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AN ANALOGY BETWEEN PRODUCTS OF TWO CONJUGACY
CLASSES AND PRODUCTS OF TWO IRREDUCIBLE
CHARACTERS IN FINITE GROUPS
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(Received 10th August 1985)

Introduction

It is well-known that the number of irreducible characters of a finite group G is equal
to the number of conjugate classes of G. The purpose of this article is to give some
analogous properties between these basic concepts.

We present the following theorems:

Theorem A. If C and D are non-trivial conjugacy classes of a finite group G such that
either CD=mC +nD or CD=mC™ ' +nD, where m,n are non-negative integers, then G is
not a non-abelian simple group.

Theorem B. If y and y are non-trivial irreducible characters of a finite group G such
that either Yy =my+ny or yy =my+ ny, where m,n are non-negative integers, then G is
not a non-abelian simple group.

Analogous theorems between products of conjugacy classes and products of charac-
ters were studied in [1-4]. For example a finite group G is isomorphic to J, (the first
Janko group) iff C?=G for every non-trivial conjugacy class C of the finite group G [1].
The analogous theorem is that a finite group G is isomorphic to J, iff Irr(x?)=Irr(G)
(ie., all the irreducible characters of G are constituents of x2) for every non-trivial
irreducible character y of the finite group G [4].

The proofs of Theorems A and B are elementary; chapters 1-4 of [5] suffice for
background.

Our notation is standard and is taken mainly from Isaacs [5].

Proofs of theorems

Let N be the set of all positive integers and set N* to be N U {0}.
Let Irr(G) = {x,, ..., xi} be the set of all irreducible characters of a finite group G. It is
well known that g is a character if and only if 0 y=Yf_, n;x;, where n; are elements of

*This paper forms part of the Proceedings of the conference Groups-St Andrews 1985.
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8 Z. ARAD AND E. FISMAN

N* for 1<i<k. If y=)% ,ny; is a character then those y; with n;>0 are called the
irreducible constituents of y.

Let y and ¢ be characters of G. The fact that y+y is a character is a triviality,. We
may define a new class function yy on G by setting (y¥)(g)=x(g)¥(g). It is true but
somewhat less trivial that yy is a character. :

It is well known (see Theorem 4.1 of [§]) that if the C[G]-modules V and W afford
characters y and ¥, respectively, then the tensor product V ® W affords the character
¥ and is independent of the choice of bases of V and W.

Thus as a consequence of Theorem B we have that for irreducible C[G]-modules V
and W of a finite non-abelian simple group

VRO W 2VE® - DVOWD -®W, where m,neN*

m times ntimes

We can state Theorem B as follows:

Theorem 1. Let G be a (finite non-abelian simple group, {n;,n,}<N and
{Y,,¥,} Irr(G)—14. Then:

(@) Yo #n g, and Y, #n,,
(b) Y Wy Fn i +n,,
(©) Yo Fnmb +nyy,.

Proof of (a). By the First Orthogonality Relation there exists ge G—{1} such that

¥1(g) #0. The simplicity of G implies that Z(y,) = 1. Therefore |y,(g)||v.(8)] # |V 1(&)||¥2(1)|
and the inequalities of (a) hold.

Proof of (b). Let G be a counterexample with  ,=ny,+n,¥, then clearly
W, # ¥, #¥,. We will show:

b(i). Y Wo=n,+n0,.

Proof. Since ny=[Y ¥, ¥, 1=[¥,¥:¥,] and ny=[Y ¥, ¥,]1=[¥ ¥, ¥,] then:
Yy =ny, +nyp,+a, with [a,¢,]1=0 for ie{1,2}. Since ny (1) +n,(1)=n ¥, (1)+
oo (1) =y (Y1) =y (1) 2(1) =1 (1) +nydh2(1) + (1) then «(1)=0. So «=0.

b(ii). ¢,=y,; forie{l,2}.

Proof. By b(i) we get that:

oW W) =0a(n +nas)=ny(nyy +nd,) + oy,

and

G W =Wa(n +n0)=n(nr, +ny0,) +nal .
Since §,(,1¥2) =¥ ¥, then Y, =y, and similarly ¢, =9,.
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biii). Yi=1lg+n,+sy,+a,, Yi=1lg+n,+54, +a, where s;e N* o;#0 and
(o, X)=0 for ye{lg, ¥y, Y2}, ie{l,2}.

