ON SPECTRAL PROPERTIES OF MATRICES
WITH POSITIVE CHARACTERISTIC VECTORS

KULENDRA N. MAJINDAR

1. Introduction and terminology. Unless stated otherwise, all our
matrices (denoted by capital letters) are square matrices of size # X 7 and
composed of real numbers. A’ denotes the transpose of 4. The characteristic
or eigenvectors of matrices are written as column vectors having # coordinates.
If £ is a vector, ¢ denotes its transpose.

A matrix 4 = (ay;) is said to be positive (non-negative) if a;; > 0 (a;; = 0)
fors,7=1,2,...,n We write A < B (4 £ B) if and only if B— 4 is
positive (non-negative); similarly for column vectors.

Any positive characteristic vector ¢ (if there be any) of a matrix 4 will be
called a Perron vector of 4, Af = w§, w being the characteristic root or eigen-

value corresponding to &. If &, &, . .., & are all the Perron vectors of A with
corresponding characteristic roots wi, ws, . .., w, then w = max(wi, ws, ...,
w;) will be called the Perron root of 4.

A matrix A = (a;;) is said to be reducible if the set N = {1, 2, ..., n} can

be split into two disjoint sets N, No, Ny U Ny = N, N; N\ N, = @ such that
a;; = 0 whenever ¢ € Ny, j € N,. Equivalently, 4 is reducible if there exists
a permutation matrix R such that

, | B C
RAR—[O D]’

where B and D are square submatrices and O is a null rectangular matrix.

By a Frobenius matrix we shall mean a square irreducible matrix composed
of real numbers, all of whose off-diagonal elements are non-negative. Such
matrices arise naturally in many applications of matrix theory, e.g., in
econometry. The following well-known theorem (4, p. 53, Theorem 1), re-
proved in § 3 as a particular case, was obtained by Frobenius as an extension
of a remarkable result of Perron relating to positive matrices.

THEOREM. A non-negative irreducible matrix has just one positive characleristic
vector corresponding to a characteristic root which 1s positive, simple, and the
moduli of all other characteristic roots do not exceed that root. (In case the matrix
is positive, these moduli are less than that root.)

A matrix 4 will be called polynomial-positive if there is a polynomial
col + ciA + c2A2 4+ ... + c,A™, with ¢; real, such that c¢of + 14 + ...
+ ¢, A™ > 0. Here, I denotes the identity matrix and O the null matrix.
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For a matrix 4 = (a;;) we write 7, for thesum a¢;; + @ + ... + a;, of the
elements in the sth row of 4. Likewise, ¢; = a1; + a2; + ... 4 @,;. Define the
row range of A by the difference of max(ry, 7y, ..., 7,) and min(ry, 79, . .., 7,)
(likewise, column range of 4 is defined).

In the following, we use the usual topologies of the real line and Euclidean
(metric) spaces.

2. Perron vectors of matrices commuting with positive matrices.
Let 4 be a matrix which commutes with a positive matrix P, i.e., AP = PA.
In the following theorem we show that A has a Perron vector.

THEOREM 1. If A commutes with a positive matrix P, then A has at least one
positive characteristic vector.

Proof. Let S be the set of all non-negative column vectors £, & = (x1, %2,
..., %,) withx; = 0and > x; = 1. Then Sis a closed bounded set. All Perron
vectors of 4 belong to S. For each £ of S define p(¢) to be the maximum
possible value of p such that

(2.1) p(§) < At

Note that pf = min;(¢;%1 + @p%s + ... + ¢uwx,)x, L If x; = 0, interpret
this quantity as —o or 0 according as

Xy + apxs + ..o F apx, < 0or = 0.

Let T be the subset (of the extended real number system) consisting of all
p(£) as ¢ varies over S. Note that T contains finite numbers, e.g., p(£), where

£¢= (m'nY ..., nY) is finite. From (2.1), using the fact that >_x; = 1, we
obtain
(2.2 p(&) = cwer + ¢ + ...+ Xy = max(ey oy L. G,

where ¢; is the 7th column sum of 4. Thus, T is bounded above. Denote the
supremum of 7" by w, w a finite number.

