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Moduli of products of stable varieties

Bhargav Bhatt, Wei Ho, Zsolt Patakfalvi and Christian Schnell

ABSTRACT

We study the moduli space of a product of stable varieties over the field of complex
numbers, as defined via the minimal model program. Our main results are: (a) taking
products gives a well-defined morphism from the product of moduli spaces of stable
varieties to the moduli space of a product of stable varieties; (b) this map is always
finite étale; and (c) this map very often is an isomorphism. Our results generalize and
complete the work of Van Opstall in dimension 1. The local results rely on a study of
the cotangent complex using some derived algebro-geometric methods, while the global
ones use some differential-geometric input.

1. Introduction

The moduli space M, of curves and its Deligne-Mumford compactification Wg are two
fundamental objects of modern mathematics with wide-ranging applications. A key to
their utility is the modularity of the compactification M,: the compactification itself
parametrizes curves, possibly with mild singularities. Recent advances in the minimal model
program [BCHMI10] have provided us with a good higher-dimensional analogue of this
phenomenon: after fixing the necessary numerical invariants, one now has access to a compact
moduli space M}, that contains the space M, of smooth objects as an open subspace, with
the space M} itself parametrizing mildly singular varieties called stable varieties [Koll0,
Kol13, Vie95]. Although Mj, shares many nice properties of Wg, e.g., it is a DM-stack
of finite type over the base field, it may possibly have many connected components that
behave very differently [Cat86, Vak06]. Hence, almost all available results on the global
geometry of M}, pertain to specific components of the moduli of surfaces (e.g., [AP09, Lee00,
Liul2, Roll0, Ops05, Ops06]) or special components of the moduli of log-stable varieties
(e.g., [Ale02, Hac04, Has99, HKT09, HKT06]).

Our goal in this paper is to produce results applicable to every component of Mj, for any h,
and in particular to any dimension, by generalizing the work of Van Opstall [Ops05]. Specifically,
we explore the behavior of these moduli spaces under the operation of taking products. To explain
our results, let us fix some notation first (precise definitions will be given later). Let &k be a field
of characteristic 0. Given a stable variety Z over k, let M(Z) denote the connected component
of the appropriate moduli space M, spanned by Z; this space is a Deligne-Mumford stack.
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MODULI OF PRODUCTS OF STABLE VARIETIES

Given stable varieties X and Y, we show that taking products defines a morphism
Prodxy : M(X) x M(Y) - M(X xY).
Our main local result is the following theorem.

THEOREM 1.1. The map Prodxy is a finite étale cover of Deligne-Mumford stacks for any
stable varieties X and Y .

Going one step further, one may ask when the map Prodxy is an isomorphism. By
Theorem 1.1, it suffices to find a single point of M(X x Y) where Prodxy has degree 1. If
X and Y are isomorphic or even simply deformation equivalent, then Prodyy cannot be an
isomorphism due to the symmetry of the source. Our main global result is that this is essentially
the only obstruction, provided we work with smooth varieties.

THEOREM 1.2. Let X and Y be two stable varieties such that X x Y is smooth and neither
X nor Y can be written nontrivially as a product of two stable varieties. If X and Y are not
deformation equivalent, then Prodx y is an isomorphism. Otherwise, the map Prodxy is an
Sy-torsor.

The (slightly technical) notion of deformation equivalence above will be discussed more
carefully in §2.1. A generalization of Theorem 1.2 applies to smooth stable varieties admitting a
product decomposition, as explained in Theorem 4.2. We expect but do not know if these results
are true without the smoothness assumption.

Theorem 1.2 is a consequence of the following more general result about canonically polarized
manifolds (i.e., compact complex manifolds with ample canonical bundle), whose proof occupies
84 below.

THEOREM 1.3. Every canonically polarized manifold decomposes uniquely into a product of
irreducible factors.

Comments on proofs

Granting the existence of a proper moduli stack of stable varieties, Theorem 1.1 immediately
reduces to a statement about the deformation theory of stable varieties. We approach this
statement via the Abramovich—Hassett theory of canonical covering stacks which relates the
admissible deformation theory of a stable variety X with the usual deformation theory of an
associated stack X . The key point then (following obvious notation) is to show that Def yean X
Defyean is equivalent to Def x y)ean; we show this by equating both sides with Def ycanyyean via
a detailed study of the relevant cotangent complexes.

Theorems 1.2 and 1.3 are proved using differential-geometric methods. The main input is the
polystability of the tangent bundle on a canonically polarized manifold (ensured by two theorems
of Yau and Uhlenbeck—Yau), and the fact that a direct sum decomposition of the tangent bundle
induces a product decomposition of the universal cover (from a theorem of Beauville).

Organization of the paper

We set up the problem at hand, in § 2, by describing the appropriate moduli functors for families
of stable varieties and constructing the product map. Theorem 1.1 is proved in §3 by first
considering a general theorem about deformations of products in §3.1 and then specializing to
our moduli spaces in § 3.3. These proofs use the language of derived algebraic geometry, which is
reviewed in the Appendix. Finally, §4 explains how many ways stable varieties can decompose
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as products, under assumptions about smoothness; in the many cases for which stable varieties
decompose uniquely as products, the associated product map is injective.

Notation

Throughout this paper, we use k to denote a field of characteristic 0 with two exceptions: in § 3,
we allow k£ to have positive characteristic unless otherwise indicated, and in the Appendix, we
allow k to be an arbitrary ring.

2. Stable varieties and construction of the product map

In this section, we define the moduli functor parametrizing stable varieties, and show that it
is representable by a proper Deligne-Mumford stack; the properness uses recent results in the
minimal model program due to Hacon-McKernan—-Xu. We then show there is a well-defined
product map, which we will investigate in the sequel.

2.1 Definitions of stable varieties and moduli functors

As stated before, the moduli space of smooth projective curves of genus at least 2 may be
compactified by adding points representing some mildly singular curves obtained from smooth
curves by a limiting procedure; the resulting curves are called stable curves. To compactify the
space of birational equivalence classes of varieties of general type in higher dimensions, one is
then confronted with the problem of determining the singular varieties that should be allowed
at the boundary. Mori theory solves this problem by providing a viable candidate definition for
higher-dimensional stable varieties and stable families; the robustness of the solution ensures that
the moduli functor thus defined is automatically separated (by an old result of [MM64]) and also
proper, granting standard conjectures in higher-dimensional geometry that are now theorems.

Our goal in this section is to review the definitions of stable varieties and stable families,
and also to say a few words about the resulting moduli space; more information can be
found in the survey articles [Kol10, Kov09]. First, we recall some basic definitions. A variety
X is said to have log canonical singularities it X is normal, Q-Gorenstein, and satisfies the
following: for a log resolution of singularities g : X — X with exceptional divisor E =, E;, if
we write K¢ = g*Kx + ZZ a; E;, then we have a; > —1 for all 7. The notion of semi-log canonical
singularities is a non-normal generalization of log canonical singularities. Its definition is almost
verbatim the same as that of log canonical, but the log resolution is replaced by a good semi-
resolution. We refer the reader to [Kov09, §6.5] and [Koll3, Definition-Lemma 5.1] for more
detail, and simply remark here that such singularities are automatically reduced, satisfy Serre’s
S9 condition, are Q-Gorenstein, and are Gorenstein in codimension 1. For a coherent sheaf F
on a noetherian scheme X such that Supp(F) = X, the reflexive hull F** is defined to be the
double dual of F. If X is S and G; (Gorenstein in codimension 1) and F is a line bundle in
codimension 1, say over U C X, then F** = j,(F|y) [Har94, Theorem 1.12], where j: U — X is
the natural embedding. The reflezive powers FU are then defined to be (F®)** for any integer
i with the convention that F®':=Hom(F, Ox)®~* for i < 0; these definitions will typically be
applied when F has generic rank 1.

The main object of study in this paper is contained in the following definition.

