Bull. Aust. Math. Soc. 101 (2020), 23-34
doi:10.1017/S0004972719000790

ON A GENERALISATION OF A RESTRICTED SUM
FORMULA FOR MULTIPLE ZETA VALUES AND FINITE
MULTIPLE ZETA VALUES

HIDEKI MURAHARA “™ and TAKUYA MURAKAMI

(Received 10 April 2019; accepted 12 June 2019; first published online 24 July 2019)

Abstract

We prove a new linear relation for multiple zeta values. This is a natural generalisation of the restricted
sum formula proved by Eie, Liaw and Ong. We also present an analogous result for finite multiple zeta
values.
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1. Main results

1.1. Main result for multiple zeta values. For ki,...,k, € Zs; with k; > 2, the
multiple zeta values (MZVs) and the multiple zeta-star values (MZSVs) are defined
respectively by
1
k)= Y ——

n Lo, nkr
ny>->n>1 "1 r

and
1
g*(kl,..,’kr) = o
n1>§;r>1 }’l]lCl RPN n’;r

They are both generalisations of the Riemann zeta values {(k) at positive integers.

For an index k = (ky, ..., k), we call k| := k; + - - - + k, the weight and r the depth.
We write {*(ky, ..., k) = {(ky + 1, ks, ..., k). For two indices k and 1, we denote by
k + 1 the index obtained by componentwise addition, and always assume implicitly
the depths of both k and 1 are equal. We also write 1 > 0 if every component of 1 is a
nonnegative integer. Our first main result is the following formula.
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Tueorem 1.1. For (ky,...,k;) € 2] and t € Zy,

Z (ap,, ... ay,)

nm +~~+m,A:r+t ‘am’_ |=ki+m;—1
m;>1 (1<i<r) (1<i<r)

:2 Z Z§+((k1,{1}m],...,kr,l,{l}m"*‘,kr).pe).

=0 my+-+m,_=t-1 |e|=l
m;>0 (1<i<r-1) e>0

Here and hereafter, each a,,, denotes an m;-tuple of positive integers. When r = 1, we
understand the right-hand side as {*(ky + 1).

Remark 1.2. Theorem 1.1 is equivalent to the derivation relation which was obtained
by lhara et al. [3]. This equivalence will be explained in Section 3.

Remark 1.3. We can deduce the sum formula

D L) =40

Sp+-ts,=k
$122,5;>1(2<i<u)

from Theorem 1.1 by taking r = 1,k = k —u and ¢t = u — 1 for any positive integers k
and u with k —u > 1.

ExawmpLE 1.4. For (k1,k;) =(1,2)and t =1,
202,1,2) + 4(2,2,1) = £(2,3) + {(3,2) + {(2, 1, 2).
Theorem 1.1 is also equivalent to the following result.

Tueorem 1.5. For (ky,...,k,) € Z;l and s,t € Zsy,

M@y, -, {11)

nmy +-<-+m,.;r+t |am[_|=ki+mi—1
m;>1 (1<i<r) (1<i<r)

- 2 Z Z §+((kls{1}ml,...,kr_l,{l}mrfl’kr’{l}S)+e)‘

=0 my+--+m,_1=t—1 |e|=I
m;>0(1<i<r-1) e>0

When r = 1, we understand the right-hand side as Y= {*((k1,{1}*) + e).
e>0

This is a generalisation of the restricted sum formula obtained by Eie ef al. [1]. The
case r = 1 gives the original formula.

The proof of Theorem 1.5 will be given in Section 2. Here, we prove the equivalence
of Theorems 1.1 and 1.5.

PRrROOF OF THE EQUIVALENCE OF THEOREMS 1.1 anD 1.5. Itis clear that Theorem 1.5 implies
Theorem 1.1 by setting s = 0. So, we prove that Theorem 1.1 implies Theorem 1.5.
Write G(k, s, f) (respectively H(K, s, t)) for the left-hand side (respectively the right-
hand side) of Theorem 1.5 and let F(K, s, ) := G(k, s,t) — H(K, s,1). We prove
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Fk,s,t)=0fork e Z’Zl, s,t € Zso by induction on s. If s =0, then F(k,0,7) = 0 by

Theorem 1.1. We assume F(K, s, ) = 0 for some s € Z-( and show F(k, s + 1,7) = 0.