Proof. By b(ii) 1=[y,,¥;1=[y? 1] for ie{1,2} and n, =[y,¥,, ¥ ,1=[¥3.¢,] then:
Y2=1g+nY,+s,¥,+a,. Since ¥,(1)>1 then by Burnside’s theorem ([5] (3.15)) there
exists geG such that y,(g)=0. Hence 0=y,(g)Y2(g)=n ¥ (g) +n.¥,(g)=n,Y,(g). So
¥,(g)=0. It follows that 0=y ,(g)2=1g+n¥(g)+s,¥,(g)+a,(g)=1+a,(g) and then
a, #0. Similarly 3= 1+ n,¥, +s,¥, +a, with o, #0.

b(iv). (1) ma,=no,+o,,—[oy,a,1¢, and

(2) nyay=nya,+af, —[a,a,]¢,.
Proof. By b(iii) we get that:
YWo=(lg+myp+si¥ +a W=y, +n(lg+n, +50 5 +a5) + 5,y +ny,) + g,
=nlg+(nny+s,n )Y +(1+nys, + s, + o+,
Vi) =y (¥ ) =n(lg+m, + 519, +oy) +np(nyy +nyys)
=nlg+(nys; +nn), +(n2+nd,+nja,.

Since Yy, =y, (,¥;) then: nyo,=nya,+o,—[a,, ¥, Since [ay¥,,¢,]=
Loy, 3] =[a,,2,] then (1) holds and similarly also (2).

b(v). Final contradiction.

Proof. Let us multiply b(iv)(1) by n, and b(iv)}(2) by n,. By adding these equations
we get that

nyny(oy +og)=nyny(ay +0s) +n0, Y, +noay — Loy, a1 (n i +nyy,).
Hence njo,, +n00,=[ay, a,](n, +nyy,). It follows that [a,¥,,f]1=0 for every
Belrr(G)—{,,¥,}. Moreover, since [ay,, ;] =[a, ¥ ¥2]="[0z, 1Y +n4,]=0 then

o, =Wy, with leN. Let y be an irreducible constituent of o, then yy, =ky, with ke N
which contradicts (a).

Proof of (¢). Let G be a counterexample with Y, =n,J, +n,¥,. By (b) ¢, #V,.
We consider the following two cases:

ol) .=y, and
oA2) Y. #V,.

Case o(1)(i). Yi+ny,=yi+n,,.
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Proof. Since ¥ ,y,=n,y, +n,, then

() =9,(n ), ) =ml P, +ny(n iy +nyy5)

and
WD =+ n) =nbi +ny(n g +ny,)
then Y} +nyb =i +ny9 .

Case c(1)(ii). Yi=n,+ny,+ay, Yi=l+n(Y,+¥)+a, with 4=, [o;x]=0
Jor ye{lg Y, W, ¥}, ie{l1,2}, and my W =npi+oy,.

Proof. Since ny=[y ¥, ¥ 1=[Y1,¥,] then yYi=n,+Ly, +L¥, +a, with
{l,,1,} =N* and [a,, F]=0for fe {15y, ¥, ¥} By c(D)(i) niy, +(ny + LW, + 1P, +4a, =
lp%‘*‘"z‘/ﬁ =¢%+"2J1 =n,+ LY+, + LW, +ay. So ay=a, and I, =1, +n,.

Now
i, =y, [n, + (L +n)y, + L, +a4]
=3+ (L), + )+ Ly, +nado) + oy Y,
and
lpl(‘/’lll’z)z‘//l(”l'pl +ny)=n ¥, +"2("1lp1 +nyy,)
so )

n b =n i+ L, (Y +9,) + 2Ly, + oy,
Since [y, ¥, ¥21=[¥ ¥, ¢¥,;1=0 then nyl;,=0. So [,=0. Moreover [¥,§,,¢¥,]=0
implies that [¢3,¢,]1=0=[a,¥,,¥,]. Since ny=[Y ¥, ¥,]1=[¥3,¢,] then yYi=15+
ny(Y, +9,)+a,.
Case c(1)(iii). o«,=0.
Proof. By c(1)(i1)
(M@ W W, =y, (my3+a ) =nalle+n, +§) +a,]+ a3

