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A new way to tackle a conjecture of
Rémond

Arnaud Plessis

Abstract. Let Tc Q" be a finitely generated subgroup. Denote by Iy its division group. A
recent conjecture due to Rémond, related to the Zilber-Pink conjecture, predicts that the absolute
logarithmic Weil height of an element of Q(T4iy ) *\ Laiv is bounded from below by a positive constant
depending only on I'. In this paper, we propose a new way to tackle this problem.

1 Introduction
1.1 Rémond’s conjecture

Let a € Q. The (absolute logarithmic) Weil height of « is the real number
1

h(a) = 0@ Q] log (|lc((x)| IJ max{1, |aoc|}) ,
where Ic(a) denotes the leading coefficient of the minimal polynomial of a over
7Z, and where ¢ runs over all field embeddings Q(«a) — Q. The function h: Q - R
is nonnegative and vanishes precisely at yo, the set of all roots of unity, and 0 by
a theorem of Kronecker. It is also invariant under Galois conjugation and satisfies
h(a™) = |n|h(a) for all « € Q and all € Z. For more properties on h, see [8].

Let X be a set of algebraic numbers. We say that points of small height (or short,
small points) of X lieinaset Y c Q if there exists a positive constant ¢ such that h(«) >
cforall @ € X\Y.

The case where small points of an algebraic field lie in po, U {0} has been inten-
sively studied since the beginning of this century (see, for example, [2, 3,5, 9, 11-14, 16,
18, 21, 22, 28]). For various technical reasons, it is difficult to adapt the ideas of these
papers to locate small points of an algebraic field that are not contained in o, U {0}.
As far as [1] shows, the first one who managed to do this is Amoroso in 2016, see our
explanation below for more details.

Consider the field L = Q(foo, &, &'/, /3, .. .), where a € Q. 1t is trivial to con-
struct small points in L*. For instance, we have all roots of unity, but also a'/”
with n large enough since k(&™) = h(«)/n. But does L* also contain nonobvious
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small points; i.e., elements of small height not in {{a?,{ € poo,q € Q}? By a result
of Amoroso and Dvornicich [3], the answer is no if & € yo. But this question is still
open for « ¢ y. A very particular case of a deep and recent conjecture of Rémond,
related to the Zilber-Pink conjecture, predicts a negative answer to this question (see
Conjecture 1.1).

Throughout this introduction, I always denotes a finitely generated subgroup of
@*. Define T4;y as the division group of T, i.e., the set of y € @* for which there exists
an integer n € N = {1,2,...} satisfying y" € I.

Conjecture 1.1 (Rémond [27, Conjecture 3.4]) Let I' c Q bea finitely generated
subgroup.
(i) (Strong form): There is a positive constant ¢ such that

¢ for all a € @*\Fdiv.

[@(rdiv> 0‘) : Q(rdiv)]

(ii) (Weak form): For any € > 0, there exists a positive constant c, such that

forall a € @*\Fdiv.

h(e) 2

Ce
[Q(rdiV) 0() : @(rdiv)]1+€
(iii) (Degree one form): Small points of Q(Taiy)* lie in Taiy-

h(a) >

The reader interested on recent advances concerning Rémond’s conjecture is
referred to [1, 15, 23, 24, 26, 27].

Write (X)) for the group generated by aset X ¢ Q. We clearly have the implications
(i) = (ii) = (iii). The strong form generalizes the relative Lehmer’s problem, which
corresponds to the case ' = {1}. As far as [3] and [4] show, the strong form is not yet
known in any situation and both the weak form and the degree one form are only
known when T is trivial. The first partial result going in the direction of Conjecture
1.1 for nontrivial groups was given by Amoroso. He proved that small points of
Q(¢3,2'3, G,y 213 )*, with ¢, = e*™/" lie in (2)qiy [1, Theorem 1.3]. The author
then proved the same assertion by replacing 2 with a € Q* and 3 with a rational prime
p > 2[23, Théoréme 1.8].

The proof of these last two results relies on the “classical method,” i.e., the one to
treat the case where small points of an algebraic field lie in pe U {0}. As already
implied in [I, Remark 3.4], it seems that this method is (very) limited to handle
Conjecture 1.1(iii), which explains why it is still largely open. So we need to tackle
this conjecture from a totally different angle. We suggest a new one below.

1.2 Presentation of results

Let (y,) be a sequence of Q(T4;y)* such that h(y,) — 0. From Bilu’s equidistribution
theorem [6], it is not hard to check that

#Ho:QUa) > Q 1-e<oyal<lve}
[Q(yn) : Q] ns+oo

for all € > 0 (if the sequence of terms [Q(y,) : Q] is bounded, then y, € yo, for all
n large enough by Northcott’s theorem, and so the ratio above is 1 for all #n large

1
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enough). In other words, if the Weil height of y,, is small enough, then “most of” its
Galois conjugates over QQ are “close” to the unit circle. Nonetheless, as Kt = Q(¢oo, ')
is not a number field, Bilu’s theorem above cannot tell anything about the location
in the complex plane of Galois conjugates of y, over Kr. Our results stipulate that
a fairly precise knowledge of the distribution of these numbers allows us to solve a
part of Conjecture 1.1(iii). In Section 3, we will prove a result reducing the study of
Conjecture 1.1(iii) to the case that for all n large enough, “most of” Galois conjugates
of y, over Kr are “close” to the unit circle.

Let a € Q, and let & > 0. We write Or () for the orbit of a under Gal(Q/Kr) and
we put

#{xeOr(a),l-e<|x* <1+e}

dre(a) = #0r(«)

Theorem 1.2 Let T c Q be a finitely generated subgroup. Then Conjecture 1.1(iii)

is equivalent to the following assertion: Let (y,) be a sequence of Q(Tayy)* such that

h(yn) = 0. Assume that dr ((y,) —> 1for all ¢ >0. Then y, € L4y for all n large
n—+oo

enough.

The length of an element x € Q(T4;y) is defined to be the smallest integer € N for
which x can express as x = Z;ZI x;jy;j with x; € Kr and y; € I'g;y. Each element of Tgjy
has length 1. For N € N, put Iy(T) the set of elements of Q(Tg;y) with length < N.

From Theorem 1.2, it is enough to prove the following two conjectures to deduce
Conjecture 1.1(iii).

Conjecturel.3 LetT c Q be a finitely generated subgroup, and let (y,) be a sequence
of Q(Taiv)™* such that h(y,) — 0 and dr (yn) - 1 for all € > 0. Then there exists

N e Nsuch that y, € Iy(T) for all n large enough.

Conjecturel.4 LetN N, andletT c Q bea finitely generated subgroup. Let (v, ) be
a sequence of In(T)\{0} such that h(y,) - 0 and dr(yn) —> 1foralle>0. Then
n—+o0o

Yu € Laiy for all n large enough.

Conjecture 1.4 with N =1 was solved by Rémond, see Lemma 1.5. Conjectures
1.1(iii) and 1.3 with N =1 are therefore equivalent. However, this does not remove
the interest of Conjecture 1.4 because Conjecture 1.3 could be easier to show when N
is large.

Both conjectures seem to be treated separately. Hence, we focus in this article on
the second one only.

For a set X of algebraic numbers, write X.Ty;, for the set of xy with x € X and
y € Tgiy. Note that [;(T) = Kr.T4iy. The rank of an abelian group G is given by the
maximal number of linearly independent elements in G. Note that I and I'y;y have the
same rank.

Lemmal5 (Rémond) LetTcQ be a finitely generated subgroup, and let F /Ky be a
finite extension. Then small points of F* .Tgiy lie in Tayy.

Proof By Amoroso and Zannier’s result [5, Theorem 1.2], small points of F* lie in
Uoo C I'giy. By assumption, I' c Tgiy N F* € Tgiy. Thus T, Tgiy N F* and Iy;y all have the
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same rank, which is finite since I is finitely generated. For a € F, set
hr(a) = min{h(ay),y € T }.

Thanks to a result of Rémond [26, Corollary 2.3], there is a positive constant ¢ such
that hr(a) > c for all a € F*\Tg;y.