G((k, 1), S, l‘) = Z Z §+(am1 U W {l}m,ﬂ+s)
my+etmee =r+t+1 [ay, |=ki+m;—1
m;>1 (1<i<r+1) (1<i<r)

t+1

- Z Z Z @y B, {174

Mep1 =1 my+e4me=r+i—mp 1 +1 |ay, |=ki+m;—1

m;>1 (1<i<r) (1<i<r)
t+1
= Z G(K, 5 + Mypy1,t = Mysy + 1)
mp1=1

t
:ZG(k,s+t—u+l,u),
u=0

M-

H((k,1),5,1) = D G T e (1) )

my+--+m,=t-1 |e|=I
m; >0 (1<i<r) e=0

l

Il
f=}

=1

> S ke A1) e

m=0 my+--+m,_ =t—I-m, |e|=]
m;>0(1<i<r-1)  e>0

M-

~
1]
(=}

1—m,

Z Z Z (e, (1™, ALYk (15 1)

=0 my+-+my_ =t—l-m, |e|=]
m20(I1<i<r-1) €20

3

M-

~

m,=0

M-

HK,s+m,+1,t—m,)
=0
13

HK,s+t—u+1,u).

3
I

=
Il
S

Therefore,

t
F((k,l),s,z)=ZF(k,s+t—u+ 1,u).
u=0
By replacing sby s + land t by r — 1,

-1
F(k, 1), s+1,t—1)= ZF(k,s+t—u+ 1, u).
u=0

Subtracting the two previous equations,

Fk,s+1,0)=F(k,1),s1)—-F(k,1),s+1,¢-1).
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By applying this equation repeatedly and F(kK, s,0) = O for arbitrary index k and
s € Zs(, we obtain

Fk s+ 1,0= ) (=1 F(, 1)), 5,0 = + 1),

=1
which gives the desired result. O

1.2. Main result for finite multiple zeta values. There are two types of finite
multiple zeta value (FMZV): A-finite multiple zeta(-star) values (A-FMZ(S)Vs) and
symmetric multiple zeta(-star) values (SMZ(S)Vs).

We consider the collection of truncated sums

1
Lok, k) = =%
p>n1>-z-~>n,-21 nll e n"r
modulo all primes p in the quotient ring A = ([],Z/ pZ)/(@p Z/pZ), which is
a Q-algebra. Elements of A are represented by (a,),, where a, € Z/pZ, and two
elements (a,), and (b,), are identified if and only if a, = b, for all but finitely many
primes p. For ki, ..., k, € Zs;, the A-FMZVs and the A-FMZSVs are defined by

Lalkys . Ky = ( > % (modp))

9
1 ..
p>np>->n21 nl ny P

Gtk k) = ( D k;nk (modp))p.

p>n>-2>n>1 "1

SMZ(S)Vs were first introduced by Kaneko and Zagier [4, 6]. For ky, ...,k € Z51,
IR O N G Vi A CHERN 7l (CRREN )
i=0

Here, the symbol * on the right-hand side stands for the regularised value coming
from harmonic regularisation, that is, a real value obtained by taking constant terms of
harmonic regularisation as explained in [3]. In the sum, we understand £*(0) = 1. Let
Zr be the Q-vector subspace of R spanned by 1 and all MZVs, which is a Q-algebra.
Then, the SMZVs are defined as elements in the quotient ring Zg/(£(2)) by

sk, ... k) = Gylka, - . ky) (modZ(2).
For ki, ...,k € Zs1, we also define the SMZSVs in Zr/({(2)) by

Ghkr,. . k) = > £o(k O+ Ok,) (modZ(2)).