=my,+nny(ny, +"1‘p1 +2n2¢2)+"1“2d/2+‘11¢§

and

n (W) =n g (n +ny) =ni(ng, +nol o)+ npng(ng  +ngy).
We get that "f"z'pl =n%”2‘//1 +[nla2¢2+al¢%;¢l]'//l and then [O‘l'ﬁ%,"’ljzo-

But a,yi=a,(lg+n, +nf +ay); so in particular O=[o,§,,¢,]=[a;,¥]=
[a;,2,] Thus a; =0.
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Case c(1)(iv). ¥, #,.
Proof. By c(1)(ii) and o(1)(iii) ¥, =¥3. So

Y3 =(lg+nW +n, +a ) =y, + i+ i+ i,

and

Yoo ) =m0y +nyo) =ny(ny +npl ) +nyis

Hence
Yo+ (g o) ool =nfy +nyny,.

Then n?y, =(1 +n3)y, + o, implies that a,i, =Ny, which contradicts (a). Then a, =0
and n?=1+n2. So y, is not a real character.

Case c(2). In this case O=[¢ Y, ¢, 1=[¥ ¥, ¥2]=[¥,¥,¥,], 0=[yY ¥, ¥,]=
TZAR n1=[¢1¢2,‘/71]=[¢§, Vo) and ny =Y Yo, Y] = [, ¥ 1 =¥, ¥,, ¥,]

Denote by I, =[y,¥,,¥,1=[¥}¢,), by L=[ ¥, ¥,]1=[¥,.¥3], by j,=[¥iy,]=
Wi, 4,1 by jo=[¥3¥,]=[¥.0,.¥,]), by d,=[¥],¥,] and by d,=[¥3,§,]. So we

have the following table:

e ¥, ¥ ¥, ¥,

Yy, 0 0 ng n, O
YW, 0 0 I I, n, ay
¥i 0 Jj, dy Iy ng ooy,
3 0 5L, 0 j, dy ay
v, 1 j i 0 0 B,
Y, 1 ny np j ja B

where B; is real and [y,6]=0 for ye {a;;, f/1<i<2,1<j<2} and Se{lg, ¥, Y1, Y2 Y5}
Case c(2)(i). n Y J,=bLy3+a ¥, [, =0 and [a,,, $,]=0.

Proof. Since

W=, +n0)=n by + npy il *

and

WO =, (L + L+, +a ) =LY, + Ly +nadd, +a L0,

then n, =1, + Ly} +a,,0,. Since [, ¥,]1=0 then 0=1,[ 5, ,]1=1n,, so
[, =0 and O=[a,,¥,,¥,]=[a;,,8,]

Case c(2)(ii). a,,¥, =002, + [0, 2,10,
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Proof. Since [a,,¥5,% J=[0,2,] [oy%3 ¥ ]=[0;2.¥,¥,]1=0, Loy 22, 0,]=
[oy2,8,,] and O=[§,¥,,x] for rel(G)—{¥,¥,} then by o)) O=lLa,,+a,,¥,
— Loty 5,00 200 1 — [y, 822095

Case co(2)(iii). [oty5,2,,]1=0.

Proof. By c(2)(ii) O=[o; %05 ¥ ¥,]=[a,,%1,¥,¥,]. Hence, in particular 0=
(o2, W1 = [y 2,25, ]-

Case c(2)(iv). j,=0, [o11,@3,]=0 and Y,(j Y +d i, +n 3, oy ) =y, (n, +nyy,).

Proof. By c(2)(i)) Yiv,=v,(j¥,+d i, +mb,+ayy) and ), =y (n g, +
nyyy). Since [Y W, ¥,1=0=[y ¥, ¥,] then we obtain that O0=[y,¥,,¥,]1=),
a“d0=[“11¢’2s'}2]=[°‘11,5‘22]-

Case ¢(2)(v). j,=n,.

Proof. Since [y ¥, ¥, 1=0=[y ¥, ¥], [¥ ¥ ¥ J=1,=0 then c(2)(iv) yields that
”1]1=n1[‘pl¢’1a¢x]="1[!ﬁ2¢2,wn]+[°‘11'//2’l//1]="1"2+[a1'1,0‘12]=n1n2 by c(2)(iii). So

Ji=n;.
Case ¢(2)(vi). d,=0and [«,,,$,]=0.