Let &, &, . .. be a sequence of vectors in .S such that p(¢,) > wasn — «,
As S is a closed bounded set, this sequence determines, by the Bolzano-
Weierstrass Theorem, at least one limiting vector £, ¢ € S. Therefore, from
the original sequence {1, &2, . .. we can pick a subsequence &,,, &n,, - . . which
converges to £ Denote £,, by £,. Then

(2.3) lim, =& and limp(E) = o,
(2.4) p(E)E < Ak,

Letting # — « in (2.4) we easily obtain
(2.5) wE S At or Af — wE =0,

where 0 denotes the null vector.
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We now show that equality must hold in (2.5). If 4¢ — w& = 5, where
7' = (p1, P2 - .., Pn) and at least one p; 5% 0, then Py is a positive column
vectorand Py = PAf — wPt = A(Pg) — w(PE). Thus, wf < A¢, where { isa
positive vector in &'and { = ¢7'P¢, ¢ denoting the sum of the coordinates of the
vector P¢. Thus, for a suitably small € > 0, we would have (o + €)¢ < A4¢.
But this would contradict the fact that w is the supremum of S. Hence,
equality must hold in (2.5) and ¢ is a Perron vector of 4, A¢ = wt. Note that

w = sup min (@;X1 + aks 4+ ... 4 Cukn)xs
S i
. ~1
= max min (a%1 + apxe + ...+ aux)x;
S i

and, clearly, w is the Perron root of A. This max-min property characterizes
the Perron root of 4.

CoROLLARY 1. If A satisfies the hypothesis of Theorem 1 and if there is a non-
negative vector £ such that the vector A is non-negative, then the Perron root of A
1S mon-negative.

Since the set 1" contains a non-negative number, sup 7" is non-negative, and
the corollary follows easily.

THEOREM 2. If A = B, A # B, and A and B commute with the positive
matrices P and Q, respectively, then the Perron root of A is less than the Perron
root of B.

Proof. By Theorem 1, 4 and B have Perron roots @ and B, respectively.
Let £ be a Perron vector of 4 corresponding to the characteristic root «,
AE = at.

Remembering that B — A has at least one positive element, we infer that
Bt —af = (B — 4)¢ is a non-negative vector with at least one positive
coordinate. Thus, 3(Qf) — a(Qf) = Q(Bt — «af) is a positive vector. There-
fore there is a positive vector 5 in .S (here S is as in Theorem 1) such that
Bn > an. Using the max-min property of Perron roots, we infer that a < 8.

TaeoreM 3. If A and A’ both have positive characteristic vectors, then all the
positive characteristic vectors of A correspond to the same characteristic root of A
(namely, the Perron root of A); further, the Perron root of A is the Perron root of A’.

Proof. Let £, &, . . ., & be all the Perron vectors of A corresponding to the
characteristic roots wiy, we, . .., wy; A€ = w2 = 1,2, ..., k. Suppose that
w is the Perron root of A’ and % is a corresponding Perron vector, A’p = wy.
Then v’ A¢; = wi'éy, ie., wn'é; = wm’'E;. Since 7’§; > 0, we must have that
w=w,1=12 ...,k

THEOREM 4. If A commutes with a positive matrix P, then all the Perron
vectors of A correspond to the Perron root of A and the Perron root of A is the
Perron root of A’.

Proof. A’ commutes with P’; thus, by Theorem 1, A’ has a Perron vector.
Now apply Theorem 3.
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It is possible for a matrix 4 of Theorem 4 to have several Perron vectors.
See the numerical example in § 4.

3. Perron vector of polynomial positive matrices. Brauer (1; 2) has
studied power-positive matrices. These are very special types of polynomial-
positive matrices which we study in this section. First we give a very simple
generalization of a result due to Wielandt (4).

THEOREM 5. Every Frobenius matrix is polynomial-positive.

Proof. Let A be a Frobenius matrix. Choose a suitably large constant ¢ such
that all the diagonal elements of the matrix ¢cI 4+ A4 are positive. We shall now
show that (¢I + A)* ! is a positive matrix. It is sufficient to show that for
any non-negative vector £, (cI + A)"1¢ is a positive vector.