Let y = ay € F* T4y, where a € F* and y € L4y, such that h(y) < c. Asc> h(y) >
hr(a), we get a € I'y;y by the foregoing. The lemma follows. |

Remark 1.6 This lemma can be made quantitative since [5, Theorem 1.2] and [26,
Corollary 2.3] are.

Among all our theorems, the next one is the most difficult (and technical) to show.
Hence, we will prove it at the end of this paper, that is in Section 8.

Theorem 1.7 LetT c Q' be a finitely generated subgroup, let N € N, and let (y,) be
a sequence of In(T). Assume that dr ((y,) —> 1forall € > 0. Then for all € > 0, we
n—+oo

have dr ¢(y,) =1 for all n large enough.

Remark1.8 The proof of this theorem does not hold if we study the Galois conjugates
of y, over Q (or Q(T)) instead of Kt. The reason is that we will use Kummer theory
and for this, it is primordial that our ground field contains all roots of unity.

Theorem 1.7 means that if “most of” elements in Or(y, ) are “close” to the unit
circle, then they all are. Note that this theorem holds regardless of the value of h(y,,),
which leads to the following natural question: How are the elements of Or(y,)
scattered around the unit circle when %(y,) is small enough ? We predict they are
concyclic and located on a circle centered at the origin. If it checks out, then Conjecture
1.4 would immediately fall thanks to our next theorem, a proof of which is given in
Section 5.

Denote by U(T) the set of algebraic numbers a such that the elements of Oy («) are
concyclic and located on a circle centered at the origin. Check that T'y;y is a subgroup of
U(T): Let x € Tgiy,and let ¢ € Gal(Q/Kr). By definition of the division group, we have
x" e T for some n € Z\{0}. Thus o(x") = x" implying |ox| = |x|; whence x € U(T).

Theorem 1.9 LetT c Q' be a finitely generated subgroup, and let N € N. Then small
points of Iy(T) n U(T) lie in Tgjy.

Remark 1.10 'Theorem 1.9 can be made quantitative by using the arguments of this
paper (see Remark 5.3 for details).

End this section by providing a collection of T for which small points of I5 (T)\{0}
lie in U(T), thus giving credit to our approach to attack Conjecture 1.1(iii).

A CM-field is a totally imaginary quadratic extension of a totally real field. The
maximal totally real field extension Q' of Q having only one quadratic extension,
namely Q" (i), the CM-fields are therefore the subfields of Q" (i) that are not totally
real. In particular, a compositum of CM-fields is a CM-field. The classification of CM-
number fields was made in [7]; these are the fields of the form Q(«) with a € U\{+1},
where U denotes the set of algebraic numbers with all its conjugates over Q on the
unit circle. Note that if T ¢ U, then Tg;y ¢ U. The field Q(Tg;y ) is therefore a CM-field
since it is the compositum of all Q(«) with « € Tygiy\{£1}.
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Corollary 1.11 Let T c U be a finitely generated subgroup, and let N € N. Then small
points of Iy (T)\{0} lie in Laiy-

Proof By a theorem of Schinzel [29, Theorem 2], see also [25], small points of
Q' (i)* liein U. As T c U, the field Q(T4iy) is a CM-field; whence Q(Taiy) c Q' (i).
Small points of Iy (T')\{0} therefore lie in U. The corollary now arises from Theorem
1.9 since U c U(T') by definition. ]

Conjectures 1.1(iii) and 1.3 are therefore equivalent for CM-fields. This corollary
is the second partial result going in the direction of Conjecture 1.1(iii), and the first
one of this form.

2 Kummer theory

Fix once and for all a finitely generated subgroup I' c Q" of rank b. As Conjecture
1.1(iii), and therefore Conjecture 1.4, is true for b = 0 (see the introduction), we can
reduce the proof of all theorems mentioned in the introduction to the case that b > 0.
We also fix once and for all a generating set & = {«y, ..., a3} of the torsion-free part
of I. Finally, for n € N, we put F/" = {oc}/", ey oc;)/"} and we define y, as the set of
roots of unity killed by n.

Let n be a positive integer dividing m € N u {00} (by convention, all integers divide
00). Galois theory claims that Gal(Q(m, F/")/Q(F)) is isomorphic to the inner
semidirect product of Gal(Q( > F)/Q(F)) and Gal(Q(gm> FY/") /Q(ttm> F)). Thus
each element o € Gal(Q (g, 7/")/Q(F)) can be identified with a pair

($a> ¥o) € Gal(Qptm> F)/Q(F)) x Gal(Q(pt» F/")/Qpt F))-
Concretely, if x = Z;zl a;y; € Q(pm, FY") with a; € Q(um, F) and y; € (F/"), then
ox = Zj‘:l bo(aj)¥o(y))-

The Cartesian product above can be explicitly described. The computation of the

left piece can be done thanks to the class field theory and that of the right piece by
using a result of Perruca and Sgobba [19, Theorem 13], see the lemma below.

Lemma 2.1 Let L/Q(F) be a finite extension. Then there exists an integer C € N,
depending only on T and L, such that for all dy, . .., dy € N divising m, we have

b
G = Gal(L(tm> @)™, ..., &)™) |L(tim)) = HZ/(dl/q)Z

for some positive integers cy, . .., cp < C.

Proof Put Lo=L(yy) and L; = Ll,l(oc}/d’) for all 1 €{1,...,b}. Let G; denote
the Galois group of the extension L;/L;_;. Galois theory tells us that G is the
inner semidirect product of G, and Gal(L,_;/Lo). As G is abelian, this product is
the Cartesian product. An easy induction shows that G ~ []5_, G;. For all it is
trivial that G; ~Z/(d;/c;)Z for some ¢; €N. So G ~ H?zl Z/(d;/c1)Z. Write d =
max{dy, ..., dy}. Theorem 13 in [19] claims that the extension Lo (F%/%) /L, has degree
at least d®/C for some C e N depending only on T and L. On the other hand,

https://doi.org/10.4153/50008414X2300072X Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X2300072X

2054 A. Plessis

Lo(&”/d)/Lo(oc}/d‘, . .,(xz/dh) has degree at most d®/[]%_, d;. The multiplicativity

formula for degrees proves that #G > (I1%., d;)/C; whence [1%_, ¢; < C. [
Remark 2.2 'The isomorphism of Lemma 2.1 is explicit: For each (r1,...,7) €
[1%.,7/(d;/c;)Z, there is an unique y € G such that wa}/d’ = (;’I/Cloc}/d’ for all 1

Moreover, we have oc}/c’ € Lsince woc;/c’ = (y/a}/d’ ydiler = “}/c, for all y € G. By abuse

of notation, this isomorphism becomes from now an equality.

Remark 2.3 The constant C of Lemma 2.1 can be explicitly determined (see [19,
Remark 20] for details).

3 Proof of Theorem 1.2

It is clear that Conjecture 1.1(iii) implies the assertion stated in Theorem 1.2. Now,
assume that this assertion is true and prove Conjecture 1.1(iii).

Let (x,) be a sequence of Q(T4iy)* such that h(x,) - 0. We want to show that
xn € Igiy for all n large enough. For this, assume by contradiction that x,, ¢ T'4;, for
infinitely many #, that is for all n by taking a suitable subsequence.

Lemma 3.1 We have [Q(x2) : Q] — +oo.

Proof Let [ be an accumulation point of the sequence ([Q(x2) : Q]). Passing to
a subsequence, we get [Q(x2) : Q] - L. If I < +o0, then our sequence is bounded
and Northcott’s theorem implies that x2 € yo, c Iy for all n large enough, which is
absurd. So I = +c0 and the lemma follows. ]

Recall that Kt = Q( oo, T) = Q( oo, F) and note that Q(Taiy) = Upen Kr (F/™).

Lemma 3.2 There is a sequence (0,,) of Gal(Q/Q(F)) such that dr . (a,x,) .1
foralle> 0.

Proof Let n € N. There exists m,, € N such that x,, € Kp (3"1/’”” ). We can also find a
multiple m/, € N of m, such that:

(@) %n € QG F™).

(ii) The restriction map Gal(Kr(H’I/"’”)/KF) - H, =
Gal(Q(Cm » F/mn )/Q({m» F)) is an isomorphism.

