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Abstract

In this paper we introduce multitype branching processes with inhomogeneous Poisson
immigration, and consider in detail the critical Markov case when the local intensity r(t)
of the Poisson random measure is a regularly varying function. Various multitype limit
distributions (conditional and unconditional) are obtained depending on the rate at which
r(t) changes with time. The asymptotic behaviour of the first and second moments, and
the probability of nonextinction are investigated.
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1. Introduction

In this paper we introduce multitype branching processes with inhomogeneous Poisson
immigration, and our main goal is the investigation of the critical Markov case. Sevastyanov
[20] proposed the first branching model with immigration in the single-type Markov case
with homogeneous Poisson immigration. Jagers [12] generalized this model to the Bellman–
Harris setting, and further extensions were presented in [22] and [23]. On the other hand, the
Sevastyanov branching process (see [21]) extends the Bellman–Harris process by allowing the
lifespan and offspring of each individual to be dependent. Critical single-type Sevastyanov
processes with inhomogeneous Poisson immigration were studied in [8] and [14]. The super-
and sub-critical cases were investigated in [9] and [10]. Multitype Markov branching processes
with homogeneous Poisson immigration were considered in [16], [18], and [19], and some
cases with time-dependent immigration in [3] and [4].

Jagers [13, Chapter 9] illustrates well that branching processes offer useful models of cell
population kinetics. In [11] we used multitype branching processes to study stress erythro-
poiesis; the model included an immigration process to describe the influx of cells into the pool
of progenitor cells that generate the red blood cells. This influx of cells was assumed to be time
homogeneous, but there are situations in which it depends on time so branching processes with
inhomogeneous Poisson immigration should be considered. The scarcity of results for such
models motivated this work.

This paper is organized as follows. In Section 2 we introduce a class of multitype branching
processes in which individuals evolve independently of each other and arise from an immigration
process at time points generated by a Poisson random measure. The probability generating
function (PGF) of these processes is obtained in Theorem 1.
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Our investigations then concentrate on multitype critical Markov branching processes with
inhomogeneous Poisson immigration. These models are formulated in Section 3. Their asymp-
totic behaviour is investigated in Sections 4 and 5. Unless stated otherwise, results are
established in the case that the local intensity function r(t) of the Poisson random measure
is regularly varying (RV). The first and second moments are studied in Section 4.1, and the
probability of nonextinction W(t) is investigated in the three theorems of Section 4.2. These
theorems provide conditions under which W(t) converges either to 1, or to some positive
constant smaller than 1, or to 0 (at different rates) depending on r(t).

Finally, limit distributions are established in the eight theorems of Section 5. Theorems 6
and 7 are respectively interpreted as a law of large numbers and a central limit theorem (with
degenerate multivariate normal distribution). Other degenerate multitype limit distributions, in
which the marginal random variables are almost surely (a.s.) identical, are obtained depending
on the particular asymptotic rates of r(t) (Theorems 8–13). For example, when r(t) converges
to some positive constant (Theorem 8), the limiting univariate margins are gamma distributed.
This finding generalizes an earlier result due to Sevastyanov in the single-type critical Markov
case with homogeneous Poisson immigration [20]. On the other hand, Theorem 13 establishes
a result similar to that satisfied by the critical multitype Markov branching process without
immigration (see Sevastyanov [21]). We note that the other limit distributions established in
this paper have no equivalent among existing results for multitype Markov branching processes
with or without homogeneous Poisson immigration. These novel asymptotic behaviours arise
from the fact that the immigration processes we consider are time inhomogeneous.

Comments that help with the interpretation of the results are provided in the concluding
Section 6 where also we compare our results with those in the extant literature. Note finally
that Theorem 1 makes it possible to investigate the properties of sub- and super-critical Markov
processes and multitype age-dependent branching processes. Establishing these properties
remains an open problem.

2. Poisson random measures and multitype branching processes

We consider a population that consists of d types of cells (individuals, particles), and evolves
in accordance with an immigration process and a branching mechanism.

Let 0 < T1 < T2 < · · · be random time points arising from a Poisson random mea-
sure �(t) = ∑∞

i=1 1{Ti≤t}, t ≥ 0, with local intensity r(t) > 0 and mean measure R(t) =∫ t
0 r(x) dx. Then P{�(t) = n} = e−R(t)Rn(t)/n! for n = 0, 1, . . . . Assume that Ik =
(Ik1, . . . , Ikd), k = 1, 2, . . . are independent and identically distributed (i.i.d.) nonnegative
integer-valued random vectors with PGF

g(s) = E[sIk ] =
∑

α∈Nd

P(Ik = α)sα, s = (s1, . . . , sd), |s| ≤ 1,

where sα = ∏d
i=1 s

αi
i for every α = (α1, . . . , αd). We consider the marked point process

{(Tk, Ik), k = 1, 2, . . .}, interpreting the vector Ik as the number of immigrants joining the
population at time Tk .

Let Z = {Zi (t) = (Zi1(t), Zi2(t), . . . , Zid(t)), i = 1, . . . , d; t ≥ 0} be a multitype
branching process, where, for i, j = 1, . . . , d, Zij (t) denotes the number of type-j cells
at time t produced from a single type-i cell born at t = 0, and we assume that cells evolve
independently of each other.

Introduce next the PGF Fi(t; s) = ∑
α∈Nd

P{Zi (t) = α}sα , with Fi(0, s) = si , and define
the vector F (t; s) = (F1(t; s), F2(t; s), . . . , Fd(t; s)).
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Let Z̃ = {Z̃k(t) = (Z̃k1(t), . . . , Z̃kd(t)); t ≥ 0; k = 1, 2, . . .} be i.i.d. copies of Z, but
with initial conditions Z̃k(0) = Ik . Then, because the individual evolutions are independent,
E[sZ̃k(t)] = g(F (t; s)). We assume that the sets Z̃ and � = {�(t), t ≥ 0} are independent.

Define the process

Y (t) =
�(t)∑
k=1

Z̃k(t − Tk)1{�(t)>0}, t ≥ 0, Y (0) = 0. (1)

Its first increment occurs when the first batch of I1 immigrants enters the population at time
T1, each of which evolves independently and in accordance with a process Z. A second batch
of I2 immigrants arrives at time T2, etc. We refer to Y = {Y (t) = (Y1(t), . . . , Yd(t)), t ≥ 0}
as a d-type branching process with inhomogeneous Poisson immigration (dBPiPI).

Theorem 1. If �(t; s) = E[sY (t)], then

�(t; s) = exp

{
−

∫ t

0
r(t − x)[1 − g(F (x; s))] dx

}
, �(0; s) = 1, (2)

where F (t; s) = (F1(t; s), . . . , Fd(t; s)) is defined above.

Proof. Equation (1) leads directly to �(t; s) = ∑∞
n=0 P{�(t) = n}�n(t; s) where

�n(t; s) = E{s
∑�(t)
k=1 Z̃k(t−Tk)1{�(t)>0} | �(t) = n}.

Let x1 ≤ · · · ≤ xn. Then, using the assumption that individuals evolve independently,

�n(t; s) =
∫ t

0

∫ t

x1

. . .

