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SOME APPLICATIONS OF A THEOREM OF MARCINKIEWICZ

P.S. BULLEN AND R. VYBORNY

ABSTRACT. A classical theorem of Marcinkiewicz states that a function is Perron
integrable iff it has one continuous major and one continuous minor function. Using
an elaboration of this remarkable theorem three applications are made; to obtain a new
proof of a recent characterization of the Perron integral, to proofs of some theorems
on interchange of limits and integration and to extend classical existence theorems for
ordinary differential equations.

1. Introduction. If f: [a¢,b] — R then M is called a major function, m a minor
function of f on [a, b}, if both are real-valued functions on [a, b], M(a) = m(a) = 0, and

(D Dm < f < DM.

It is known, Saks [12, p. 201], that the theory of the P-integral, (the Perron or Denjoy-
Perron integral), can be developed if we assume the existence of at least one M and m.
Then P ? f = inf M(b) = sup m(b), provided the last two real numbers are equal; f
can then be proved measurable, being almost everywhere the derivative of its continuous
primitive, and we write f € P(a, b). In practice it is convenient to use continuous M and
m since then the inequalities (1) can be relaxed on certain exceptional sets; see Bullen
[1] where the basic references are given.

The following theorem published in Saks [12, p. 253] is usually referred to as the
Marcinkiewicz theorem, although it was also proved, independently, by Tolstov [16] and
Denjoy [4].

THEOREM 1. Iff: [a,b] — R is measurable then f € P(a,b) iff it has at least one
continuous major function, and one continuous minor function.

The two hypotheses are critical for the proof: (a) the measurability of f is used to prove
f summable on a perfect set where M and m are of bounded variation; (b) the continuity
of M is used to deduce f € P(a,B) from f € P(¢,n) forallp,n, a0 < ¢ < 5 < B.
Further Saks [12, p. 253] gives an example to show that if the continuity hypothesis is
dropped the result is false.

However Sarkhel [13] pointed out that the Saks example was not convincing, and
showed that Theorem 1 was still valid if M and m are regulated functions satisfying

lim M(y) = M(x) = lim M(y),
y—x— y—x+
(2

lim m(y) 2 m(x) 2 lim m(y).
yx— y—ox+
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(As Sarkel points out (2) is a very mild requirement since in any case (1) implies that
lim sup M(y) = M(x) = lim inf M(y),
y—x— y—x+

lim inf m(y) 2 m(x) 2 lim sup m(y).)
y—x+

yx—

A more convincing counterexample can be obtained by modifying one due to Burkill
[2]. Define @, f on [0, 1/ 7] as follows:

. 1 1/
D(x) = {x2 sin 7 x#0, f0) = g) (x), x;ég

0, x=0; ’ x=0

Then f is not Cauchy-Riemann integrable and so f is not in P(0, 1/ 7). However, we can
easily define a major function, and a minor function, for f as follows:

M(x) = ®'(x) + 2 for x # 0,
m(x) = ®'(x) — 2 for x # 0,
M) = m(0) =0,

in fact M is lower semicontinuous, and m is upper semicontinuous. It follows from
Theorem 1 that f cannot have any continuous major or minor functions.

In general once a function f has a major function we can define the upper P-integral,
ij f = inf M(b), and similarly the lower P-integral P [° f = sup m(b) is defined once
f has a minor function. If both exist then it is easy to see that

—-OO<P/abf§P./a6f<oo;

in the case of the above example the middle inequality is strict.

The concept of major and minor functions finds applications in the theory of differen-
tial equations. In section 4 we prove existence theorems concerning the Cauchy problem
for the equation (and systems of equations) y = f(x,y). We employ the existence of
functions m, M satisfying

Dm(r) < f(1, g(1)) = DM(1)

for all suitable g (for details see Theorem 11). This condition can be viewed as a gener-
alisation of the condition f(z,x) < m(z) with a summable m, used in the Caratheodory
theory (see [3] p. 43). The theorems on interchange of limit and integration play an impor-
tant role in Section 4 and we discuss them and their connection with the Marcinkiewicz
theorem in Section 3.
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2. The Marcinkiewicz Theorem in the Henstock-Kurzweil Theory. Suppose
6: [a,b] —10,00[ then 7 is a é-fine partition of [a,b],m € [1(6) = II(®; a,b) if
T = (Ao,---,Gn Y1s--->¥n) = {laic1ai},yi,1 = i = n} for some n € N,a;,y; €
[a,b),1 = i = n satisfying