Express x,, as x, = Z;'"=1 ajnyjn With aj, € Q({py,F) and y; , € (FY/mn). Fix e > 0.

For any ¢ € N, = Gal(Q({mr, F)/Q(T)), we set

#{y e Hyl-e<[Sh @(a)y(yin)|? <1+

#H,

and we pick ¢,, € N,, such that d, (¢,) = maxgen, {dn(¢)}.

By Galois theory, G, = Gal(@((m;,ffl/m")/(@(?)) is isomorphic to the inner
semidirect product of N,, and H,. Denote by o0, the element of G, corresponding
to the pair (¢,,1) € N, x H,. Section 2 tells us that o, x,, = 25'11 Gn(@jn)yjn-

dn(¢) =
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From (i) and (ii), we infer that Or(0,x,) is equal to the orbit of 0, x, under H,,.
Thus, it follows from the definition of dr (0, x,) (see Section 1.2) that

#{y e Hyl— e < |yonx,|* <1+¢}
#H,

= dn(¢n)-

2£1+e}
2§1+e},

U LS 4 (8) < du($n) = dre(onrs) < 1.

#Gn  #N, 4,

dl", € ( OnXn ) =
A small calculation gives

up =#{0 € Gy1-e<|ox,[* <1+¢}

In
Z ¢(aj,n)'f/()’j,n)

Jj=1

:#{(¢,w)eN,,an,1—ss

Ln

> d(ajn)¥(yin)

=

= Z #{WGH,,,I—eS

¢eN,

and so

@

Recall that F is a finite set. As h(x2) =2h(x,) -0 and [Q(F,x2):Q(F)] =
[Q(F,x2): Q]/[Q(F) : Q] - +oo by Lemma 3.1, we infer from Bilu’s equidistribu-
tion theorem [30, Subsection 1.1, Theorem] applied to K = Q(J) that u,, /#G,, goes to
las n - +oo. Lemma follows by involving the squeeze theorem in (1). [ ]

Proof of Theorem 1.4 We have h(o,x,) = h(x,) — 0Oand dr ((0,x,) — 1forall
n—+oo

& > 0 by Lemma 3.2. Applying the assertion of Theorem 1.2 (which is assumed to be
true) to y, = 0,x, shows that 0,x,, € Iy for all n large enough.

By definition of the division group, we deduce that g, (xi") € (F) for some integer
jn € N. As 0, fixes the elements of F, we conclude x{[’ € (F) c T, which contradicts
the fact that x,, ¢ L4;y. This finishes the proof of Theorem 1.2. [

4 Direct image of ;; under a meromorphic function

Definition 4.1 Let N € N. Denote by Sy the set of integers d € N for which there
exists a meromorphic function f(z) = Z;‘il ajzb% on C* satisfying |f({)| =1 for all
( € pg. Moreover, we impose that:

o by =0,by,...,by € Z are pairwise distinct integers such that by, ..., by and d have
no common positive factors other than 1;
e aj,...,ay € Csatisfy Y ;. a; # 0 for all non-empty subsets I c {1,...,N}.

The study of 8y might be of independent interest, but we only prove in this section
what is needed for this article, namely the finiteness of it for all N € N.

Let N > 2,andletd € Sy be greater than 4V (N? - 1). The lemma below asserts that
regardless of the choice of integers by, . .., by as in Definition 4.1, at least one of them
has an absolute value greater than or equal to d/4. We will then contradict this claim
thanks to Dirichlet’s theorem on simultaneous approximation.
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Lemma 4.2 Let M >2, and let g(z) = Zj”il u;z% be a meromorphic function on C*
with uy,...,uy € C* and cy, ..., cy € Z pairwise distinct integers. If d > M? is an
integer such that |g({)| = 1for all { € ug, then max{|c,|,...,|cy|} > d/4.

Proof Assume by contradiction that max{|ci|,...,|cm|} < d/4. Write

oeeoynt ={ei—cjl<i, j< M}

with n < M? and yy,...,y, pairwise distinct. Note that 0=c; —¢; € {y1,..., yn}
We can thus assume that y; = 0. Moreover, yi €[-d/2,d/2] for all k since
max{|ci|,...,|em|} < d/4.

For each ke {l,...,n}, define Ey as the set of pairs (i,j)e{1,...,M}?* for
which yi = ¢; - ¢j. Clearly, Ei, ..., E, is a partition of {1,..., M}?. Then put vy =
2(i,j)eE, Hittj- An easy calculation gives, forall € {0,...,d -1},

N z I(ci—cj)
SrweY ¥ wmt
=1

k=1(i,j)€Ex
_ —l(ci—cj) _ —1(ci—cj)
2) = > wiug, = ) willly
(irj)elly_, Ex 1<i,j<M

< lc; A ——lcj 1 1
= (Z“i‘»} ) (Z} il ) = 8(Ca)g(Cy) =1,
i=1 j=

the last equality coming from the fact that |g({)| =1 for all { € u,. We recognize a
linear system with n unknowns (namely, v, ..., v,) and d equations. By assumption,
d > M?* > n. The (square) matrix associated with the linear subsystem

3) Vie{o,...,n-1}, S (Pw=1
k=1

is the Vandermonde matrix ( ‘lf})k)o<l<n - It is well-known that its determinant is
1<k<n
ngiggn((;" = ¢4). As y1,...,yn € [=d/[2,d[2] are pairwise distinct, the numbers
le, ..., " are therefore pairwise distinct. Hence, the determinant above is nonzero,
and so (3) has a unique solution. Thus, (2) has at most one solution. As y; = 0, it follows
that (vy,...,v,) = (1,0,...,0) is the unique solution of (2).
Denote by iy, resp. jo, the element of {1,..., M} such that

(4) Ciy = Max{cy,...,Cpm}, resp. ¢j, = min{cy,...,cu}.

Letm € {1,...,n} be the integer such thaty,, = ¢;, — ¢j,,andlet (i, j) € E,,. Then ¢; —
cj = ci, — Cj, and (4) leads to ¢; = ¢;, and ¢ = cj,. As ¢y, ..., cj are pairwise distinct,
we get (i, j) = (io» jo ). In conclusion, E,, = {(io, jo) }-

Recall that y; =0. So the set E; contains at least M >2 elements, namely,
(1,1),..., (M, M); whence m > 1. But then, by the foregoing, we have

0= 3 uilly = i,
(i,j)€Em
i.e., either u;, = 0 or uj, = 0, which is absurd. This completes the proof. [ ]
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We can now prove the desired result.

Theorem 4.3 For all N € N, the set Sy is finite. Moreover, 8; = {1} and 4¥ (N* 1) is
an upper bound of Sy for all N > 2.

Proof Let d € 8Sy. There is a meromorphic function f(z) = Zj-\il ajz" on C* such
that |[f({)| = 1for all { € py, where ay,...,ay and by, ..., by are as in Definition 4.1.
If N =1, then d has to be coprime to b; = 0, i.e.,d = 1. As [1| = 1, we get §; = {1}. Now
assume that N > 2.

Dirichlets theorem on simultaneous approximation asserts the existence of inte-
gers pi,...,pn €Z and g€ {l,...,4"} such that |q(b;/d) - p;| <1/4 for all je
{1,..., N}. Write e for the greatest common divisor of q and d, then put q' = g/e and
d’ =d]/e. Clearly, ¢’ and d’ are coprime, e € {1,...,4"} and

(5) Vie{l,...,N}, |q'bj—d'pj|<d'/4.

Put{c,...,cu} ={q'bi—-d'p1,...,q'bn — d’'pn}, wherecy, ..., cy are pairwise dis-
tinct. We can assume that ¢; = q'b; — d’p;. Forall k € {1,..., M}, denote by Ej, the set
of integers j € {1,..., N} such that ¢, = q'b; — d'pj. Clearly Ey, ..., Ej is a partition
of {I,...,N}. Putuy = ¥ g, ajand g(z) = Y gz,

As by = 0 by Definition 4.1 and |p;| < 1/4 by (5), we conclude ¢; = 0. Let n be a
common positive factor of ¢,...,cy and d’. From the definition of ¢;, we deduce
that #n divides ¢'by,...,q'by and q'd’. By Definition 4.1, by, ..., by and d’ have no
common positive factors other than 1 since d’ divides d. Hence, n divides q’. But it
divides d’ too. Whence n = 1 since q’ and d’ are coprime.