∫ t

xn−1

n∏
i=1

g(F (t − xi; s)) dP{T1 ≤ x1, . . . , Tn ≤ xn}.

LetR−1(·) denote the inverse function of the mean measureR(·). It is well known (see, e.g. [17,
Chapter 4]) that η(t) = �(R−1(t)) is a Poisson process with constant rate 1, and ξk := R(Tk)

is gamma distributed with parameters k and 1, k = 1, 2, . . . . Hence,

P{T1 ≤ x1, . . . , Tn ≤ xn} = P{R−1(ξ1) ≤ x1, . . . , R
−1(ξn) ≤ xn}

= P{ξ1 ≤ R(x1), . . . , ξn ≤ R(xn)}.
The order statistics property of a Poisson process with bounded local intensity (see, e.g. [17,
Theorem 4.5.2]) implies the third equality in

�n(t; s) = n!
Rn(t)

∫ t

0

∫ t

x1

· · ·
∫ t

xn−1

n∏
i=1

g(F (t − xi; s)) dR(xn) . . . dR(x1)

= n!
Rn(t)

∫ t

0

∫ t

x1

· · ·
∫ t

xn−1

n∏
i=1

r(xi)g(F (t − xi; s)) dxn . . . dx1

= 1

Rn(t)

∫ t

0

∫ t

0
· · ·

∫ t

0

n∏
i=1

r(xi)g(F (t − xi; s)) dx1 . . . dxn,

because

f (x1, . . . , xn) =
n∏
i=1

r(xi)g(F (t − xi; s))

is a symmetric function. Hence, �n(t; s) = {∫ t0 r(x)g(F (t − x; s)) dx/R(t)}n, and the result
follows from the identity �(t; s) = exp{−R(t)+ ∫ t

0 r(x)g(F (t − x; s)) dx}. �
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Remark 1. Equation (2) is valid for a broad class of branching processes in which individuals
evolve independently of each other. Such processes include multitype Markov, Bellman–Harris,
Sevastyanov, and Crump–Mode–Jagers branching models, as described in various monographs:
Harris [7], Sevastyanov [21], Mode [15], Athreya and Ney [2], Jagers [13], and Asmussen and
Hering [1].

3. Multitype Markov branching processes with inhomogeneous Poisson immigration

From now on we consider the case that Z is a multitype Markov branching process; that
is, the lifespan τi and the offspring vector νi = (νi1, . . . , νid) of any type-i cell are inde-
pendent, Gi(t) = P{τi ≤ t} = 1 − e−t/μi , and hi(s) = E[sνi ] = ∑

α∈Nd
pαsα, i = 1, . . . , d.

Under these assumptions, the PGFs Fi(t; s) = ∑
α∈Nd

P{Zi (t) = α}sα satisfy the system of
differential equations

∂

∂t
F (t; s) = f (F (t; s)),

∂

∂t
F (t; s) =

d∑
i=1

fi(s)
∂

∂si
F (t; s), F (0; s) = s,

wherefi(s) = [hi(s)−si]/μi are the infinitesimal generating functions andf (s) = (f1(s), . . . ,

fd(s)). Under these assumptions, Y (t) is a d-type Markov branching process with inhomoge-
neous Poisson immigration (dMBPiPI). For 1 ≤ i, j ≤ d, let

Aij (t) = E[Zij (t)] = ∂Fi(t; s)

∂sj

∣∣∣∣
s=1
,

and introduce the matrix of first infinitesimal characteristics

a = (aij )1≤i,j≤d , where aij = ∂fi(s)

∂sj

∣∣∣∣
s=1
.

It is well known that A(t) = (Aij (t))1≤i,j≤d = exp(at) = ∑∞
n=0 antn/n!. Later we assume

that a is an irreducible matrix with Perron–Frobenius root ρ. The associated right and left
eigenvectors u = (u1, . . . , ud) and v = (v1, . . . , vd) can be chosen positive, with u1 > 0 and
v1 > 0, and normalized such that

∑d
i=1 ui = 1 and

∑d
i=1 uivi = 1. Define

mi = ∂g(s)

∂si

∣∣∣∣
s=1
, βij = ∂2g(s)

∂si∂sj

∣∣∣∣
s=1
,

Bijk(t) = E[Zij (t)(Zik(t)− δjk)] = ∂2Fi(t; s)

∂sj ∂sk

∣∣∣∣
s=1
,

where δjk = 1 if j = k, = 0 otherwise, and the second factorial infinitesimal characteristics
bijk = ∂2fi(s)/∂sj ∂sk|s=1 for 1 ≤ i, j, k ≤ d. We also define

Mi(t) = E[Yi(t)], Cij (t) = cov(Yi(t), Yj (t)), Vi(t) = Cii(t) = var(Yi(t)),

and set

b =
∑
i,j,k

vib
i
jkujuk, C =

d∑
k=1

mkuk, α = 2C

b
. (3)

Then

Mi(t) = ∂ log�(t; s)

∂si

∣∣∣∣
s=1

=
d∑
k=1

mk

∫ t

0
r(t − x)Aki(x) dx (4)
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and

Cij (t) = ∂2 log�(t; s)

∂si∂sj

∣∣∣∣
s=1

= b

d∑
k=1

mk

∫ t

0
r(t − x)Bkij (x) dx +

d∑
k=1

d∑
l=1

βkl

∫ t

0
r(t − x)Aki(x)Alj (x) dx. (5)

4. Asymptotic behaviour of the critical dMBPiPI

In the remainder of this paper we assume that, for 1 ≤ i, j, k ≤ d, aij , bijk , mi and βij are
all finite, and that the Markov process Z is irreducible and critical, i.e. ρ = 0, and b ∈ (0,∞).
It is well known (see, e.g. [21]) that, as t → ∞,

Aij (t) = uivj + o(e−γ t ), γ > 0, (6)

Bijk(t) ∼ uivj vkbt, (7)

1 − P{Zi (t) = 0} = 1 − Fi(t; 0) ∼ 2ui
bt
. (8)

We study asymptotic properties of Y (t) when the function r(t) = L(t)tθ is RV, bounded on
finite intervals, and L(t) is slowly varying (SV) as t → ∞. In addition to b, C, and α at (3)
define

b∗(t) = b

2Cr(t)
= 1

αr(t)
. (9)

4.1. Means, variances, covariances, and correlations

Theorem 2. Let the function r(t) be RV.