O is either a comma ¢,
or a plus ‘+’

Denoting by Z# the Q-vector subspace of A spanned by 1 and all A-FMZVs,
Kaneko and Zagier conjectured that there is an isomorphism between Z # and Zg/{(2)
as Q-algebras such that {#(ky, ..., k) and {s(ky, ..., k,) correspond with each other.
(For more details, see [4, 6].) In the following, the letter ‘¥ stands either for ‘A’ or
‘S’. Now, we state our second main result.
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Tueorem 1.6. For (ky,...,k,) € Z;l and t € Zx,

Z {r(ay,,....ay,)

my+--+m,=r+t |am| ki+m;—1
m;>1 (1<i<r) (1<i<r)

=2 S G (ke 1K) ).

=0 my+-+m,_=t—1 |e|=I
m;>0(1<i<r—1) e>0

When r = 1, we understand the right-hand side as {7 (k| + 1).

ReEmARK 1.7. We can also obtain the FMZVs version of the restricted sum formula by
replacing ¢* with /# in Theorem 1.5.

2. Proof of Theorem 1.5

2.1. Integral series identity. A 2-poset is a pair (X, 0x), where X = (X, <) is a finite
partially ordered set and dy is a label map from X to {0, 1}. A 2-poset (X, 5x) is called
admissible if x(x) = O for all maximal elements x € X and dx(x) = 1 for all minimal
elements x € X.

A 2-poset (X, 0x) is depicted as a Hasse diagram in which an element x with 6(x) = 0
(respectively 6(x) = 1) is represented by o (respectively o). For example, the diagram

Il

represents the 2-poset X = {xy, X2, X3, X4, X5} with order x| < x, < x3 > x4 < x5 and label
(0x(x1),...,0x(x5)) =(1,1,0,1,0). This 2-poset is admissible.
For an admissible 2-poset X, we define the associated integral

I(X) :=f nwéx(x)(tx)
Ax xex
where
Ax = {(t)x € [0, 111, < 1y if x < y)
and

dt dt
1= —, )= —.
wo(1) ; w1 (1) T

It _f dt; dt dt3 dty dt5
H<th<t3>14<ts 1- n 1 —h B3 1_t4 ts '

For example,
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For indices k = (ky,...,k;) and 1 =(ly,...,[;), we define u(k,1) as a 2-poset
corresponding to the following diagram:

piré
. é

For an index k = (ky, ..., k), let k* be the formal sum of 2"~! indices of the form
(kO - - - Ok,), where each O is replaced by *,” or ‘+’.
We also define the Q-bilinear ‘circled harmonic product’ ® by

iy k)@ (L. L) = (ki + D (o, oo k) 2 (s ),
where product ‘+’ is the harmonic product defined inductively by

oxk=k*x2 =Kk,
ksl = (ki, K =)+ (I, k1) + (kg + 11,k *1)

for any indices k = (k;,k’) and 1 = (I, 1').
Kaneko and Yamamoto proved the following formula for MZVs.

TheorEM 2.1 (Kaneko—Yamamoto [5]). For any nonempty indices kK and 1,

Lk, D) ={(kel").
2.2. Proof of Theorem 1.5. Fork = (ki, ...,k {1}*) and 1 = ({1}'*]),

AN

e
e
_ ,, _ O g
(1)) =1 ; - I
{(u > b

(0]
v /7 my+--+mp+ j=r+t
/J (m;i>1,j20) kr*‘(

:Z(S:j) > D @, (1),

!
j=0 my+etme=r+i—j |ay, |=ki+m;—1
m;>1 (1<i<r) (1<i<r)
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In general, for k' = (ki, ..., k.s) and 1 = ({1}"*1),

13

(Ker=> > O (1) + )

=0 my+--+mp=r+s+t-1 |e|=I
m;>1 (1<i<r) e>0
because the index ({1}**!)* is equal to the formal sum of all indices of weight ¢ + 1.
Now, we put k,,; = -+ = ks = | here. Then, the index (ky, (1M1 kg, (1)1
on the right becomes (k1, (=t ko ALY ke 1Y withu = my + - - + M.
For a fixed u, the number of (s + 1)-tuples (m,, ..., m, ) giving u = m, + -+ + M5 18
(") Thus,

t o os+i=l+1
(kolh=>" (”;1) > DRk (ke (1) + e,

=0 u=s+j my+-+my_ =r+t+s—I—u |le|=1
m;>1 e>0

By writingu =s+ j+1

t ot .
(kel)=) (SZ]) > DTG Ak 1P 4 €)

my+-+m_=r+t—I—j—1 |e|=l
mi>1 €20

i(s )Z D G Lk (1) + ).

