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ABSTRACT

Let N/F be an odd-degree Galois extension of number fields with Galois group G
and rings of integers Oy and Op = 9. Let A be the unique fractional 9 p-ideal with
square equal to the inverse different of N/F. B. Erez showed that A is a locally free
O[G]-module if and only if N/F is a so-called weakly ramified extension. Although a
number of results have been proved regarding the freeness of A as a Z[G]-module, the
question remains open. In this paper we prove that A is free as a Z[G]-module provided
that N/F is weakly ramified and under the hypothesis that for every prime g of O which
ramifies wildly in N/F, the decomposition group is abelian, the ramification group is
cyclic and p is unramified in F/Q. We make crucial use of a construction due to the
first author which uses Dwork’s exponential power series to describe self-dual integral
normal bases in Lubin—Tate extensions of local fields. This yields a new and striking
relationship between the local norm-resolvent and the Galois Gauss sum involved. Our
results generalise work of the second author concerning the case of base field Q.

1. Introduction

Let N/F denote an odd-degree Galois extension of number fields. By Hilbert’s formula for the
valuation of the different ® of N/F', there exists a fractional ideal A (= Ay/p) of the ring of
integers O (= Op) of F such that
A?=D7".

This ideal is known as the square root of the inverse different. It is an ambiguous ideal, in
the sense that it is stable under the action of the Galois group G of N/F and is hence an
O[G]-module. B. Erez has shown A to be locally free if and only if N/F is weakly ramified,
i.e. if the second ramification group of any prime ideal p of Oy is trivial. The study of A as an
O[G]-module has too many obstructions to be dealt with (in particular, O may not be principal);
so following the work of Frohlich, Taylor and others (for the Galois module structure of the ring
of integers in a tame extension), we consider the structure of A as a Z[G]-module.

In [Ere91] it was proved that if N/F is tamely ramified, then A is always free over Z[G]. The
question of whether A is free as a Z|G]-module when N/F' is wildly but weakly ramified is still
open. In this paper we prove the following global result.

THEOREM 1. Let N/F denote an odd-degree weakly ramified Galois extension of number fields,
and suppose that for any wildly ramified prime p of Oy, the decomposition group is abelian, the
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ramification group is cyclic and the localised extension Fy,/Q, is unramified, where p =p N F
and pZ =p N Q. Then A is a free Z|G]-module.

This result generalises [Vin01, théoréeme 1.2], which is the natural analogue in the absolute
case where F'= Q. In that case, ramification groups at wildly ramified places are always cyclic of
prime order. In the relative case, we will see that the abelian decomposition group assumption
yields that the ramification group is p-elementary abelian at a wildly ramified place above a
rational prime p. Therefore, our hypothesis about ramification groups at wildly ramified places
in fact mimics the situation in the absolute case.

As in Taylor’s celebrated theorem for rings of integers in tame extensions of number fields
[Tay81, Theorem 1], our result reveals a deep connection between two kinds of invariants of the
extension N/F': the Galois Gauss sum, of analytic nature, that emerges in the constant of
the functional equation of the Artin L-function of F', and the norm-resolvents attached to semi-
local normal basis generators of A, which are entirely of algebraic nature a priori.

Generalisation of the link between these objects to the relative situation has been made
possible by the exhibition in [Pic09] of explicit normal basis generators for cyclic weakly ramified
extensions of an unramified extension of Q,. These generators are constructed using values
of Dwork’s p-adic exponential power series at certain units and have very nice properties; in
particular, they are self-dual with respect to the trace form. Of course, the norm-resolvents we
attach to them can no longer be thought of as completely algebraic in nature.

Dwork originally introduced his power series in the context of p-adic differential operators,
when considering the zeta function of a hypersurface [Dwo64]. In this paper, we demonstrate that
Dwork’s power series is extremely useful when considering Galois module structure in extensions
of both local and number fields. We hope that this work will lead to further investigation of the
connections between these two subject areas.

The core of this paper is §4, where we use the rich properties of Pickett’s basis generators
to compute the product of a norm-resolvent and a modified twisted Galois Gauss sum in local
cyclic wildly and weakly ramified extensions. We obtain the following local result (the objects
will be defined below).

THEOREM 2. Let p# 2 be a rational prime, K an unramified finite extension of Q,, and M a
cyclic wildly and weakly ramified extension of K such that p belongs to the norm group of M /K.
There exist a normal basis generator oy of the square root of the inverse different of M /K and
choices in the definitions of the norm-resolvent N g (s | . ) and of the modified Galois Gauss
sum T3 such that, for any character x of Gal(M/K),

Nijo, (o | X)Tik (X — 2(x)) = 1,

where 1y is the second Adams operator.

Before proving this result in §4, we introduce the technical tools for our study in § 2. Then,
in §3, we give some preliminary results and explain how to reduce the proof of Theorem 1 to
that of Theorem 2.

We hope to deal with the general relative abelian case in a future publication, but we have
no explicit description of a normal basis generator which lends itself so well to calculations of the
type used in this paper; see [Pic09, Remark 13(2)] and [Pic10, Introduction]. We are therefore
not able to generalise the explicit computations of §4 at this stage.

Throughout this paper, N/F is an odd-degree weakly ramified extension of number fields
with Galois group G.
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2. Strategy

In this section, we first explain briefly how Fréhlich’s Hom-description translates the problem of
showing that A is a free Z|G]-module into the study of an equivariant morphism on the group
of virtual characters of G, with idelic values. For each rational prime p, the local components
above p of this morphism decompose as a product of factors indexed by the prime ideals of .
We recall from the literature the properties of these factors that we need, except for those of the
p-factors of the p-component when g | p is wildly ramified in N/F, which will be dealt with in
§6 3 and 4.

First, we fix some notation for the paper.

Notation 2.1. Let Q¢ denote the algebraic closure in the field of complex numbers of the field
Q of rational numbers; for any rational prime p, we fix an algebraic closure Qj of the field of
p-adic numbers Q,. Any number field (respectively, finite extension of Q,) L that we consider
is assumed to be contained in Q° (respectively, Qp), and we set Qy, = Gal(Q°/L) (respectively,
Q= Gal(Q,/L)). We let L? be the maximal abelian extension of L in Q° (respectively, Q)
and write Gal(L*P/L) as Q3P.

When L is a number field, we denote by Oy its ring of integers; if p is a prime ideal of Oy,
we denote by L, the completion (also called the ‘localisation’) of L at p. When L is a finite

extension of @, we denote by Oy, the valuation ring of L and by 67, the Artin reciprocity map
L* — Q2b,
L

2.1 The class group

To prove Theorem 1 we use the classic strategy developed by Frohlich. We associate to the
Z|G]-module A its class (A) in the class group of locally free Z[G]-modules Cl(Z[G]). Since
the order of G is odd, triviality of the class (A) is equivalent to A being free as a Z[G]-module,
which is our goal. Frohlich’s Hom-description of CI(Z[G]) reads as follows:

N Homg, (Ra, J(E))
UG = ot (Ro, EX) DAU(ZICT)

Here Rg is the additive group of virtual characters of G with values in Q¢, F is a ‘big enough’
number field (in particular, F is Galois over Q and contains N and the values of the elements
of Rg) and J(E) is its idele group. The homomorphisms in Homg, (R, J(E)) are those which
commute with the natural actions of Qg on Rg and J(E). The group Homg, (Rq, E*) embeds in
the former one through the diagonal embedding of E* in J(E), and U(Z[G]) = R[G]* x ], Z|G]*
with [ running over all rational primes. We now briefly define the Det morphism, as well as local
and semi-local resolvents and norm-resolvents. For a more complete account of Fréhlich’s Hom-
description, see [Fro83].

2.2 Determinants and resolvents

Let B/A be a finite Galois extension of number fields, let p be a prime ideal of Op, and set
p=p N A. In the following, the symbols K, L, H, Q, and R may have two different meanings
corresponding, respectively, to the semi-local and local situations:

K L izl Q.] R

A |B®aA,| Gal(B/A) | Q| Ry
A@ B, Gal(Bp/Ap) Qp | Ruyp
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In the table, we have denoted by Ry, the group of virtual characters of H with values in Q. Let
X be the character of an irreducible matrix representation © of H, and let x =), .y zh € L[H];

then
Det, ( det( Z xpO(h )

heH
where det stands for the matrix determinant. Extending this formula by linearity to any x € R
yields the morphism

Det : L[H]* — Hom(R, (Q$)™).
The restriction of Det, to H yields an abelian character of H which we denote by det,. It can
be extended to Qi by letting det, (w) = det, (w |1) for any w € Q.
In order to find a representative character function of the image of (\A) under the Hom-
description of Cl(Z[G]), one needs to consider resolvents and norm-resolvents.

DEFINITION 2.2. Let aw € L and x € R. The resolvent and norm-resolvent of o at x with respect
to L/K are defined, respectively, as

(alx) = (@ ]x)a :DetX< > ahh_1>a Nicja. (| x) = [T (@[ x7),

heH weN

where the product is over a (right) transversal Q of Qg in Qg, .

Notice that the norm-resolvent depends on the choice of the right transversal Q. In view
of [Fro683, Proposition 1.4.4(ii)], changing €2 multiplies the norm-resolvent by det, (k) for some
h € H, i.e. by an element in the denominator of the Hom-description. It follows that when using
norm-resolvents to describe a representative function for (A), we may choose 2 freely. When
K/Qy is Galois (in the local context), restriction of Qp-automorphisms to K maps any such Q
onto Gal(K/Qp). When H is abelian, the formulas simplify to

(@lx)=>_a"x(h"), Ngjg.lalx)= H(Zah“x )

heH weQ N heH

2.3 A representative for (\A)

We now describe a representative f of (A) in Homgq,(Rg, J(E)). Such a representative is not
unique, since it can be modified by multiplication by any element in the denominator of the
Hom-description. Indeed, we construct f by slightly modifying Erez’s representative vy, p (see
[Ere91, Theorem 3.6]) to enable more precise computations at wildly ramified places, the goal
being to show that f itself lies in the denominator of the Hom-description.