(i) Assume that (6) holds and that mi < ∞ for i = 1, . . . , d. Then, as t → ∞, for
i = 1, . . . , d,

Mi(t) ∼ CviR(t). (10)

(ii) Assume that (6) and (7) hold, and that βjk < ∞ for 1 ≤ j, k ≤ d. Then, as t → ∞,

Cij (t) ∼ bCvivj

∫ t

0
R(x) dx for 1 ≤ i, j ≤ d. (11)

Proof. (i) We deduce from (4) and (6), for i = 1, . . . , d and t → ∞, that

Mi(t) = R(t)vi

d∑
k=1

mkuk +
d∑
k=1

mk

∫ t

0
r(t − x)ψ(x) dx, (12)

where ψ(t) = o(e−γ t ) with γ > 0. Let I (t) = ∫ t
0 r(t − x)ψ(x) dx = (

∫ t/2
0 + ∫ t

t/2)(· · · ) =:
I1(t) + I2(t). When θ > 0, the RV function r(t) can be chosen to be asymptotically
nondecreasing [5, Theorem 1.5.3]. Then I1(t) ≤ r(t)

∫ t/2
0 ψ(x) dx = O(r(t)) = o(R(t)) as

t → ∞. Similarly, I2(t) ≤ (supu≥t/2 ψ(u))
∫ t

0 r(x) dx = o(R(t)).
When θ < 0, we can choose RV r(t) to be asymptotically nonincreasing, and the proof

follows a similar line of argument.
If θ = 0, r(t) is SV. Then x ∈ [0, t/2] implies that t−x ∈ [t/2, t]. The uniform convergence

of SV r(t) [5, Theorem 1.5.3] yields r(t − x) ∼ r(t) as t → ∞. Hence,

I1(t) =
∫ t/2

0
r(t − x)ψ(x) dx ∼ r(t)

∫ t/2

0
ψ(x) dx = o(R(t)),
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and, similarly, I2(t) = ∫ t
t/2 r(t − x)ψ(x) dx ≤ supt/2≤x≤t ψ(x)

∫ t
0 r(y) dy = o(R(t)). This

with (12) proves (i).
(ii) Put J (t) = ∫ t

0 r(t − x)Bkij (x) dx. Equations (5) and (7) imply that, as t → ∞,

J (t) = bukvivj

[∫ t

0
r(t − x)x dx +

∫ t

0
r(t − x)ϕ(x) dx

]
, ϕ(t) = o(t). (13)

Note that
∫ t

0 r(t − x)x dx = ∫ t
0 (t − x) dR(x) = tR(t)− ∫ t

0 x dR(x) = ∫ t
0 R(x) dx. Then, just

as in (i),
∫ t

0 r(t − x)ψ(x) dx = o(R(t)) = o(
∫ t

0 R(x) dx) as t → ∞. It follows from (13) that
J (t) ∼ bukvivj

∫ t
0 R(x) dx, which together with (5) and (10) yields

Cij (t) ∼ bCvivj

∫ t

0
R(x) dx + (Cδij + C1vi)vjR(t)

for some finite C1 > 0. This proves (11) because R(t) = o(
∫ t

0 R(x) dx). �
Corollary 1. For 1 ≤ i, j ≤ d with i 	= j , define the correlation coefficients ρij (t) =
corr(Yi(t), Yj (t)). Then limt→∞ ρij (t) = 1.

Remark 2. When θ = 0 and R(t) → R < ∞ as t → ∞, (11) implies that Cij (t) =
bCvivjRt[1 + o(1)], as for the process without immigration. When immigration is time
homogeneous (so R(t) = Rt), (11) then implies that Cij (t) ∼ 1

2bCvivjRt
2, as Sevastyanov

[20] proved in the single-type case.

4.2. Probability of nonextinction

DefineW(t) = P{Y (t) 	= 0} = 1 −�(t; 0) = 1 − e−�(t), where, using (2),�(t) = ∫ t
0 r(t−

x)Q(x) dx and where the function Q(x) = 1 − g(F (x; 0)) is nonincreasing in [0,∞). Then,
using (8) and recalling b, C, and α at (3), as x → ∞,

Q(x) ∼ 2C

bx
= α

x
. (14)

Theorem 3. (i) If θ > 0, or θ = 0 and L(t) log t → ∞, then limt→∞W(t) = 1.

(ii) If θ = 0 and L(t)α log t → � ∈ (0,∞), then limt→∞W(t) = 1 − e−� .

(iii) If θ ∈ (−1, 0), or θ = 0 and L(t) log t → 0, then W(t) ∼ r(t)α log t .

Proof. First we show in all three cases that, as t → ∞,

�(t) =
∫ t

0
r(t − x)Q(x) dx ∼ r(t)α log t. (15)

For any δ ∈ (0, 1), let �(t) = ∫ tδ
0 + ∫ t

tδ
=: �1(t)+�2(t). When θ > 0, we can assume

without loss of generality as earlier that r(t) is asymptotically nondecreasing. Therefore,

r(t (1 − δ))

∫ tδ

0
Q(x) dx ≤ �1(t) ≤ r(t)

∫ tδ

0
Q(x) dx

and

0 ≤ �2(t) =
∫ t

tδ

r(t − x)Q(x) dx ≤ Q(tδ)R(t) = O(r(t)).

We deduce from these inequalities and (14) that

(1 − δ)θ ≤ lim inf
t→∞

�1(t)+�2(t)

r(t)α log t
≤ lim sup

t→∞
�1(t)+�2(t)

r(t)α log t
≤ 1.

Equation (15) now follows because δ ∈ (0, 1) is arbitrary.
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When θ < 0, we can still assume r(t) to be asymptotically nonincreasing, and, hence,

r(t)

∫ tδ

0
Q(x) dx ≤ �1(t) ≤ r(t (1 − δ))

∫ tδ

0
Q(x) dx

and

0 ≤ �2(t) =
∫ t

tδ

r(t − x)Q(x) dx ≤ Q(tδ)R(t) = O(r(t)).

These inequalities and (14) imply that

1 ≤ lim inf
t→∞

�1(t)+�2(t)

r(t)α log t
≤ lim sup

t→∞
�1(t)+�2(t)

r(t)α log t
≤ 1

(1 − δ)−θ
.

Then (15) again follows because δ ∈ (0, 1) is arbitrary.
Suppose now that θ = 0, so that r(t) is SV. When x ∈ [0, tδ], t − x ∈ [t (1 − δ), t]. The

uniform convergence of an SV function [5, Theorem 1.5.3] implies that r(t − x) ∼ r(t) as
t → ∞. Using (14), we deduce that, as t → ∞,

�1(t) ∼ r(t)

∫ tδ

0
Q(x) dx ∼ r(t)α log t

and

�2(t) ≤ Q(tδ)

∫ t

0
r(x) dx = O(r(t)).

These last two relations imply (15).
Finally, in case (i) �(t) → ∞ implies that W(t) → 1; in case (iii), we have W(t) =

1 − e−�(t) ∼ r(t)α log t ; and in case (ii), �(t) → � implies that W(t) → 1 − e−� . �
Theorem 4. If θ = −1 then W(t) ∼ L1(t)αt

−1 as t → ∞, where L1(t) is SV and L1(t) =
L(t) log t + ∫ t

0 L(x)x
−1 dx.

Proof. As before, we can choose r(t) to be asymptotically nonincreasing. For any δ ∈ (0, 1
2 ),

put �(t) = (
∫ tδ

0 + ∫ t (1−δ)
tδ

+ ∫ t
t (1−δ))r(t − x)Q(x) dx =: �1(t)+�2(t)+�3(t). Then

r(t)

∫ tδ

0
Q(x) dx ≤ �1(t) =

∫ tδ

0
r(t − x)Q(x) dx ≤ r(t (1 − δ))

∫ tδ

0
Q(x) dx.

Hence,

1 ≤ lim inf
t→∞

�1(t)

r(t)
∫ t

0 Q(x) dx
≤ lim sup

t→∞
�1(t)

r(t)
∫ t

0 Q(x) dx
≤ 1

1 − δ
,

where, using (14),
∫ t

0 Q(x) dx ∼ α log t as t → ∞. Similarly, we obtain

1 ≤ lim inf
t→∞

�3(t)

Q(t)
∫ t

0 r(x) dx
≤ lim sup

t→∞
�3(t)

Q(t)
∫ t

0 r(x) dx
≤ 1

1 − δ
.