We have ¥ ;; ug # 0 for all non-empty subsets I c {1,..., M} since otherwise,

0=2ux=2 2 ai= ) aj

kel kel jeEy j€llker Ex

which disagrees with Definition 4.1. In particular, u, ..., up € C*. Finally,

N N
bl bl (q'bi—=d'p)1
VieZ, f(() Z]q Z Z,’:Zaj,;’ bi

j=1 j=1

-3 5 el Zu ' = ).

k=1 jeEy

As[f({)| =1forall { € py, we infer that |g({)| = 1forall { € py.

Of all this, we conclude d’ € 8. Recall that d’ = d/e with e € {1,...,4"}, that
up,...,upy € C* thatcy,. .., cpy € Z are pairwise distinct, that |g({)| = lfor all € pygr
and that max{|c)|,...,|cm|} < d’/4 by (5).If M > 2, then Lemma 4.2 applied to d = d’
implies d’ = d/e < M?*; whence d < 4N(N? - 1). If M = 1, then d’ = 1 since §, = {1}.
Thus, d < 4N and the theorem follows.

5 Proof of Theorem 1.9

Fix once and for all an integer N € N. Recall that the length of an element y € Q(Tg;y) is
defined to be the smallest [ € N for which y can express as y = Zé’:l yjyjwith y; € Kr =
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Q(foo»T) and y; € T'gjy. The lemma below shows that the length is invariant under
translation of points in [gjy.

Lemma 5.1 Lety € Q(Tgiy), and let z € Taiy. Then y and yz have the same length.

Proof Denotebyl, resp. I/, the length of y, resp. yz. We can express y as y = Z;zl Vivi

with y; € Ky and y; € T'q;y. Hence, yz = Zj»:l yj(yjz) and the definition of the length
leads to I’ < . The inequality I < I” is obtained by replacing y with yz and z with z™* €

L4iv. This completes the proof. (]

Recall that F = {ay,...,ap} is the torsion-free part of I' and that Ix(T) denotes

the set of elements in Q(T4;y) with length < N. Concretely, each x € Iy(T)\{0} with

kji/d
length [ can express as x = Z;Zl Xj e, oc,”'/ ,where x; € Ki,d e Nand k; ; € Z. We

also recall that U(T) is the set of elements in Q for which all its conjugates over Ky
are concyclic and located on a circle centered at the origin. Finally, recall that for any
algebraic set X, we define X.Ty;y as the set of xy with x € X and y e T.

Proposition 5.2 There is m € N such that Iy(T) n U(T) ¢ Kp(FY/™)* Ty

Proof Letx € Iy(T)n U(T) be an element of length I < N that we express as above.
For each t € {1,...,b}, set j, € {1,..., 1} such that kj, , = min{ky,..., k; }. Let D,
denote the greatest common divisor of k¢ — kj, +,...,k; ¢ — kj,; and d, then ¢;; =
(kj—kj,+)/Dyand d; = d/D;. By construction, ¢y, . . ., ¢, and d; have no common
positive factors other than 1forall ¢t € {1,..., r}. Finally, set

b b
(6) y=>x]] a% and z = I1 a1 € Ty,

1
j=1 t=1 t=1

We easily check that x = yz. As z € I'qiy, Lemma 5.1 tells us that y has length [ too.
Letse{l,...,b} be such that d; = max{dj, ..., d}. If d; is bounded from above by
a constant ¢ depending only on I' and N, then (6) would show that y € Ky (FY/¢"). The
proposition with m = ¢! would follow since x = yz with z € T4jy.

Put {by,...,b,} = {c1,s,..., 15}, where by, ..., b, are pairwise distinct. We can
assume that b = ¢j, ;. Forall k € {I,..., n}, write Ex the set of j € {I,...,} such that
by = cj . Clearly Ey, ..., E, is a partition of {1,...,[}.

Lemma 2.1 applied to L = Q(T') and m = oo as well as the multiplicativity formula
for degrees claim that the extension

L/M = Kr((xi/dl, ey ai/d')/Kr((xi/dl, s (xi/_‘i”l, (xl/d’“, s ai/d’)

s+1

has degree at least d;/C for some C >0 depending only on TI. Its Galois group is
therefore isomorphic to Z/(d;/c)Z for some ¢ < C. Put

b n
jst dt
yi=x; [] ocf”/ eM,vi= ) yjar= vial /% and f(z) = Z(ak/y)zh".

t=1,t#s j€Ex k=1

Note that y = z;‘=1 yjocsci’s/ds. Establish below that d,/c € 8,, (see Definition 4.1).
First, ¢, s = 0 by definition of ¢;,;; whence b, = 0. Next, by, ..., b, and d;/c have

no common positive factors other than 1 by construction of ¢y, ..., ¢;,s and d;.
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Assume that Y.y ax = 0 for some subset I c {1,...,n}. Then
C‘,s/ds ':‘,s/ds by /ds
Yyt =30 Yy = v = 3 ag =0,
j€lker Ex kel jeEy kel kel

which allows us to deduce that

! b
y=yye® = Syt e S g TTap ™

j=1 Jj#lker Ex jélker Ex t=1
The definition of the length proves that y has length at most [ — #[ |y Ex. As y
has length [ and E,...,E, are non-empty sets, we conclude that I is empty. The
contrapositive proves that Y.y ax # 0 for all non-empty subsets I c {1,...,n}.

Let 0 € Gal(L/M). As y;j € M for all j, we get vy € M for all k. Collecting the

information above, we obtain

1 n
Cis ds Cjs ds
oy = U(Z)’j“s”/ ) = U(Z > )’j“s”/ )
j=1 k=1 jeEj

@)
n n

=0 (Z Vk“fk/d‘) = Yovea B e = yf(G )
k=1

k=1
forsomel, € {1,...,ds/c}.Recallthat y = x/z,that x € U(T) and that z € Tg;, ¢ U(T)
(see the introduction). As U(T) is a group, we deduce that y € U(T), and so |oy| = |y].
By varying o € Gal(L/M), we infer thanks to (7) that |f({)| = 1 forall { € 4 /.. From
all this, we finally conclude d;/c € 8,,. By Theorem 4.3, we get d;/c < 4"n?, i.e., ds <
4N N2C, which ends the proof of the proposition. [ ]

Proof of Theorem 1.9 By Proposition 5.2, small points of Iy(I') n U(T) lie in
Kr(FY™)* Iy for some m € N. Theorem 1.9 follows by applying Lemma 1.5 to F =
Kp(FYm). u
Remark 5.3 Lemma 1.5 is quantitative by Remark 1.6. Moreover, the proof of Propo-
sition 5.2 shows that we can take m = (4N N*C)!. Finally, C is explicit by Remark 2.3.
This proves that Theorem 1.9 can be made quantitative.

Equidistribution

As stated in the introduction, we will use equidistribution arguments to prove Theo-
rem 1.7, and especially Corollary 6.2. This section is therefore devoted to the proof of
this corollary.

In this section, M € N denotes a positive integer. The Weil height can extend to @M,
see [8, Section 1.5]; call it h again. We have h({) = 0 for all { € u.

We say that a sequence (4, ) of probability measures on S = (C*)M

weakly con-

verges to , denoted by u, — , if |, s fdun - [¢ fdu for any bounded continuous
function f:S — R. For a finite set F c S, the discrete probability measure on S
associated with it is given by
1
,uF =T 60;,
2

where §, is the Dirac measure on S supported on a.

https://doi.org/10.4153/50008414X2300072X Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X2300072X

2060 A. Plessis

Write v for the uniform probability measure on S supported at the unit polycircle
|z1| = -+ = |zm| = 1, where it coincides with the normalized Haar measure.

Finally, we say that a sequence (P,) of (Q )M is strict if any proper algebraic

subgroup of (@,, )M contains P, for only finitely many n. When M = 1, it is equivalent
to saying that [Q(P,) : Q] — +oo (see [20, Lemma 5.2.1]).