We define the representative morphism f of (A) by giving for each rational prime p its
semi-local component f, taking values in J,(E) = Hp\p E7§, where the product is over the prime
ideals of O above p. This group embeds in J(E) as the subgroup consisting of the ideles
(yp)p € J(E) such that yp =1 if P is a prime ideal of O p that does not divide p. It decomposes
into the cartesian product Jp(E) = ][, Jo(E), where the product is over the prime ideals p of O
above p and Jo(E) = ]]p,, Ej. Note that, with similar definitions at a lower level, J,(F) = Ff
diagonally embeds into Ji,(E) and J,(N) embeds into J,(E) via the map ()|, — (yp)p)e, such
that yp =z, if P|p.

Furthermore, Ji,(F) is isomorphic to (E ®f F,,)* via the isomorphism

T, =[le® 1) : (Ber Fo)* - Jy(B)

L
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built on the various embeddings ¢ of E in Qj that fix p. These embeddings are in one-to-one
correspondence with the prime ideals of Op above p. In the following we may not always
distinguish between J,(E) and (F ®@F F,)*.

First, consider the case where p is a rational prime that does not divide the order of G. Under
this assumption, Z,[G] is a maximal order in Q,[G], which, by [Fr683, Proposition 1.2.2], implies
that

Homg, (Rg, Up(E)) = Det(Zp[G] X )

where Uy(E) = Hp|p Dgp. On the other hand, Erez has shown that his representative vy, p
takes values in U(F) = [[p O (see [Ere9l, Theorem 2]). It follows that (vy/r), belongs to the
p-component of the denominator of the Hom-description, and hence we may set f, = 1. Similar
arguments show that we may also set fo =1, where co stands for the Archimedean place of Q.

From now on, we suppose that p is a rational prime dividing the order of G. The p-component
fp of our representative f is essentially made up of two ingredients: the global Galois Gauss sum
of F' and norm-resolvents associated to semi-local generators of A.

2.3.1 Norm-resolvents. We begin with the latter ingredient. Since N/F' is weakly ramified,
we know by Erez’s criterion [Ere91, Theorem 1] that the square root of the inverse different
A is locally free. Specifically, for each prime ideal p of © above p, there exists 3, € N ®@f F|,
such that A ®p Or, = OF, [G]B,. The semi-local resolvent (3, | x), for x € Rg, takes values in
(E ®F F,)*, identified with J,(FE) through the isomorphism Z,, and then embedded in J(E).
The norm-resolvent is then obtained as

NF/Q(ﬁga | x) = H (B | XMl)w,

weN

where the product is over a (right) transversal Q of Qp in Qg. The action of Q2 on J(F)
permutes the semi-local subgroups J,(E) corresponding to prime ideals p of O above p; hence the
norm-resolvent Np/q(B, | x) takes values in Jy(E). If Q is any prime ideal of Op above p, we
denote by Np/q(Be | X)g its component in E5. Accordingly, we denote by 3, the idele in J,(N)
whose components in the subgroups J,(IN), where p is above p, are the [, introduced above.
The norm-resolvent Np/q(8p | x) belongs to J,(E) =[]g), £5, with Q-component

NryaBol X)o =[] NraBe | Yo

elp

2.3.2 Galois Gauss sums. We now turn to the global Galois Gauss sum, which is a product
of local ones. For each prime ideal £ of O, we fix a prime ideal £ of E above £ and set [= LN N
and {Z = L N Q. Recall the one-to-one correspondence between prime ideals of O above £ and
embeddings of F into Qf that fix £, and let ¢/, denote the embedding associated to L. It induces
an isomorphism between the Galois group of the local extension N;/F; and the decomposition
group G(¢) of L/, sending v € Gal(N/Fy) to Le/eVlp e € Gal(N/F) (the action on elements is
written exponentially and thus to the right; see [Fr683, III, (2.7)]). We may thus identify G(¢)
and Gal(N/Fy) in the following.

In §3.2 we define the local Galois Gauss sum 7g,(x) when x € Rg(y) is abelian and at most
weakly ramified; for a general definition of the Galois Gauss sum see, for instance, [Fro83, 1.5].
We also recall how this Galois Gauss sum is modified at (at most) tamely ramified places, and
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present an analogous modification at wildly and weakly ramified places. In both cases we denote’
the resulting character function by 7, . Following Erez [Ere91, § 3], we finally twist our modified
Galois Gauss sum using the action of the second Adams operator 12, and get

T (x) = 75, (x — ¥2(x))-

Set T[ = Indg(g) Ty that is, by the definition of induction on character functions,

TF(x) = T¢ (xe) = 75, (xe — ¥2(xe)),

where for x € Rg we denote by y, the restriction of x to G(¢).

We now have for each prime ideal ¢ of 9 a function Te* on virtual characters of G; we shall
see in § 3.2.3 that it is in fact almost always trivial: (7) shows that @* = 1 whenever / is unramified
in N/F. Let Sp and Sy be the sets of prime ideals of O that are, respectively, tamely and wildly
ramified in N/F; their union S contains all the prime ideals ¢ of O such that T[ is non-trivial,
and we define the global twisted modified Galois Gauss sum associated to F' as

1% =[] 77 € Hom(Re, EX).
lesS

It takes values in £, which diagonally embeds into J(E) and hence into each J,(E).

2.3.3 All together. We will prove the following result in §3.2.3.

ProposITION 2.3. For any rational prime p and x € Rg, set

o) =T*0)NF(Bp | X) =T*(x) HNF/Q(% | x)

plp

if p divides the order of G, and f,(x) =1 otherwise; furthermore, set fo, = 1. Then f = (fp)p is
a representative of (A) in Homq, (Rg, J(£)).

2.4 Localising and cutting into pieces
We fix a rational prime p dividing the order of G. The {lg-equivariant component f, of our
representative takes semi-local values. We first transform it into a character function with local
values, and then split it into factors that will be dealt with separately.

We use the localisation procedure described in [Fré83, I1.2 and I11.2]. Let Q be a prime ideal
of O above p. The associated embedding ¢ = 1o /p embeds E into Eg C Q). It gives rise to a
homomorphism F ®q Q, — Eg, again denoted by ¢, and an isomorphism x — x* of Rg onto
R p, the ring of virtual characters of G with values in Q. We know by [Fr683, Lemma I1.2.1]
that it yields an isomorphism

o HOHIQQ (Rg, Jp(E>) - HomQQP (RGJ), Eé) (1)
defined by ¢*(v)(#) = v(6* )", such that
/" (Det(Zp[G]*)) = Det(Zp[G]*). (2)

Here the left-hand side Det group takes semi-local values (on characters with values in Q°),
whereas the right-hand side takes local values (on characters with values in Q). However, the
ambiguity in the notation should not present a problem thanks to this isomorphism.

! When dealing with a tamely ramified place, we also use the standard notation T, (with an asterisk instead of a
star in the exponent).
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We now compute t*(fp). Let 6 € Rg ), and set x = 0" then
() 0) =TT 77 o) TT Neya(Bo | )"

lesS plp

For each £ € S we let 7,* € Hom(Rg(y),, E5) be such that for ¢ € Re(y) p,

T/ () =T7 (¢ )"
Then T} (x¢)" =7/ (0¢), since ¢ : Rg — R, commutes with restriction of characters to G(¥).
Recall from §2.3.2 that we have fixed a prime ideal P of O above each prime ideal g of O,
and set p =P N N. We have not specified the semi-local generator 3, yet, but in view of [Ere91,
Theorem 1] and [Fré83, Proposition I11.2.1], which has already been checked by Erez to apply to
our situation, we may choose a local generator oy, € N, such that Ay /. = OF, [G(p)]a, and
set

(Bo)s =g, (Bp)y =0

for any prime ideal p’ of O above p and distinct from p. It then follows from [Fré83, Theorem 19]
(see also [Ere91, Proposition 5.1]) that, for x € Rg,

Nro(Be | X)e =N, /g, (20 | Xg) dety (10)

for some 79 € G independent of x. Note that the Q-component Bg of our semi-local norm-
resolvent B = Npq(B, | x) equals B* (strictly speaking, we should write BTet, but we have
identified J,(F) with E ®r F,, and hence omitted Z,). Define R, € Hom(Rg () », £3) by

Re(0) = NF, jq,(p | 6)
for ¢ € Rg(y),p- Upon reordering the factors in +*(f,), we get

(£)(0) = [ [ ndG,,) (73)(6) [ [ (IndE,) (R T)(6) deto(v0))-

©'tp plp

Most of the factors of t*(f,) can be dealt with using previous results, which have already
been gathered in [Vin01, §4.2] in the absolute case.

LEMMA 2.4. Let E% and EIQ denote the maximal subextensions of Fg over QQ, which are
unramified and tamely ramified, respectively.

(i) Suppose ¢'{p; then 7 € Det(O po [G(p")]*).
(ii) Suppose p |p and p ¢ Sw; then R,T5 € Det(O gy [G(p)]*).