Proof. Since [Y,¥,,¥,]=0, j,=n, then c(2)(iv) yields that n,[Y Y, ¥,]=
nolY W2, Y2 +d [ W2, Y]+ [241¥5,¥2). Hence 0=d,[{,¥5,¥,]=dn, so d;=0 and
O={[o;1¥2 ¥2] =Ly, 2]

Case c(2)(vii). n B, =np+a, Y,

Proof. By c(2)(iii), c(2)(iv) and c(2)(vi) (o)W, ¥, +¥, + ¥ +§,]1=0. It follows from
c(2)(iv) that ny B, =n,f,+a;,¥,.

Case c(2)(viil). «a,,=p,=0.
Proof. By c(2)(iv)
W2 =(Lg+n, +nf + B, (**)

I3

Since [ﬁz'ﬁxdpz]:[ﬂza‘/’ﬂ/fz]:o’ [B¥1,¥,1=[B2,2,,]=0 by c(2)(vi), [Bi,¥,]1=

[By,2;21=0 by c(2)(i) then (*) and (**) yield that n,f,=ny0,; +n,B,+ ¥, —

(B2¥ ., ¥, J¢¥,. Multiplying this equation by n, and using c(2)(vii) we get:
nnyfy=nnyoy +ny(nyBy+ag ) +n By —n (B, ¥, 10,

So a;, =0 and By, =[B2¥,¥11¢, so by (a) (as in b(v)) B, =0.
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Case c(2)(ix). Final contradiction.

Proof. By c¢(2)(vii) and c(2)(viii) f, =0. It follows by c(2)(iv) and c¢(2)(v) that ¥, §, =
YW, =lg+n,(Y, +¥,). So

W)W =(Ig+nal +nyh ) =164+2n,(4, +§ ) +n3(WF +91 +2¢,9))

and

W) ) = + ) () +ngly) =nigfry +nany (b, +0,0,) +n3y,0,.
So

L+ 2n3=[Y W25, 1] =ni+nj
and then 1+ n2=n?, a contradiction.

Proof of Theorem A. The proof of Theorem A is similar to the proof of Theorem B
with a few changes.

Let g,,...,8, be representatives of the conjugacy classes of a finite group G. Let K=

t.1n:Cl(g) with n;e N* for 1 <i<k. Define: (K, Cl(g))=n;. Clearly, (Cl(g,),Cl(g))) =0
So m;=(K,Clig))=Y%_,n{Cl(g)), Cl(g)). Let L=Y%_, mCl(g) with m;e N*, we extend
the above definition by:

k k
(K,L)= Z, m{K, Cl(gi))=';l nym;=(L, K).

Let j,e{l,...,k} for 1<i<s and let
Js k
H Clig)=K= .Zl n,Cl(g).
I=Jl =
Clearly, n;e N* and it is known that
m=|G|™! H lCl(g.)I Z x(gl)x(l)‘ : H x(8:)-
i= "l
In particular, if D,, D,, D; are conjugacy classes then:
(i) (D1D2, D3)=(Dy'D3 ', D3Y).
It is easy to compute that:
(ii) (DlDz,Ds)=|D2||Dsl_I(Dle_laDz_l)~
For D, =D, we get that:
(iii) (DxDz,Dx)=lDZHDll-l(DxDx_lsDz_l)=(Dle_I,Dx_l)=(Dz_lDbe)-

It is appropriate to introduce here the following:
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Definition. The covering number, ¢n(G), of a group G is the smallest positive integer
n, such that C"=G for all non-identity conjugacy classes, C, of G. If no such integer

exists we say that the covering number is infinite. The notion of a covering number was
mentioned in [3] where it is shown:

Lemma. A finite group has a finite covering number if and only if it is a nonabelian
simple group.

(In [4] we proved the analogous lemma for character covering numbers.)

Now we can state Theorem A as follows:

Theorem 2. Let D,,D, be conjugacy classes of a finite nonabelian simple group G
with D, #CI(1)#D, and {n;,n,} = N. Then

(a) D,D,#n,D, and D,D,#n,D{".
(b) D;D,#n,D;+n,D,.
() D,D,#nDi'+n,D,.

Proof of (a). Let D,D,=n,D, be a counterexample then D,D3=n,D,D,=n?D,. By
induction D, D% =n}D, for every se N which contradicts the lemma.