The arguments presented by Bilu in [6] are quite general and can easily be adapted
to produce other equidistribution results. We see an example of this below.

Proposition 6.1 Let (Ck”‘ kM”) be a strict sequence with m, e N and

kins... knm,n €Z for all n. Then ug, X Va1, where

En = {(CFn, Gy s =1, my ).

Proof First of all, we alert the reader on the fact that the hypothesis “F,, are pairwise
distinct” made in [10, Théoréme 2] can be weakened in #F, — +oo, the former
assumption being only used to get the latter one (see [10, Sous-section 5.4]).

Let n=(ny,...,ny) € ZM\{(0,...,0)}, and set y,:S — C to be the function
defined by ya(z1,...,zu) = [11%, 2. We clearly have

An(En) = { s Zitanikin s:l,...,mn}.

,ln,k,,, kln an)

) is strict since (({m", ..

#n(En) > |@(cF ) :@] > oo,

The sequence (! ) is by hypothesis. Thus

Thanks to [10, Théoreme 2], we get p1y (E,) N vy. From this observation, and following
the lines of the proof of [6, Proposition 4.1], we conclude that [6, Proposition 4.1] also
holds for the sequence (g, ).

Forz=(z1,...,2m) €S, put |2|eo = max{|zi|,...,|zm|}. Let € > 0 and write

K. = {z €S, max{|z|e, |2|Z}} < e?/%}.

Let A be the family of sets E ¢ (@*)M that are finite, Gal(Q/Q)-invariant and such
that h(B), h(B™") < 1forall B € E. We clearly have E,, € A for all n.

Choose E € A. As E is both finite and Gal(Q/Q)-invariant, we can decompose it
as a finite disjoint union of Galois orbits Gal(Q/Q).B,, ..., Gal(Q/Q).B, for some
Bi>-..» By € E. For each i€ {1,...,k}, Bilu proved in [6, Section 4] that of; ¢ K,
for at most e[Q(B;) : Q] field embeddings o : Q(B;) — C. Thus, E\K, has at most
e [Q(B,) : Q] = e#E elements, i.e., ug(K:) > 1 - &. It remains to mimic the proof
of [6, Theorem 1.1] made in [6, Section 4] to deduce the proposition. [ |

For (, {’ belonging to the unit circle in C, we denote by [{, {’] the arc of this unit
circle connecting { and {’ anticlockwise.

Corollary 6.2 Let ((k‘" cees an) be a strict sequence, with m, €N and

kius-.skmu €Z for all n. Let €>0, and let xy,...,xp €[0;27]. Write
V= HjA’il[eC4(xf‘s);eC4(x1+s)] and denote by X,(V), the set of reZ/m,Z such
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that ({,r,,k;’”, e ,’,f‘nM’") € V. Then, for all n large enough, we have

n

Proof Let f: CM - [0;1] be any continuous function that is identically zero outside
V and taking the value 1 on

M
W = H[eﬁ(xrfﬂ);e(4(xi+€/2)] g V.
1

-

Let n € N. For r € Z, we set
P,= ((;f:*“,...,(;kn“") and E, = {P, ,,r=1,...,m,}.

Let r, be the smallest divisor of m,, such that r,kj, = 0 (m,) forall je {1,...,M}.
Thanks to the equality Py, » = Py ,, valid for all r € Z, we infer that E, = {P, ,,7 =

1,...,r,}. Furthermore, the minimality of r,, gives #E, = r,,. Thus
1 2 1 &
— 6Pr = (SprnzluEn'

Combining this equality with Proposition 6.1 provides the limit

1 2 1
Uy = mi,, ;f(Pr,n) = 4L, aEZE:"f(OC) - fdeM,

since the sequence (Py,,) is strict by assumption. Thus, u, > (1-¢) [ fdvy for all n
large enough. The lemma follows by noticing that the construction of f implies the
inequalities u, < --#X, (V) and [ fdvy > vip(W) = (¢/2m)™. ]

7 A crucial subsequence

To prove our Theorem 1.7, we need to extract from (x,) a “good” subsequence whose
construction is the aim of this section.

Recall that we fixed an integer N € N and a generating set {a;,...,a;} of the
torsion-free part of T. Let (x,) be a sequence of Iy(T) (see the introduction for a
definition). Each term can express as

N b
Xn= ) %jn [ Lo

j=1 I=1

with x; , € Kt = Q(poo, '), m, e Nand k; 1 ,, € Z.
By convention, a sum indexed by the empty set is always 0.

Lemma 7.1 There exists a subsequence (Xy(ny) of (x,) satisfying the following: for all
le{l,...,b}, thereisaset J; c {1,..., N} such that:

https://doi.org/10.4153/50008414X2300072X Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X2300072X

2062 A. Plessis

(a) the sequence of terms ( (njw'(fg”) )jes, is strict unless ]; is empty;

(b) forall je{1,...,N}, there are an integer A1) € Z\{0} and a tuple (ASJ”))mGJ, €
Z*1 such that for all n,

AIDk iy + 2 AT Ky =0 ()

mejJ;

Proof We compare the elements in R? with the lexicographic order <.

Construct recursively sets J;, ¢ {1,...,N} and functions y;,: N — N, where
(1,t) ranges over all elements of I = {1,...,b} x {0,..., N}, as follows: If t = 0, then
J1,0 is empty and y; ¢ is either the identity if / =1 or y;_; 5 if [ > 1. Assume that ¢ > 1.

Jsbyy i1 (n)
My 11 (n)

If the sequence of terms (C is strict, then we put J; , = J; ;-1 U {t}

) jeTnmu{t}
and y;,; = ¥;,4-1. If not, then put J; ; = J; ;1. By definition of a strict sequence, there

are a proper algebraic subgroup Tj ; of Q" anda subsequence (xy, ,(n)) of (Xy,, ,(n))
such that u; ; , = (( Jolswp, ¢ (n)

Mys (o) € Ty ; for all .

)jefl,tU{t}

From this construction, we easily check by induction that for all (I, ¢) € I, either
J1,+ is empty or the sequence of terms v; ;,,, = ((W,]';lw’(:(")) is strict.

' jelne

Let (i, j) € I. Note that (xy, ,(»)) is a subsequence of (xy, ,(»)) if t' > t. As y10 =
¥i-1,n if [ > 1, an easy induction proves that (xy,, () is a subsequence of (xy, ,(x))
forall (I,¢") > (I, t). In particular, (xy, ,(x)) is a subsequence of (xy, ,(n))-

Letl € {1,...,b} and show that the lemma holds with J; = J; y and v = v n.

(a): By the foregoing, either J; is empty or (v;,n,,) is strict. Item (a) follows since
(xy(n)) is a subsequence of (xy, , (n))-

(b):If j € J;, then we get (b) by taking 26D =1, /\Ej’l) =-land /\f,{’l) =0ifm # j.
If j ¢ Ji, then j ¢ J; ; since J;,; c J;. By construction of J; ;, it means that u; ; , € T; ;
for all n. Consequently, [17, Chapter 3, §3, Theorem 5] says us that there exists a tuple

A= (Af,{’l))mej,ju{j} e ZM*ILi\{(0,...,0)} such that for all ,

. B
(8) XDk gy + Z] A K g () = 0 (g, )

mejy,j
To get (b), it remains to prove that A;j D) 0, which is clear if J1,j is empty since

A # 0. If not, then the sequence (v;,j ) is strict. In particular, v; j , € Tj ; for only
finitely many #. Once again (17, Chapter 3, §3, Theorem 5] tells us that the congruence

Eomen, A%’l)km Lyi(n) =0 (mwl (n)) holds for only finitely many 7, and (8) proves
that )L;J D)+ 0. This completes the proof. ]
Put O = (0,0). For a point P € R? with affix z, we set z = OP. Next define (z;, 23 ) to

be the angle formed by nonzero vectors z; and z;. If z; = 0 or z; = 0, we write (21, 2;) =
0. We can now construct our sequence (Xq(n))-

Lemma 7.2 We keep the notation of Lemma 71. Put 0= ]'[jil 12, [AGD] €
N, AGD = —GA,(,f’l)//\(j’l) € Zand K y(n) = Lomey, Af,{’l)km,l,w(n). Then there exist a
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subsequence (xo(n)) of (Xy(n)) and a subset I c {1,..., N} such that:
(a) for all n, we have

b
K; /(6m )
_ ) o/ (0magy) _ )
Xo(n) = aj0m [ =2 Zj.a(n);
jel =1 jel

K; n/(0mg(,
where a; ¢ (n) € Kr(FY9) and Zjo(n) = 4j,0(n) Hle s saen/(Oma ));
(b) the tuples (Kj1,0(n)>---» Kjp,0(n)) are pairwise distinct when j ranges over all
elements of I;
(c) the sequence (((zi,0(n)>Zj,0(n)))i,jeI) COnverges as n — +oo.