=0 my+-+m_;=r+t-I—-j—1 le|=l
m;>1 e>0

By the integral-series identity and by induction on ¢, Theorem 1.5 follows.

3. Alternative proof of Theorem 1.1 and proof of Theorem 1.6

3.1. Alternative proof of Theorem 1.1. The derivation relation for MZVs was first
proved by Thara et al. [3]. Horikawa et al. [2] showed the equivalence of the derivation
relation and Theorem 3.2.

Dermvition 3.1. For k = (ky, ..., k) € Z.,, we define Hoffman’s dual index of k by

>1°
kY =(1,....,1+1,...,1+1,...,1+1,...,1).
—— S—— S——
ki ko ky
Turorem 3.2 (Horikawa et al. [2]). Fork € Z, and | € Zs,
D ke = Y (K +e)).

le|=! le’|={
e>0 e’>0

In this subsection, we prove Theorem 1.1 by showing that it is equivalent to
Theorem 3.2, that is, we will show the following result.

Tueorem 3.3. Theorem 1.1 and Theorem 3.2 are equivalent.
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RemMark 3.4. Tanaka [9] showed that the restricted sum formula in [1] can be written
as the linear combination of the derivation relation. Theorem 3.3 is a generalisation of
this result.

The implications among ‘Generalised restricted sum formula’, ‘Restricted sum
formula’, ‘Ohno-type relation’ and ‘Derivation relation’ for MZVs can be summarised
as follows:

Generalised restricted sum formula

(Theorem 1.1, Theorem 1.5) D ‘ Restricted sum formula [1] ‘

ﬁ (This paper)

‘ Ohno-type relation ([2], Theorem 3.2) ‘

gl

‘ Derivation relation [3] ‘

Proor or THEorEM 3.3. The case r = 1 is obvious. For r > 2, the following Lemma 3.5
gives Theorem 3.3. O

We denote the naive shuffle of two indices (ky,...,k,;) and (/1,...,[) by
(kls cee ’kr) H-I(ll’ ey l\)

and we extend £ linearly. For example, (3, 1) m1(2) = (2,3,1)+ (3,2,1) + (3, 1, 2). For
k=(ki,....k;) €Z] with r > 2 and u € Zyo, setk, := (ky, ((k2, . . ., k1) m({1}*)), k;).
We also let

fr(k, 1) :=(L.H.S. of Theorem 1.1 for k, 1), fr(k,t) :=(R.H.S. of Theorem 1.1 for k, ¢),

k0= ) Ik +e), grlk,n) = Y IH(KY +e)Y),
e pe|
Fl,1) = £k, 1) = flk, ), gk, 1) :=g1(k, 1) — gr(k, )

and we extend them linearly with respect to the indices. Under these settings, we have
the following result.

Lemma 3.5. Fork e Z;l withr > 2 and t € Zs,

t

flon == el t—u), gk == ) (=1)"flky, = ).
u=0

u=0

Proor. To prove the first equation, it is sufficient to show fr(K,7) = X! _ gr(Ky, 1 — u)
and fi(k, 1) = Z;=0 gr(K,,t — u). The proof of the former is obvious as follows:
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9] A restricted sum formula for multiple zeta values 31

o, 1) =" £ (kU - ) (1Y), Ke) + €)