Similarly, if D,D,=n,D;' then D,D,D;'=n,D;'D;'=n?D,. By induction
D,(D; ')*D5,=n¥D,, the same contradiction.

Proof of (b). Let D,D,=n,D,+n,D, be a counterexample. We will show:

b(i). D1D2.1=nlDl+n2D2_l.

Proof. By (iii) n, =(D,D,, D,)=(D,D;",D,) and ny=(D,D, D;)=(D,D3",D;"). So
D,D;'=n,D,+n,D3;'+ T with (T, L)=0 for Le{D,,D;'}. Since

my|Dy|+ny| D3 | =1y |Dy| +no|Ds|=[D;||Ds| = |D[[D3 ! =ny|Dy| + 1| D7 [ +|T]
then T=0.
b(ii). D,=D; for 1<i<?2.
Proof. By b(i)
(n,D,+n,D; YD, =(D,D; ")D,=(D,D,)D; "' =(n, D, +n,D,)D; .

So D,D;'=D,D, or equivalently n,D,+n,D;'=n,D,+ n,D, then D,=D;' and
similarly D, =D ".

biii). D2=|D,|CI(1)4+n,|D,||D,|"'D,+s5,D, + M,
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and
D%=|D,|Cl(1)+ny|D,||D,|'D, +s,D,+ M,
where s;e N*, M;#0 and (M;,C)=0 for Ce{CI1),D}}, i, je{l,2}.
Proof. Since
(D3, Ci(1))=|D,|(D,Ci(1),D,)=|D,|

and by (ii)

(DiDZ):IDIHDZI—l(DlDZ’D1)=|Dl||D2|_ln1
then Di=|D,|C1)+n,|D,||D,s|"'D,+s,D,+M,. If M,=0, by the lemma G=
1u D, uD, which contradicts the assumption that G is a nonabelian simple group.

So M, #0. Similarly for D2,

b(iv).
nM, =n1|D1”D2|—1M2+M1D2—(M102,DZ)D2

and
"2M2="2|D2”D1|_1M1 +M,D,-(M,D,,D,)D,.

Proof. By b(iii)
Dy(D,D;)=D(n,D, +"2D2)=”1(|D1|C1(1)+n1|D1”D2|_ 'D,+5D,+M))

+ny(n,D{+n,D;)

and .
D}D,=(|D,|Ci(1)+ny|D,||D,| ' D, +5,D,+ M,)D,
=|D4|D;+ny|D,||Da| (D2 C1) + ny|Do||Dy| ™Dy +5,D, + M)
+5,(n;D,+n,D,)+M,D,.
Since D,(D,D,)=D3D,, 0=(M,D,,Ci1)) and (M,D,,D,)=|M,||D,|""(M,,D,D,)=0
then n,M, =n,|D,||D,|”*M, + M ,D,—(M,D,, D,)D,. Similarly n,M, =n,|D,||D,| *M, +

M;D,—(M;D,,D,)D;.

b(v). Final contradiction.
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Proof. By b(iv)
nn,My=nyn,|D,||D,|"*M,+ny(M,D,—(M,D,,D,)D,)
=n,|D,||Dy|~*(n,|D\||D2|*M,+ M ,D,—(M,D,,D,)D,)
+n,M,D;—n,(M,D.,D,)D,.
It follows that n,|D,||D,|"*M D, +n,M,D,=1,D,+1,D, for {l,,1,} = N*. In particular,
M. D,=m,D,+m,D, for {m;,m,} =N*. Since (M,D,,D,)=0 the M,D,=m,D,. Let

M, =Y%_,d,Cl(g), choose Cl(g;) for d;>0 then Cl(g;)D,=mD, which contradicts (a).

Proof of (c). Let D,D,=n,D;'+n,D, be a counterexample. By (b) D;#D;'. We
consider the following two cases:

case ¢(1) D,=D;! and case ¢(2) D,#+D;".

Case c(1)
c()(i). (D7Y%+n,D,=D3+n,D{".

Proof. Since (D,D,,D;)=(D;'D,,D; ") then
D7D Dy)=Dy'(n, Dy ' +n,D;)=ny(D7 ") +n,(n,D, +n,D,)
and
D(D7'D;)=D(n,D,+n;D;)=n,D} +nyn,Di " +n,D,).