Proof. Note first that since fg’; =1 when @' ¢ S, the same holds for 77, If ¢’ { p and ' € St, our
modified Galois Gauss sum T;;@, coincides with T}p,, the usual modified Galois Gauss sum (recall
the footnote in §2.3.2); so we may use [Tay81, Theorem 3] together with [CT85, (2-7)] (for the
twist of the Galois Gauss sum by the Adams operator). Suppose now that g’ € Sy,. We shall
prove in Lemma 3.7 below (see also §3.2.3) that T¢, can then be replaced by its non-modified
analogue T, : x € Rg(p) — 7, (X — ¥2(x)), whose behaviour is controlled by the immediate
extension of the result in [Vin01, Lemme 4.7] to the relative case (noticing that the only part of
Lemme 2.1 which is required in its proof, ‘Gy = G1’, remains true; see Remark 3.5 below). This
proves assertion (i).

If p|p and p ¢ Sy, once again our modified Galois Gauss sum is the usual one, 7} ; so
assertion (ii) follows from [VinO1l, Lemme 4.3], whose proof is readily checked to apply to the
current relative situation. O
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In §3 we will show, assuming Theorem 2, that assertion (ii) of the preceding lemma also
holds when p € Sy. We now explain how to deduce Theorem 1 from this result. Using the
functorial properties of the group determinant regarding induction on character functions [Fro83,
Theorem 12], it yields

U (fp) € Det(Opy [G]).

In view of (1), we know that +*(f,) is Qq,-equivariant. Therefore
v (fp) € Det(D gy [G1*) 7% = Det (D [G*) 9P/ W) = Det(Z,[G]),

using Taylor’s fixed point theorem for group determinants [Tay81, Theorem 6]. It follows from (2)
that f, € Det(Z,[G]*) for every rational prime p dividing the order of G, and this proves
Theorem 1.

3. Preliminary results

The core of this paper is the study of the remaining factor R, 77 when @ is a prime ideal of O
which is wildly ramified in N/F' (so that the rational prime p below @ divides the order of G).
In this case, because of the assumption in Theorem 1, the local extension is abelian and weakly
ramified. In order to prepare for extensive study of this factor in the next section, we devote § 3.1
to the description of these extensions, using results from Lubin-Tate theory; in §3.2 we define
the Galois Gauss sum of characters of Galois groups of such extensions, explain how we modify
it and state some of its properties; finally, in § 3.3, we show how to deduce from Theorem 2 that
Ry1) € Det(DElQ [G(p)]*) when p € Sy .

3.1 Local abelian weakly ramified extensions
Let K denote a finite extension of QQ, for some rational prime p, let d denote the residual degree
of K/Q,, and set ¢ = p%. We intend to make use of Lubin-Tate theory to describe the wildly and
weakly ramified abelian extensions of K, so we begin by fixing some (standard) notation. We
refer to [Ser67, § 3] or [Iwa86] for, respectively, a brief or more detailed exposition of the theory.
If 7 is a uniformising parameter of K and n a non-negative integer, we denote by K ,, the nth
division field associated to m over K. This is the same notation as in [Ser67], but note that the
numbering is different in [Iwa86]. We set Kr =J,,- Kx 5. For a positive integer s, we denote by
K, the unramified extension of K of degree s contained in Qp; we let Kuy, =J,5; K3, be the
maximal unramified extension of K in Q. Recall that K ab stands for the maximal abelian
extension of K in Qp, with Gal(K ab/K) =3P, Lubin-Tate theory states that any abelian
extension of K is contained in the compositum of K, and Kyy:

K = K, Ky,.

We remark that the fields K, and K, depend on the uniformising parameter m; yet we have
the following result.

LEMMA 3.1. Given uniformising parameters w and 7’ of K, for all n € N there exists an s € N
such that K , K3 = K, K.

Proof. In [Ser67, §3.7], Serre proved the result K*" = K K, by first showing that KK, =
K, Ky, for all uniformising parameters = and 7’. Following his proof, we can actually replace
K, (respectively, K ) with K, (respectively, K ) at every step to get

Kﬂ',nKun = KT(/,TLKUH‘
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This means that the compositum K, K , must be contained in K ,Ku,, and therefore the
extension Ky Ky n/Ky p is unramified. We know that [K ,, Ky, 0 Kr 5] is finite, and therefore
KrnKr = Ky n K3, for some s. The result now follows by symmetry. O

PROPOSITION 3.2. Let 7w be a given uniformising parameter of K and let L/K be a weakly
ramified abelian extension. Then there exist fields L'*°* and L™ such that L C Lt°tLwn, [t C
Ky, and L' L™/ and L' /K are unramified.

Note that K,/K is totally ramified, so Lot C K o implies that Ltot /K is totally ramified.

Proof. From [Picl0, Theorem 4.1] and its proof, we know that there exist fields Ltot and L™
such that L C LI L%/ is totally ramified, and L**L" /L and L™ /K are unramified;
we also know that Lt /K is abelian totally and weakly ramified, so there exists a uniformising
parameter ' of K such that L'*** ¢ K, . Further, let H denote the Galois group of L'**/K and ¢
the valuation of its conductor: set U?( =905 and Uy =1+ n"O for any positive integer n; then
c is the minimal integer n > 0 such that Uj is contained in the norm group Nj ... / K((f)mt) *). We
know that ¢ = (|Ho| + |H1|)/|Ho| by [Iwa86, Corollary to Lemma 7.14]; hence ¢ < 2. Combining
[Iwa86, Proposition 7.2(ii) and Lemma 7.4] (remembering that the numbering of division fields
there is different from ours), we get

f/tOt C Kﬂ/72.
From Lemma 3.1 we :chen have an intege~r s such that K3 K o= K K. Our result then
follows by taking L' = L™K}, and L*" = L''K3 N Ky . 0

Let T = Gal(K;,/K); then the Artin map 0 :K* — Q}‘? yields an isomorphism
(Ok/m"OK)* =T so that
r@~p®xr,
where T( is cyclic of order ¢ — 1 and T' = {0 (1 + 7mu), u € O /7O }; hence I' = O /7O is

p-elementary abelian of order ¢q. We state the following fact for future reference.

PROPOSITION 3.3. The subextension My o of K o/K fixed by I'D has

d—1

_ -1

r= |

subextensions M;, 1 <i<r, of degree p over K, each of which is the fixed subextension of
M 2/ K by the kernel of an irreducible character x; of Gal(Mr/K) =T

Proof. See, for instance, [Vin05, §2.2]. O

Notice further that K o = K5 1 Mr 2 and that M 5 is the maximal p-extension of K contained
in Kﬂ—,g.

COROLLARY 3.4. In the notation of Proposition 3.2, suppose further that L /K is wildly ramified;
then the conclusion of Proposition 3.2 holds with L** C M o. If, moreover, the ramification group
of L/K is cyclic, then L*°* = M, for an integer i € {1,...,1}.

Proof. Let H = Gal(L/K) and, for i > —1, let H; denote the ith ramification subgroup (in lower
notation). One has H; # Hyo =1 since L/K is wildly and weakly ramified, so Hy/H; =1 by
[Ser68, IV.2, Corollary 2 to Proposition 9]; in particular, Hy is a p-group.

Let L%*' and L"™ be as given by Proposition 3.2. They are linearly disjoint over K, so
Gal(L**L"/K) equals the direct product Gal(L'™'/K) x Gal(L"/K) and the ramification
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group of L™ ["/K equals that of L*™"/K. Since L**/K is totally ramified and L**L"/L
is unramified, this yields (e.g. using Herbrand’s theorem)

Gal(L'"/K) = Gal(L'"" /K)o = H,.

Since Hj is a p-group, we get that L't C ngrm = M 5. Further, Gal(L'""/K) is a quotient of
the p-elementary abelian group I' and so has to be of order p if cyclic. O

3.2 Local weakly ramified Galois Gauss sums

Here, again, p is a fixed rational prime and K is a finite extension of @,. Recall from Notation 2.1
that Q¢ denotes the algebraic closure of QQ in the field of complex numbers. For any non-negative
integer n, let &, be the p"th primitive root of unity in Q° given by &, = exp(2im/p"™), with
the standard complex number notation; in particular, &y = 1. In the following, we shall use the
notation

C = gla f = 627 (3)
since we will mainly be concerned with these two p"*th roots of unity. From now on we shall use
the letter 7 to denote a uniformising parameter of K.

3.2.1 Abelian Galois Gauss sum. Let L be a finite abelian extension of K with Galois
group H. We denote by H the group of irreducible characters of H with values in Q°. Any x € H
can be seen as a character of K* using the composition of the Artin map i of K with the
restriction of automorphisms to L,

Ok K — Q% —» Gal(L/K) =

We shall also denote by x the character of K* obtained in this way. Set U?( =97 and let
U =14 7"9Og for any positive integer m. The conductor f(x) of the character x is 7O,
where m is the smallest integer such that x(UZ) = 1.

Let D =70k denote the absolute different of K/Q,, and let ¥k denote the standard
additive character of K, which is defined by composing the trace Tr = Trg g, with the additive
homomorphism ¢, : Q, — (Q°)* such that 1,(Z,) =1 and, for any natural integer n, 1,(1/p") =
&n, the p"th root of unity defined above. The (local) Galois Gauss sum 7x is then defined by

)
w0 = x5 o ()

(see [Mar77, I1.2, p. 29]), where m is such that f(x) = 7Ok and z runs through a set of
representatives of UY/UR. In particular, 7 (x) = x(7 %) if ¥ is unramified, i.e. if f(x) = Ok.

The Galois Gauss sum is now defined on H. Since H is a basis of the free group of virtual
characters Ry, we extend 7x to a function on Ry by linearity: 7x(x + X') = 75 (X)7x (X')-
Inductivity in degree 0 then enables one to extend 7x to virtual characters of non-abelian
extensions of K see [Fro83, Theorem 18]. Note that the conductor function f extends to Ry in
the same way.