=0 le|=I
e>0
t t
=3 ke =) gk
=0 |e|=l =0
e>0

To prove the latter, we denote the m-fold repetition of ‘1+’ (respectively ‘1,”) by

m(respectively m), and 1 by . For example,
0+ L I =ca+ 141+ L1, = ¢ 1, ),

Then

grlky,t =)= " (k) +€)Y)
"
= 3 (U (e k) (1), k)Y + €)Y)

le’|=t—u
e>0

D (G ke 1™, (1 k)Y 4 €)Y)

ay++a,_ =u, ;=0
le’|=t—u, e’ >0

Z §+(<(k171011+1k271a2+l“.

ay++a- =i, @; =0
|e’'|=t—u, e’ >0

o kr_l—l a/r_1+1 kr—l )V + e/)v)
Z §+(((k1—1(1/1+lk2—1(t2+1”'

ay+-+a,_ =u, ;=0
|e’|=t—u, e’ >0

N kr—l—l 11,71+1 k,-—l ) N e/)\/)
S () [

a1 =u
et terg—1=t—u
;>0, 6’1,]20

al 62_1 o ez,krz 92,k271+1

m-] €r,l N er,k,--z er.k,_l )V)
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_ Z {+(€1.1 el,kl-lel.k1+1

a1 =u
et terp—1=1—u
(l,‘ZO,@,‘{jZO

01 ez.l o 62.k2-2 ez.k2-1+1

OH Er,l L er.k,—z er.kr—l )

Taking the sum over u =0, ..., 1,

igR(ku,t—u) = Z §+(61,1 el.kl—lel.kl-%—l
u=0

et tey e ter -1 =t
@;>0,¢; >0 weight=ey,1+-+e1k, +ki
depth=e 1+ +e1 +1

01 62,1 o ez,szz 32,k271+l

weight=a +e1 +'“+62,k2,1 +ky
depth=a;+e;; +"'+32,k271 +1

0;»—1 er.] o er.k,—z er.kr—l )

weight=a,_i+e, 1+ +€rk—1 +k,
depth=a,-; +ep 1+ ek, -1 +1

_ Z Z @y an,) = fr(K, ).

my +-~-+m,;r+t |a’”i |=ki+m;—1
m;>1 (1<i<r) (1<i<r)

We assume the first equation in the lemma and prove the second by induction on ¢.
The case t = 0 is clear. Let 7 > 0 and assume g(k,?’) = — Z;:O(—l)”f(k,,, t' — u) for all
integers ¢’ with 0 < ¢’ < . From the first equation,

gk, 1) = =k, 1) = " gyt =) = =f(K, 1)+ > > (=1 f(Krs 1 = 1 =),

u=1 u=1 w=0

Since (k,), = (“J'“')kuw/, by writing v = u + 1/,

u

tt v
gk, 1) = —f(k, 1) + Zl ;(—1) (u)f(kv, t—v)
= —f&, 0+ Y (-1’ Z(—l)"(ﬁ)ﬂkv, t=v)
v=1 u=1
= =)= Y (=1 flly, = v) = = ) (=) flly, 1 — 1),
v=1 u=0
This completes the proof. O

https://doi.org/10.1017/5S0004972719000790 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972719000790

[11] A restricted sum formula for multiple zeta values 33

3.2. Proof of Theorem 1.6. The following theorem is called an Ohno-type relation
for FMZVs. It was conjectured by Kaneko [4] and proved by Oyama [8].

THEOREM 3.6 (Oyama [8]). Fork € Z;l and l € Zsy,

Dlrk+e)= ) (K +€)Y).

lel=1 =

e>0 e’>0
Remark 3.7. The derivation relation for FMZVs was conjectured by Oyama and
proved by the second author [7]. Horikawa et al. [2] showed the equivalence of the
derivation relation and the above theorem for FMZVs.

By Theorem 3.6, we can prove Theorem 1.6 in exactly the same manner as in
the previous subsection. The relations among ‘Generalised restricted sum formula’,
‘Ohno-type relation’ and ‘Derivation relation’ for FMZVs can be summarised as
follows.

‘ Generalised restricted sum formula (Theorem 1.6) ‘
ﬁ (This paper)
’ Ohno-type relation ([8], Theorem 3.6) ‘

el

‘ Derivation relation [7] ‘
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