It follows that (D ")2+n,D,=D?+n,D{".

c(1)(ii). Di=n,|D,||D,|"'D,+n,D,+M with M=M~"*, 0=(M,C) for Ce{CI(1),D,,
D;',D,}, nyD,Dy " =n,|D,||D,| ' D}+ MD, and (D§{DZ)=0.

Proof. Since n,=(D,D,,D;')=|D,||D,|"*(D},D,) then D}=n,|D,||D,| 'D,+1,D, +
,D7 '+ M with {I,,1,} =N*. By c(1)(i)

n1|D,||D2|“D2 +(l,4+n)D, +1, D7 + M~ =(Dy 'Y +n,D, =D} +n,D; !
=n|D\||D| "' D, +1,D,+ (I, +n,)D7 ' + M.

So M=M""'and I, =1,+n,.
Now

(D%)Dz’:("nle“Dzl_ lDz +(l; +n,)D, +lle—l +M)D,

=h1|D1||D2|_ D+l +ny)(n, Dy +n,D5) + 1y (ny Dy +n,Dy) + MD,
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and

D(D,D,)=D,(n;D;{' +n,D,)=n,D,D; ' +ny(n,D;*+n,D,).
Sipce DD, =D,(D,D,) then

nD,D{'=n,|D,||D,| "' D3+ 1,n (D, + Di ') +21,n,D, + MD,.
Since 0=(D,D; ', D,) then (D2,D,)=0 and [, =0 thus [, =n,.

c()(iii). D3=|D,|CI(1)+n,|D,||D,|" (D, + D7 ")+ L with L=L"" and 0=(L,C) for
Ce{Cl1),D,,D{,D,}.

Proof. Since (D3,D{')=|D,||D,| *(D;D,,D;)=n,|D,||D,|"* and by c(1)(i) 0=
(D3, D,) then D}=|D,|CI(1)+n,|D,||D,| (D, + D7 ")+ L.

o(1)(iv). M=0,

D,|=|D,| and D,D; ' =D3.

Proof. By c(1)(ii) and c(1)(iii)

(nyD,Dy")Dy=(n,|D,||D,| D3+ MD,)D,
=n,|D,||D,| ™' Dy(|D,|CI(1) + ny|D,||Dy|~*(Dy + D7 ') + L)+ M D3
=ny|D,|D; +nyny(n, Dy +ny D L+ 2n,D,) +ny|D,||Dy)~ ' D, L+ MD2

and

”1DFI(D1D2)="1D1_1(”1D1_1+"2D2)="%("1|D1||Dzl_102+"2D1-1+M)

+nny(n,D, +n,D,).
So
"f"z=("1Dl_lDlDzyD1)="%”2+("1|D1“Dzl—1D2L+MD§,Dx)-
Hence (D,L,D,)=0=(MD3%,D,).
Since MD}=M[|D,|CI(1)+n,|D,|[D,|~*(D,+ Dy ")+ L] then (MD},D,)=0 implies, in
particular, that 0=(MD;',D,)=|M||D,|”"(D3, M)=|M||D,|"(M,M). So M=0 and

then by o1)(i) D,Di'=|D,||D,|"'D} Hence |D,|*=|D,||Di*=|D,||D2|"|D.)>=
|D,||D,}. Thus |Dy|=|D,|.

o(1)(iv). L=0.

Proof.
DD, =(|D,|C D)+ nyD, + D )+ L)D, =|D,|D, +n,D? +n,DI+ LD,
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and
Dy(D,Dy)=D,(n,D7* +n,D,)=n,(n,D, +n,D,)+n,Dj}.

So
|D4|Dy +ny(n Dy +n,D,)+ LD, =niD, +n,n,D,.
Thus (|D,|+n3)D, + LD, =n}D,. Hence LD,=kD, and by (a) L=0.
e()(v). D,#D;.
Proof. Since L=0=M then 3 =a(n)CI(1)+ p(n)D, +6(n)D; ' +y(n)D, where
{ofn), B(n),8(n), y(n)} = N* for every neN. By the lemma we get that G=

luD,uD;'UD,. Since |D'|=|D,|=|D,| then |G|=1+3|D,| which contradicts a
consequence of Lagrange’s theorem that |D)/|G|.