Before modifying the abelian Galois Gauss sum, we define the non-ramified part n, of
X € H by n, = x if x is unramified, and n, =0 otherwise. The map x + n, then extends to
an endomorphism of the additive group Ry by linearity (ny 4, =ny + ny). One easily checks
that if x € Ry is such that x =n,, then

T (X) = dety (77 %) = detX(DI_{l). (4)
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3.2.2 Modification in the tame and weak cases. In this paper, we only have to consider the
case where L/K is tamely or weakly ramified, i.e. where Hy or Hj is trivial. Since 6, /K sends
U to the mth ramification group in the upper numbering, H™ (see [Ser67, 4.1, Theorem 1]),
and since H' = H; and Hy =1 implies H? =1, we see that for y € H we will always have
29Ok C §(x). We shall say that x € H is unramified if f(x) = Ok, tamely ramified if f(y) = 7Ok
and weakly ramified if f(x) = 72O . We shall also say that x € Ry is unramified if §(x) = Ox-.

Remark 3.5. If L/K is wildly _and weakly ramified and abelian, then Ho = H; (see the proof of
Corollary 3.4); thus any x € H is either unramified or weakly ramified. Indeed, in the abelian
case, the tame and ‘wild and weak’ situations do not occur simultaneously.

We recall how the Galois Gauss sum is modified in the tame abelian situation. Fix an element
ck,1 € K such that cx 1O = D . Suppose that L/K is (at most) tamely ramified and x is a
virtual character of H. Recall from above the definition of the non-ramified part n, of x. The
(tame) non-ramified characteristic of x is yz1 (x) = (—1)3°8(%) det, (), and its modified Galois
Gauss sum is

T (0 = T ()Y, () ™! dety (exc)-
This function is usually denoted by 7 (see [Fr683, IV.1]); we changed the asterisk in the exponent
into a star to stress the fact that the Galois Gauss sum will be modified in a different (yet similar)
way in the wild and weak case. Indeed, the above remark enables us to treat these two cases
separately.

Fix an element cx 2 € K such that cx 2Ok = 729 k. Note that if K’ is a finite Galois extension
of K with uniformising parameter 7’ and Galois group H’, with Hj = H{ and Hj =1 (a property
referred to as ‘purely weakly ramified’), then cx 2Ok = %D K.

Suppose that L/K is wildly and weakly ramified and abelian.

DEFINITION 3.6. The (weak) non-ramified characteristic of x € Ry is
yr2(x) = (=1)%") dety,, (7%);

its modified Galois Gauss sum is

Tie(X) = Tk (YK 2(X) " dety (ck 2).-

Note that since n,, is an unramified character, yx 2(x) does not depend on the choice of the
uniformising parameter 7. In contrast, 7 depends on the choice of the element cx 2, unless x is
unramified; changing cx » multiplies 77 by an element of Det(Hj).

For the purposes of this paper we will only need the abelian modified Galois Gauss sum.
Nevertheless, this notion extends to non-abelian characters as in the tame situation. First, one
shows using the results in § 3.1 that there exists a maximal ‘purely weakly ramified’ (see above)
extension KPV of K; let RE’;) denote the free group generated by the characters of the irreducible
representations of Gal(KPY/K) over Q° with open kernel. One then easily checks that the proof
of [Fr683, Theorem 29(ii)] shows, mutatis mutandis, that yg 2 is fully inductive; that is, for
KCK' CKPY and y € RE’}Q),

yr,2(X) = Yk 2(ind x),
where ind Y is the induced character of y in RF}VE)' Since 7k is inductive in degree 0 in the purely
weakly ramified context as well as in the tame one (see, for instance, [Mar77, I11.4, p. 39]), and
since the same holds for det(ck 2) (see the proof of [Fr683, Proposition IV.1.1(iv)]), the above
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definition yields modified Galois Gauss sums 77, on R?}Z,) for any K'/K contained in KP¥ which
are inductive in degree 0.

We now check that our modification only involves factors in the denominator of the Hom-
description; see [Fr683, Theorem 29(i)] for the tame case.

LEMMA 3.7. Suppose that L/K is abelian, of Galois group H, and either tamely or wildly and
weakly ramified. The map 7f; /T belongs to Homq, (R, (Q°)*) Det(H).

Proof. Let i =1 or 2, depending on whether L/K is tamely or weakly ramified, and let x € Ry.
Clearly, yx ; is Qg-equivariant and takes roots-of-unity values, since det,, is an abelian character.
Set hi,i =01,k (ck,i) € H; then det,(ck ;) = dety (hr ;). Therefore x +— dety(ck ;) € Det(H). O

Note that when x € H is weakly ramified, we get 75 (x) = T (X)X (cK,2). Further, recall from
[Tat77, §1] that in this case the Galois Gauss sum is linked to the local root number W (x) by

(X)) =p"W(x™"), (5)

where d is the residual degree of K/Q,. We now show the following very useful property;
see [Fro83, Proposition IV.1.1(vi)] for the analogous statement in the tame situation.

PROPOSITION 3.8. Suppose that L/K is wildly and weakly ramified with abelian Galois group
H and that x, ¢ € H with ¢ unramified. Then

T(0)=—1, Tk(ox)=Tik(X)-

Proof. One has 7x(¢) = ¢(77%), yx2(¢) = —d(7?) and ¢(ck2) = d(7>T*), hence the result for
75 (¢). The result for 77 (¢x) follows when x is unramified. Suppose that x is ramified; thus
§(x) = f(¢x) = 72Ok and we get, using (5) above together with [Tat77, § 1 Corollary 2], that

Ti(6x) = pW (¢~ X =p T (FT)W () = o(r )i (x).
Further, yr 2(x¢) = 1 = yx2(x) and x¢(ck2) = ¢(72+%)x(ck.2), hence the result for 75 (¢x). O

More generally, when L/K is abelian and either tamely or wildly and weakly ramified, and
¢ € Ry is unramified, one can check from Definition 3.6, using (4), that 7% (¢) = (—1)de&(®),

3.2.3 Twisting. The last step in building the morphism f defined in §2.3 is to twist the
modified Galois Gauss sum by 19, the second Adams operation, which is the endomorphism
of R defined by 2(x)(g9) = x(¢?) for x € Rg and g € G. The properties of 1), together with
Lemma 3.7 above, enable us to show that f is, as claimed, a representative of (A).

Proof of Proposition 2.3. One only has to check that the quotient of f by Erez’s representative
vn/p (see [Ere9l, Theorem 3.6]) lies in the denominator of the Hom-description. Choosing
the same semi-local normal basis generators 3, to define f and vy/p (the change of semi-
local generator lies in the denominator of the Hom-description; see [Fr683, Corollary to
Proposition 1.4.2]), this quotient is the global valued morphism on R¢ given by

HIndG g)( TFZ/TFZ );

es \112 7—F /TFI/)

UN/F

where Wy is the second Adams operator, defined by Wa(v)(x) =v(¢2(x)) if v is a character
function. Fix an /€ S. We know by Lemma 3.7 that 77, /75, € Homg,(Rg(), £*) Det(G(£)).
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By [CT85, (2-7)], WUy preserves Det(Z;[G(¢)]*) for every rational prime [, and hence
Wy (Det(G(£))) C Det(Z[G(£)]*). Further, ¥ commutes with the action of Qg on Rgy (see
[Ere91, Proposition-Definition 3.5]), and hence Wy preserves Homq, (R, E*). Applying
[Fr683, Theorem 12], we see that f /vy belongs to Homg, (Rg, E*) Det(U(Z[G])) as required. O

3.2.4 Alternative expressions of the twisted modified Galois Gauss sum. We return to the
previous setting, so that L/K is an abelian weakly ramified extension of p-adic fields, with
Galois group H. The abelian hypothesis yields that if XEFAI , then v(x) =x? and hence
(X — ¥2(X)) = 75 (x) /75 (x?). If, moreover, y is weakly ramified, then

Ti(x = ¥2(x) = x(ex2) " i (x — XP). (6)

Note also that for any x € Ry, 12(x) has the same degree as x. If x is unramified, it follows
that

Ti(x = ¥2(x)) = 1. (7)

Recall that ¥ is the standard additive character of K defined in §3.2.1 (and be aware that
19 and g are very different functions).

PROPOSITION 3.9. Suppose that x € H is weakly ramified; then there exists ¢, € K such that
Ok =f(x)Dx and x(1+y) ' =vx(cyly) forally € nOk. (8)

Furthermore, for any such c,,

Tf{(X—X2)=X< CX )W(cgl)_l-

46](’2
Proof. This result is a direct consequence of [Tat77, §1]. Using (5) and applying [Tat77, §1,
Proposition 1] to a = x ™! and a = 79O, we get the existence of ¢y in K satisfying conditions (8)
above; we also get that, for any such c,,
7 (X) = P'x (e ) (e ).
It only remains to notice that ¢, satisfies conditions (8) for x if and only if ¢, /2 satisfies the
same for x2, to obtain the result through (6). |

We deduce a result which will be required later.

COROLLARY 3.10. Suppose K/Q), is unramified and set vy = p?/ck 2 € O . Suppose that x €
H is weakly ramified; then there exists vy, € O such that for allu € Ok, x(1+ up)_1 = (Tr(uvy),
Under this condition, one has

* 2\ _ VK2 —Tr(vy)
(X — X )—x<)£ x).
4v,,
Furthermore:

(i) vy is uniquely defined modulo p, but vy + ap also satisfies the above condition for any
a€Ogk;

(i) ifje{1,...,p—1}, v\s can be chosen equal to jv,.