(a)a:ao<...<an___b’
3) ®ai Sy =a, 1=isn,
©ai—ai 1 <6m), 1Sisn

The [a;—, a;] are called the intervals, and the y; the tags of 7. It is known that the theory
of the P-integral can be developed in the usual fashion using Riemann sums for  -fine
partitions of [a, b]; see Kurzweil [6], Henstock [5].

If now f: [a,b] — R, m € T1(0; a, b) the associated Riemann sum is written

> =2 fo)ai—ai-y).
T i=1
Ifwehavea £ ¢ < d = bwe canconsideré to berestricted to [c, d] and write (¢ 3, d)f,

foram € I1(; c,d).

LEMMA 2. If f: [a,b] — R then f has a major and minor function iff there is a
6: [a,b] —10,00[ and a K > O such that for all m € T1(6)
> f

4 < K.

PROOF. Given a major function M, a minor function m and € > 0 define § (x) > 0
for all x by

My)—Mu) 2 @v-—w{fx)—c¢}
mv) —mu) = (v—w{fx)+e}
whenx —6(x)/2 < u S x = v < x+6(x)/2; then (4) is immediate.
Conversely suppose (4) holds then we easily prove that for some K > 0, not neces-

sarily the same at each occurence,
(@) for all my,m, € T1(H),

&)

(ii)forallc,d,a < c< d= b,andw € I1(J; c,d)

(29

(further if (i) or (ii) holds so does (4)).

< K;
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Using (i) we define fora < x = b

M;s(x) = sup (az x>f;

mell()

6
mgs(x) = inf <az x)f.

well@)
It follows easily thatif x —§ (x)/2 < u = x £ v < x+6§(x)/ 2 then Ms(v) — Ms(u) 2
f(x)(v — u) and M; is a major function of f on [a, b]. Similarly m; is a minor function. m

In general M;,ms given by (6) cannot be continuous since clearly the example in
section 1 satisfies (4) of Lemma 2. If M; and ms exist then P ff = infs M(b), and
P[P f = sup; m(b); see Pfeffer [11].

In order that M5, ms of (6) be continuous some extra condition is needed; a condition
that suggests itself is: for all ¢ > O there is an £ = £(e,x) > 0 such that if x €
[c,d],d — ¢ < £, then for all m € TI(§)

However given both § of (4) and £ of (7) both could be replaced by min (£,6); then
given (7) a simple application of Cousin’s lemma (see Mawhin p. 103) gives (4). In this
form (7) implies the existence of M and m;s but we have not been able to prove they are

continuous; on the other hand we have no example to show they need not be. We avoid
this difficulty by generalising Theorem 1 as follows.

7 <.

THEOREM 3. If(i) f: [a, b] — R is measurable; (ii) U is a non-empty family of major
Sfunctions of f, L is a non-empty family of minor functions of f; and foralle > 0,x € [a, b]
thereisabd = 6(x,e) > OOM € Um € Lsuchthatifx —6 < a < § < xor
x<a< fB<x+06 then—e < m(B)—m(x)= M(B)— M(x)< ¢; thenf € P(a,b).

PROOF. As was remarked in (b) following Theorem 1 the only place where continu-
ity is used is in proving that if f € P(¢,n) for all ¢, suchthat o < ¢ < 1 < 3 then
f € P(a,3); and to prove this it suffices to prove that lim,_g_ f;’ fand limg _q+ f(;’ f
exist. Consider the first limit, by the usual criterion it is sufficient to prove that given
€ > Othereisad > Osuchthatif 3 —§ < x <y < @ then| [} f| < e. If we pick
6 = 6(B,¢) of the hypothesis (ii) then with the M € U,m € L of the same hypothesis
we get thate > M(y) — M(x) 2 [} f 2 m(y) — m(x) > —e and we have the desired
conclusion. .