Proof Letle{l,...,b},andletje{l,...,N}. Asmallcalculation involving Lemma
71(b) gives kj,l,v/(n) = (Vj,l,w(n)mu/(n) + Kj,,,u,(,,))/e for some ViLy(n) € 7. Thus

N b k Jm
— Jsby(n) [Ty (n)
Xy(n) = ij,w(n) H @
j=1 I=1

N b b

ViLy(n)/0 Kj,1y(n) [ (0my(ny)
X o o .
Jy(n) H 1 H I
( 1=1

j=1 I=1

Note that x; () [Tr oc;j”"“(")/e e Kp(FY9). If two tuples (Ki 1 y(n)»---» Kipy(n))
and (Kj1y(n)> - > Kjp,y(n)) are equal, we can then group the ith and the jth term
in the last sum above into a single. By repeating this process as much as possible, we
construct a set Iy,(,) € {1,..., N} such that

b

- Kjoty(n)/ (Bmy(ny)

Xy = 2L Gy [[ o ’
jely(n) I=1

where a; y(n) € Kr (99 and the tuples (Kj1,y(n)s - -» Kjb,y(n)) are pairwise distinct
when j runs over all elements of Lyn)- As Ly © {1,..., N}, there is a subsequence
(x¢(n)) of (xy(n)) for which the sequence (I4(,)) is constant, say to I.

By definition, (z;,¢(n)> Zj,¢(n)) € [0, 27[ for all , j € I and all n. Hence, Bolzano-
Weierstrass theorem ensures us the existence of a subsequence (xq(n)) of (x¢(n))
such that the sequence (((zi,0(n)>Zj,0(n)))i,jer) converges as n — +oo. This proves
(¢). Finally, we directly get (a) and (b) from the construction of I, = I. ]

8 Proof of Theorem 1.7

Recall that Iy(T) is the set of x € Q(Tg;y) that can express as x = Z;\’:l xjy; with
x;j € Kr = Q(foo, T) and y; € Lgiy. Clearly, 7x € Iy(T') for all 7 € Gal(Q/Kr) since any
conjugate of y; over Kr is equal to y; up to root of unity.

Recall that Or («) and dr . («) have been defined in Section 1.2. Note that dr . (&) =
dr,e(B) if a and f3 are conjugates over Kr, that is if § € Or(«).

The goal of this section is to prove the following.
Theorem 8.1 Let (x,) be a sequence of In(T) such that dr ¢(x,) ol 1foralle > 0.

Let (Xq(n)) be the sequence constructed in Lemma 7.2 from which we keep the notation.
Then:

https://doi.org/10.4153/50008414X2300072X Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X2300072X

2064 A. Plessis

@ Tjlzioml =1
(b) there exist #I — 1 elements j € I such that z; ¢ () — 0.

Proof of Theorem 1.7 by assuming Theorem 8.1  Set v, = max,co, (5, {I|[x|* = 1/}.
Let ] e RuU{+0oo} be an accumulation point of (v, ) and show that ! = 0, which will
finish the proof of our theorem. Without loss of generality, assume that v, — .

Pick x,, € Or(y,) such that v, =||x,|* - 1|. By the preamble of this section, we
easily infer that x,, € Iy(T) for all n and dr ¢ (x,,) = dr,e(yn) — 1for all € > 0. Thanks
to Lemma 7.2(a), we have x¢ () = X je1 Zj,0(n)- As a direct consequence of Theorem
8.1, we get |Xq()|* — 1. But then vg(,,) - 0; whence [ = 0. [

For the rest of this section, we keep (and fix) the same notation as Theorem 8.1.
In order to simplify our explanation, we assume that @ is the identity. Set G, =
Gal(Kp(FYOm)) /Kr) and H,, = Gal(Kp (F/O™)) /Ky (FY9)). Lemma 2.1 applied
tom=oco,dy=--=dy = Om, and L = Q(F?) gives

b
9) H, :HZ/(mn/Cl,n)Z’
11

where ¢i,4,...,¢p,n € N are bounded from above by a constant depending only on T’
and 0. Next, for all m e N, set . : R™ x R™ — R to be the dot product on R™. Finally,
putK;, = (Kjin-..,Kjp,)and foranyr = (r1,...,1,) € R, we set

2mre,. (K, —Ki )

my

Br,i,j,n = (Z;,Z,;) +
where rc, = (111> -+ > TpChon)-

8.1 Proof of Theorem 8.1(a)

We will deduce the limit of Theorem 8.1(a) thanks to the following equality. Recall
that x,, € Kp (/%)) by Lemma 7.2(a).

Lemma 8.2 LetneN, andleto =r¢e H,. Then

|<7xn|2 = Z |z:j,,,|2 + Z |Zi,n||2,n| coOs (Br,i,j,n).
el ijeli%]

Proof As o € H,,, it therefore fixes the elements of Kr(F%/?). Let j ¢ I. By Lemma

72(a), we have zj , = aj, [1}, af(j”’"/m" with a; , € Kp(F/9). A small calculation

involving (9) shows that 0z; , = zj (,r,f:'K"'” .From Lemma 7.2(a) and from the cosine

rule, we get

n-Kj,
loxal? = > 0zjul? =D zjnlnr " |?
Jel jeI
Kin K,
) z; |Zj’n|2 * . ZI: 4|Zi’n||zj’n‘cos((Zi,n(::: K, )Zj,n ::: ]")) .
J€ i,jel,i%j
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To conclude, it remains to show the equality

K,
(10) |Zi,n||zj,n|cos ((Z, n(rc,, > ] n :rf: ]’")) = |Zi,n||zj,n|COS (Br,i,j,n) >

which is obvious if either z; , = 0 or zj,, = 0. If these complex numbers are nonzero,
then (10) arises from the chain of equalities modulo 27 below

(aCh,»BEm,) = (@ BEL) = (@ B) + (B.BLL) = (@ B) + === (2m),

which is valid for all a, f € C* and all , A € R. [ ]

271('1 M)

Fix from now & > 0. Let F,, be the set of elements ¢ € G, satistying 1 - ¢ < |ox,[* <

1+ ¢ Itis easy to check that dr (x,,) = #F, [#G,,.

Proof of Theorem 8.1 when I has cardinality 1 Clearly (b) arises from (a). Let j
be the unique element of I. Lemma 8.2 tells us that |ox,|* = |z;,,| for all o € H,,. The
fact that dr .(x,) — 1 by assumption and that H, has index [Kp(F/%) : K¢] in G,
provides for all n large enough an element o, € H, belonging to F,. In particular,
1- &< |ouxu|* = |2j,u|* <1+¢ and so|zj|* > 1 proving what we desire. ]

We now focus on the case where I has at least two elements.

Lemma 8.2 suggests us to construct for all n large enough a “good” 0, = r,, € H, for
which we can estimate as precisely as possible the quantities |0, x,| and cos(By,,i,j,n)-
Its construction is the purpose of the next proposition.

Recall that J; is defined in Lemma 71. Let Y be the set of pairs (I, m) such that
le{l,...,b} and m € J;. It is a non-empty set. Indeed, otherwise J; would be empty
for all I. Lemma 7.2 then implies Kj,;,, = 0 for all j, [, n. But this is possible only if I
has cardinality 1 by Lemma 7.2(b), a contradiction by the foregoing.