Proof. Since K/Q, is unramified, p is a uniformising parameter of K and f(x)®x = §(x) = p*Z,.
Take ¢, € K satisfying conditions (8) for x, and set vy, =p*/cy; then v, € OF, and for all
u € O one has x(1 +up) ™" = (uvy/p) = (). Conversely, if v, satisfies these conditions,

1187

https://doi.org/10.1112/50010437X12000851 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X12000851

E. J. PICKETT AND S. VINATIER

then ¢, =p?/v, satisfies conditions (8) and the formula given in Proposition 3.9 yields the
formula for the Galois Gauss sum.

Let k denote the residue field of K. The trace form T'(z,y) = Try/(z, /pz,)(Ty) is a non-
degenerate symmetric bilinear form from k x k to Z,/pZ, and hence induces an isomorphism
y—T(.,y) between k and its dual. If v, € O satisfies the condition of the corollary, then
T(.,vymod p) is given by this condition, and hence v, mod p is unique. The two last assertions
are readily checked. O

Remark 3.11. Under the hypothesis of Corollary 3.10, we get

—Tr(vy)

(X = x*)P =¢ = x(1+p);

so the modified twisted Galois Gauss sum is a pth root of unity if and only if x(1 + p) is trivial,

namely when 0,k (1 + p) belongs to ker(x). If K/Qj is ramified, we get by Proposition 3.9 that
x(1+p)~t= 1/11((0;11?) = wK(cgl)p; therefore we have

(X =X =x(1+p) =1

since p € 29O k. The modified abelian weakly ramified twisted Galois Gauss sum is thus always
a pth root of unity in the ramified base field case.

3.3 Reduction of the problem

Recall that p is a rational prime dividing the order of G (in particular, p # 2 since [N : F]
is odd), Q is a prime ideal of O above p, and p is a prime ideal of O above p which is
wildly ramified in N/F. In §2.3.2 we fixed a prime ideal P of E above p and denoted by
tp), the corresponding embedding of E into Q, fixing p; recall that we also used G(g) to denote
the image in G of Gal(N,/Fj,), where p =" N N, under the homomorphism induced by ¢p .
We introduce the following useful notation.

Notation 3.12. If K is a finite extension of Q, and L/K is weakly ramified with Galois group H,
let ay, denote a normal basis generator of the square root of the inverse different Ay /i of L/K
and RTj(L) the morphism from Ry, to Ej given by

RTE(L)(x) = Nk /o, (ar | X)TFE(X)-

We will sometimes write 73 (x — x?) instead of 75(x), when the context makes it clear what we
mean.

We are thus interested in computing R7y (Ny) = R, 7]

By the hypothesis in Theorem 1, F|, is unramified over Q, and N,/F, is abelian, is wildly
and weakly ramified, and has cyclic ramification group. We are therefore in a position to apply
Corollary 3.4 with K = F|,, uniformising parameter m = p, and L = N,. Recall that M2 has
r=(p?—1)/(p— 1) subextensions M;, 1 <i<r, of degree p over F,,. We know that there exist
an unramified extension L"™"/ F,, and an integer 1 <i <7 such that

N, C M;L"™ and M;L"™ /N, is unramified.
PROPOSITION 3.13. Let C; = Gal(M;/F,,); then
RTp (M;) € Det(Opy [Ci)*) = RTf (Np) € Det(Opy [G(p)]).
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Before giving the proof, we describe these extensions in a diagram where we introduce some
notation for the Galois groups involved.

Mo L' = M;L"™

Proof. There will be two steps in the reduction process: from M; to L' = M;L"™ and from L’ to
Nj,. For the first step, we shall take advantage of the fact that L'/F|, is the compositum of the
totally ramified extension M;/F,, and the unramified extension L""/F,,.

LEMMA 3.14. Let K be a finite Galois extension of Q, and K t its maximal tame extension
in Qf. Let L, be an unramified extension of K such that L,/Q, is Galois, let L1/K be an
abelian totally wildly and weakly ramified extension, and set Ly = L1 L,, G; = Gal(L1/K) and
G2 = Gal(Ly/K). Then

RT7 (L) € Det (D [G1]*) = RT;(La) € Det(D g [Ga] ).

Notice that the existence of a normal basis generator oy, for Ay, i is ensured by [Ere9l,
§2, Theorem 1] and [Vin01, Proposition 2.2(ii)].

Proof. Since L, /K is unramified, let us denote by C' its cyclic Galois group. Then Gy = G; x C,
and any irreducible character x2 of G2 decomposes as a product x2 =x1Xxc where xi
(respectively, x¢) is an irreducible character of G (respectively, C'). Let  denote a normal
basis generator for O, = A, /x over Ok. Since L1/K and L,/K are linearly disjoint, one
has Ar,/k = A, )k @0y Or,. This implies that oy, ® 3 is a normal basis generator for Ay, /i
over O, so there exists u € Og[G2]* such that ar, = (ar, ® f)u. By [Fré83, §1, Corollary to
Proposition 4.2], this yields

(ar, | x2) = (ar, ® B x2) Dety, (u)
= (ar, [ x1)(B | xc) Dety, (u)
= (aL1 ‘ Xl) DetXc (B) Detxz (u>7 (9)

where B=3Y" .~ ¢(8)c™t € Op,[C]* by [Fré83, Proposition 1.4.3]. Note that x¢ is the restriction
to C of x2 and that [xc +— Det, (B)] € Det(Or,, [C]*); so [x2 — Dety, (B)] € Det(Op, [G2]*) by
the functorial properties of Det. Consequently, let v € O [G2]* be such that (ar, | x2) = (ar, |
x1) Dety, (v). To compute the norm-resolvent N g , we need to choose a transversal Q of Q
in Qg,. Since Qg, /Qx = Gal(L,/Qy)/ Gal(L,/K), we can choose {2 so that Q|;, C Gal(L,/Q,).
With this choice, v =[[ v* € Or, [G2]* is such that
Nk, (@, | x2) = Ni/g, (oL, | x1) Dety, (v').

We now consider the twisted modified Galois Gauss sum. Since y¢ is an unramified character,

we know from Proposition 3.8 that 7 (x2 — x3) = 7 (x1 — 7). This yields

Nijo, (o, | x2)Th (x2 = X3) = Nk, (ar, | X1)7i(x1 — X7) Dety, (v').

1189

https://doi.org/10.1112/50010437X12000851 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X12000851

E. J. PICKETT AND S. VINATIER

Suppose RT7(L1) € Det(Ox+[G1]*); then by induction of character functions, the map xo —
Nk, (or, | x1)7K(x1 — x7) belongs to Det(O+[G2]*), and the same holds for xo — Dety, (v')
and thus for RT%(L2). O

Suppose RT (M;) € Det(O gy [Ci] ). We know that L' = M; L™ is unramified over N, and
that N,/F,, is weakly ramified; therefore L'/F,, is weakly ramified. We then apply Lemma 3.14
to K = Fy, L1 = M; and L, = L"", and get that R7;: (L) € Det(O gy [G']¥).

We consider the restriction of F,-automorphisms of L' to Ny: G' — G(gp). This induces an
inflation map on characters, inf : Rg(,,) , — Rap, which in turn induces a co-inflation map on
character functions,

coinf = coinfg(p) : Homg, (Rerp, E5) — Homa, (Ra(e)pr £5);
we know by [Fro83, Theorem 12(ii)] that
coinf R7z (L") € Det(D gy [G()] ). (10)
We now show the following result.

LEMMA 3.15. Let K be a finite Galois extension of Q,, and let Ly/L1/K be a tower of abelian
extensions such that Lo/ K is weakly ramified. Set G1 = Gal(L1/K) and Ga = Gal(L2/K). Then
there exists v € Ok [G1]* such that

coinf RT7(La) = RTf(L1) Det(v).
Proof. For x € Rg, p, one has
coinf RT% (L2)(x) = RTf (L2)(inf x)
= N /g, (aL, | inf x)7i (inf x — (inf x)?).

We know that the Galois Gauss sum is inflation invariant (use (5) and see [Mar77, pp. 18 and 22)),
that is, 7x (inf x) = 7k (x). The same clearly holds for the twisted Galois Gauss sum as well as
for its modified version, thanks to (6) and the fact that

(inf x)(ck,2) = X(OL,/x (cx2)|L,) = X(OL, /K (K 2)) = X (K 2)-

For the resolvent, we know by [Fr683, III, Lemma 1.5] (which is readily checked to apply to
non-tame extensions) that

(aLz ’ inf X)Gz = (TrLz/Iq (aLz) ’ X)G17

where the subscripts stress the fact that the sums defining the two resolvents are not indexed
by the same group. Further, since Ay, i =Trp, /1, (AL, k) (see [Eredl, §5]), Try, r, (ar,) is a
normal basis generator for Ay, /k, so there exists some u € O [G1]* such that Try, /1, (ar,) =
uar,. As in formula (9), this yields

(Trr,/z, (ar,) | X) = (az, | x) Dety (u),
and so, for any transversal Q of Qx in g, , we get
Nk g, (ar, |inf x) = Nk, (ar, | x) Dety(v),
where v =[], ccar/g,) v € Ok[G1]™. O
Proposition 3.13 now follows from Lemma 3.15 and (10). a

Since we have applied Corollary 3.4 to F, with uniformising parameter p, we know that
M; C (F)p,2, and thus p belongs to the norm group Ny, /x (M) of M;/ K by [Iwa86, Lemma 7.4].
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Assuming Theorem 2, we get that R7, 13; (M;) = 1 for appropriate choices of ayy,, of the transversal
Qof Qp in Qg, that defines the norm-resolvent, and of the element cf,_ 2 of O F, that defines the
modified twisted Galois Gauss sum. Therefore, it follows from Proposition 3.13 that for p € Sy,

RTS, (Np) € Det(O gy [G(9)] ),

as asserted. We are left with proving Theorem 2, which is the goal of the next section.