Clearly, if a coordinate of £ is positive, then the corresponding coordinate
of n, where = (¢I + A)¢ is also positive. We now establish that the number
of zero coordinates of # cannot equal the number of zero coordinates of ¢
(provided it has any). If possible, let these be equal. Without loss of generality
(by renumbering the coordinates of ¢ and analogously in 7, if necessary), we

may Suppose that E’ = (xly Xoy « ooy Xpy 07 07 L] 0)) 7]’ = (ylv y?v ceey yh Or
0,...,0) withx; >0,y,>0,2=1,2,...,7, and
_y 1_ _5\? 1_ *C.“( ;-— _.’X,‘lh
Y2 X CXo Xo
3.1) vl =l + 4) |x, ! =|cx, |+ 4] %[
0 0 0 0
0 0 0 0
[0 ] (01 LO._ [0 ]

Setting

Ay Au]
a-| ,
A2l A22
where A;, and Ag are r X (m — 7) and (» — r) X r non-negative matrices,

respectively, we have, from (3.1), that

X1
X2
A21 =0 w1thx¢>0

Xr
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and, therefore, 44 is an (# — r) X r null matrix, contradicting the irreduci-
bility of A. Thus, if ¢ has some zero coordinates, n has fewer of them. As
(eI + Ay = (cI+ A) (cI+ A) ... (cI+ A)¢ this vector has no zero
coordinate (i.e., it is a positive vector). This proves the theorem.

Holladay and Varga (5) have shown that A?-? is positive if A is non-
negative irreducible and if at least one diagonal element of 4 is positive.

THEOREM 6. Every polynomial-positive matrix has o positive characteristic
vector corresponding to ils Perron root; there is mo other characteristic vector
corresponding to this root. The Perron root is a simple root of the characteristic
equation of the matrix.

Proof. Let A be a polynomial-positive matrix and let P = f(4) be a
positive matrix, where f(x) = ¢o + c1x + c2x% + .. . + cox™, ¢, real.

As A commutes with the positive matrix P, by Theorem 1, 4 has a Perron
vector (and thus a Perron root w). Let £ be a Perron vector corresponding to
w, Af = wt. If possible, let there be another (real) characteristic vector &
corresponding to w, A¢; = wé1. Let & = c§ + &1, where the constant ¢ has
been so chosen that ¢, has at least one zero coordinate and the rest of the
coordinates non-negative. Then

A = A(ct + £1) = v

Now Pty = f(A)Ey = f(w)Ee. Therefore, if a coordinate of &, is 0, the corres-
ponding coordinate of the vector P#, is also 0. But this is impossible, since
¢ = 0, and therefore P¢, > 0. Thus, A has only one characteristic vector
corresponding to the Perron root w.

We now show that w is a simple root of the characteristic equation of 4. If
possible, let it be a multiple root. We shall use Schur’s canonical form for
matrices. We know that there is a unitary matrix U (i.e., with U*U = I)
such that U*4 U is an upper triangular matrix (with all its elements below
the main diagonal equal to 0). We may assume that the first column vector of
U is ¢, the unique Perron vector of 4. We may also assume that the second
column vector, say 1, is such that the first two diagonal elements of U*4A U
are w; this is possible as w has been supposed to be a multiple root. It is easily
deduced that

(3.2) At = o,
(33) A'yl = 615 + wY1.

If v =+ 4+ 4y: and e; = e + des, where ¢ =+/—1, v, and 7. are real
vectors, and e; and e, real numbers, (3.3) yields

(3.4) Ay = et + wy.

Note that e # 0, otherwise we would get two linearly independent vectors
¢ and v corresponding to the Perron root w. (Linear independence of £ and v
follows from the linear independence of ¢ and v; in U.)

https://doi.org/10.4153/CJM-1968-133-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1968-133-1

MATRICES 1337

Choose a constant b such that be > 0 and a suitably large constant a such
that the vector { = a¢ + by is positive; furthermore, we may assume that ¢
belongs to the set .S (of the proof of Theorem 1). Then we have that A¢ =
A(at 4+ by) = awt + b(et + wy) = wi + beg by (3.2) and (3.4). Since be > 0
and ¢ > 0, we now have that w{ < A¢. Hence, w < p(¢) for ¢ € .S (in the
notation given in the proof of Theorem 1). But w, being the Perron root of 4,
is equal to maxgp(¢) as shown in Theorem 1. Thus, we have arrived at a
contradiction. Consequently, w is a simple root of this characteristic equation
of 4.

CoroLLARY. If A = (a;;) is a Frobemius matrix, then A has a unique
Perron vector with a simple Perron root, w.

Furthermore, if 4 is non-negative, then the moduli of other characteristic
roots of A cannot exceed the Perron root (clearly positive) w. If 4 is positive,
these moduli are less than w.