Theorem 3 generalises Theorem 1 since if M is a continuous major function, m a
continuous minor function then we can take U = { M}, L = { m} . In general, of course,
M and m in the above proof depend on € and on 3. Now if (7) is satisfied it is easily
checked that we can take U = { Ms; M; defined by (6)} L = {m;s; ms defined by (6)}
and so using Theorem 3 we have
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THEOREM 4. Iff: [a,b] — R is measurable then f € P(a,b) iff for all ¢ > O there
isabd = 6(e,x) > Osuch that if x € [c,d], and

ORI LC)

e, d] Clx — — x+ >

(

then for all m € T1(6 ) we have that

< €.

[z

This theorem is due to Schurle [14] who called the condition in Theorem 4 condition
LSRS, for locally small Riemann sums. His proof is a longer and deeper; it can be re-
garded as a proof of the Marcinkiewicz theorem in the setting of the Kurzweil-Henstock
theory. By analogy with the terminology of Schurle let us call the condition of Lemma
2 condition BRS, for bounded Riemann sums.

In the case of non-negative functions we have

THEOREM 5. Iff: [a,b] — R is measurable and non-negative then f € L(a, b) iff
the condition BRS is satisfied.

PROOF. In this case we can take m = 0 and M given by (6). Obviously M is mono-
tonic and so satisfies (2). The result then follows from Sarkhel’s modification of Theorem
1 and the well known result that f 2 0 and f € P(a, b) implies f € L(a, b), Saks [12. p.
203]. Alternatively, since M is monotonic DM is summable and the result follows from
(1). Yet another proof can be obtained by considering Max (f, n), these functions have
uniformly bounded integrals because of BRS. The summability of f follows now from
the monotone convergence theorem. (]

It is known that if (b) is omitted in (3) we get what could be called § -fine absolute
partitions, m € |I1|(§; a, b) say, and that using these the Riemann theory defines the L-
integral; McShane [10]. Replacing I1(§) by |I1|(§) we can define condition |BRS| and
|LSRS]; also the obviously modified 5 (i) and (ii) are equal to | BRS].

LEMMA 6. Iff satisfies | BRS|, then so does | f|.

PROOF. We first prove | BRS| holds iff there exists 4 : [a, b] —]0, oo[ such that (5)
holds for all 7, m, € |II|(§) having the same intervals. One way is trivial so let 7y,
my € |T1|(§) with 7ty = (Co, €15 - -+ » Cm} ULs Uy -+ - s Um), T2 = (dos d1y - .. i3 VI, V2, ooy
va) and let {ao, ..., a;,a = ap < -+ < ap = b} be the set of distinct elements of
{co, 1y Cmdo, dy, ..., d,}. Now define 73, m4 € |I1|(8) as follows m3 = (ay, ...,
Ap Yis---»Yp},Ta = (Ao, ..., ap; 21, ..., Zp) Where if [a;—1, a;] = [¢j—1, ¢;1N [dk—1, di],
Yi = uj, zi = v. Since clearly | =, f— Tr, f| = | En £ — Zn f|, we have (5) for
m € |I1|(§), m € |I1](§) and consequently | BRS|.
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Suppose now f satisfies | BRS| and 73, m4 € |I1|(§) and have the same intervals, then

IES I

IIA

p
> |l £ @l = | )l |(@i — air)

IIA

P
; | fi) — f(z)|(ai — ai-1)

Il
]
~

I
]
<~

AN
x

™ LA
where 73, 7, € |T1](8) are defined as 3 = (o, ..., @p; Y}, ..., ¥p)» T4 = (a0, ... ap; 2],
.., zp) where y! = y;, 2! = 7 if f(y) —f(z)) 2 0,and y} = z;, 7} = yi if f(0) —f(z) < 0.
Hence, by the above result, | f | satisfies | BRS|. .

THEOREM 7.  Iff: [a,b] — R is measurable then f € L(a, b) iff |BRS| holds.

PROOF. If f satisfies |BRS| then by Lemma 5 the function | f | also satisfies | BRS|
and so also then f* and f ~ satisfy | BRS|, and in particular BRS. Hence f* and f ~ are
L-integrable by Theorem 4 and the theorem is proved. =

The above result with |BRS| replaced by |LSRS| was proved by Schurle [15] in a
completely different way.