4. The local computation

We fix a rational prime p and an unramified finite extension K of QQ,; we denote by £ its residue
field and set d = [K : Q| = [k : Z,/pZy). Let M be a cyclic wildly and weakly ramified extension
of K, with Galois group H, such that p belongs to the norm group Ny /x(M*) of M/K, i.e.
M C K,; thus M is one of the degree-p subextensions M; of K, 2/K in Proposition 3.3 applied to
7 = p. It follows that M is the fixed subfield of M), 2/K by the kernel of an irreducible character
x of Gal(M,2/K), and the irreducible characters of H are the x’, for 0<j<p—1 (x° is the
trivial character xo).

Let 0 < j <p—1; then RTE(M)(x?) = Nk, (anr | X)) (x? — x*). We first use the explicit
construction from [Pic09] of a self-dual normal basis generator ay for Ay over Ok to calculate
the norm-resolvent N q (s | x’). We then calculate the modified twisted Galois Gauss sum
75 (x? — x¥), and show that R75(M) =1 for appropriate choices of the transversal (2 defining
the norm-resolvent and the element cg 2 of K defining the modified Galois Gauss sum.

4.1 Dwork’s exponential power series
Let v€@Qp be a root of the polynomial XP~1 4 p and note that, as this is an Eisenstein
polynomial, v will be a uniformising parameter of K().

DEFINITION 4.1. We define Dwork’s exponential power series as
Ey(X) = exp(yX — 7 XP),

where the right-hand side is to be thought of as the power series expansion of the exponential
function.

Here we recall some important properties of Dwork’s power series. Let C, denote the
completion of @} and | - |p : C, — R its absolute value, such that |p|, = p~ L. For instance,

7l = ‘NK(W)/QP () ;/[K(v):Qp} — ,p|113/[K(7):K] :pfl/(pfl),

where Ng )/, stands for the norm from K(y) to Q,. We denote by ord, the associated
valuation: for a € Cp, |al, =p~ %), For r € R, let D(r~) ={a€C,:|al, <7} (respectively,
D(rt)={a€C,:|al, <r}) denote the so-called open (respectively, closed) disc of radius r
about 0.

The radius of convergence of a series ) a, X™ with coefficients in C,, is (lim sup \an];/ "L
it equals the largest real number r such that the series converges in D(r™) (see [Kob77, IV1]).
From standard theory, we know that the radius of convergence of exp is p~ Y@= If we write
Ey(X) =250 enX", then |en|;)/n < p=P)/P* for all positive n by [Lan80, 14, Lemma 2.2(i)],
and therefore the radius of convergence of F, is at least p®=1/P* 1n particular, E., converges on
D(17) and hence on Ok. Note that one has E(a) = exp(ya — vaP) for a € D(17), because then
lva — vaP|, = |yal, < p~ /=1 but this expression cannot be used when |a|, = 1: the image of
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the unit circle of C, under vX —~X? is not contained in the disc of convergence of exp. For
such an a, only the series in the coeflicients e,, is available.

Nevertheless, if a € D(17), then [pyal, < [pyl, <p~/®~V, and the same holds for |pyaP|,.
Using the homomorphic property of the exponential power series, we deduce that

E,(a)? = exp(pya) exp(—pya?).
In particular, E,(1) is a pth root of unity. By [Lan80, 14, Lemma 2.2(ii)] and the power series
expansion of exp, we obtain

E,(X)=1+~X mod ’yQDQP(,Y)[[X]]. (11)

This shows that E (1) is in fact a primitive pth root of unity. Further, the different choices of v
correspond to different choices of this root of unity; therefore we may choose v so that £, (1) = (,
where ¢ was defined in § 3.2. We remark that [K(¢) : K] = [K () : K] and ¢ € K (), and therefore
K (v) = K(¢); we shall now denote this field by K.

Formula (11) also shows that if we let u € O be a unit, then E,(u) —1 is a uniformising
parameter in K'.

Let p€Zy and set By (X) =), o(u(—1) - (p—n+1)/nl)X". This series belongs to
Zp|[X]] and converges on D(17); see [Kob77, p. 81]. For any sequence of rational integers (u;);
converging towards j, one has B, (X) = lim; B, (X) (coefficient-wise). Further, the p; can be
taken to be positive, in which case By, (X) = (1 + X )"/, so that we may abbreviate the notation
and write B, (X) = (1 + X)*. Using the fact that exp(X)" = exp(u; X) for every 4, and taking
the limit of the coefficients as ¢ goes to infinity, one deduces that

exp(jiX) = exp(X ).

We consider the power series E (X )" = B,,(E,(X) — 1) and, using (11), see that it converges
on D(1T). Substituting pX for X in E, yields a power series E,(uX) that also converges on
D(1%). Further, let p, 1 denote the subgroup of Z) of (p — 1)th roots of unity. Then we get the
following result.

LEMMA 4.2. Let p € pip—1; then E,(uX) = E,(X)*.
Proof. The result is straightforward, since

exp(yuX — y(uX)P) = exp(u(vX —vXP)) = exp(y X — v XP)H. m

4.2 The Kummer extensions in K, >
In this section we will sometimes identify the multiplicative groups of the residue fields £ and
Zy/pZy with their Teichmiiller lifts; that is, letting py—1 and p,—1 denote the groups of roots of
unity of order prime to p in K and Q,, respectively, we have k* = p,_1 and (Z,/pZy)* = pp—1.
Specifically,
O =pg-1x (L+pOx) and Z; = pp-1 % (1 +pZyp).

Since K/Q, is unramified, we shall also identify its Galois group and that of the residue extension,
and set ¥ = Gal(k/(Z,/pZ,)) = Gal(K/Q),).

We now let ) be a normal basis generator for k over Z,/pZ, and, as described, we will often
think of 7 as actually lying in Oj. The conjugates of  under ¥ are the npj, 0<j<d—1,5s0
each u € k has a unique decomposition
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with coeflicients u; € Z,,/pZ,. For ease of notation we identify 0 € Z,/pZ, and 0 € Ok, so that
each u;j € Z,/pZy can be seen as an element u; € {0} U pp,—1 C Zyp. To u € k as above we associate

a:u—HE Py HE (ujn”') € K’ (12)

(recall that K’ contains v and is a complete ﬁeld). The second equality comes from Lemma 4.2;
note that x,, does not equal E,(u) since E, is not a group homomorphism on the additive group
D(1)*. Further, xo = 1, and when u € k* it follows from (11) that z, =1 + yu mod 7?9, so
that x, — 1 is a uniformising parameter in K.

PROPOSITION 4.3. There are exactly r = (p? —1)/(p — 1) degree-p extensions of K' contained
in K9, given by L; = K'M;, 1 <i<r. Further, k* /(Z,/pZ,)* is in one-to-one correspondence

with the set {L;:1<i<r} via the map u— K'(x /p)

Proof. From [Pic09, Theorem 5], we know that every degree-p extension of K’ contained in K, o
is generated by the pth root of an element H;l;é E, (nP" )™ , with exponents nj€40,1,...,p—1}
which are not all zero. (In fact, the statement in [Pic09] requires one element in the basis of k
over Zy/pZy to equal 1, but this is never used in the proof, so we can use a normal basis here
instead.) To such an element corresponds a unique u =", j ujnpj € k*, where u; is the coset of
n; modulo pZ,. Let us lift each u; in {0} U pp—1 C Zy, and write u; =n; + pm; with m; € Zy;
then

ﬂcu—HE ()" (HE (P )™ )p.

We conclude that the degree-p extensions of K’ contained in Ko are the L, = K’ (le/ Py for

uek”.
Multiplying u by an element y in (Z,/pZy,)* changes , to z,, = x,". If we let p=n+ py/
withn e {1,...,p— 1} and ¢/ € Z,,, we find that z,, equals a prime-to-p power of x,, multiplied

by the pth power of an element of K’, so its pth root generates the same extension of K’ as that
of x,. Therefore the map given in the statement is well defined and surjective. For any integer
1 < i < r, the compositum M; K’ = L; is a degree-p extension of K’ contained in Kj, 2, so we get
that the map is a one-to-one correspondence. O

Remark 4.4. Keeping the notation used in the proof, it would be nice to show that L, is
also generated by the pth root of E,(u). We would then get a generating set (for the degree-p
extensions of K’ contained in Kj,9) that would not depend on the choice of a basis of k over
Zy/PZ,. However, the fact that E, is not homomorphic on the additive group D(1)* does not
make this goal easy to achieve.

4.3 Lifting Galois automorphisms

We now set L = K'M; thus, by the former result, L = K’(a;;/p) for an element ¢ of k* which
is uniquely determined modulo (Z,/pZ,)* by M. We fix ¢ for the rest of the paper and set
x =z, for brevity. We describe our field extensions in Figure 1, where we let H = Gal(M/K)
and A = Gal(L/M).

We need to study how the elements of Gal(K'/K) and ¥’ = Gal(K'/Q,(¢)) can be lifted,
respectively, to automorphisms of L (recall that L C K?) and of the Galois closure L of L/ Qp(¢).
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K,
\ .
\ "
L=K'(x'7)
K, — p X,\ M>
K'=K(@y)=K(@©) H
d >2’ T K
QP(C)\ >2
p-1

Q P

FiGure 1. Extensions diagram.

We have the following group isomorphisms:

pp—1 = (Zp/pZy)* = Gal(Qy(¢)/Qp) = Gal(K'/K)
po o+  pmodp +—— (s,:(—CH).