DEFINITION 2.1. A proper geometrically connected k-variety X is called stable if X has semi-log
canonical singularities and Kx is a Q-Cartier and ample divisor.
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Next, we define families. The naive definition of a family of stable varieties (namely, a
flat family with stable fibers) leads to pathologies as there are ‘too many’ such families;
see [Kov09, §7] for examples. The correct definition, given below, imposes certain global
constraints on the family. In the sequel, we sometimes refer to such families as admissible families.
The condition appearing below is known as Kolldr’s condition.

DEFINITION 2.2. Given a k-scheme S, a stable family f : X — S is a proper flat morphism whose

[m]

fibers are stable varieties and such that wy /s is flat over S and commutes with base change, for

every m € Z.

Finally, we are ready to define the moduli functor of stable varieties. The functor SlcMody,
in [Kol10] is similar but we choose to keep track of automorphisms.

DEFINITION 2.3. Let h(m) be an integer-valued function. Then the moduli functor Mj, of stable
varieties with Hilbert function h is defined by setting M} (S) to be the groupoid of stable families
f X — S whose fibers have Hilbert function h with respect to wx/g. Given a stable variety X
over k, we let M(X) denote the connected component of My, x) that contains [X], where h(X)
is the Hilbert function of X. Then two varieties X and Y are deformation equivalent if M(X)
and M(Y) coincide.

2.2 Automorphisms of stable varieties

In this section, we show that M(X) is a Deligne-Mumford stack for stable varieties X, although
this fact must surely be known by the experts. We start with a lemma that bounds how negative
the canonical line bundle on a resolution of singularities of a stable variety can be.

LEMMA 2.4. Let X be a stable variety over k, and let m:Y — X be a semi-resolution with
(reduced) exceptional divisor E. Then Ky + E is big.

Proof. Let E =Y. E; be the reduced union of the m-exceptional divisors. As X has semi-log
canonical singularities, we can write

Ky ="Ky + Z a;F;
7

with a; > —1, or equivalently, we can write

Ky +E=m"Kx+ Y bE;

with b; > 0. The stability of X implies that Kx is ample. The preceding formula then expresses
Ky + E as the sum of a big divisor and an effective one, proving bigness. O

We now show that stable varieties do not admit infinitesimal automorphisms; this fact was
stated in [Ops05], but the proof was incomplete.

LEMMA 2.5. Let X be a stable variety over a field k of characteristic 0. Then X has no
infinitesimal automorphisms.

We give two proofs of this result: the first is cohomological and relies on recent
work [GKKP11].

Proof 1. We wish to show that Homy (Lx, Ox) = 0. Consider the usual exact triangle as in the
following diagram.
+1

T<oLx Lx Qx
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As EthX(T<()Lx, Ox)=0 for i=0,—1, one has Homx(Lx,Ox)~Homx(Qx, Ox), so it is
enough to show that the latter is zero. We are going to show the vanishing of this group when X
is normal; the general case is similar but requires an analysis of how Q+(log D) relates to Qx,
where n: X — X is the normalization of X and D is the conductor. Because restriction to the
smooth locus is fully faithful on the category of reflexive sheaves on a normal scheme, we have

Homy (Qx, Ox) ~Homy, (Qx, Ox) ~Homy, (wx, Q% ) ~ Homx (wx, Q[)?il])a

which vanishes by [GKKP11, Theorem 7.2]. O
The second proof of Lemma 2.5 is more direct and geometric.

Proof 2. We give a proof in the case that X is normal and of index 1, leaving the rest for the
reader. Since X is assumed to have an ample canonical bundle, the group sheaf T'+— Aut(Xr) is
represented by a closed subgroup scheme Aut(X) C PGL,, for suitable n, which allows us to talk
about its identity component Aut’(X). Now assume towards contradiction that X has nontrivial
infinitesimal automorphisms, i.e., that Aut® (X) has a nonzero tangent space at the identity. By
Chevalley’s theorem, Aut®(X) either contains a linear algebraic subgroup, or is itself an abelian
variety. We treat these cases separately; the idea in either case is to show that the presence
of a positive dimensional group action forces X to be fibered over a lower dimensional base
with fibers of Kodaira dimension <0 (up to an alteration), which is then shown to contradict
stability.

Assume first that Aut’(X) has a nonzero linear algebraic subgroup. Since char(k) = 0, we can
pick a one-dimensional connected smooth group scheme G' C Aut®(X ), necessarily either G, or
G,. Let Z C X denote the singular locus, and choose a G-equivariant resolution of singularities
f:Y — X with exceptional locus E = 7~ !(Z),eq. Now consider the diagram

GxY2—Y

ll;

where a is the map defining the group action, while 7 is a projection map. Since the representation
G — Aut(Y) is faithful with dim(G) > 0 and G is smooth, we can choose a smooth divisor H C Y’
such that the restriction of a to G x H is dominant and generically étale. By compactifying 7|g
and resolving singularities, we obtain a diagram

G % H(J_> C *q> Y
|
H _ —— H
where C is smooth, 7 is a proper surjective morphism of relative dimension 1, j is a dense open
immersion, and ¢ is a proper, surjective, generically étale map extending a. In particular, we
see that the map T restricts to the trivial G-bundle over some dense open subset of H, where

G ~ P! is the natural projective compactification of G. We then have the following possibilities
for G and the corresponding intersection numbers of we (¢~ ' E) with a general fiber of 7.

— When G = G,,, the general fiber of 7 is a P! that passes through a general point of Y and
meets E in at most two points: its image in X contains the G,,-orbit through a smooth
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point, and hence meets Sing(X) = f(F) in at most two points. Since w¢ restricts to Op1(—2)
on the general fiber of 7, we find that we(¢~'E) has degree <0 on a general fiber of 7.

— When G = G, exactly as above, we find that we(g~!F) has degree < — 1 on a general fiber
of 7.
Hence, the bundle we(¢~'E) always has degree <0 on a general fiber of 7. On the other hand,
Lemma 2.4 shows that wy (E) is big, and thus so is we(¢ ' E) = ¢*wy (E) ® we)y since we)y is
effective. Hence, the degree of we(g~'E) on a general fiber of 7 should be positive, which leads
to a contradiction proving the claim in this case.

If Aut®(X) does not contain a linear algebraic subgroup, then Aut®(X) is an abelian variety A,
say of dimension g. Assume first that g > dim(X). Since A acts faithfully on X, there is an open
subset U C X which consists of points with no A-stabilizers. Translating a closed point in U
using A then shows that g = dim(X), and that X = A. In particular, wx is trivial, contradicting
the ampleness of wx. If g < dim(X), then we argue as in the case of G, above, subject to the
following changes: use a codimension g subvariety H C Y instead of a divisor; use that restriction
of we to the appropriate general fiber is trivial, as abelian varieties have trivial canonical bundle;
and observe that the general fibers of T map to A-orbits of smooth points in X, and so miss F
entirely when mapped to Y. O

Remark 2.6. Lemma 2.5 admits a simple cohomological proof when X is itself smooth: it suffices
to check that H°(X, Tx) =0, which follows by Serre duality and Kodaira vanishing (using
the ampleness of wy). An advantage of the cohomological approach is that it also works in
characteristic p as long as X lifts to Wy and dim(X) < p (as Kodaira vanishing is then true
by [DI87, Corollary 2.8]). We do not know what happens if either of these assumptions is dropped.
The geometric argument in the second proof of Lemma 2.5 runs into problems immediately as
infinitesimal group actions cannot usually be integrated to positive dimensional group actions in
positive characteristic.

Next, we prove a separation result for the moduli functor.

LEMMA 2.7. Let X — S andY — S be two families of stable schemes over a curve S with normal
generic fiber. Let 0 € S be a point, such that for U := S\{0}, Xy = Yy as schemes over U. Then,
X =Y as schemes over S.