Case ¢(2). In this case we have
0=(D,D,,D,)=|D,||D;|""(D,D; ', D7 ")=|D,||D{| '(D D7 ', D;)=(D,D; ", Dy),
0=(D,D,,D; ")=|D,||D,|"*(D3, D7),
ny=(DDy, D7 )=|D,||D,|~ (D3, D5 "),
n,=(D,D,,D,)=(D,D;"',D;")=|Dy||D,|~ (D, D7 ', D ").
We denote: 1, =(D,D; ', Dy ")=|D,||D,|~ (D, D,), L,=(D,D;"',D,)=|D,||D,s|~*(D3, D)),

s1=(D},D))=(D,D7",Dy), j,=(D3,D;)=(D,D;'.D;"), d,=(D},Di') and d,=
(D3%,D;"). Therefore we have the following table:

Cl(1) D, Dy! D, D;!
D,D, 0 0 n, n, 0
D,D;*! 0 0 I, l, n, M,
Df 0 1 d IllDlllDzl—l "1|01”Dzl_l My,
D3 0 12|D2||D1|_l 0 J2 d, M,
b.D;' D i Ji 0 0 N,
DzDz_l IDzl "2|Dz||D1|_l "2|D2”Dl|—l J2 J2 N,

where N;=N;' and (L,C)=0 for Ce{CK1),D,,D;'}, Le{M;,N;} for every ki,
jef{1,2}.
We will show:

(2)(i). j,=0and (M,,,M3;')=0.
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Proof. Since (D,D,,D;*D;')=0 then
0=(D2,(D7 %) =d1,|D,||D1| ™! +d,14|D\||Ds| =t + jony|Dy||D2] " + (M, M35
then, in particular j,=0=(M,,, M3,').
c2)(ii). 1, =0 and (M, N,)=0.

Proof. By c(2)(i) (D,D,,D3)=0 thus 0=(D,D;',D,D;")=1,n,|D,||Dy|* +(M,,N)).
It follows that I, =0=(M,,N,).

C(Z)(iii). 12M22=0, MlzDZ=(n%—l§|D2”D1|—l)Dl+(n1n2_lzd2)D2—l and 0=
(MIZ’ Ml l)'

Proof. We compute

(D,Dy)D; ' =(n,D{ ' +n,D,)D3* ™

and (D,D;')D,=(I;D,+n,D;'+M,,)D,. Hence n,D7'D;'=1,Di+M,D,. This
means that

"1("1D1+"2D2_l)-_-lz(lz!Dz”Dl'_lDl +d,D; '+ My)+ M,,D,.
In particular M,,D,=(n} —13|D,||D,|"")D, +(n,n,—1,d;)D; " and [,M,,=0. Moreover
(M,,D5,D,D;)=0 so 0=(M,,D;',D,D;"'). Hence, in particular, 0=(M,D{',D,)
which implies that 0=(M,,, D})=(M,,, M ,).
e(2)(iv). j,=n, and n,D,D;'=d D7 'D,+ny|D,||D,|"'D,D; '+ M,D,.
Proof. Since
Dy(n,D;*+nyDy3)=D,(D,D;)=D3D,=D,(j;D,+d, D7 +n,|D\||D,| D7 '+ M,,)
and (D,D,,D,)=0=(D,D;',D,) then by c(2)(ii) and c(2)(iii) we get that
n jy=ny(D,D;"',D)=(D?Dy,D,)=n|D,||Dy| 1(D,D7 ', D)) +(M Dy, D)) =nyn,.
So j,=n,.
¢(2)(v). d,=0and (M,,,N,)=0.
Proof. Since (D{'D,,D,;)=0 then by c(2)(iv)
0=d,(D;'D;,D;)+ny|D,||Ds| (D5 ' Dy, Dy)+(M, D2, D;)=din, +(M D3, D).

We conclude that d, =0=(M,,,N,).
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e(2)(vi). n,N,=n|D,||Ds|"'N,+M,,D,.