Now R(t) = ∫ t
0 r(x) dx is SV and tr(t) = o(R(t)) as t → ∞ (see [5, Theorem 1.5.9a]).

Finally,

�2(t) =
∫ t (1−δ)

tδ

r(t − x)Q(x) dx ≤ r(tδ)Q(tδ)(t (1 − 2δ)) = O(r(t)),
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because, by using (14), Q(tδ)t (1 − 2δ) → α(1 − 2δ)/δ as t → ∞. Since δ is an arbitrary
strictly positive constant, it follows that, as t → ∞,

�(t) = �1(t)+�2(t)+�3(t) ∼ r(t)

∫ t

0
Q(x) dx +Q(t)

∫ t

0
r(x) dx

∼ α

t

[
L(t) log t +

∫ t

0
L(x)x−1 dx

]

→ 0.

Therefore, 1 − e−�(t) ∼ �(t), completing the proof. �

Remark 3. The next theorem does not require r(t) to be RV.

Theorem 5. If R = ∫ ∞
0 r(x) dx < ∞ and r(t) = o((t log t)−1) as t → ∞, W(t) ∼ αR/t .

Proof. Assume that δ ∈ (0, 1), and let �(t) = ∫ tδ
0 + ∫ t

tδ
=: �1(t)+�2(t). Then, since

Q(t)R(δt) ≤ �1(t) = ∫ tδ
0 Q(t − x) dR(x) ≤ Q(t(1 − δ))R(tδ), it follows that

1 ≤ lim inf
t→∞

�1(t)

Q(t)R(tδ)
≤ lim sup

t→∞
�1(t)

Q(t)R(tδ)
≤ 1

1 − δ
.

Therefore, �1(t) ∼ RQ(t) = αR/t as t → ∞ because δ can be set small enough. Now, for
this δ and large enough t , we obtain, by the mean value theorem,

�2(t) =
∫ t

tδ

Q(t − x)r(x) dx = r(t∗)
∫ t (1−δ)

0
Q(x) dx = r(t∗)O(log t) = o

(
1

t

)
,

where tδ ≤ t∗ ≤ t . This completes the proof because we now have �(t) ∼ �1(t) and, thus,
W(t) = 1 − e−�(t) ∼ αR/t . �

5. Limit distributions

Throughout this section, let D(x) = P{ξ1 ≤ x1, . . . , ξd ≤ xd}, x = (x1, . . . , xd), denote
the degenerate distribution of any random vector ξ = (ξ1, . . . , ξd) such that ξ1 = · · · = ξd a.s.
Put λ̄ = ∑d

l=1 λl and λ = (λ1, . . . , λd).

Theorem 6. For k = 1, . . . , d, let ηk(t) = Yk(t)/Mk(t).

(i) If θ > 0, or θ = 0 and L(t) → ∞ as t → ∞, then ηk(t) → 1 in probability.

(ii) If θ > 1, or θ = 1 and
∫ ∞

0 [xL(x)]−1 dx < ∞, then ηk(t) → 1 a.s.

Proof. Note that E[ηk(t)] = 1. Using Chebyshev’s inequality, for every ε > 0,

P{|ηk(t)− 1| > ε} ≤ ε−2 var(ηk(t)).

Equations (10) and (11) imply that var(ηk(t)) = Vk(t)/M
2
k (t) ∼ b(θ + 1)/[C(θ + 2)L(t)tθ ].

Hence, var(ηk(t)) → 0 under conditions (i), proving the first assertion. Assertion (ii) follows
from

∫ ∞
0 var(ηk(t)) dt < ∞ and [7, Theorem 21.1]. �

Theorem 7. Assume that θ > 0, or that θ = 0 and L(t) → ∞ as t → ∞. Let X(t) =
(X1(t), . . . , Xd(t)), where Xk(t) = [Yk(t)−Mk(t)]/√Vk(t) for every k = 1, . . . , d. Then
limt→∞ P{X(t) ≤ x} = D(x) and ξ1 is standard normal.
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Proof. Define the d-variate characteristic function ϕ(t; λ) = E[eiλX�(t)]. Then (2) implies
that

logϕ(t; λ) = −i
d∑
k=1

Mk(t)√
Vk(t)

λk +
∫ t

0
r(t − x)[1 − g(F (x; λt ))] dx,

where λ̄t = (eiλ1/
√
V1(t) . . . , eiλd/

√
Vd(t)). Define Q(x; s) = 1 − g(F (x; s)). Then, using

second-order Taylor expansions of 1 − g(s) and 1 − Fk(x; s) around s = 1, we deduce that

Q(x; s) ∼
d∑

j,k=1

mkAkj (x)(1 − sj )+ 1

2

d∑
j,k,l=1

mkB
k
lj (x)(1 − sl)(1 − sj )

+ 1

2

d∑
j,k,l,m=1

βkjAkl(x)Ajm(x)(1 − sl)(1 − sm).

Now using (11), we obtain Vk(t) ∼ bCv2
kL(t)t

θ+2/(θ + 1)(θ + 2) → ∞ as t → ∞, and,
moreover, 1 − eiλk/

√
Vk(t) ∼ −iλk/√Vk(t) for k = 1, . . . , d. Hence,

Q(x; λ̄t ) ∼ −i
d∑

j,k=1

mkAkj (x)√
Vj (t)

λj + 1

2

d∑
j,k,l=1

mkB
k
lj (x)√

Vj (t)Vl(t)
λjλl

+ 1

2

d∑
j,k,l,m=1

βkjAkl(x)Ajl(x)√
Vl(t)Vm(t)

λlλm.

Changing the order of summation, integrating, and using (4) and (5), gives

∫ t

0
r(t − x)Q(x; λ̄t ) dx ∼ −i

d∑
j,k=1

λj√
Vj (t)

mk

∫ t

0
r(t − x)Akj (x) dx

+ 1

2

d∑
j,k,l=1

λjλk√
Vj (t)Vk(t)

ml

∫ t

0
r(t − x)Bljk(x) dx

+ 1

2

d∑
j,k,l,m=1

λlλm√
Vl(t)Vm(t)

βkj

∫ t

0
r(t − x)Akl(x)Ajl(x) dx

∼ −i
d∑
j=1

λjMj (t)√
Vj (t)

+ 1

2

d∑
j,k=1

λjλk√
Vj (t)Vk(t)

[Cjk(t)− δjkMj (t)].