Proof. First, we may assume that S is affine, by throwing out a point if necessary. Choose
a common resolution Z of X and Y. Since Xy =Yy, Z can be chosen so that it is an
isomorphism over U. Let f:Z — X and g:Z — Y be the birational morphisms obtained this
way. Since X and Y are families of stable schemes over a smooth curve, they are Sy by [Gro65,
Proposition 6.3.1]. Since both have normal generic fiber, both X and Y are R;. Hence, they are
both normal. Also, since both wx /7 and wy ¢y are Q-line bundles, so are wx and wy . Therefore, by
[Kaw07, Theorem], (X, X;) and (Y, Y;) are log canonical for every s € S. In particular, so are
X and Y, and furthermore, every divisor with negative discrepancy dominates S. That is, the
canonical divisors of X, Y and Z are related by the equations

Kz+M=fKx+F, Kz+N=g¢g"Ky+G, (1)

where F, G, M and N are effective, exceptional (with respect to the adequate morphisms)
Q-divisors, such that every prime divisor in M and N has coefficient at most 1 and dominates S.
Furthermore, since M and N are determined on Xy and Yy, in fact M = N. We use M to denote
both divisors.
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Let r be the lowest common multiple of the indices of Ky and Ky. Let R(X,D):=
@D, H°(X, Ox(jD)) denote the Cox ring of the divisor D on X, for any divisor D on a scheme X.
Then by (1), we have

R(X,rKx)~R(Z,r(¢Ky + G)) ~R(Z,r(Kz + M))~R(Z,r(f*Kx + F)) ~ R(Y, rKy)

where the first isomorphism follows from F being effective and f-exceptional (similarly for the
last isomorphism, using G). Since both rKx and rKy are ample line bundles (as they are
relatively ample over an affine base), we obtain

X ~Proj R(X,rKx) ~Proj R(Y,rKy) ~Y.
Furthermore, since S was affine, this isomorphism respects S. O
The main existence result concerning the moduli functor is the following theorem.

THEOREM 2.8. For a fixed Hilbert function h, the moduli functor My, is a proper Deligne—
Mumford stack.

Proof. That Mj, is a locally algebraic Artin stack follows from [AH10] and Artin’s method.
Lemma 2.5 then shows that M, is actually a Deligne-Mumford stack. For generically normal
families, the separatedness of Mj, follows from Lemma 2.7, and the general case can be proved
by similar techniques. Finally, the valuative criterion for properness is proved in [HX11, §7],
while boundedness will be shown in forthcoming work by Hacon, McKernan and Xu. O

2.3 The stability of products
This section is devoted to constructing the map Prodx y alluded to in § 1. First, we check that
a product of stable varieties is stable.

LEMMA 2.9. The product of varieties with only semi-log canonical singularities has semi-log
canonical singularities.

Proof. This is proved in [Ops05, Theorem 3.2]; for the reader’s convenience, we give a direct and
slightly different argument here. We use the criterion that X has semi-log canonical singularities
if and only if the pair (X', D) is log canonical, where X’ — X is the normalization and D the
conductor.

Let X; and X5 be two varieties with only semi-log canonical singularities, and set X =
X1 x Xo. Then we have X' = X x X}, and D = (D; x X3) U (X1 x D3), and therefore (X', D) =
(X1, D1) x (X}, D9). By assumption, X; and X are reduced and Q-Gorenstein, and so the same
is clearly true for X’. Now let f;: ¥; — X/ be log resolutions for the two pairs; by assumption on
the singularities,

Ky, = f{ (Kx;+ Di) + Y ai ;B
J
with a; j > —1. Setting Y =Y; x Y3 and f = fi X f2, the morphism f: ¥ — X' is a log resolution
for the pair (X', D). We compute that

Ky EpTKyl —i—p;[(yz = f*(KX’ + D) + Z(CLL]‘EL]‘ x Yo + aQ,le X Egyj),
J
which shows that (X', D) is indeed log canonical. O

If F is a sheaf on X, we let F* = Homp, (F, Ox) denote the Ox-linear dual. We record an
elementary algebraic fact next that will be used repeatedly in the sequel.
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LEMMA 2.10. Let f: X — S be a flat morphism of noetherian schemes, and let F be a coherent
sheaf on S. If F is reflexive, so is f*F. If f is surjective, the converse is also true.

Proof. The formation of Homg(&,G) commutes with flat base change on S for any pair of
coherent sheaves £ and G. In particular, the formation of 7* commutes with flat base change.
Now consider the biduality map F — (F*)*. Since the reflexivity of F is precisely the condition
that this map is an isomorphism, all claims follow from basic properties of flatness. O

Next, we show that exterior products of reflexive sheaves remain reflexive.

LEMMA 2.11. Let f: X — B and g: Y — B be two flat morphisms, and let Z =X xpY be
their fiber product. Let F and G be reflexive sheaves on X and Y, respectively. If F and G are
B-flat, then F X G is a reflexive sheaf on Z.

Proof. Let px : Z — X and py : Z — Y be the two projection maps. By Lemma 2.10, the sheaves
pxF and p3.G are reflexive. Then we have

(Px 7" @pyG")" = Hom(px F* @ pyG~, Oz)
~ Hom(p\F*, Hom(py-G*, Oz)) (by adjointness)
~ Hom(pxF*,pyG) (by reflexivity of G)
~ Hom(pxF*, Oz) @ pyG (by flatness of px and py)
~ px(F7)* @ pyG
~ pxF @pyG (by reflexivity of F).
Thus, p%F ® p3-G is the dual of a coherent sheaf on Z and, therefore, reflexive. O
We now show that the product of stable families is stable.

ProrosITION 2.12. The fiber product of two stable families is again a stable family.

Proof. Let f: X — B and g: Y — B be two stable families, and set Z =X xgY and h: Z — B.
Since f and g are flat, projective, and have connected fibers, the same is true for h. Lemma 2.9
shows that each fiber Z, = X X Y}, has semi-log canonical singularities. Next, we verify Kollar’s

E’;]/ p commutes with arbitrary base change, and so
(K]

by [AH10, Theorem 5.1.4], we may conclude that wy,,, is flat over B; we also reproduce the
essential part of this argument below as Lemma 2.13 and Corollary 2.14 for the convenience of
the reader. Since f and g are flat morphisms, Lemma 2.11 shows that

prg(]/B ® png/}B

condition. By assumption, the formation of w

is again a reflexive sheaf on Z. Arguing as in [Kov09, Lemma 7.3], we see that it agrees with the
reflexive sheaf w[Zk} p on an open set whose complement has relative codimension at least two in

7. We must therefore have

Kl x [k «  [K]
Wy B =PxWx/p @ PyWy)p-

This formula implies that the formation of w[Zk] p commutes with arbitrary base change, and so

Kollar’s condition holds for the family h: Z — B. Also, when k is the least common multiple
of the index of X and the index of Y, the formula shows that w[ZH p 18 a relatively ample line
bundle, proving that wz,p is an ample Q-line bundle. This concludes the proof that h: Z — B

is a stable family. O
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The next lemma and following corollary are here for the reader’s convenience, as they are
used in the proof of Proposition 2.12; see [Kol95] for more results like these.

LEMMA 2.13. Let f:(R,m)— (S,n) be an essentially finitely presented flat local map of
noetherian local rings. Let M be a finitely presented S-module. Assume the following.

(i) The locus of points on Spec(S) where M is flat over Spec(R) is dense in the fiber Spec(S/m).
(ii) The support of any nonzero m € M /mM contains a generic point of Spec(S/m).
Then M is R-flat.

Proof. By the local flatness criterion, it suffices to check that the natural surjective maps
ap : m™ /m" T QR /m M/mM — m" M /m" LA

are isomorphisms for all n. Let K,, =ker(a,). The assumption that the flat locus is dense in
the fibers tells us that K, is not supported at any of the generic points of Spec(S/m). Since
the source of a,, can be identified with a direct sum of copies of M/mM, it follows that if K, # 0,
then M/mM admits sections not supported at the generic points of Spec(S/m). However, this
contradicts the second assumption, so K, =0, proving flatness. O

COROLLARY 2.14. Let f: X — S be a locally finitely presented flat map of noetherian schemes
with fibers that are So and of pure dimension d. Let U C X be an open subset dense in all the
fibers. Let F be a coherent sheaf on X such that F|y is S-flat. Assume that F|x, is reflexive for
any s € S. Then F is S-flat.