For, if A¢ =N, N # w, ' = (21, 29, ..., 2,), then { cannot be a Perron
vector, and thus not all z; are positive. Furthermore,

Z @525

J
Recalling the max-min property for the Perron root, we have that |\ £ w.
If a;; > 0 and since not all z; are positive, we obtain || |2;] < 3 ,a4l2,], and
therefore |\| < w. Thus, we have proved the theorem stated in § 1.

I 24| =

=< Z aislzy, 1=1,2,...,n

J

4. Common characteristic vectors of commuting matrices. In this
section we give a few simple results relating to commuting matrices.

THEOREM 7. If U and V are two matrices (composed of complex numbers) and
UV = VU and if u and v are any given characteristic roots of U and V, respec-
tively, then there is a common characteristic vector ¢ such that U¢ = u¢and Vi = »{.

Proof. Let 1 be a characteristic vector of U corresponding to the character-
istic root u; Unp = un. n, Vo, V¥, ..., V™, ... cannot be linearly inde-
pendent (in the field of complex numbers). Suppose that n, Vg, Vi, ...,
V™ are linearly dependent such that 7 4+ ¢;Vy + sV 4 ... + ¢, V™ = 0,
where the ¢’s are constants and », Vy, V%, ..., V™ !y are linearly independent.
Thus, f(V)n = 0, where

fx) =co+ cix + x4+ ... F cx™ = (x — v)g(x), say.
Then (V — »)¢ = 0, where { = g(V)y. Note that ¢ £ 0 since 4, Vy, ...,

Vm—1y are linearly independent. Therefore, Vi = »{,and also Ur = Ug(V)n =
g Up = ug(V)yg = p¢since UV = VU, r=1,2,....

TaeoreEM 8. If U and V commute and ¢ is a characteristic vector of U
corresponding to a simple characteristic root u of U, then ¢ is also a characteristic
vector of V.

Proof. The proof is very simple. We have that Ui = ug, and thus U(VY)
= VU; = u(VY). If Vi £ »¢ for any constant », we would obtain two linearly
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independent characteristic vectors of U corresponding to the simple character-
istic root u of U; but this is impossible. Therefore, Vi = »{ for some constant
V.

Since the Perron root of a positive matrix is simple, we obtain the following
corollary.

CoROLLARY. If A is real and AP = PA for some positive matrix P, then the
Perron vector of P is a Perron vector of A.

The matrix 4 of this corollary may have other Perron vectors. Consider the

matrices
4.0 1.0 —-3.0 1 1 9
A= 0.4 2.2 —-0.61, P=j1 1 3} AP = PA.
—-1.6 —0.8 4 .4 5 3 1

A has a Perron vector £, where ¢ = (1, 1, 1) which is not a Perron vector of P.
Clearly, 4 has two Perron vectors corresponding to the Perron root 2.
As a companion to Theorem 8, we have the following theorem.

TueoreM 9. If A s real and normal (i.e., AA" = A’A) and \ is a real
characteristic root of A, then there is a real common characteristic vector n such
that Ay = \q and A’y = on.

Proof. By Theorem 7, there is a common characteristic vector n of 4 and A’
such that An = Ny, A’g = . If 5 is real, the theorem holds.

Suppose that 1 = 5; + 452, where 71 and 5, are real vectors. Then An;=Ay;,
Ans = N\no, and 7/ A'p = dno'n, i.e., Mp'g = ono'n. If X 3 6 we must have that
non = 0; whence /7, = 0, i.e., 7o = 0; thus 5 is real and Ay = \q, A’y = &.
If X = §, then, clearly, one of 51, 72 is not 0, and therefore we get a common
characteristic vector for 4 and 4’.

5. Determination of the Perron root and vector of a Frobenius
matrix. Brauer (1; 3) has given an efficient procedure for obtaining the
Perron root and vector of a positive matrix and of a non-negative matrix, to
any desired degree of accuracy. Here, we shall use his procedure to obtain the
Perron root and vector of a Frobenius matrix, to any degree of accuracy.