From this last relation we deduce that

logϕ(t; λ) ∼ −1

2

d∑
j,k=1

λjλk

[
ρjk(t)− δjkMj (t)√

Vj (t)Vk(t)

]
,

where, as t → ∞, ρjk(t) → 1 by Corollary 1 andMj(t)/Vj (t) ∼ (θ + 2)/bvj t → 0. Hence,

lim
t→∞ϕ(t; λ) = exp

[
−1

2

d∑
i=1

d∑
j=1

λiλj

]
= exp

[
−1

2
λIλ�

]
=: ϕ(λ),

where I denotes the d × d matrix with all entries equal to 1. Finally, noting that ϕ(λ) is the
characteristic function of the distribution D(x) completes the proof. �
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Corollary 2. Theorems 2 and 7 imply the asymptotic normality property

Yk(t)

Cvk(θ + 1)−1L(t)tθ+1 ∼ N

(
1,

2(θ + 1)

α(θ + 2)L(t)tθ

)
for k = 1, . . . , d.

Theorem 8. Assume that θ = 0 and r(t) = L(t) → r∗ ∈ (0,∞) as t → ∞. Then

lim
t→∞ P

{
Y1(t)

v1r∗t
≤ x1, . . . ,

Yd(t)

vdr∗t
≤ xd

}
= D(x),

where P{ξ1 ≤ x} = (1/βα�(α))
∫ x

0 y
α−1e−y/β dy and β := 1

2b/r
∗.

Proof. Let

ψ(t; λ) = E

[
exp

(
−

d∑
j=1

λjYj (t)

vj r∗t

)]

be the d-dimensional Laplace transform (LT), and let λ̃t = (e−λ1/v1r
∗t , . . . , e−λd/vd r∗t ). Then

ψ(t; λ) = �(t; λ̃t ) and logψ(t; λ) = − ∫ t
0 r(t − x)Q(x; λ̃t ) dx = −�(t; λ̃t ), invoking (2).

Sevastyanov [21, Chapter 6.3] shows that, as t → ∞,

1 − Fk(t; s) ∼ uk
∑d
l=1 vl(1 − sl)

1 + 1
2bt

∑d
m=1 vm(1 − sm)

for k = 1, . . . , d,

the approximation holding uniformly for s ∈ [0, 1]\{1}. Now, use a first-order Taylor expansion
of 1 − g(s) around s = 1 so that, for Q(x, s) = 1 − g(F (x; s)), again uniformly for s ∈
[0, 1] \ {1}, as t → ∞,

Q(t; s) ∼ C
∑d
l=1 vl(1 − sl)

1 + 1
2bt

∑d
m=1 vm(1 − sm)

. (16)

Since 1 − e−λi/vi r∗t ∼ λi/vir
∗t as t → ∞, we deduce from (16) that Q(x; λ̃t ) ∼ Cλ̄/(r∗t +

1
2bxλ̄) for x ≤ t and x → ∞. For every ε > 0, we can choose T ∈ (0; t] large enough such
that, for T ≤ x ≤ t,

r(t) � (1 ± ε)r∗ and Q(x; λ̃t ) � (1 ± ε)
Cλ̄

r∗t + bxλ̄/2
. (17)

Let�(t; λ̃t ) = (
∫ T

0 + ∫ t−T
T

+ ∫ t
t−T )r(t −x)Q(x, λ̃t ) dx = �1(t; λ̃t )+�2(t; λ̃t )+�3(t; λ̃t ).

We first deduce from (17) that, as t → ∞,

�2(t; λ̃t ) � (1 ± ε)2r∗
∫ t

T

Cλ̄

r∗t + bxλ̄/2
dx

= (1 ± ε)2αr∗ log

(
2r∗t + btλ̄

2r∗t + bT λ̄

)

→ (1 ± ε)2αr∗ log

(
1 + bλ̄

2r∗

)
.

Since λ̃t → 1,

�1(t; λ̃t ) ≤ K1

∫ T

0
Q(x; λ̃t ) dx ≤ K1TQ(0; λ̃t ) → 0.
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Note that Q(t − T ; s) ≤ Q(t − T ) and, for t → ∞, �3(t; λ̃t ) ≤ K1TQ(t − T ) → 0.
Hence, limt→∞�(t; λt ) = α log(1 + bλ̄/2r∗). Setting β = 1

2b/r
∗ gives limt→∞ ψ(t; λ) =

limt→∞ e−�(t;λ̃t ) = (1 + βλ̄)−α , which is the LT of a degenerate d-variate gamma-distributed
random variable. �
Theorem 9. Let θ = 0, L(t) → 0, and L(t) log t → ∞, and recall b∗(t) from (9). Then, as
t → ∞,

P

{[
2Y1(t)

v1bt

]1/b∗(t)
≤ x1, . . . ,

[
2Yd(t)

vdbt

]1/b∗(t)
≤ xd

}
→ D(x),

where ξ1 has a uniform distribution on [0, 1].
Proof. Consider the LT ψ(t; λ) = E[exp(−2

∑d
j=1 λjYj (t)/btvj x

b∗(t)
j )] and set λ̃t (x) =

(exp[−2λ1/btv1x
b∗(t)
1 ], . . . , exp[−2λd/btvdx

b∗(t)
d ]), where xi ∈ (0, 1) for every i = 1, . . . , d.

Then logψ(t; λ) = log�(t; λ̃t (x)) = −�(t; λ̃t (x)), and, thus, as t → ∞,

1 − exp

[
− 2λi

btvix
b∗(t)
i

]
∼ 2λi

btvix
b∗(t)
i

since then tx1/r(t)
i → ∞. We deduce from (16), as y → ∞ with y ≤ t , that

Q(y; λ̃t (x)) ∼ 2C
∑d
i=1 λix

−b∗(t)
i

b(t + y
∑d
i=1 λix

−b∗(t)
i )

. (18)

Now r(t) is SV, so there exists SV δ(·) for which δ(t) → ∞ and such that r(t/δ∗(t))/r(t) → 1
as t → ∞ for every function δ∗(t) satisfying 1 ≤ δ∗(t) ≤ δ(t). Then

�(t; λ̃t (x)) =
[∫ t/δ(t)

0
+

∫ t (1−xb∗(t)i0
)

t/δ(t)

+
∫ t

t (1−xb∗(t)i0
)

]
( · · · ) =: �1(t)+�2(t)+�3(t),

where xi0 = min1≤i≤d xi ∈ (0, 1). Then (see [6, p. 114])

�2(t) = r̄(t)

∫ t (1−xb∗(t)i0
)

t/δ(t)

Q(t − y; λ̃t (x)) dy = r̄(t)

∫ t (1−1/δ(t))

tx
b∗(t)
i0

Q(y; λ̃t (x)) dy,

where

min
t/δ(t)≤u≤t (1−xb∗(t))

r(u) ≤ r̄(t) ≤ max
t/δ(t)≤u≤t (1−xb∗(t))

r(u).