Proof. There is nothing to show when d =0 as U = X in that case by density, so we may assume
d > 0. To show the S-flatness of F, we will check that the conditions of Lemma 2.13 hold locally
on X. The first condition is satisfied by assumption on U. For the second one, given a point
s € S, the reflexivity of F|x, tells us that, locally on X, we may realize F|x, as a subsheaf of a
direct sum of copies of Ox_. Since X; is a pure and positive dimensional Sy scheme, all nonzero
local sections of Ox_  are supported at some generic point of X, and so the same is true for
F|x., showing the second condition is satisfied. By Lemma 2.13, we conclude that F is S-flat,
as desired. O

By Proposition 2.12, the fiber product of two stable families is also a stable family. Hence,
we define the desired product map as follows.

DEFINITION 2.15. For any two stable varieties X and Y, let Prodx y be the morphism
Prodxy : M(X) x M(Y) - M(X xY)
defined by taking fiber products of stable families.

3. The local theory

Our goal in this section is to explain why taking products of stable varieties defines a finite
étale morphism on moduli spaces. The two main steps of the proof are: (a) showing that the
deformation theory of products behaves in the expected way for a fairly large class of algebro-
geometric objects, and (b) dealing with the slightly subtle issues related to the deformation
theory of stable varieties, stemming ultimately from Kollar’s condition in Definition 2.2 of
admissible stable families. We first study (a) in §3.1. Then § 3.2 contains some general results on
deformations of morphism, which form the key technical ingredients of the proofs in § 3.3, where
we carry out step (b).
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The two main tools used in our proofs are the Abramovich—Hassett description of the
admissible deformation theory of stable varieties in terms of the (usual) deformation theory
of certain associated stacks (see [AH10]), and derived algebraic geometry. The former reduces
the admissible deformation theory of stable varieties to the usual deformation theory of certain
associated stacks, permitting us to use the cotangent complex. The main advantage of the
derived perspective is an explicit construction of deformations and obstructions which makes
calculations feasible, especially in the singular case (see the proof of Proposition 3.10). The
relevant background is summarized in the Appendix; we note here that all derived rings that
occur in the discussion below are especially mild: they are simplicial k-algebras with finite
dimensional homology.

3.1 The deformation theory of products

Fix a field k. The main result of this section, Theorem 3.3, is a general theorem about the
deformation theory of products of two Deligne-Mumford stacks. Under some mild hypotheses
on the two stacks, the main one being lack of infinitesimal automorphisms, we show that the
deformations of the product are given uniquely by products of deformations of the factors. The
meat of the proof is a rather thankless task: we check that obstructions behave predictably under
taking products. We will use this result in § 3.3 to understand the infinitesimal behavior of our
global product map Prodyy. We remark that the aforementioned stack-theoretic description
of the admissible deformation theory of a stable variety necessitates formulating and proving
results in the present section for stacks rather than varieties.

We introduce two pieces of notation first.

Notation 3.1. Let SArt; denote the co-category of derived local artinian k-algebras, i.e., those
A € SAlg;, with my(A) local with residue field k, and @, 7;(A) finite dimensional as a k-vector
space. The category SArty provides test objects for deformation-theoretic questions in derived
algebraic geometry, and we call its objects small derived algebras. Any map A — B in SArty, that
is surjective on 7y can be factored as A= A9 — A1 —--- — A, = B with A; — A;+1 a square-
zero extension of A;y; by k[j] for some j (see [Lur04, Lemma 6.2.6]). We let Artj denote the
full subcategory of SArt; spanned by discrete small derived algebras. Note that Arty is simply
the ordinary category of artinian local k-algebras with residue field k; we refer to its objects as
small algebras.

Notation 3.2. For a Deligne-Mumford k-stack X, let Defx be the oco-groupoid-valued functor
which associates to A € SArty the co-groupoid of all pairs (f : X — Spec(A),i: X — X) where f
is a flat morphism, and i identifies X with the special fiber of f. We will refer to such pairs (f, %)
as flat deformations of X. When restricted to Arty C SArtg, this definition recovers the ordinary
groupoid-valued functor of flat deformations of X. For a morphism 7:Y — X, let Def,(A) be
the oo-groupoid of quadruples (f : X — Spec(A), g:Y — Spec(A), 74:Y — X, ¢) where f and
g are flat deformations of X and Y respectively to A, w4 is an A-map deforming 7, and ¢ is an
identification of w4 ® 4 k with 7.

Given two Deligne-Mumford k-stacks X and Y, there is a natural morphism
prodyy : Defx x Defy — Defxyy

given by taking fiber products. Our basic theorem concerns the behavior of the map prody y-.
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THEOREM 3.3. Fix a field k. Let X and Y be proper geometrically connected and geometrically
reduced Deligne-Mumford k-stacks with no infinitesimal automorphisms. Then the map prodx y
considered above is an isomorphism of functors on Arty,.

Let us record certain vanishings that are available to us; these results enable fluid passage
between the product and its factors.

LEMMA 3.4. Fix a field k. Let X and Y be proper Deligne-Mumford k-stacks. Assume that X
admits no infinitesimal automorphisms, and that H°(Y, Oy) = k. Then the natural map

Ext’ (Lx, Ox) — Ext’ .y (p1*Lx, Oxxy)

induced by pulling back along the projection p; : X x Y — X is bijective for i =0, 1, and injective
for ¢ = 2.
Proof. The projection formula and adjointness give natural identifications

Ext'y .y (p1"Lx, Oxxy) = Exty (Lx, Rp1,0xxy)

= Exty(Lx, R[(Y, Oy) ® Ox).
Now consider the exact triangle
Ox 5 RI(Y, Oy) @ Ox — Q —
where Q is defined to be the homotopy cokernel of u. Applying Ext’(Lx, —) gives
Ext’(Lx, Q[—1]) — Ext!(Lx, Ox) — Ext’ .y (p1*Lx, Oxxy) — Extl (Lx, Q).

Thus, it suffices to check that Exti(LX, Q) =0 for i < 1. Since Ly is connective and Q € D=1 (X),
we immediately see that Ext®(Ly, Q) = 0. To check that Ext!(Ly, Q) vanishes as well, note that
the exact triangle

r2Q~1] = HY(Q)[-1] = Q
shows that Ext!(Lx, Q) ~Ext?(Lx,H'(Q)). By construction, H'(Q)~ H (Y, Oy)® Ox is
a free Ox-module. The desired claim now follows from the stability assumption that
EXtO(Lx,Ox):O. O

We can now prove the desired result.
Proof of Theorem 3.3. We will show that
ptoDXy(A) : Defx(A) X Defy(A) — DefXXy(A)

is an equivalence of groupoids for A € Art; by working inductively on dimg(A). As X and YV
lack infinitesimal automorphisms, the groupoids in question are discrete, and will be viewed as
sets. When dimg(A) =1, we have A =k and there is nothing to show as both sides are reduced
to points. By induction, we may assume that the desired claim is known for all A € Art; with
dimy,(A) < n for some fixed integer n. Given an A € Artj, with dimy(A) =n + 1, we can find a
surjection A — A with kernel k as an A-module. This gives a diagram

~ - prodoy s (A) -
Defx(A) X Defy(A) DefXXy(A)

\L prody v (A) i

Defx(A) X Defy(A) DefXXy(A)
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with prody y(A) bijective by induction. We will show that ptobxvy(fl) is bijective. As there
is nothing to show if the bottom row is empty, we may fix a base point of the bottom row,
i.e., we fix flat deformations f: X — Spec(A) and ¢g:Y — Spec(A4) of X and Y to Spec(4).
Let 7y g1 X Xgpec(a) VY — Spec(A) denote their fiber product, and let p: X Xgpec(a) Y — & and
q: X Xgpec(a) Y — Y be the two projection maps.