Recall that the integer ASY is defined in Lemma 7.2. Then put

_ ) (i,1)
= Ay —A 1.
Y ijgf?if{(z,%eJ m |} +

Leti,jel Write A; ; = (AE,{’Z) - A%’l))(l,m)ey. Recall that the sequence ((2i, 1, Zj,n))
converges by Lemma 7.2(¢c); denote by L; ; its limit. Finally, for x ¢ R*Y, we write

Ii j(x) _ [6(4(L,4,j+Aiyj.x—y£); e(4(L,-,j+Aiyj.x+y£)] .
Proposition 8.3 Letx € R*Y. Then, for all n large enough, there exists oy , = ty., € Hy,

such that 1 — € < |0y, nx,|* <1+ e. Furthermore, for each i, j € I distinct such that +1 ¢
I; j(x), we have

cos(ye) cos(Li,j + A j.x) +sin(ye) >
c08(Bx,,.i,jn) > cos(ye) cos(Li j + A j.x) — sin(pe).
Proof First part: As dr .(x,) — 1, we deduce that for all n large enough,

#F, (1-¢)? ( e )25’—1’”1
11 dr,e(x,) = 1-— = (= )
a re(n) G, 2[Ke(30)  Kp] \ 27
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Putx = (x1,m) (1,myey- For I € {1,..., b}, define X; ,,(x) to be the set Z/(m,[c;,,) Z if
J; is empty and the set of r € Z/(m, /¢, ,)Z such that

((rkm,z,,, )meh c H [e@(x,,m—s);6(4(x1),,,+s):|

mn/cl,n mel,
if J; is non-empty. We have

#XK; ,(x) > (1-e) (E)#Iz
My/cin 2

for all n large enough. It is clear if J; is empty. If not, then by Lemma 7.1(a), the
sequence of terms ( ;’:’l"‘" )mej, 18 strict. As ¢; ,, is bounded from above by a constant
depending only on I and 6, we deduce that the sequence of terms ({ :1':}5, mey, isalso
strict. The desired inequality now arises from Corollary 6.2 applied to this sequence,
M=4#];and (x1,...,xm) = (X1,m) mej, -

Clearly, H?ﬂ Ki,n(x) is a subset of H, by (9). Moreover, H, has cardinality
[1%., m,/ci,, and has index [Kr(FY9) : K¢ ] in G,,. Thus

#1172 Kin(x) 1 b #K) 4 (x) § (1-¢) ( e )z?l#l,

#G, T [Ke(FYO): Kp] 15 mafern  [Ke(FY9):Kp] \2n

for all n large enough. Combining this inequality and (11) provides an element o, =
r=(r,...,rp) € Fy n 1%, K1, »(x). This ends the first part.
Second part: Let i, j € I be as in the statement. A small calculation gives

b il il
6. (Kjn—Kin) _ »30 rictn(Kjpa=Kipn) _ #2021 Zmejy r160u (AP = AL Ve 1

my - Smy my
_ H ((rlcl,nkm,l,n)Asni’j’l)
- m >
(I,m)ey ’

where A7) = AGD —APD €7, Let (I,m) e Y. In particular, J; is non-empty.
Recall that r; € K ,(x). By definition of X, , (x), we have

r1Cnkmin _ #T1Kmn Ca(xrm—e). Ca(xpmte)
iy = (mn/c:,n €le ;e ]

for all m € J;. Thus

rcy '(Ki:" —K,‘,n)
my €

(I,m)eY (I,m)eY

). H 6(4(Ag»j,l)xl,m+E|A5ni,j,l)D

>

We clearly have

Z Agii’j,l)xl,m = Z (Agr{)l) - Agri’l))xl,m = Ai,j-X)
(l,m)eY (l,m)eY

and we finally conclude from the definition of y that

rCy. (Kjn—Kin) c [6(4(A,-,j.x—(y—1)s);e(4(A;,j.x+(y—l)s)]'

my
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On the other hand, e%(n@in) ¢ [¢fa(Lij=e) ¢&s(Li+9)] for all n large enough since
(Zi,n>2j,n) = L;,j. From all this, we conclude that for all n large enough,

. Zinizin) #1Cn (Kjn—Ki
eb4Brijin — e(4(Z,,n,zJ,n)(m: (X, ) c Ii,j(x)-

By assumption, +1 ¢ I; j(x). The real part function is therefore monotone on I; ;(x).
In particular, it reaches its extrema to the two endpoints of I; j(x). If it is decreasing,
then

cos(Li j+ A jx—ye) > cos(By,ijn) > cos(Lij+ Aj j.X+ ye).

We deduce the desired inequality thanks to the relations cos(x — y) = cos(x) cos(y) +
sin(x) sin(y), cos(x + y) = cos(x) cos(y) —sin(x)sin(y), and [sin(x)|<1. The
increasing case is similar, which proves the second part of the statement. [ ]

The key to get Theorem 8.1(a) is to apply the previous proposition to a finite
number of well-chosen x. But before constructing them, we need some preliminary
results.

Lemma 8.4 Let i, j € I be distinct. Then A; ; is nonzero.
Proof If A, j is zero, then AGD = AGD for all (I,m)eVY,ie,forallle{l,...,b}
and all m € J;. But then, Lemma 7.2 implies K; ; , = Kj ; , forall € {1,...,b} and all

n, ie., (Kins--o>Kipn) = (Kjins- .. Kjp,a) for all n. This is possible only if i = j
according to Lemma 7.2(b), a contradiction. The lemma follows. ]

We can thus fix an integer d € N such that for all 7, j € I distinct, d does not divide
at least one of the coordinates of A; ;. Put

Z ={0;2n/d;...;2n(d -1)/d}*".
Lemma 8.5 Let i, j € I be distinct. Then ¥, 444452 = 0.
Proof For brevity, write A; ; = (A1, ..., A#y). Thus
Z plidijz _ Z b Tt ki fd _ Z e bl Acke
2eZ 0<ky,.. ksy<d-1 0<ky, .o ksy<d—1
By definition of d, there is u € {1,...,#Y } such that d does not divide 1,. So

4 ke d-1

Z 6(41\,‘,,‘.2 — Z Cd tu Z 3,,k,,'

zeZ 0<kyseo s ku—tskustse.s ksy<d-1 ku=0

Finally, ¥25 g“k = 0 since d does not divide A,,. The lemma follows. ]

We would like to apply Proposition 8.3 for all x € Z. However, there is no guarantee
that the condition +1 ¢ I; ;(x) holds for all #, j € I distinct and all x € Z. We see below
how to circumvent this difficulty.

We define I to be the set of X € [0;27]*Y satisfying

teZ,di#jel,Ize Zsuchthat L; j+ A;;.(X+2z)-tn=0.

As A; ; is nonzero for all , j € I distinct, we infer that J lies in a finite union of
hyperplanes in R*Y (the equation above having no solution if || is large enough
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since the quantity X is bounded). Hence, there exists a simply-connected compact
K c [0;27]*Y such that K n 3 is empty. The distance & from K to 3{ is a positive real
since both K and JH are compact. For x € K, the distance from x, to 3 is

Lii+A;j —t
|Li,j + Aij.(xo +2) — tr] Ss.
\/Ai,j~Ai,j

As A; j € Z*Y is nonzero, we conclude \/A; ;.A;; > 1, and so

min
teZ,i+jel,zeZ

|Li,j + Ai’j.X— t7l'| >0

forallt € Z,all i,je Idistinctandallx e K+ Z ={X+2,XeK,ze Z}.
Recall that ¢ is as small as possible. So we can take it such that ye < §. Thus

tm ¢ [Li,j +A;jx—yeLl; i+ A x+ ye]

for all t € Z, all i, j € I distinct and all x € K + Z. In conclusion, %1 ¢ I; j(x) for all
i,jeIdistinctandallx e K + Z.
Here is the last calculation before starting the proof of Theorem 8.1(a).