The properties of δ(t) imply that r̄(t) ∼ r(t), so, for large enough t and using (18),

�2(t) ∼ r̄(t)

∫ t (1−1/δ(t))

tx
b∗(t)
i0

α
∑d
i=1 λix

−b∗(t)
i

t + y
∑d
i=1 λix

−b∗(t)
i

dy

= αr̄(t) log

(
1 + (

∑d
i=1 λix

−b∗(t)
i )(1 − 1/δ(t))

1 + (
∑d
i=1 λix

−b∗(t)
i )x

b∗(t)
i0

)

= αr̄(t) log

(
x

−b∗(t)
i0

x
b∗(t)
i0

+ (
∑d
i=1 λi(xi0/xi)

b∗(t))(1 − 1/δ(t))

1 + ∑d
i=1 λi(xi0/xi)

b∗(t)

)
.
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Since xi0 ∈ (0, 1), xi0/xi ∈ (0, 1), and b∗(t) → ∞, the fraction in parentheses converges to
λi0/(1 + λi0). Hence, limt→∞�2(t) = − log xi0 . On the other hand,

�1(t) =
∫ t/δ(t)

0
r(y)Q(t − y; λ̃t (x)) dy

≤
∫ t/δ(t)

0
r(y)Q(t − y) dy

≤ Q

(
t

[
1 − 1

δ(t)

]) ∫ t

0
r(y) dy

∼ 1

b∗(t)
→ 0 as t → ∞.

The mean value theorem implies that

�3(t) =
∫ t

t (1−xb∗(t)i0
)

r(y)Q(t − y; λ̃t (x)) dy = r(t∗2 )
∫ tx

b∗(t)
i0

0
Q(y; λ̃t (x)) dy,

where t (1 − x
b∗(t)
i0

) ≤ t∗2 ≤ t . Furthermore, from (6) we have

Q
(
y; λ̃t (x)

) ≤ 2xb
∗(t)
i0

bt

d∑
j=1

λj

vj

d∑
k=1

mkAkj (y) ≤ C∗xb
∗(t)
i0

t
for some C∗ > 0.

Hence, �3(t) ≤ r(t∗2 )[C∗xb
∗(t)
i0

/t]txb∗(t)
i0

= r(t∗2 )C∗x2b∗(t)
i0

→ 0 as t → ∞. We proved that
limt→∞�(t; λ̃t (x)) = − log xi0 and limt→∞ ψ(t; λ) = xi0 . The limit is the Laplace transform
of a d-variate degenerate distribution with mass min1≤i≤d xi at 0 and mass 1 − min1≤i≤d xi at
infinity. Thus, for every vector (y1, . . . , yd) with nonnegative entries,

lim
t→∞ P

{
2Y1(t)

btv1x
b∗(t)
1

≤ y1, . . . ,
2Yd(t)

btvdx
b∗(t)
d

≤ yd

}
= xi0 .

Setting y1 = · · · = yd = 1 and using some simple algebra completes the proof. �
Theorem 10. If θ = 0 and L(t)α log t → � ∈ (0,∞) as t → ∞, then

(i) (unconditional limit distribution)

P

{
log(Y1(t)/v1)

log t
≤ x1, . . . ,

log(Yd(t)/vd)

log t
≤ xd

}
→ D(x),

where P{ξ1 ≤ y} = e−�(1−y) for 0 ≤ y ≤ 1; and

(ii) (conditional limit distribution)

P

{
1 − log(Y1(t)/v1)

log t
≤ x1, . . . , 1 − log(Yd(t)/vd)

log t
≤ xd

∣∣∣∣ Y (t) 	= 0
}

→ D(x), (19)

where P{ξ1 ≤ y} = (1 − e−�y)/(1 − e−�) for 0 ≤ y ≤ 1.
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Proof. (i) Define the d-variate LT ψ(t; λ) = E[exp(− ∑d
i=1 λiYi(t)/vi t

xi )] and introduce
λ̃t (x) = (e−λ1/v1t

x1
, . . . , e−λd/vd txd ), where xi ∈ (0, 1) for i = 1, . . . , d. Then logψ(t; λ) =

log�(t; λ̃t (x)) = −�(t; λ̃t (x)). Let δ ∈ (0, 1), and define the decomposition �(t; λ̃t (x)) =
(
∫ tδ

0 + ∫ t
tδ
)r(t − x)Q(x, λ̃t (x)) dx =: �1(t; x)+�2(t; x). For ε > 0 and large enough t ,

(1 − ε)�/(α log t) ≤ r(t) ≤ (1 + ε)�/(α log t). Then

(1 − ε)�

α log t

∫ tδ

0
Q(u; λ̃t (x)) du ≤ �1(t; x) ≤ (1 + ε)�

α log t

∫ tδ

0
Q(u; λ̃t (x)) du.

Since si = 1 − e−λi/vi txi ∼ λi/vi t
xi , it follows from (16), as y → ∞ and y ≤ t , that

Q(y; λ̃t (x)) ∼ C
∑d
i=1 λit

−xi

1 + 1
2by

∑d
i=1 λit

−xi
.

Define J (t; x) = ∫ tδ
0 Q(y; λ̃t (x)) dy = ∫ T

0 + ∫ tδ
T

=: J1(t; x)+ J2(t; x). If T → ∞ in such
a way that T ≤ tδ and T = o(log t), then

J2(t; x) =
∫ tδ

T

Q(y; λ̃t (x)) dy

∼
∫ tδ

T

C
∑d
i=1 λit

−xi

1 + 1
2by

∑d
i=1 λit

−xi
dy

= α log

(
1 + 1

2btδ
∑d
i=1 λit

−xi

1 + 1
2bT

∑d
i=1 λit

−xi

)

∼ α(1 − xi0) log t, (20)

where xi0 = min1≤i≤d xi . Moreover, J1(t; x) = ∫ T
0 Q(y; λ̃t (x)) dy ≤ T = o(log t). Hence,

limt→∞�1(t; x) = �(1 − xi0). Using (14) and the fact that r(t) is SV yields �2(t; x) =∫ t
tδ
r(t − y)Q(y; λ̃t (x)) dy ≤ Q(tδ)

∫ t
0 r(y) dy =O(r(t)). Therefore, limt→∞�(t; λ̃t (x)) =

�(1 − xi0) and limt→∞ ψ(t; λ) = e−�(1−xi0 ). This limit is the LT of a degenerate d-variate
distribution with mass e−�(1−xi0 ) at 0 and mass 1 − e−�(1−xi0 ) at infinity. We conclude from
this result that

lim
t→∞ P

{
Y1(t)

v1tx1
≤ y1, . . . ,

Yd(t)

vd txd
≤ yd

}
= e−�(1−xi0 )

for any vector (y1, . . . , yd) with nonnegative entries. This proves case (i).
(ii) Let�(t; λ) = E[exp(− ∑d

j=1 λjYj (t)v
−1
j t−xj ] | Y (t) 	= 0] be the conditional LT. Then

�(t; λ) = 1 − 1 −�(t; λ̃t (x))

1 −�(t; 0)
= 1 − 1 − ψ(t; λ)

W(t)

by invoking (2). We deduce that limt→∞�(t; λ) = (e−�(1−xi0 ) − e−�)/(1 − e−�) by using
case (i) and Theorem 3(ii). Now reasoning similar to that used in (i) completes the proof. �
Theorem 11. If θ ∈ (−1, 0), or θ = 0 and L(t) = o(1/ log t), then, as t → ∞,