We first show that all fibers of prody y (A) are non-empty, i.e., if 7, admits a deformation
across Spec(A) < Spec(A’), then the same is true for f and g. Let Dy : Lg — k[1] be the
derivation classifying the surjection A — A (see Theorem A.4). Associated to this derivation,
we have obstruction classes

ob(f, f*Da): Lyja[-1] — Ox[l] and ob(g,g"Da): Lysa[—1] — Oy[l]
on X and ), and the obstruction class

Ob(ﬂ-f,g? 7T;ﬁf,gDA) : LXXSPQC<A>)1/Spec(A) [_1] - OXXSpec(A)y[l]

on the product given by Theorem A.5. By Theorem A.3, these classes are compatible in the
sense that the following diagram commutes.

p*Ob(fzf*DA)

p*LX/A[_l] OXXSpec(A)y[l]

|

LXXSPEC(A)))/Spec(A) [_1]

|

q"Ly/al-1]

Ob(ﬂ'f,g,ﬂ'}i'gDA)

OXXSpec(A)y[l]

*ob(g,9* D
q*ob(g,9 D) Ox xspecy (1]

The assumption that 7¢, admits a deformation across Spec(A)— Spec(A’) ensures that
the middle horizontal arrow in the above diagram is 0. It follows by the commutativity that the
same is true for other horizontal arrows, i.e., that p*ob(f, f*D4) =0, and similarly for Y. To
show that ob(f, f*D4) =0, it now suffices to show that the pullback
7o (HomX(LX/SpeC(A) [_1]a k®a OX[]-]))
— 70 (HomXXSpoc(A)y(pT (LX/Spec(A) ) [_1]7 pT (k ®A OX) [1]))

is injective, and similarly for Y. Simplifying, this amounts to showing that the pullback
Ext% (L /spec(a), Ox) = Exthy, ., y(01 L /spec(ay Oxxy)

is injective, and similarly for Y. By base change (see Appendix A.8) and adjointness, it is enough
to check that the pullback

Ext% (Lx, Ox) — Ext% .y (piLx, Oxxy)

is injective, which follows from Lemma 3.4; similarly for Y.

Next, we show that all fibers of prod X7y(f~1) are reduced to points, i.e., we will check that
all possible deformations of X Xgpec(ay Y — Spec(A) across Spec(A) — Spec(A’) are obtained
uniquely by taking products of deformations of each factor. By the above, we may assume that
both X — Spec(A) and ) — Spec(A) admit deformations across Spec(A) — Spec(A’). Following
the same method used above to linearize the problem, we immediately reduce to verifying that
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the natural map
EXtAIX(Lx, Ox) X Ext%/(Ly, Oy) — Eth(LXXy, OXXY)

is bijective. This, in turn, results from the base change formula (see Appendix A.8) and
Lemma 3.4. O

Warning 3.5. The conclusion of Theorem 3.3 fails if we consider both sides as functors on
the larger category SArty of all small derived algebras rather than simply the ordinary ones.
Indeed, the data of the functor Defx on SArt; is equivalent to the data of the object
RHom(Lx, Ox) (with its extra structure coming from Lie theory; see [Lurl0, Theorem 5.2])
at least in characteristic 0. The failure of the product map

RHom(LX, Ox) X RHOII](Ly, Oy) — RHom(LXXy, OXXy)

to be an isomorphism then explains the failure of prodxy to be an equivalence as functors
on SArty. For example, let X and Y be genus g curves for g >0. One then computes
that Ext?(Lxyxy, Oxxy) #0, but Ext?(Ly, Ox) = Ext?(Ly, Oy) = 0. What this means is that
X x Y has a nontrivial deformation over the derived local artian k-algebra k @ k[1], while X and
Y do not.

Remark 3.6. The main input from derived algebraic geometry in our proof of Theorem 3.3 is
an explicit construction of the deformation and obstruction classes associated to a morphism
m:Y — X; having access to the construction renders the functoriality transparent. It is tempting
to deduce this functoriality directly from Illusie’s formula for the obstruction class in terms of
the cup product of the Kodaira-Spencer class for 7 and the Ext! class describing the relevant
deformation of X. One can implement this strategy with a good understanding of the functoriality
of the Ext! class describing the relevant deformation of X.

Remark 3.7. The proof of Theorem 3.3 has two essential parts: showing that the map prody y
is injective, and showing that prody y is surjective. The injectivity of prody y is a standard
verification with tangent spaces that holds under fairly general hypothesis. The surjectivity
of prody y, on the other hand, crucially needs the stability assumption that X and Y have no
infinitesimal automorphisms. For example, if X and Y are elliptic curves, then the product variety
X X Y admits a 4-dimensional space of first order deformations, while the first order deformations
which are products span a 2-dimensional subspace (and both sides are unobstructed).

3.2 Some general results on deformations of morphisms
The general theme of the results discussed in this section is the deformation theory of morphisms.
Our goal is to write down some natural conditions on a morphism 7 : Y — X which allow one to
transfer deformation-theoretic information from X to Y, and vice versa. These results constitute
the heart of the proof of Proposition 3.19 in §3.3, but may be read independently of the rest
of the paper.

We first need the following algebraic lemma.

LEMMA 3.8. Let R be a noetherian ring, and let M be a finitely generated R-module. If M
vanishes at all points of codimension < N of Spec(R) and R satisfies Serre’s condition Sy at
all points of Supp(M), then Ext (M, R) =0 for 0 <i < N.

Proof. Let d =dim(R), let X = Spec(R), let F be the coherent Ox-module defined by M, let
Z =Supp(F), let U =X — Z, and let j: U — Spec(R) be the natural open immersion. Then we
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have the exact triangle
Ox = Rj.0y — Q-

where Q is the homotopy cokernel, and is identified with the complex RI'z(Ox)[1]. Applying
R Hom(F, —) and taking homology, we obtain a long exact sequence

L BExtH(F, Q) — Extly (F, Ox) — Exty (F, Rj.Op) . . . .

The term on the right is 0 by adjointness and the fact that j*F = 0. Hence, it suffices to
show that Exté;l(}" ,Q)=0 for i< N. By connectivity estimates, it suffices to check that
Q[N — 1] € DIL®l(Ox), i.e. it suffices to check that H*~1(Q) =0 for i < N. Translating to local
cohomology, it suffices to check that HZZ(O x) =0 for i < N. Since the codimension of any point
occurring in Z is at least N + 1, the claim now follows from the assumption that X satisfies
Serre’s condition Sy at all points of Z coupled with the fact that the I-depth of a module P
over a ring R with ideal I can be recovered as the infimum of the depths of the localizations of
P at all points of Spec(R/I); see, for example, [Mat80, § 15, p. 105]. O

The following proposition gives some conditions on a map w:Y — X which ensure that
deformations of X can be followed by deformations of Y and .

ProproOSITION 3.9. Let w:Y — X be an essentially finitely presented morphism of noetherian
Deligne—-Mumford stacks. Assume that the following conditions hold:

(i) the map 7 is étale on an open set U C'Y that contains all the codimension <2 points of Y;
(ii) the stack Y satisfies Serre’s condition S3 at points of Z =Y — U.

Then Ext! (L., Ox) =0 for i <2. If X is essentially finitely presented over a field k, then the
natural map Def,; — Def x is an equivalence of functors on Arty,.

Proof. We first show the Ext vanishing claim. By the local-to-global spectral sequence for Ext,
it suffices to show that Ext!(L,, Oy) = 0 for i < 2. Since the latter is a local statement, we may
étale localize on Y and reduce to the case that Y is a noetherian local scheme. In this local
setup, we will check that Ext’(L,, Oy)=0 for i <2. We first filter L, using the filtration in
the derived category arising from the standard t-structure. This filtration of L, has associated
graded pieces of the form H 7 (L,)[j]. Hence, the groups Ext’(L,, Oy) are filtered with graded
pieces contained in Ext*™/ (H~7(L,), Oy) for 0 < j < i. Thus, to show Ext’(L,, Oy) =0 fori < 2,
it suffices to show that Extk(H*j (Lz),Oy) =0 for 0 < k<2, and any j. However, this follows
from the N =2 case of Lemma 3.8 once we observe that the sheaves H~/(L,) vanish at all
codimension <2 points of Y by the assumption that 7 is étale at such points.