3. The Marcinkiewicz Theorem and Some Convergence Theorems.

THEOREM 8. If(i)f, € P(a,b),Fy(x) = P [} fy,a < x = b,n € N; (i) lim, o frn =
f a.e.; (iii) im,_o, F, = F uniformly; (iv)f, satisfies condition BRS uniformly in n,n €
N; thenf € P(a,b) and F(x) = P [} f fora = x = b.

PROOF. Since f,, n € N, satisfies BRS uniformly in n, it follows that sup f,, and inf f,
both satisfy BRS and so by Lemma 2 sup f,, has a major function M, inf f, has a minor
function m. Clearly M is a major function of f,, for all n, and m is a minor function of f,,
for all n. The result now follows from a convergence theorem of Lee [7, p. 20]. »

In fact Theorem 8 is equivalent to the theorem of Lee since obviously if f,,n € N,
have a common major and a common minor function, the argument of Lemma 2 shows
that BRS holds for f,, n € N, uniformly in n.

THEOREMO. If(i)f, € P(a,b) foralln € N; (ii)lim,—. fp = f a.e.; (iii) LSRS con-
dition holds for f,,n € N, uniformly in n: thenf € P(a,b) andef f = limy,_ Pf(f Ju-

PROOF. As in the previous proof, it follows that sup f,, and inf f,, satisfy LSRS and so,
by Theorem 3 are P-integrable. The result now follows from the dominated convergence
theorem. .

THEOREM 10. If (i) f, € P(a,b) for every n € N; (ii) lim,— f, = f a.e.; (iii) for

everye > Othere existsad: [a,b] —]0,00[ such that for all m € I1(6) and foralln € N
b

S h=P[ f

8) <e
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then f € P(a,b) and
b b
Pf f = lim P[ o

n-—00

PROOF. It is immediate that (8) implies 5(i) and so BRS for f,,n € N, uniformly
in n.

In addition (8) implies the same result for any interval [a, x], from which F,(x) =
P [7 fn converges uniformly and so the theorem follows from Theorem 7. ]

This last theorem is due to Kurzweil [6, p. 41] who gives a different proof.

4. The Marcinkiewicz Theorem and Differential Equations. We first give a gen-
eralization of a classical result due to Caratheodory, see Coddington [3], for which we
introduce the following notation.

Ifx,y € Rx = (x1,...,%),y = (V1,--.,¥,) then we write x < y iff x; < y;
fori = 1,2,...,n.For £ € R",b € R" let [{ — b,£ + b] be the Cartesian product
of the intervals [§; — b;,&; + b} for i = 1,2,...,n and for g: [a,b] — R" let Dg(x) :
= [Dg1(x),...,Dg,(x)]; similarly Dg(x) : = [Dg;(x),...,Dg,(x)}. Further let] = [t —
a,7+al] CR,andJ =]¢ — b, £ + [C R".

Given f: I x J — R, K a compact interval, K C I and g: K — J we define f; by
fo(©) = f(2,8(1), ¢t € K. Finally, we shall say that g: K — R" in ACG, (on K) if each
component of g is ACG, (on K).

THEOREM 11. Iff: 1 X J — Riis such that (i) f(t,.) is continuous on J for almost all
t € J; (ii) there exists 3 > 0 and two continuous functions m,M: [T — (3,7 +3] — J with
m(t) = M(7) = O such that if g is a continuous ACG, function, g: [t — 3,7 + ] — J,
with g(r) = £ then f, is measurable and Dm < f, S DM; then there is a continuous

ACG, function ¢ satisfying $(t) = € + [X f(s,d(s))dson [T — 3,7 + 31
REMARK. ¢ obviously satisfies

)] Y =fxy)

almost everywhereon [t — 8,7 + 3l and ¢ (7) = €.