P

{
log(Y1(t)/v1)

log t
≤ x1, . . . ,

log(Yd(t)/vd)

log t
≤ xd

∣∣∣∣ Y (t) 	= 0
}

→ D(x),

where ξ1 for D(·) is uniformly distributed on (0, 1).
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Proof. Consider the conditional LT given in case (ii) of Theorem 10 as well as the notation
λ, x, and λ̃t (x) used in its proof. Assume first that θ < 0 such that r(t) can be chosen
asymptotically nonincreasing. Then

r(t)

∫ tδ

0
Q(y; λ̃t (x)) dy ≤ �1(t; λ̃t (x)) ≤ r(t (1 − δ))

∫ tδ

0
Q(y; λ̃t (x)) dy.

Now from (20), J (t, x) = ∫ tδ
0 Q(y; λ̃t (x)) dy ∼ (1 − xi0)α log t . Therefore,

1 ≤ lim inf
t→∞

�1(t; λ̃t (x))

(1 − xi0)r(t)α log t
≤ lim sup

t→∞
�1(t; λ̃t (x))

(1 − xi0)r(t)α log t
≤ 1

(1 − δ)−θ
.

We also have�2(t; λ̃t (x)) ≤ Q(tδ)
∫ t

0 r(x) dx = o(r(t) log t), and deduce that�(t; λ̃t (x)) ∼
(1 − xi0)r(t)α log t . The same result holds true when θ = 0 because the uniform convergence
of r(·) which is then SV ensures that r(t − y) ∼ r(t) for every t − y ∈ [t (1 − δ), t]. Hence,
�1(t; λ̃t (x)) ∼ r(t)J (t; x) as t → ∞, and the rest is as above. Thus, 1 − e−�(t;λ̃t (x)) ∼
�(t; λ̃t (x)) ∼ (1 − xi0)r(t)α log t , which with Theorem 3(iii) gives

lim
t→∞ P

{
Y1(t)

v1tx1
≤ y1, . . . ,

Yd(t)

vd txd
≤ yd

∣∣∣∣ Y (t) 	= 0
}

= xi0

for any (y1, . . . , yd) with nonnegative entries. This completes the proof. �
Theorem 12. Let θ = −1, L̃(t) = ∫ t

0 (L(x)/x) dx, and let L̂(t) = L(t) log t . If as t → ∞,
L̃(t)/L̂(t) → q ∈ (0,∞) then also

(i) P

{
log[Y1(t)/v1]

log t
≤ x1, . . . ,

log[Yd(t)/vd ]
log t

≤ xd

∣∣∣∣ Y (t) 	= 0
}

→ D(x),

where

P{ξ1 ≤ y} = y

1 + q
1{0≤y≤1} + 1

1 + q
1{y≥1},

(ii) P

{
2Y1(t)

v1bt
≤ x1, . . . ,

2Yd(t)

vdbt
≤ xd

∣∣∣∣ Y (t) 	= 0
}

→ D(x),

where

P{ξ1 ≤ y} = 1

1 + q
+ q

1 + q
(1 − e−y), y ≥ 0.

Proof. (i) Consider again the conditional LT used in case (ii) of Theorem 10, and re-
call the notation x and λ̃t (x) defined in its proof. Let δ ∈ (0, 1

2 ), and write �(t; λ̃t (x)) =
(
∫ tδ

0 + ∫ t (1−δ)
tδ

+ ∫ t
t (1−δ))( · · · ) =: �1(t; x)+�2(t; x)+�3(t; x). We can choose r(t) to be

asymptotically nonincreasing. It follows from the monotonicity of r(t) and Q(t; s) (see also
(14)) that, as t → ∞,

�2(t; x) =
∫ t (1−δ)

tδ

r(t − y)Q(y; λ̃t (x)) dy

≤
∫ t (1−δ)

tδ

r(t − y)Q(y) dy

≤ r(tδ)Q(tδ) t (1 − 2δ)

= o(W(t)).
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Since 1 − e−λi t−xi ∼ λit
−xi → 0,

∑d
i=1 λit

−xi → 0 also. Then, using (16) and the fact that δ
is arbitrary, it follows that, for t (1 − δ) ≤ y ≤ t and t → ∞,

Q(y; λ̃t (x)) ∼ C
∑d
i=1 λit

−xi

1 + 1
2by

∑d
i=1 λit

−xi
∼ α

t
.

Therefore, �3(t; x) = ∫ t
t (1−δ) r(t − y)Q(y; λ̃t (x)) dy ∼ (α/t)

∫ tδ
0 r(y) dy. Recalling that∫ t

0 r(y) dy is SV, we prove that �3(t; x) ∼ (α/t)
∫ t

0 r(y) dy as t → ∞.
For every ε > 0, there exists T > 0 such that, for T < y < t ,

Q(y; λ̃t (x)) � (1 ± ε)
C

∑d
i=1 λit

−xi

1 + 1
2by

∑d
i=1 λit

−xi
.

Then �1(t; x) = ∫ tδ
0 r(t − y)Q(y; λ̃t (x)) dy = (

∫ T
0 + ∫ tδ

T
)( · · · ) =: �11(t; x) + �12(t; x).

Here, �11(t; x) ≤ r(t − T )T = O(r(t)), while

�12(t; x) � (1 ± ε)

∫ tδ

T

r(t − y)
C

∑d
i=1 λit

−xi

1 + 1
2by

∑d
i=1 λit

−xi
dy

∼ (1 ± ε)r(t)

∫ tδ

T

C
∑d
i=1 λit

−xi

1 + 1
2by

∑d
i=1 λit

−xi
dy

∼ (1 ± ε)r(t)α log

(
2 + btδ

∑d
i=1 λit

−xi

2 + bT
∑d
i=1 λit

−xi

)

∼ (1 ± ε)r(t)(1 − xi0)α log t.

Therefore, �1(t; x) ∼ r(t)(1 − xi0)α log t , which proves that, as t → ∞, �(t; x) ∼ r(t)(1 −
xi0)α log t+(α/t) ∫ t0 r(y) dy → 0. Hence,

1 −�(t; λ̃t (x)) ∼ r(t)(1 − xi0)α log t + α

t

∫ t

0
r(y) dy ∼

(
α

t

)
{(1 − xi0)L̂(t)+ L̃(t)}.

Then limt→∞ (1 −�(t; λ̃t (x)))/W(t) = (1 − xi0 + q)/(1 + q), and we finally obtain

lim
t→∞ E

[
exp

(
−

d∑
j=1

λjYj (t)v
−1
j t−xj

) ∣∣∣∣ Y (t) 	= 0
]

= 1 − 1 − xi0 + q

1 + q
= 1

1 + q
xi0 ,

which proves the first limit distribution, much as in Theorem 11.
(ii) We use (16) with s = λ̃t = (e−2λ1/v1bt , . . . , e−2λd/vdbt ), where, for every i = 1, . . . , d,

1 − e−2λi/vibt ∼ 2λi/vibt . Let δ ∈ (0, 1), and consider the decomposition

�(t; λ̃t ) = − log�(t; λ̃t ) =
∫ tδ

0
+

∫ t

tδ

=: �1(t)+�2(t).