As a consequence of (11) in §4.1, we know that x — 1 is a uniformising parameter of K. As
noted in [Pic09] before Lemma 9, this implies that z'/? — 1 is a uniformising parameter of L. It
follows that both z — 1 and z'/? — 1 belong to D(17), so we may consider raising = and /P to
the pth power for any p € Z,. [Pic09, Lemma 10] applied to = (with appropriate choices of the
exponents n;) yields that, for any p € p,_1,

su(x) =k

Since [L : K'] = p, each automorphism s, € Gal(K'/K) has p distinct liftings in Gal(L/K'), which
are determined by their value at 2'/P. More precisely, let us fix a pth root of s x() in L, by setting

su(x) /P = (g/PYr = /P

where /P is our previous (implicit) choice of a pth root of z. Any lifting § of s, satisfies
3(x/P)P = s,(x), so there exists an integer n € {0,...,p— 1} such that 3(x/?) = ("s,(2)"/?,
and n determines 5. One easily checks that, for any integer k,

k—1

gk(xl/p) — anu 3Ju’“/p’
so s~ =1 if and only if n = 0. Further, in this case, one obtains that 5 has the same order in
Gal(L/K) as p does in p1p—1. We have thus proved the following result.

PROPOSITION 4.5. Let p denote a primitive (p — 1)th root of unity. Then Gal(L/K) contains
exactly one element s, that maps ¢ to ¢*, is of order p — 1, and hence generates A and fixes M.
Further, 3,(z'/?) = a1/

We now consider extending automorphisms in ¥’ = Gal(K’/Q,(¢)). Since v is fixed by ¥/, one
checks that o(z) = x4 for any o € ¥'. Therefore, by Kummer theory, L/Q,(¢) is Galois if and
only if every x,(.) can be written as 2™y for some integer m prime to p and some y € K ', Using
the fact that the elements of ¥’ act on 7 by raising it to its p"th power for n € {0,1,...,d — 1},
one then checks that this only happens when ¢ =t ZZ;E stn=1pr" for some s, t € (Zp/pZy)*™
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with s of order dividing d. In particular, s =1 yields L = K(§) = K - Q,(§), which is always
Galois over Q,((); recall that £ and ¢ were defined in (3).

Since L/Qy(¢) is not Galois in the general case, we consider the Galois closure Lof L/ Qp(¢),
given by L=K'({o(x)"/?: 0 €3'}). The extension L/K’ is Kummer and its Galois group is
p-elementary abelian, of order p™ for some integer m (equal to 1 if and only if L/Q,(()
is Galois). Let 01 =1 and o9, ..., 0y € X be such that L is the compositum of the m degree-p
extensions K'(o,(x)"/P), 1 <n <m, of K'. Any o € ¥/ extends to Gal(E/Qp(C)) inp™=[L:K'l
different ways, determined by the values at the o, ()'/?, 1 <n < m. More precisely, let us fix a
pth root of ooy, (z) for each n e {1,...,m}; then a lifting o of ¢ is determined by the integers
k(n) €{0,1,...,p—1} such that, for any n, &(o,(z)"/?) = ¢*" (00, (x))"/P. The choices of
the k(n) for all the n yield the p"™ possible liftings of o; hence each of these choices is realised.
In particular, taking k(1) = 0, we see that there exists a lifting o of o to L such that

5(z'") = o(a)'/? (13)

for any prior choice of a pth root of o(z). We deduce the following result, where Ny /g, (¢) ()
denotes the norm of = from K’ to Q,(¢).

PROPOSITION 4.6. For any choice of a pth root of N /g, (¢) (x), there exists a transversal ) of
Qp in Qg, such that each w € ) fixes ¢ and

[T @)% = Ny, ()7

weN

Proof. Since K/Q, is Galois, choosing a transversal €2 of Qx in Qg, is the same as choosing a
way to extend the elements of ¥ = Gal(K/Qj) to act on Q. By Galois theory, we know that
there is only one way to extend these to ¥’'. Let o € ¥'; then for any choice of a pth root of
o(x), there exists w, € lg, that extends the lifting ¢ of o defined in (13), namely

(@!/r)er = G(a) = o2) /7.

The set Q = {w, : 0 € X'} defined this way is a transversal of Qg in Qg,, and

[T = T o),

weN oey’

which can be made to equal any pth root of N /g, (¢ (z) for a suitable choice of the pth roots
of the o(z), o € ¥'. By construction, the restriction of each w € Q2 to K’ belongs to ¥’ and hence
fixes (. O

4.4 The norm-resolvent

We begin by exhibiting a (self-dual) normal basis generator for the square root of the inverse
different A/, which we then use to compute the norm-resolvent involved in R7;(M). Recall
that = was defined at the beginning of §4.3.

LEMMA 4.7. Let

14+ Tra (.’El/p)
p .

Then ayy is a self-dual normal basis generator for Ay k.

)N =

Proof. This lemma is a consequence of [Pic09, Theorem 12]. O
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The extension L/K’ is Kummer with generator 2P| so its Galois group is generated by
the automorphism defined by z/? +— ¢z'/P. Further, by Galois theory, the restriction of this
automorphism to M generates H = Gal(M/K). This enables us to fix a generator h of H and
the irreducible character x of Gal(M/K) such that M is the fixed subfield of M, s by ker(x)
(this condition only determines x up to a prime-to-p power).

Notation 4.8. Let h € Gal(L/K') be such that h(z'/?) = (z'/? and set h = h|y. Let x be the
irreducible character of Gal(M, 2/K) such that ker(x) = Gal(M, /M) and x(h)=.

We can now state the theorem that we will prove in this subsection. Recall the notation from
(3) and the fact that Tr = Trg /q, -

THEOREM 4.9. There exists a choice of the transversal ) defining the norm-resolvent such that
NK/Qp(aM | xo) =1 and, for any j€{1,...,p—1},

Nicjo, (| x?) = 337

)

where j1~P is the inverse of j7~! in Z,.

Before we can prove this theorem, we must derive the properties of certain elements. We
begin with the calculation of the norm Ny /g (¢)(7), which establishes a new link between z
and €.

LEMMA 4.10. The norm of x from K' to Q,(¢) can be expressed as N /g, (¢)(z) = ¢Tr(e),

Proof. Recall that ¥’ = Gal(K'/Q,(¢)) fixes v € Qp(); so, if 0 € ¥ and u e Ok, o(Ey(u)) =
E,(o(u)). Further, o acts on 1 by raising it to the power p" for some 0 <n <d — 1, and it fixes
pip—1. Therefore, writing e = y e;nP’ with coefficients e; € Z,/pZ,, we have

d—1d-1

N g, () = H H By ("),

n=0 j=0
For each 0 < j,n < d — 1, consider the power series Ea,(np"HX ) obtained by substituting np"HX
for X in E.; it converges on D(17), and

d—1 d—1

II B x) = eXp< > (X - meﬂXp))
n=0 n=0

= exp(Tr(n)(vX — vXP))

= EV(X)Tr(”),

which also converges on D(17). Evaluating at X = 1 and using the above formula for the norm
yields the result, since Tr(e) = Tr(n) >_; €;. O

In view of Proposition 4.6, we now fix our transversal {2 of Qg in (g, so that each w € (2 fixes
¢ and the product of the Q-conjugates of z'/? equals €T(), which is a pth root of Ny, ) ()
by the preceding lemma. We then get the following result.

LEMMA 4.11. We have Hweﬂ(xl/l’)w = ¢Tr(e),

Recall that Gal(M/K)= H = (h), where h is as in Notation 4.8. Let Gal(L/M) = A = (J);
then, by Proposition 4.5, § =5, for some primitive (p — 1)th root of unity y, and also 6(¢) = ¢*
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and 6(z'/P) = z#/P. We have the following diagram.

A=(5)
L RM
K/

\J{

We now compute the resolvent for the normal basis generator oy that was defined in Lemma 4.7.
PROPOSITION 4.12. One has (ap | xo) =1 and, for je{1,...,p—1},
(anr | X)) = (a"/P)",
where 0 < s < p — 2 is such that p® = j mod p.
Proof. The definitions of the resolvent and aj; yield

R YT (z1/7))
(o | X)) =) Leh (TPA( D,

t=0
Let t € {0,1,...,p— 1}; then

Bt (Tra(x I/P th l/p thu 1/p

If j =0, then x7 is the trivial character y, so that

p1p2

(anr | xo0) =1+ = chtu 1/pu_1_|_ Z(Zau) 1/:0

tOsO

and Zf:_ol ¢t = 0; hence (o | xo0) = 1.
We now assume j # 0. Since x7(h) = ¢, and hence > b, XJ( Yy =0, we get

(w1 9) pz(za )@y

We observe that
p—1 s
Z é_t(#sij) _ {p lf 1% E] modp,

0 otherwise,
and the result follows. O
We are now in a position to prove Theorem 4.9.