Let d be the row range (definition in § 1) of a Frobenius matrix 4 = (a,);
for non-triviality, we take d > 0. Let 7 be the smallest row sum in 4. We say
that a row of a matrix belongs to (or is in) the lower class L or L’ according
as its row sum lies in the interval [r, 7 4+ d/4) or [r + d/4,r + d/2). Similarly,
a row belongs to the upper class U’ or U according as its row sum lies in the
interval [r + d/2, r + 3d/4) or [r + 3d/4, r + d]. Let

g= (4r+ 4+ 3d)/(4r + 4c + 2d) > 1,

where ¢ is the smallest non-negative number such that ¢;; + ¢ = 0 for all 7.

Multiply those rows of A which belong to the lower classes L and L’ and
divide the corresponding columns by g. This is Brauer’s procedure. Obviously,
this is a similarity transformation of 4 into a similar matrix 4,, 4, = D'4D,
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where D is a diagonal matrix having some diagonal elements equal to g and
the rest to one. By the procedure, row sums of rows belonging to the lower
classes are never diminished while the row sums of rows in the upper classes
are never increased since g > 1.

Let 7, and 7,V be the sums of the elements in the 7th rows of 4 and A4;,
respectively. If the ith row of A belongs to a lower class, then the 7th row of
A; cannot belong to the class U since

re <r-+d/2
and
r S an;+ (ri—an)g=gri —au(g—1) <
c(g—1)+ glr+d/2) =r+ 3d/4.

Thus, the procedure may keep a row of 4 belonging to L’ in the same class or
send it to the class U’ (but not to Uor L). Similarly, a row belonging to L may
be kept in L or may be sent to L’ or U’ (but not to U). Next, if the ith row
of A belongs to an upper class, then the sth row of 4; cannot belong to L since

ri=r+d/2
and
ri Zzan+ (ri—an)gt =au(l —gt) +rgtz
—c(l—g )+ (r+d/2)g* > r+d/4
Thus, the procedure may keep a row of 4 belonging to U’ in the same class or
send it to L’ (but not to L or U). Similarly, a row of 4 belonging to U may be
kept in U or sent to U’ or L’ (but not to L).

If no row of 4, belongs to L or to U, then the row range of A, is less than or
equal to 3d/4 and Brauer’'s procedure has reduced the row range of 4 by a
factor at most 3/4.

1f some row of A; belongs to L and another to U, we apply Brauer’s proce-
dure to 4, using the same g given above. We obtain a similar matrix A4,. If
the row range of A4, is less than or equal to 3d/4, we terminate the procedure;
if not, using the same g we continue the procedure and obtain similar matrices,
Ay, Ay A3, ...

We shall now show that Brauer’s procedure terminates after a finite number
of applications, giving us a matrix 4; with row range less than or equal to 3d/4.

If possible, let the procedure continue ad infinitum. This means that there
are some (one or more) rows in 4, A, As, ... which belong to L and some
other (one or more) rows which belong to U in all these matrices. For the
purpose of proving our result we may suppose (if necessary, by initially
permuting the rows and analogously permuting the columns) that the first ¢
rows of 4, A1, A,, ... permanently belong to the lower classes and the last
u rows of these matrices permanently belong to the upper classes. Besides
these, there might be some rows which change classes (between L’ and U’
only) infinitely often; let the number of such rows be v. Thus, # =2 1, { = 1,
v=>0,t4+u+v=mn
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Let the element in the ¢, j position of 4, be denoted by a;;®, k =1, 2,
3,.... Consider the t X (u + 2) submatrices situated at the upper right-hand
corner regions of all these matrices; Brauer’s procedure never reduces the
elements of these submatrices.

For any j with n —u + 1 =j < #n, we easily obtain «;,® = a,¢,
E=1,2,....1f a;;#0, then a1; > 0 and a1, — o as k— . Since the first
row sum of each of our matrices is less than » 4+ d/2, we infer that a,; = 0.
Forany j with t + 1 £ j £ # — %, a moment’s consideration shows that the
sequence a1;, a1;V, a1;4¥, . .. contains as an infinite subsequence, the sequence
ayjy Q1;8, @1;¢% ... ; thus, we again infer thata;; =0, t +1=j=<n — u.
Thus, all the elements in the first row of all the submatrices are 0. In a like
manner we see thatae;; = 0,1 £ =5 4Lt+ 1557 = n.

Hence, a t X (n — t) submatrix of 4 is a null matrix, contradicting the
irreducibility of 4. Consequently, Brauer's procedure must terminate, giving
us a similar matrix B; with row range less than or equal to 3d/4.