Then, as t → ∞ with tδ ≤ y ≤ t , (16) implies that Q(y; λ̃t ) ∼ (α/t)(λ̄/(1 + λ̄)). Therefore,

�2(t) =
∫ t

tδ

r(t − y)Q(y; λ̃t ) dy ∼ α

t

λ̄

1 + λ̄

∫ t (1−δ)

0
r(y) dy ∼ α

t

λ̄

1 + λ̄
L̃(t).
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Hence, as t → ∞,

�1(t) =
∫ tδ

0
r(t − y)Q(y; λ̃t ) dy

≤ r(t (1 − δ))

[
T +

∫ tδ

T

Q(y; λ̃t ) dy

]

∼ r(t (1 − δ))[T + α log(1 + δλ̄)]
= o(�2(t))

because r(t) is asymptotically nonincreasing. Thus,

�(t; λ̃t ) ∼ qλ̄ W(t)

(1 + q)(λ̄+ 1)
and 1 −�(t; λ̃t ) = 1 − e−�(t;λ̃t ) ∼ qλ̄ W(t)

(1 + q)(λ̄+ 1)
,

and we finally obtain

lim
t→∞�(t; λ) = 1 − lim

t→∞
1 −�(t; λ̃t )

W(t)
= 1 − qλ̄

(1 + q)(λ̄+ 1)
= 1

1 + q
+ q

1 + q

1

1 + λ̄
,

which is the LT of a degenerate multivariate exponential distribution concentrated on the main
diagonal with an atom at zero. The second assertion follows. �
Remark 4. The two singular limit distributions obtained in Theorem 12 allow us to classify
the nonextinct sample paths into two distinct groups based on their growth rates: (i) with
probability 1 − 1/(1 + q), the growth is linear with an exponentially distributed slope, else (ii)
with probability 1/(1+q), the growth is parabolic with a power that is uniformly distributed on
(0, 1). For example, if L(t) = (log t)α , then q = 1/(α+ 1) if α > −1, and q = ∞ if α ≤ −1.

Remark 5. The next theorem does not require r(t) to be RV.

Theorem 13. If R = ∫ ∞
0 r(x) dx < ∞ and r(t) = o([t log t]−1), then as t → ∞

P{Y1(t)v
−1
1 W(t) ≤ x1, . . . , Yd(t)v

−1
d W(t) ≤ xd | Y (t) 	= 0} → D(x),

where P{ξ1 ≤ x} = 1 − e−x/RC, x ≥ 0.

Proof. Define the conditional d-variate LT �(t; λ) = 1 − [1 −�(t; λ̃t )]/W(t), and put
λ̃t = (e−λ1v

−1
1 W(t), . . . , e−λdv−1

d W(t)). Let δ ∈ (0, 1), and define the function

�(t) =
∫ t

0
Q(t − y; λ̃t )r(y) dy =:

(∫ tδ

0
+

∫ t

tδ

)
( · · · ) =: �1(t)+�2(t).

The mean value theorem shows that �1(t) = Q(t∗1 ; λ̃t )
∫ tδ

0 r(x) dx for t (1 − δ) ≤ t∗1 ≤ t .
Using (16) with s = λ̃t , we deduce that Q(t∗1 ; λ̃t ) ∼ W(t)Cλ̄/[1 + 1

2bt
∗
1W(t)λ̄] and

�1(t) ∼ W(t)RCλ̄

1 + 1
2bt

∗
1W(t)λ̄

∼ W(t)RCλ̄

1 + RCλ̄
as t → ∞,

because t∗1W(t) → αR. Again applying the mean value theorem, we obtain

�2(t) = r(t∗2 )
∫ t (1−δ)

0
Q(y; λ̃t ) dy, tδ ≤ t∗2 ≤ t.

Then we deduce from (14) that �2(t) ≤ r(t∗2 )
∫ t

0 Q(y) dy = r(t∗2 )O(log t) = o(1/t), from
which we find that �2(t) = o(�1(t)) and �(t) ∼ W(t)RCλ̄/(1 + RCλ̄) as t → ∞.
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This implies that 1 −�(t; λ̃t ) = 1 − e−�(t) ∼ W(t)RCλ̄/(1 + RCλ̄) as t → ∞. Thus,
limt→∞�(t; λ) = 1/(1 + RCλ̄), the LT of a degenerate d-variate exponential distribution
concentrated on the main diagonal. �

6. Concluding remarks

One aim of this paper was to introduce multitype branching processes initiated from the immi-
gration of individuals at time points generated by a Poisson random measure with mean measure
R(t) = ∫ t

0 r(x) dx. Theorem 1 gives a formula for the PGF of such processes when individuals
evolve independently of each other, which includes the multitype Markov, Bellman–Harris,
Sevastyanov, and Crump–Mode–Jagers branching models. Using Theorem 1, the asymptotic
behaviour of the multitype critical Markov branching processes with inhomogeneous Poisson
immigration is investigated next.

In the single-type case with homogeneous Poisson immigration, Sevastyanov [20] proved
that the mean increases linearly, the variance grows quadratically, and the population size
normalized by time converges to a gamma-distributed random variable. Sevastyanov’s results
are particular cases of Theorems 1 and 8 which hold when r(x) → r∗ < ∞, since, when
r(x) ≡ r∗, we have homogeneous Poisson immigration. The results of Theorems 1, 5, and 13
obtained when R(t) → R < ∞, generalize the classical case for critical multitype Markov
branching processes without immigration, but differ substantially from those that hold with
homogeneous immigration (see [16], [18], and [19]). Note that in [19] the offspring distributions
are assumed to be stable with stability parameter in (0, 1], whereas in [18] the distributions
of the offspring and of the number of immigrants are assumed to be stable with parameters in
(1, 2] and (0, 1), respectively. For these cases, we do not know of results for processes with
inhomogeneous Poisson immigration.

The other new results obtained in this paper have no equivalent among those for multitype
Markov branching processes with homogeneous Poisson immigration. For instance, when
r(t) → 0 in such a way that W(t) → 1, and under a specific normalization, the limiting
univariate margins of the number of cells of each type are uniformly distributed on [0, 1]
(Theorem 9). Theorem 10 deals with the case that W(t) converges to some positive constant,
and provides conditional and unconditional limit distributions under logarithmic normalization.
The most interesting results are given in Theorem 12 where we present two singular limit
distributions under identical conditions but different normalizations. Results obtained in the
single-type case in [14] are particular cases of this theorem.

The time-inhomogeneity of the immigration process leads to other novel results which
can be interpreted as a law of large numbers and central limit theorem (Theorems 6 and 7).
They generalize results previously obtained in the single-type case [8], [14]. Different models
of time-dependent immigration are considered in [3] and [4] but using other methods. Some
results similar to Theorems 9 and 11 are obtained in [3], while a discrete-time process is studied
in [4].

Based on our investigations, the local intensity r(t) can be interpreted as a control function,
the asymptotic behaviour of which leads to distinct limit distributions of the process. These
results have important biological applications in the context of sequence evolution. As noted
in the introduction, our work opens up new research problems.
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