The claim about deformation functors is deduced in a standard manner from the relative
Ext vanishing proved above. Fix an A € Artg, and consider the induced map of groupoids
f:Def(A) — Defx(A). The vanishing of Ext?(L,, Oy) implies that f is surjective on g, the
vanishing of Extl(L7r7 Oy) implies that f is injective on mp, and the vanishing of Exti(LW, Oy)
for i < 1 implies that f is bijective on 7. To make these assertions precise, one climbs up a tower
of small extensions as in the proof of Theorem 3.3; we leave the details to the reader. O

Next, we study the dual question of conditions on a map 7:Y — X that ensure that
deformations of Y can be followed by deformations of X and 7.

PropoOSITION 3.10. Let w:Y — X be a morphism of essentially finitely presented Deligne—
Mumford stacks over a field k satisfying w,.Oy ~Ox and that Eth((Qx,RITF*Oy):O.
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Then the forgetful morphism q: Def,; — Defy of functors on Arty is formally smooth with
discrete fibers; it is an equivalence if X has no infinitesimal automorphisms.

Proof. Let f: X — Spec(k) and g : Y — Spec(k) denote the structure maps. Fix an A € Arty and
a flat deformation 74 : Y — X of 7 to Spec(A). Given a surjection A’ — A with kernel isomorphic
to k, we obtain the following diagram.

Def(A") —*= Defy (A"

N

Def(A) —%> Defy (A)

By induction on dimg(A), we may assume that d is surjective on 7y and has discrete fibers.
Furthermore, if X has no infinitesimal automorphisms we may also assume that d is an
equivalence. We will show the following: (a) a is surjective on 7y and has discrete fibers; and (b)
a is an equivalence if X has no infinitesimal automorphisms.

Fix a flat deformation )’ — Spec(A’) of Y — Spec(A) corresponding to a point py: €
Defy (A"). Let Fib(a, py/) denote the homotopy-fiber of the map a at the point py-; this
oo-groupoid can be thought of as parametrizing triples (X’ — Spec(A’), wa : Y — X', ¢) where
X" — Spec(A’) is a flat deformation of X to Spec(A’), w4 is a deformation of 7 to Spec(A’), and
¢ is an identification of the restriction (X', w4/)|4 with (X, 74). We will check that Fib(a, py)
is discrete and non-empty, and furthermore it is contractible when X has no infinitesimal
automorphisms. First, we record a relation between maps on X and Y.

CLAIM 3.10.1. The natural map
Extl(Ly/a, Ox)) = Ext},(th Ly, a, Oy)
is an isomorphism for i < 1 and it is injective for i = 2.

Proof of claim. The above natural map is obtained as the composition of the adjointness
Extg;(ﬂ'j‘LX/A, Oy) & Extf\_/(L;(/A, Rm4 +«Oy), and the natural map EXtét‘(LX/A, Ox) — Extl
(Lx /A,RWA7*Oy). The former one is an isomorphism, hence we are supposed to prove the
claimed properties only for the latter maps. Consider the following exact triangle guaranteed
by the condition f.Oy = Ox.

+1
Ox —= R4, Oy — > 121 Rm g, Oy —>

Applying Ext’.(Ly /A, -) implies that it is enough to show that Exth (L /45 T>1R7T4Oy) =0
for ¢ < 1. Since Ly,4 is supported in non-positive cohomology degrees, while 7>1Rm4 Oy is
only supported in positive degrees, this vanishing is immediate for ¢ < 0. For ¢ =1, again by
cohomology degree argument, it is the same as showing that the Ext group

Ext% (H*(Lx/a), H' (151R74,.0y)) = Exty(Qx /4, R'm4 Oy ) = Ext (Qx, R'm4 .Oy)

is zero, which is exactly one of the assumptions of the proposition. This finishes the proof of the
claim. O

To show that Fib(a, py-) is non-empty and discrete, we will first construct a deformation of
X to A’ lifting X, and then show that this deformation admits a morphism from the chosen
deformation of Y to A’ lifting ).
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We now show the existence of a flat deformation X’ — Spec(A’) of X — Spec(A) across
Spec(A) C Spec(A’). The obstruction of the existence of such a deformation is the homomorphism
ob(f, f*Da): Lyja[-1] — Ox[l]. Since Y already has such a square-zero extension, the
corresponding obstruction ob(g, g*Da) : Ly,a[—1] — Ox[1] is homotopic to zero. Furthermore,
by Theorem A.6, these two obstructions are related via the following diagram (which is
commutative in a specified manner).

TaLxja[—1] —— Ly a[-1]

b(g,9* D

Oy[l]

In particular, 7hob(f, f*D4) is nullhomotopic. By Claim 3.10.1, ob(f, f*D4) is also
nullhomotopic, so there exists a deformation X" — Spec(A’) of X — Spec(A), as claimed above;
we fix one such deformation.

Next, we show that the deformation X" — Spec(A’) chosen above can be modified to
allow for an A’-linear map 74 : ) — X' extending m4. Let Dx : Ly — Ox][1] (respectively
Dy : Ly — Oy[1]) be the derivation corresponding to the deformation X’ — Spec(A’) constructed
above (respective to the deformation )’ — Spec(A’) that we started with). We obtain a diagram

g'Ly———n"Ly — Ly

N

g k[l] == 1*Ox[1] == Oy[1]

where the square on the left commutes in a specified way by construction of X’, and the outer
square commutes in a specified way as )’ — Spec(A’) lifts g. We must replace Dx by a suitable
map so that the square on the right also commutes in a manner compatible with the other two
squares. The failure of the commutativity of the square on the right is measured by the difference
0 of the two paths 7* Ly — Oy [1] in the square on the right. Since the outer square commutes,
this obstruction ¢ factors as a map 7*Ly/4 — Oy[1]. By Claim 3.10.1, this map is obtained
as the pullback of a map ¢': Ly 4 — Ox[l]. Replacing Dx with D" := Dx + ¢’ o can (where
can: Ly — Ly/4 is the canonical map) as the middle vertical arrow in diagram (3) then makes
all squares commute compatibly. This derivation D” and the commutativity of the left-hand
square give rise to a deformation X" — Spec(A’) of X — Spec(A) across Spec(A) C Spec(A’),
while the commutativity of the right-hand square gives rise to the promised map 74 : Y/ — X”.
In particular, this proves that Fib(a, py+) is non-empty.

Next, we check that Fib(a, py) is discrete. For a point (X’ — Spec(A’), ma : Y — X', @)
of this groupoid, an automorphism o is given by an automorphism o of X’ that commutes
with m4 and ¢. Since topoi do not change under deformations, it suffices to prove that o acts
as the identity on X’. By definition, the induced action on 7~'Qx commutes with the map
Y : 71Oy — Oy Since the latter map is injective (which can be checked, for instance, by
filtering both sides using powers of the maximal ideal of A’ to reduce to the known injectivity
over k), it follows that o = id, proving discreteness.