If the least row sum of B; is (¥ and row range is dV, apply Brauer’s proce-
dure to Bj, using gV = (4r® + 4¢ 4+ 3dDV)/ (4rV + 4¢ 4+ 2dDV). We obtain
a similar matrix B, with row range 3dV/4 < (§)2d. Similarly, starting with
B, and with a corresponding g® we obtain a similar matrix B; with row
range less than or equal to (2)%d, and so on. Hence, it follows that there is a
matrix B™ (with smallest row sum 7™, greatest row sum '™ say) similar
to A such that the row range of B™ = /™ — y™ < 1/m; B™ = D, '4AD,,
where D,, is a diagonal matrix with positive diagonal elements. We easily

obtain
(5.1) Bm™ = E, -14E,,
where E,, is a diagonal matrix with diagonal elements x;™, x,™, ..., x,™,

> %™ =1, and with row range of B™ =< 1/m. The above discussion may
be summarized in the following theorem.

THEOREM 10. Given any Frobenius matrix A, any € > 0, there is a matrix B
similar to A such that the row range of B < e and B = E7'AE, where E 1s a
diagonal matrix with positive diagonal elements. B can be obiained by Brauer's
procedure (as explained above).

Let £™ be the vector with coordinates x;™, x,™, ..., x,™, x,™ > 0,

> x4 = 1. Then from (5.1) it follows (on recalling the fourth paragraph of
this section) that

(5.2) PEM < pmpm < A < pmpm < e
(5.3) r'm — gy < 1/m.

Consider the bounded monotone increasing sequence r™®, @ . ; it tends
to a limit, w, say. As the associated sequence of vectors ¢, ¢®, ... belong to

the closed bounded set
S=1{&¢ = (x1, %9, ...,%),%; > 0forall 7, Xx, = 1},

https://doi.org/10.4153/CJM-1968-133-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1968-133-1

MATRICES 1341

we can pick a subsequence ™V, g2 | converging to a non-negative
vector £ of S. Write £ = &, r™) = pqy, '™ =y’ Then lim, o & = £
and, as lim;_, (ry' — 7ry) = 0, limy w74’ = w. From (5.2) we now obtain
(5.4) rwke = A& = ra'és

Letting £ — «, we deduce that 4¢ = wé. Since 4 is a Frobenius matrix, by

Theorem 5, there is a polynomial in 4, f(4), say, such that f(4) > 0, and
thus f(w)é = f(4)¢ > 0; whence £ > 0.

The above gives a constructive proof for the existence of a Perron vector
and root of a Frobenius matrix. This proof is different from Brauer’s proof of
the analogous result for positive matrices and is more direct.

6. Bounds for the characteristic roots corresponding to Perron
vectors. In this section we study some upper and lower bounds for the

characteristic root \, corresponding to a Perron vector of a real matrix
A = (ay).

TureoreM 11. If A has a non-negative characteristic vector corresponding to a
characteristic root \, then ¢ = \ = ¢/, where ¢ and ¢’ denote the minimum and
maximum of the column sums of A.

Proof. Let x1, %, . .., %, (with x; 2 0, > x; = 1) be the coordinates of the
non-negative vector corresponding to the characteristic root X\. Then
Ne;, = @ X1+ @pxe + .00 QX 1=1,2,...,n.

Adding these we have that N = c1x1 + coxs 4+ . . . + €%, ¢; denoting the 7th
column sum of 4 and the theorem follows easily.

COROLLARY. If A s polynomial-positive and w 1is its Perron root, then
r < w = 7, wherer and v’ are the minimum and maximum of the row sums of A.

Since 4’ is polynomial-positive, it has a Perron vector by Theorem 6. Now
apply Theorem 11 to 4’.

THEOREM 12. If A commutes with a positive matrix P = (p;) and w and \
denote the Perron roots of A and P, respectively, then

Amax min (a;;/p:;) = o = AXminmax (a;;/p4;)-
i 7 1 7
Proof. Since X is a simple characteristic root of P, the Perron vector £, with

g = (%1, X2, ..., X2), x; > 0, of P is also a Perron vector of 4 for its Perron
root w, by the corollary to Theorem 8. Thus

WX; = QX1+ QeXe + ..o A, 1=

pPuX1 + pieXe + ...+ Pk, 1=

e, T,

—
[SOR V]

Il

}\xt y ooy B

whence

w/N = (apx1 + awxXe + ...+ auxn)/ (Puxs + Pk + .o A Pinka)
< max(aa/pius Cio/Pizs oo Cin/Pin).
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Thus w/A £ min; max;a;;/p,;; likewise for the left-hand inequality.