Lemma 8.6 Let 1, x; € C be complex numbers with j € I. Then

DX N D xixj= _g 2, (xi=x)+ (L n(FI=1)) 2],
el i,jeli%j i,jeLixj e

Proof For brevity, put #; = —5/2 and 7, = 1 + (#I — 1). Then
m Z (xi —xj)2 + 12 Zx]z =m Z (x? +x]2- —2XiXj) + 12 ijz

i,jeli%j jel i,jeli%j jel
=2(#1-Dm Y, xi =2m Y xixj+n2 )X
iel i,jeli%j jel
:(1’]2+2(#I—1)1’]1)ZX?—21’]1 Z XiXj,
jel i,jel,i#j
and the lemma follows since —2#; =  and #, + 2(#I - )i = 1. |

Proof of Theorem 8.1(a) Lety € K. Recall that +1 ¢ I; j(x) forall 4, j € I distinct and
allx € y + Z. The set y + Z being finite, we infer that for all n large enough, Proposition
8.3 holds for all elements x € y + Z. Choose such a n.

Lemma 8.5 easily implies ¥y, 7 cos(Li,j + A; j.x) = 0forall , j € I distinct. Sum-
ming over y + Z the chain of inequalities in Proposition 8.3 leads to

sin(ye)#Z > > cos(By,,.ijn) > —sin(ye)#Z.
xey+Z

Proposition 8.3 gives 1 + & > |0y, nxn|* > 1— e forallx € y + Z. By Lemma 8.2,

1+e> Y |zjal*+ Y |zimll2)n] cOS(Bry, i jin) 21— e
jel i,jeli]

By summing these inequalities over y + Z, we conclude

(L+e)#Z > #Z Y |zjul” - sin(ye)#Z Y |ziullzjon]

jel i,jel,i#j
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and

#7 Z |zj,n|2 +sin(ye)#Z Z |Zinl|zj,n] > (1-€)#Z.

jel i,jeli+j
Finally, Lemma 8.6 applied to x; = |2j,,| and 5 = +sin(ye) gives us

teee D5 (o ey (- (11 sin(re) Tl

i jel,i+j jeI

> (1- (#1-1)sin(ye)) Y, |:/:j,,,|2

jeI
and

e -0 S (el + (5 (1D sin(ye)) Sl

i,jel,i+j jeI

< (1+ (#I-1)sin(ye)) Z |zj,n|2.
jel

In conclusion, for all n large enough, we have

1-¢ 2
< Zj <
1+ (#I -1)sin(ye) JZE;| o

1+e¢
1- (#I-1)sin(ye)’

ie, ¥jer|2j,n|* = 1, which proves Theorem 8.1(a). ]
8.2 Proof of Theorem 8.1(b)

Recall that +1 ¢ I; j(x) for all £, j € I distinct and all x € K c K + Z. We can now show
the pointwise limit below.

Lemma 8.7 Pickx € K. Then 3 ey, |2i,nl|zj,n| cos (Ll-,j +Ajx) — 0.

Proof Thanks to Theorem 8.1(a), we have 1 - & < ¥ je; |zj,n|* <1+ ¢ for all n large
enough. Furthermore, for all # large enough, there is oy , € H, as in Proposition 8.3.
Choose n large enough so that the facts above hold.

Using the triangle inequality, then Proposition 8.3, we get

(12) <

Z |Zi,n|2j,n] (cos(Brx’m,-,j,,,) - cos(ye) cos (Li,j + A,-,j.x))

i,jeli+j

>, lzinllzinlsin(ye) <ye 3 |ziullzjal.

i,jel,ij i,jelij

We also have 1 — € < gy, nxn|* < 1+ & by Proposition 8.3. Recall that we have the chain
of inequalities 1 — & < ¥ jc;|j,»|* < 1+ &. Thanks to Lemma 8.2, we obtain

(13) < 2e.

> |zinllzjn] cos(Bey,.ijm)

i,jel,i+j
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Applying the reverse triangle inequality to (12), it follows from (13) that

<e ()’ Z |Zi,n||zj,n| + 2) .

i,jel,i#j

> |zinllzjnl cos (Lij + A j.x)

i,jel,i+j

cos(ye)

As|zj4|* <1+ eforall j € I, we finally conclude that for all n large enough,

Z |Zi,n

i,jel,i+j

< WS)}S)(Z+)/(1+5)(#I)2),

|2,n| cos (Li,j + A,-,j.x)

which ends the proof of the lemma. ]

Let {c1,...,cm} = {Ajj,i,jel,i # j} bewithc,...,cy pairwise distinct. For k €
{L,..., M}, put Ej the set of i, j € I distinct such that ¢, = A; ;. Clearly, Ey, ..., Ey is
a partition of I\ | l;¢;(1,1).

We now state a much more precise result than Lemma 8.7.

Lemma 8.8 Wehave ¥.; jyeg, |2i,n|zj,nle%E — 0 forall k € {1,..., M}.
Proof Write
Ck,n = Z |Zi,n||zj,n‘ COS(L,',]‘) and Sk,n = - Z |Zi,n||zj,n| Sil’l(L,',j).
(i, j)€Ex (i,j)eEk

The sequence of terms (Cy,,, Sk,»)r, has an accumulation point in R*M since it is
bounded by Theorem 8.1(a). Let (Cy, Sk)i~, be such a point. To show our lemma, it
is sufficient to get Cx = Sy = Oforallk € {1,..., M }. Without loss of generality, assume
that (Ck,na Sk,n);cvil - (Ck, Sk);(w:y

Let x € K. A short calculation gives

i ME

Z |Zi,n||Zj,n| cOS (L,',j + Ai,j.x) = Z |Zi,n||2j,n| cOS (L,',j + ck.x)
ijelitj k=1 (i, /)eEx

Mz

Cr,n €08 (Cg.X) + Sk, sin (¢x.X) .

=
L.

We deduce from Lemma 8.7 that Zf(\il Ck,n €08 (¢g-X) + Sk, sin (¢x.x) — 0 and the
uniqueness of the limit gives

M
> Cr cos (c.x) + Sk sin (¢x.x) = 0.
k=1

As K is a simply-connected compact, the Monodromy Theorem claims that this
equality holds for all x € C*Y¥. Thus, for such a x, we have

M M
> Crcos (ck.x) = ) Sksin(cx.x) =0,
k=1 k=1

since the functions x = Y.2.; Cx cos (cx.x) and x — Y oL, Sy sin (cx.x) are both even
and odd. The tuples ¢, ..., cy being pairwise distinct by construction, we get Cy =
Sk =0forallk e{1,..., M}. The lemma follows. ]
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For all i,je I, put A; = (Af,{"l))(l,m)ey and note that A; j = A; - A;. Thanks to
Lemma 8.4, it follows that A; are pairwise distinct when j runs over all elements of
I. We now compare these tuples as follows: We say that A; is less than A ; if and only if

ASD < AQD | where (I, m) is the smallest element of Y (for the usual lexicographic
order in R?) for which A" and AYP differ.

Proof of Theorem 8.1(b)  Write E for the set of elements j € I such that the sequence
(zj,n) does not go to 0. Theorem 8.1(a) claims that E is non-empty. To get (b), it
suffices to prove that #E = 1. Assume by contradiction that #E > 1. Let io, jo € E be
distinct such that A ;| = maxyeg Ay and Aj, = mingeg Ay.

Let k € {1,..., M} be the unique integer such that (i, jo) € Ex. Lemma 8.8 gives
Y (i,j)eEx |2i,n|zj,n|e®*E — 0. As the sequence of terms (zj,,) jes is bounded by The-
orem 8.1(a), we get |z; — 0 if either i ¢ E or j ¢ E. From the equality

|Zj,n
Ey=(ExnE*)u{(i,j) €Ex,i¢ Eor j¢E},

we infer that 3 (; jep,np2 |z nl|zj,nle%Eo — 0.
Let (i, j) € Ex N E%. As (io, jo) € Ex N E?, we have A, j, = ¢k = A;,j; whence

Aj—Ai=Ayj=Ayj=Aj, - A

t0>Jo Jo o

The maximality of A, together with the minimality of A;,, shows that A; = A; and
A; = A, Since A are pairwise distinct when j ranges over all elements of I, we deduce
that (i, j) = (o, jo), and so Ex n E* = {(ig, jo)}. But then, |z;,||zj,,n|e% L0 — 0,
ie., either z;, , - 0 or zj, , — 0, contradicting the definition of E. Theorem 8.1(b)

follows. ]
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