PROOF. As usual we assume ¢t = T, as the case ¢ £ 7 can be treated in a similar
manner. On the interval [7,7 + 3] we defined the approximations ¢;(j = 1,2,...) as

follows:
g=cifrsisr+l
(10) > J
<i>,'(t)=§+/r jfj, ifr+§ <tsT+f,
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where we write f; for f5,. The integral in (10) is a Perron integral whose existence follows
from Hypothesis (ii) and Theorem 1. We prove this. First we define ¢;' by ¢;'(1) = £ on
[T,7 + 3] Then ¢jl is continuous ACG, and it follows from hypothesis (ii) that

1—B/j
P[T ! f¢jl
exists. Now we define ¢ by ¢(1) = ¢,'() on [7,7 + 3/ j],

2

T+é,,r+—, and
J J

#m=g+/””@ﬂmre

PP (D) = ¢} (T+?) forte]r+?, T+g]‘

Continuing this process finally gives quj t[r,7+3] — Jand ¢; = ¢jj satisfies (10). It
follows that ¢; is a continuous ACG, function on [7,7 + 3].

Since M is a major function of f; on [7,7 + 3] and m a minor function we have for all
uv,TSusSv=T7+4

an m(v) — m(u) < ¢;(v) — d;(u) = M(v) — M(w)

In particular, taking u = 7, we see from that (¢; : j = 1,2, ...) is uniformly bounded and
equicontinuous. It follows from Ascoli’s theorem that we can assume limy_o, ¢; = ¢,
uniformly on [7,7 + 3]: and ¢ is continuous.

Further, by hypothesis (i), lim;_, f; = f4 a.e. Clearly from this, and (ii), (f;,j =
1,2,...) satisfies the conditions of the convergence theorem of Lee ([7] p. 20) quoted in
the proof of Theorem 8. Hence

t t
jglﬁ=Ln

from which the result is immediate. n

It has been shown, Vyborny [17], that this method of Tonelli can be modified to obtain
the maximum solution of (9) in case n = 1. We now state and prove a generalization of
that result. A function ¢ is said to be a maximum solution of equation (9) on [t —3,7 +3]
satisfying ¢ (1) = £ if (i) ¢ is a solution of equation (9) on [T — 3,7 — (31, (i) ¢ (1) = &,
(iii) any solution ¢ of (9) defined on some interval [T —7, 7 +7 ] and satisfying ¢ (1) = &
has the property that 1) (f) = ¢ (¢) for all t with | — 7| < Min (3,7).

THEOREM 12. Iff: I x J — Ris such that (i) { f(t,.);t € I} is equicontinuous; (ii)
for all continuous ACG,g: I — R the function f, is a derivative; (iii) as (ii) in Theorem
11; Then there is a maximum solution ¢ of (9) on [T — 3,7 + (3] satisfying ¢ (1) = €.

PROOF. As in the proof of Theorem 11 we restrict our discussion to (7,7 + 3 ]. Fol-
lowing the idea of [17] we define approximations as follows:

du(t) =€, t ST
6u() = € + [ £(2, dalt = h)dr + @/ 4"t — 7)
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where we choose 4, later, but in any case h, > 0, and the above definition easily is seen
to define ¢, on [7,7 + 3]. As in Theorem 11, the integrals are Perron integrals and ¢; is
continuous and ACG,. Also we have, with the notation of (11)

m(v) — m(u) + 2/ 4"(v — u) £ ¢p(v) — ¢u(u) = M(v) — M(u) + (2/ 4")(v — u)
Hence

(12) [$n(v) — du(w)| = (2/4™)|v — u| + max {|M(v) — M(u)|,

m(v) — m(u)| }

Now given € > 0 there is a §(¢) > O such that for all # € I | f(t,x) — f(1,X)| < € if
|x — x| < é(€). Using (12) choose A, so that

| $n(t — ha) — du(n)] < 6(1/4™)

for then

[ £t $ult — ha)) — f(2, Gu(®)] < (1/47).
Hence we easily see that
$a(t) > f(t, $n() +(1/ 4,
Brar (1) < f(t, Gnar (D) +(1/47),

The derivatives existing everywhere by Hypothesis (ii). Hence by a well-known lemma,
Vyborny [17], ¢n > ¢ns1. Since {¢p,n = 1,2,...} is, as in Theorem 11, uniformly
bounded, and so in particular bounded below, lim,—.., ¢, = ¢, uniformly. The proof
that ¢ satisfies (9) now proceeds as in Theorem 11. If ¢ is another solution of (9) then by
the just quoted lemma ¢, = 1 and consequently ¢ = 1. ¢ is the maximum solution. m

One can of course define a minimum solution and prove and analogue of Theorem
12.
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