TuEOREM 13. If all the off -diagonal elements of A are positive and m denotes
the smallest of them, then the Perron root w of A satisfies the inequality

wZ max; Hr+a;—m+[(r —ay —m)2+dm(r; — a”)]"f},

where r; is the ith row sum of A, r = min(ry, 79, . . ., 7).

Proof. A’ being a Frobenius matrix has a Perron vector and a Perron root
which is equal to w, by Theorem 3. By Theorem 11 (applied to 4’) we have
that7, S w,2=1,2,...,n

Let xy, X9, ..., X5, x; > 0, be the coordinates of the Perron vector of 4
corresponding to w. Let x; and x, be the smallest and largest of the x,'s.

We have that wx; = ,a,%,;, =1, 2, ..., n, and therefore 0 =
anxy + apxo + ...+ (@ — @)X, F CipiXig1 ..o+ @pXe. Asx; > 0 and
a;; > 0,175 j, we see that a;; < w for all 7.

We have that wx, = > a5, ie.,

@ = aaX1/x; + auxe/xs+ ... F agx/xs + .. F agx./x,

= Zjasj — a, + a,x,/x
=Ty — Qg + aSlxl/xS
Z 7 — ag + agx,/x,,

ie., x,/x, = m/(w — 7 + m) and thus
(6.1) xi/x; 2 m/(w—r+ m), ,j=1,2,...,n

and therefore (w — 7 4+ ay,)/a,; = x,/x; whence, (w — 7 + m)/m = x,/x,,

Foreachi, wehave thatw = 3 ax,/x, 2 (ri — ay)m/(w — 7 + m) + «yy,
and hence, for all 7,
(6.2) W+ owm—r—ay) + (ra;; —rm) = 0.
The smaller root of the equation x2 + x(m — r — ay;) + (ra;; — rgm) = 0
is
s (r+ay—m) — [(r —ay —m)?+ 4m(r; — aii)]%}
SHO+auw—m) = [0 —an—m) + 4m(r — a,)]}
=30+ ay —m) — [y — .+ ml}
=0;; — MOrr —m
< w.
It therefore follows from (6.2) that w cannot be less than the roots of the
above equation.
TreorEM 14. If all the off-diagonal elements of A are positive and Ay, denoles
the principal submatrix obtained by suppressing its kth row and column, then
o® = w0 — womm/(w —r + m),
where w and w® are the Perron roots of A and Ay, respectively, m 1is the least
off-diagonal element of A, r is the least row sum of A, and m; = mina ;. (k 5 7).
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Proof. 1t is sufficient to prove the theorem for the submatrix 4. Since 4,
is a Frobenius matrix, it has a Perron vector and root ¥, We use the notation
of Theorem 13. Since wx; = D> ja;%,;, ¢ = 1,2, ..., n, we have, for « = 2, 3,

., n, that
(0 — anx1/x:)%,

(w —agm/(w —r +m))x; by (6.1)
(w —mm/(w — 7+ m))x,.

QioXo + QX3 + oo Qi

IAIIA )

Using the max-min property of Perron roots (as applied to 41) we have that
oD < w—mm/(w —r + m).

THEOREM 15. If all the off-diagonal elements of A = (a;;) are non-negative
and \ is a characteristic root of A to which there corresponds a positive characteristic
vector, then

A g z a“/n + 2 Z (aijaji)%/n.

i

i<j
Proof. Let x1, x5, ..., %x,, with x;, > 0 for all 7, be the coordinates of the
Perron vector. Then N = x,71Y_,a;4;,72 = 1,2..., n. Adding these, we obtain
n)\ = Z gy + Z (aijx,»/xi + (ljixi/xj>
’ i<
= Z a;; + Z {[(aijxj/xi)7 - (ajixi/xj)i]z + 2(“1‘:’%1’)5}
’ i<
= Z g+ 2 Z (aija'ji)i-
k3 1,75
i<j

CoROLLARY. If A = (ayy) is a Frobenius matrix and o is its Perron root, then

w2 D (au/n)+2 2 (@sase)i/n.

75
i<j
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