Proof. By c(2)(i), c(2)(iii) and c(2)(v), (M,,D,, D,+D{'+D,+D;")=0. It follows
from c(2)(iv) that n, N, =n,|D,||D,|"*N,+M,,D,.

c(2)(vii). M, ,=N,=N,=0.
Proof. By the above
(D,D;5 ")D, =[|D,|CI(1) +ny|D,||D;|” (D, + D7 ')+ N,1D,
=|D,|D, +n,|D,||Dy| " (D3 + Dy 'Dy)+ N,D, (**)

Since (N,,D,D,)=0, (N,,M;,)=0 by c(2)ii), and (N, M, }=0 by c(2)v) then
(N,D,,D;'+D,+D;")=0. So (*) and (**) yield that

"2N2="2|DZ||D1|_1(M11 +N)+N,D,—(N,D,,D\)D,.

By c(2)(vi)
n1n2N2=n1n2|D2||D1|_1M”+n2|D2||D1|_‘(n1|D1||D2|—1N2

+M,,D;)+n,N,D;—n(N,D,,D,)D,.

Therefore M,,; =0 and N,D,=(N,D,,D,)D,. By (a) we conclude that N,=0 and then
by c(2)(vi) N, =0.

¢(2)(viii). |D,|=|D,| and D,D;"'=D,D;".
Proof. By c(2)(vii) D,D;5 ' =|D,||D,|~'D,Di". Then
D22 =]D4| D5 *|= D3|, |71 [D, 2 = [, |2
Thus |D,|=|D,|.
e(2)(ix). n;=1+n, and [M,|=(1+n,—1,)|D,|.

Proof. Since (n,+n,)|D,|=|D, HD |=|D\||D5 '|=|D4|[(1+2n,), therefore n,=1+n,.
Also (ny +n,)|Dy|=|D,||D2| =D, ||D3 !| =5 +n,)|Dy| +|M | Hence |M ;| =(n, —1,)|D,].

c(2)(x). |Di|=14+2n,.
Proof. We compute

(D,D,)(D;y'D3 ")=(n,Dy ' +n;D5)(n, D, +n,D3 ")
=(n?+n})D,Dy ' +nny(D,D, + Dy ' D3 ).
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Since
(DD ,)(D7 ' D3 ")=(D, D7 ")(D;D; )=[|D;|C(1)+ny(D, + D{ H)]?
=|D,|*Cl(1)+ n}(D} + (D7 )*+2D,D; ') +2n,|D,|(D, + D ") (***)
then (n? +n3)|D,|=(D,D,D{ D5 ",Cl1))=|D,|*+2n3|D,|. Thus |D,|=1+ 2n,.

c(2)(xi). 12+d2= 1 +2n2 and M22=0.

Proof. By c(2)(iii) and o(2)(ix), (1 +n, —1,)|D,|*=|M,,||D,|=(n? =i+ nyn, — 1,d,)|D,|.
Therefore, by c(2)(ix) and c(2)(x), (14+n, —1)(142n,)=(1+2n, +n3—13 +n, +n3 —1,d,).
Then 1+42n,=1,+d,. Since n +n,=1+2n, and (n,+n,)|D,|=|D,||D,|=|D3|=
(I,+d,)|D2| +|M,,| then M,,=0.

c(2)(xii). l,=n, M,,=M7}, D}=D3 and M,,D,=|D,|D,.

Proof. Since

(D, D)DT =Dy ' +n,D,)Dy P =ny(n, Dyt +n,Dy) +ny(n, Dy, + LD+ M)
and

D,D7'D,=D,D;'D,=D3D; ' =(,D,+d,D;")D; "’

=1y(1,D,+n,D; '+ M ) +dy(1,D1 ' +d,Dy)
then
(niny—Ld;))Dy ' +(n} +n3— 15 —d)D, =1, M, —n, M1
Since (M,,,D)=0=(M,,,D;!) for 1<i<2 then l,=n,, M,,=M[}! (M,,#0 by the
same arguments as in ¢(1)(v). Therefore d,=n, and D?=D2 and by c(2)(iii) M,,D,=
("f—lg)Dx=|D1|D1-
¢(2)(xiii). Final contradiction.
Proof. Let us compute
(D\D3 ') =(nyDy+n,D3 ' + M) =n3(D3+(D3 ') +2D,D5 ')
+2ny(M D, + M ,,D3 ")+ M3,
=n3(D}+(D7")?+2D,D; ") +2n,|D,|(D, + D7 ")+ M3,.

Since (D,D; ')*=D}(D; ')*=D¥ D[ ")*=(D,D;")? then by (***) M},=|D,|>*CI(1), which
contradicts the lemma.
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