Proof of Theorem 4.9. When j =0, the result is clear. We now assume that j # 0. Recall the
choice we made before Lemma 4.11 for our transversal € of {2k in Qg,. Since x? takes values in
Qp(¢), which is fixed by €2, Definition 2.2 of the norm-resolvent yields

Nicsg, (aar [ x7) = [J(anr [ X7)* = TT(("7))”
Q Q

s

- (Tee) " =g,

Q
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using Lemma 4.11. Writing p* = j + ap mod p? for some a € {0, 1,...,p — 1} and raising to the
(p — 1)th power gives 1 = j7~1 — apjP~2 mod p?; thus

ap=(jP71 —1)j>P =4 — j27P mod p>.
It follows that x® = j(2 — j17P) mod p?, which ends the proof of Theorem 4.9. O

4.5 The modified twisted Galois Gauss Sum

Recall from Notation 4.8 that y is the character of Gal(M, 2/K) such that M is the fixed field of
ker(x) and x(h) = ¢ for our choice of generator h of H = Gal(M/K). Our character x is weakly
ramified, so we know from Corollary 3.10 that there exists v € O such that

(14 up)™t =T for all ue Ok (14)

We are going to show that v can be chosen so that its trace from K to Q, equals that of e.
In order to do that, we need some properties of the pth Hilbert symbol (see [FV02, ch. IV]). We
have char(K') =0 and ¢ € K'. Let y, = (¢) denote the group of pth roots of unity in Qf. The
pth Hilbert symbol of K’ is defined as

(b pxr s KPxK™  —

Aa)(bl/P
(a, b) O (bl)/(pb )‘

PROPOSITION 4.13. For all u € Ok, we have

(1 +up, x)pr = x(1+ up)*l.

Proof. The proof proceeds in several steps. Let L,2 be the compositum of the fields L; for
ie{l,...,r}. Recall that we identify the residue field k= {0} Uk with {0} U pe—1 C Ok
through Teichmiiller’s lifting. We first show the following equalities.

LEMMA 4.14. We have Gal(Ly2/K') =01, /(Ui /UR) ={01, /i (1 + up) : u € k}.

Proof. First, note that L;2 C Kp2; so 0,/ is trivial on U? and the same holds for Or,./K
(for instance by using [Iwa86, Theorem 6.16]). Hence we may consider 0;, ,/r(Uk /Uf), which,
as a set, clearly equals {0, ,/x/ (1+up):u € k}.

By local class field theory, Gal(M,2/K) = HMM/K(U}() and the intersection of the kernel
of Oy /i with Uy is U (since My C Kp 2 and [M : K] = q). It follows that Gal(M,2/K) =
O, /i Uk /UR).

Since Ly o = M, oK' with K'/K and M), 5/ K linearly disjoint, the functorial properties of the
Artin reciprocity map yield

O, /K 1M, =00, /K © Nrr /K (15)
(see [Iwa86, Theorem 6.9]), where Ng/ /g stands for the norm from K’ to K. For uck we
have 1 +up € Ok, so Ng /g (1 +up) = (1 + up)P~t =1 — upmod p?O . We get that Ng /i is
an isomorphism from U}, /U% into itself, and therefore

00,050 Uk JUR) ., = Gal(My2/ ).

This yields the result using Galois theory, since the restriction map g +— gz, , is an isomorphism
from Gal(Ly2/K') to Gal(M,2/K). O

LEMMA 4.15. There exists t € {1,...,p — 1} such that, for all u € k,
(1 + up, )p, o = x(1 +up)~".
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Proof. By definition, x(1 —up) =1 if and only if 0y, ,/x(1 —up) fixes M. This, in turn, is
equivalent to 67, /x/(1 + up) fixing L, since L = M K" and we know by (15) that 0, , k(1 + up)
is the only lifting of 0 ,/x(1 —up) to Ly2/K'. Using L = K'(x'/?) and the definition of the
Hilbert symbol, we get

X1 —up)=1 <= (1+up,z)pr =1.
The properties of the Hilbert symbol and the fact that 67, , k- is trivial on U?( give us

(1+up, x)p (1 4+u'p,x)pre = (1 +up+up+ wu'p?, x)p, K’
= (1+ (u+u)p, 2)p.xc
for w, v’ € k, which means that w+ (14 up, x), ks is a character of the additive group of
k. We also know that u+— x(1 —up) is a character of the additive group of k (since ur—
O, ./ k(1 —up) is). Therefore ur (14 up,x), s and u— x(1 —up) are characters of the
same p-elementary abelian group which have the same kernel of index p. It follows that
(1 + up, x);’K/ = x(1 — up) = x(1 + up)~! for some t. O

To finish the proof of Proposition 4.13, note that the arguments in the proof of Lemma 4.14
can be adjusted to show that Gal(L/K") = (01 (1 + ap)) for an appropriate element a € Ok.
Hence there exists an integer n € {1,...,p — 1} such that

h= 01k (1+ap)™ =0p 5 (1 + ap)™) =015 (1 + wp + p°b)
for some b € O, where we let w € ji;—1 be such that w =namod pZ,. Since 0r /(1 + wp +
P*b) [ = Oy (1 — wp) = 0p, 5 (1 + wp)|ar, we get that
h= O/ (1 +wp) and h :E]M = O/ (1 — wp);

hence
ﬁ([gl/p)

S = 0w

X(1 4 wp) ™t =x(1 —wp) =x(h) =( =

which implies t =1 in the preceding lemma. O
We can now show the announced result, recalling that Tr = Trgq, -

COROLLARY 4.16. There exists v, € Oj; such that vy satisfies condition (14) from Corollary 3.10
for x and Tr(vy) = Tr(e).

Proof. Throughout this proof we fix u € Z,/pZ,. We let ver : Q%}; — Q%b( 0 be the transfer map

from Q) to Qp(¢). From [Iwa86, Theorem 6.16 and (3), p. 93], where ver is written as tg (¢)/q,
we know that

O, () (1 + up) = ver(fg, (1 + up)) = 11 0, (1 + up)T .
T€Gal(Q,(¢)/Qp)

As Gal(Q,(¢)/Qp) and Q%‘i commute, we get 0o ()(1+ up) = Og, (1 +up)P~1. By [Ser67, §3.1,
Remark after Theorem 2], we know that 6g, (1 + up)(§) = £7“P, so that

Og, () (1 + up)(§) =P, (16)
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Using the properties of the Hilbert symbol, we make the following derivation:

(1 +up, z)p = (1 +up, N s, ) (2))p,0, () (from [FV02, IV, §5])
=1 +up, ("), 0.0 (from Lemma 4.10)
0,0 (1 + up)(§)\ ™
_ Tr(e) _ (7@
= (I4up, Qg0 = < ¢ >
gltup Tr(e)
= ( ¢ ) (from equation (16))

= (gup)Tr(e) = ¢uTr(e),

On the other hand, take v € O satisfying condition (14). Then, from Proposition 4.13, we
know that (1 + up, z), k= x(1 +up) ™t = ¢Tr(wv) - and so we have

(14 up, @)p,rr = ¢,

Comparing this with the former equality yields Tr(e) = Tr(v) mod pZy, so let a € Z, be such
that Tr(e) = Tr(v) + pa. Since K/Q, is unramified, there exists b € Ok such that Tr(b) = a, so
Tr(e) = Tr(v + pb) = Tr(vy) if we let vy, =v + pb, which proves the result using property (i) of
Corollary 3.10. O

We deduce the following expression for the modified twisted Galois Gauss sum, using the
statement and property (ii) of Corollary 3.10. Note that since p #2, (p?/4v,)Ox = °D, so
we may set cx o = p?/4vy.

THEOREM 4.17. Let vy, be as in Corollary 4.16 and set ck o = p*/4vy. Then 75 (x0 — X&) =1
and, for any j € {1,...,p— 1},
RO —XY) =X (eI,

The dependency relationships between our constants might look complicated, so let us try
to sum up how we fixed them. Our primitive pth root of unity ¢ came first; the extension M/K
under study determined a unit € up to (Z,/pZ,)*; we defined a Kummer generator z, then a
generator h of H = Gal(M/K), and then a generator x of H; with X came the unit v,, but
only modulo pOg; the knowledge of € enabled us to fix v, in Corollary 4.16 and, finally, cx 2 in
Theorem 4.17.

Apart from the dependency upon the choice of ¢, which is shared by the usual Galois Gauss
sum, our modified Galois Gauss sum thus also depends on M. This does not prevent the deduction
of Theorem 1 from Theorem 2, since only one extension M;/F, has to be considered at each
wildly and weakly ramified prime ideal p of 9.

4.6 The product

We can now end the proof of Theorem 2. By Theorems 4.9 and 4.17, the product of our norm-
resolvent and modified twisted Galois Gauss sum is 1 when evaluated at the trivial character,
and we have, for j€{1,...,p— 1},

Nisg, (o [ X)) = x¥) = (x(57H)¢ME=7/ey,
Note that 1 — j17P ¢ pZy,. We now wish to show that the above expression equals 1. We are thus
left with showing that x(j) = ¢TE1=""")/P which is equivalent to O i (J) = pT(E)(A=3""")/p,
since h € H is such that x(h) = (. It is also equivalent to showing that

Orayic G = WOV,
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In order to shift this relation to Gal(L/K'), we notice that GM/K(j)p_l =0m/k(Ng/ /k(4)) =
0r/x(j)|a and recall that 7L\ m = h. Thus the relation holds if and only if

O 5 (j) = REEUT"=1/p,

We can now evaluate these automorphisms at z'/?, recalling that %($1/p) = ¢z'/? and (5, T)p K =
Or/k () (zY/P) /2P, so we are left with proving that

(j, 2)p.icr = CTEOGT=D/p,

Using Lemma 4.10 and the properties of the Hilbert symbol, we get

, B, () (5)()\ TE)
G )k = G N 0,00 @)pyt0) = U Opigte) = <Q(O€(M> .

From [Ser67, § 3.1, Remark after Theorem 2] we know that 6g, (j)(¢) = £ 7. Therefore, reasoning
as in the proof of Corollary 4.16, we get

QQP(C)U)(Q = (ver o, )N = bo, (j)p—l(g) _ fj*(l’*l) _ gjlfp
and hence
(j7 x)p,K' — (fjl—p—l)Tr(e) — (C(jl_p—l)/p)Tr(s)7

as desired.
This ends the proof of Theorem 2 and hence also that of Theorem 1.
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