The conclusion of the preceding paragraphs is that the map a from diagram (2) is surjective
with discrete fibers, and consequently that the map ¢: Def; — Defy is formally smooth with
discrete fibers.
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Finally, we show that Fib(a, py) is contractible when X has no infinitesimal automorphisms.
Fori=1,2,let (X! — Spec(A4’), mj a : V' — X/, ¢i) be two possibly distinct points of Fib(a, py-);
we will show they are connected. First, we show that X; and X» are isomorphic as deformations
of X — Spec(A) across Spec(A) C Spec(A’); this part will not use the assumption on X. Let
D; : Ly — Ox]1] be the derivation classifying the deformation X;. Then the information of m; 4/
gives, for each i, a commutative diagram as shown below.

g La T Ly Ly
iDA iﬂ'*Di lDy
g k[l] ==7"Ox[1] == Oy (1]

The commutativity shows that 7*D; and 7*Dy are homotopic maps 7* Ly — Oy[1]: they are

both homotopic to the composition 7*Ly — Ly D, Oy [1]. By Claim 3.10.1, Dy and Dj are
also homotopic, which proves that X; and X, are isomorphic as deformations of X — Spec(A)
across Spec(A) C Spec(A’). Hence, to show that Fib(a, py-) is contractible, it suffices to check:
given deformations X’ — Spec(A’) of X — Spec(A), and )}’ — Spec(A’) of Y — Spec(A), there
exists at most one extension of m4:)Y — X to an A-map w4 : Y — X’. The oco-groupoid of
choices for such extensions is easily verified to be a torsor for

9] HOmy(ﬂ'ELX/A, Oy[l]) >~ HOmy(T(‘ZLX/A, Oy)

By Claim 3.10.1, the co-groupoid on the right is equivalent to Homuy (Ly,4, Ox ). By adjointness
(see the proof of Theorem 3.3), this co-groupoid is identified with Homx (Lx, Ox) which, by
assumption, is contractible.

Remark 3.11. The methods used to show Proposition 3.10 also show that (under the same
hypotheses) one has a natural equivalence e : Defiq, Xpef, Defr ~ Def; Xpef, Def; where we
view Defjq, as a space fibered over Defx with fibers given by the automorphism groups of the
corresponding deformation, and the map e is given by (a, b) — (a o b, b).

Remark 3.12. The technique used in Proposition 3.10 can be used to show the following
refinement (under the same hypotheses): the map ¢ : Def; — Defy has a distinguished section s.
Indeed, in the notation of the proof of Proposition 3.10, constructing s amounts to constructing
a canonical base point of Fib(a, py+); such a base point is provided by the deformation of
X coming from the derivation Dx : Ly — Ox|[1] whose pullback along 7* is the derivation

7Ly — Ly D, Oy [1]. We leave the details to the reader.

This next lemma relates infinitesimal automorphisms of the source and target of a given
morphism under favorable conditions; this will be used in the sequel to move information
about discreteness of the automorphism group of a stable variety to its covering stack (see
Theorem 3.20).

PrRoOPOSITION 3.13. Let w:Y — X be an essentially finitely presented morphism of noetherian
Deligne-Mumford stacks (over some base ring k). Assume the following:

(i) the map 7 is étale on an open subset U C Y that contains all the codimension 1 points of Y;
(ii) the stack Y satisfies Serre’s So condition at points of Y — U;

(iii) the map w satisfies m,Oy ~ Ox.
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Then the infinitesimal automorphisms of X and Y coincide, i.e., there is a natural isomorphism
Ext’(Lx, Ox) ~Ext’(Ly, Oy) (where all cotangent complexes are computed relative to k).

Proof. The transitivity triangle for 7 and the assumption that 7,0y ~ Ox give a long exact
sequence

1 — Ext’(L,, Oy) — Ext®(Ly, Oy) — Ext®(Lyx, Ox) — Ext} (L, Oy) — - - - .

Thus, it suffices to show that Ext’(L,, Oy) =0 for i < 1. This follows by the exact same method
used in the proof of Proposition 3.9; we omit the details. O

3.3 The Q-Gorenstein deformation theory

We now return to the product map for moduli spaces of stable varieties. Our goal is to show that
the global product map Prod x y is finite étale for two stable varieties X and Y. To understand the
local behavior of this map, we cannot simply consider the local product map prody y- described
in § 3.1 because Kollar’s condition restricts the allowable deformations on both sides. Instead, we
introduce the canonical covering stack Z" of a variety Z for the reasons explained in §1. We
simply remark here that Proposition 3.19 below, which equates Def xcan xyean with Def x y)can
under favorable assumptions, is proved using the results of §3.2.

DEFINITION 3.14. Fix a field k, and let X be an essentially finitely presented Q-Gorenstein k-
scheme satisfying Serre’s condition So. Then we define its canonical covering stack w: X" — X
by the formula

X" — [Spec(Biczw!)/Gm)

(2]

where Spec denotes the relative spectrum of a quasi-coherent O x-algebra, w )Z( is the ith reflexive
power of the dualizing sheaf wx, and the G,,-action is given by the evident grading.

We now describe some properties of canonical covering stacks.

LEMMA 3.15. Fix a field k. Let X be an essentially finitely presented Q-Gorenstein k-scheme

satisfying Serre’s condition Sy, and let w: X" — X denote the structure morphism of the

canonical cover. Then the following are true:

(1) the stack X" is an essentially finitely presented Artin k-stack satisfying Serre’s condition
So. If k has characteristic 0, then X" is Deligne-Mumford;

(2) the formation of m commutes with relatively Gorenstein essentially finitely presented flat
base changes f: U — X;

(3) the map 7 is a coarse moduli space that is an isomorphism on the Gorenstein locus of X;

(4) the natural map Ox — Rm,Oxean Is an isomorphism.

Proof. We first observe that the formation of X" — X commutes with localization on X as
the same is true for the sheaves wx and their reflexive powers. By the Q-Gorenstein assumption,

we may pick an integer n > 0 such that wg?] is actually a line bundle. After localizing on X if

necessary, we can pick an isomorphism Ox ~ wg?] defined by a section s &€ w[)?]. Such a choice
allows us to define the structure of a Ox-algebra with a u,-action on the coherent Ox-module
A= @ wgi(]
i€Z/n
in the obvious way: we view A as the quotient algebra of the algebra &, , wgi(} by the equation
s=1, and the py-action corresponds to the induced Z/n-grading. We set Y = Spec(A) and
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observe that the natural map ¥ — X" is u,-equivariant and therefore descends to a map
g: Y/ un] — X0

We leave it to the reader to check that ¢ is an isomorphism; the key point is that the defining map
X" — B(Gyy) factors through B(u,) — B(G,) via the choice of s, and the scheme Y is simply
the fiber of the resulting map X" — B(u,,). This presentation shows that X" is an essentially
finitely presented Artin k-stack if X is so; if k has characteristic 0, then the presentation gives
rise to a Deligne-Mumford stack since p, is discrete. To finish checking property (1), we observe
that, by construction, the sheaves wg? are So. Hence, the same is true for the scheme Y and the
stack X",

Property (2) follows from Lemma 3.16 and 2.10. Indeed, if F is any coherent Op-module and
L is a line bundle on U, then there is a natural isomorphism of U-stacks

[Spec(®iez(F @ L)1) /G = [Spec(®iez F D) /Gn).

This observation applies here with 7 = f*wx and £ =wy.

For property (3), we note that Ox is the sheaf of p,-invariants of A, which shows that 7 is a
coarse moduli space. The claim concerning the behavior over the Gorenstein locus follows from
property (2).

For property (4), observe that the formula X" =[Y/u,| identifies the QCoh(X ") with
the category QCoh(Y)#" of up-equivariant quasi-coherent sheaves on Y. The functor m, :
QCoh(X ") — QCoh(X) is then identified with the functor p,-invariants which is exact because
[t is linearly reductive, showing that Rim,Oxew =0 for i > 0. Since the claim for i =0 was
already shown, the result follows. O

The following lemma is used in the proof of property (2) above.

LEMMA 3.16. Let f:U — X be a flat relatively Gorenstein morphism between essentially
finitely presented schemes over some field k, and assume that X admits a dualizing complex w% .
Then there is a natural isomorphism of sheaves

ffox Quwr ~wy.

Proof. We normalize dualizing complexes so that the dualizing sheaf of a scheme sits inside the
dualizing complex in homological degree equal to dimension of the scheme. After spreading out
U and X, we may assume that f is a map between finite type separated k-schemes. Choose
compatible compactifications U C U and X C X together with a map f:U — X extending f.
By [Nee96, Theorem 5.4] (which applies because U and X are noetherian, and because Rf,
preserves coproducts by [Nee96, Lemma 1.4]), we have a canonical isomorphism

f Wy ® Wy ~ wr.

