clearly not onto.

3. Singular submodule equal to 0. For each x ¢ M, N C M, let
(N:x)p ={r € Rlxr € N}, (N :x)a = {N € Al \e € N},
Z(MR) = {x € 4M| (O : x)R gl RR}, Z(A;M) = {x G JMI (O . x)A g, AA}.

Then Z(Mg) (Z(4M)) is a submodule of My (LM).
In this section we will assume that Z(Mz) = 0. We can then get nicer
forms of the theorems of § 2.

LEMMA 22. Z(Mg) = 0 implies J = 0. Hence A = A.

Proof. Let X € J. Then kernel A &’ M by Lemma 2. Let x € M. Then
(0:xx)p = (kernel A : x) s &' R so \x € Z(Mg) = 0. Hence M = kernel A
sox = 0.
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Lievva 23, Let x € M, E(xR) = eM. Then \x = 0 & xe = 0 for all N € A.
Proof. If xe = 0, then A(ex) = Ax = 0.

Let \x = 0. Fory € M, (xR:ey)rx T’ Rrand hey(xR : ey)r = 0. Hence
ey & Z(Mg) = 0sore = 0.

CoroLrary 24, Z(4M) = 0.

Proof. Let 0 £ x € M, E(xR) = eM. Then (0: x)a M Ae = 0 by Lemma
23.

THEOREM 25. If Z(Mz) = 0, s M s injective < ¢ is onto for all {e)| i € S}
orthogonal idempotents.

Proof. By Lemma 17, ¢ is onto < for f: > Ae; — x M there exists m € M
such that f(\) = Mn for all A € > Ae;. It is then clear that M injective = ¢
is onto.

Let ¢ be onto for all {e;|]7 € F}, sl C A, f: I > M. Let {Ax,} be a maxi-
mal set of independent principal subideals of /. By Theorem 20, A is in-
jective. Let Ae be an injective hull of 7 in A, Then > Ax;, + A(1 —¢) is a
direct sum, and since A = A is regular, 'O Y Ax;s0 A’'D Y Ax,+A(1—e).
Let ¢; project A on Ax; with kernel the injective hull of X~ ,.;Ax; @ A(1 — e).
Then {e;} \J {1 — ¢} is a set of orthogonal idempotents. If we set f(1 — &) =0,
f maps > Ae; + A(l — ¢) > M. By Lemma 17, there exists m € M such
that f(u) —um =0 for all u € > Ae; + A(1 —e). Let ¥ € A, and set
fiy) =ym. f: A— M. Let z € I. Then A'D (3 Ae,: 2), and

(e a)[f() — f(2)] =0

since f and f agree on X Ae,. Thus f(z) = f(z) by Corollary 24, and \M is
injective by [.4.

Even in the case where Z(Mg) = 0, we cannot conclude that 4A injective
implies 1 injective, M = > F,, R = IIF,; is a counterexample to this. M
here is only quasi-injective, not injective. It is unknown whether one can
have Z(Myz) = 0, Mg injective, and A injective, but not M injective. We
also note that in the above example, s M s quasi-injective. Whether this is
always true is also unknown.
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