Note that the dualizing complexes furnished by [Nee96] agree with the usual ones for proper
k-schemes. Restricting to U, using the relatively Gorenstein assumption on f, and applying
H~4mU) now gives the desired claim. O

Remark 3.17. The only place where the characteristic 0 assumption was used in Lemma 3.15 was
to conclude that X" was a Deligne-Mumford stack rather than an Artin stack. This distinction
is crucial to our proofs as Deligne—-Mumford stacks have connective cotangent complexes, and
the connectivity makes the proofs of Propositions 3.9 and 3.10 work. For Artin stacks with finite
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stabilizers, even the simplest ones like B(u,) in characteristic p, the cotangent complex is not
connective, so the argument does not work.

We record the following lemma here for use in Proposition 3.19.

LEMMA 3.18. Let (R, m) and (S, n) be two essentially finitely presented k-algebras over some
algebraically closed field k, and let (T, p) be the Zariski localization of R ®j, S at the maximal
ideal generated by m and n. Then we have

depth,(T") = depth,,(R) + depth,(S).

Proof. The map (R, m) — (T, p) is an essentially finitely presented flat local homomorphism of
noetherian local rings with fiber T'/mT ~ S. The addition formula for depth (see [Mat80, §21.C,
Corollary 1]) now implies the claim. O

Finally, we show that the deformations of products of canonical covering stacks are the
same as those for the canonical covering stack of a product provided there are no infinitesimal
automorphisms in sight.

ProproSITION 3.19. Fix a field k of characteristic 0. Let X and Y be two essentially finitely
presented Q-Gorenstein k-schemes that are both Gorenstein in codimension <1 and satisfy
Serre’s condition So. Assume that X X Y has no infinitesimal automorphisms. Then one has a
natural equivalence of deformation functors Def xcunxyean — Def (xxyyean as functors on Artg.

Proof. Let m: X" x Y — (X x V)" denote the canonical map, and let Def; denote the
deformation functor associated to w. Forgetting information defines morphisms «: Def; —
Def xcanxyean and b : Defr — Def(xyy)ean. We will show that each of these maps is an equivalence.

To show that the map b is an equivalence, we apply Proposition 3.9. Let U C X" x Y
denote the locus where 7 is étale. We will check that U contains all the codimension 2 points, and
that X" x Y@ gatisfies Serre’s condition S3 on the complement of U. Since both conditions
are local on X x Y, we localize on the latter whenever necessary. Moreover, we freely identify
points on a Deligne-Mumford stack and those on the coarse space.

Both X" x Y™ and (X x V)" are étale over X x Y at the Gorenstein points of the
latter which includes all the codimension 1 points. Hence, it suffices to check that 7 is étale at
the codimension 2 points of X" x Y We first observe that this last claim is clear if one of X
or Y is Gorenstein itself: the formation of X" — X commutes with flat relatively Gorenstein
base changes on X by property (2) in Lemma 3.15. Now a point of X" x Y ig given by a
product (z,y). Such a product has codimension 2 if either both = and y have codimension 1,
or one has codimension 2 and the other has codimension 0. In either case, one of the factors
appearing in the product is Gorenstein, and hence the map is étale by the preceding observation;
this verifies that U contains all the codimensions <2 points.

Next, we check Serre’s condition. The same reasoning used above also shows that a point (z, y)
in the complement of U defines points € X and y € Y each with codimension >2. Property (1)
from Lemma 3.15 implies that each of X" and Y " satisfy Serre’s condition Sy. Hence, any
point (z,y) € X" x Y@ — U automatically satisfies Serre’s condition S3 by Lemma 3.18. By
applying Proposition 3.9, we may now conclude that b is an equivalence.

To show that the map a is an equivalence, we apply Proposition 3.10. In order to apply
this proposition, we first need to check that (X x Y)®" has no infinitesimal automorphisms.
This follows from Proposition 3.13 applied to the map (X x Y)®" — X x Y and the assumption
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that X x Y has no infinitesimal automorphisms. Next, we need to verify that O(xxy)ean =5
TeOxeanyyean and that R1m, O xean xyen = 0. We may localize to assume that both X and Y are
affine. Note that we have a commutative diagram

xcan g ycan _T o (X % Y)can

lf lg

B(Gyy x Gpp) — B(Gyp)

where the vertical maps classify the defining quotient stack structure, and the map p is induced
by the multiplication map G, X G, — Gy,. Since we are working with affines, the vertical maps
are affine faithfully flat and finitely presented maps and, thus, the corresponding pushforward
functors are faithful. Now observe that the category QCoh(X " x Y°*") can be identified as
the category of (G,, X Gy,)-equivariant objects on the fiber of f, and similarly for (X x Y')".
It is then easy to see that the functor m, is identified with the functor of taking invariants
under the antidiagonal G,, C G, X Gy, it suffices to check the analogous claim for the map p
since pushing forward along the vertical maps is faithful, and then the claim follows from the
basic formalism of classifying stacks. In particular, since G, is linearly reductive, the higher
direct images Rim,Oxecanyyean vanish for i > 0. The claim for i =0 is an easy exercise in local
coordinates, and we leave this to the reader. O

We now may put together all of our results on deformation theory to obtain our main theorem.

THEOREM 3.20. Let X and Y be two stable varieties over a field k of characteristic 0. Then the
natural map

Prodxy : M(X) x M(Y) - M(X xY)

is finite étale.

Proof. We first note that the morphism is well defined by Proposition 2.12. By Theorem 2.8,
the stacks M(X) are proper Deligne-Mumford stacks. Hence, by Zariski’s main theorem for
Deligne-Mumford stacks, it suffices to check that the map Prodxy is étale at each point of
M(X) x M(Y). Moreover, since each point of M(X) x M(Y) is given as a pair of stable
varieties, we may without loss of generality restrict our attention to the canonical point of
M(X) x M(Y) defined by X and Y. In this case, by the main result of [AH10], the deformation
theory of M(X) at the point defined by X is controlled by the functor Defxen on Artg, and
similarly for Y and X x Y. Hence, it suffices to check that the natural transformation

Def xean X Defycan — Def(x xyyean
is an equivalence of functors on Arty. The result now follows from the factorization
Def xean X Defycan —2 Def xean yyean — Def(x sy yean
coupled with the fact that a is an equivalence by Theorem 3.3, while b is an equivalence by
Proposition 3.19 (which applies by Lemmas 2.5 and 3.15). O
4. The global theory

In this section, we prove Theorems 1.3 and 1.2. Note that, by the Lefschetz principle, we may
assume that the base field is the field of complex numbers, which we shall do from now on.
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4.1 Canonically polarized manifolds

Recall that a canonically polarized manifold is a compact complex manifold whose canonical
line bundle is ample; such a manifold is automatically a smooth complex projective variety. We
shall use two important theorems from differential geometry, Yau’s theorem about the existence
of Kéahler-Einstein metrics, and the Uhlenbeck—Yau theorem, to show that any canonically
polarized manifold can be uniquely decomposed into a product of ‘irreducible’ factors.

DEFINITION 4.1. A canonically polarized manifold X is called irreducible if it does not admit a
nontrivial product decomposition X = X x Xo.

It is easy to see that, in any product decomposition of a canonically polarized manifold,
every factor is again canonically polarized. By Chow’s theorem, such a decomposition is then
automatically also a decomposition in the category of smooth complex projective varieties. The
main goal of this section is to prove the following existence result for product decompositions.

THEOREM 4.2. Let X be a canonically polarized manifold. Then there is a product
decomposition
X=X;x---xX,

into irreducible canonically polarized manifolds, and this decomposition is unique up to the order
of the factors.

4.2 Products of stable varieties
The following statements are immediate consequences of Theorem 4.2.

COROLLARY 4.3. If Z is a canonically polarized manifold with irreducible decomposition Z =
Z1 X Zs, such that M(Z1) # M(Z2) as components of the moduli stack of all stable varieties,
then the product map

PI“OthZ2 IM(Zl) X M(Zg) — M(Z)

is an isomorphism. Furthermore, the image of Prody y intersects M(Z) if and only if X € M(Z)
andY € M(Z;) or Y € M(Z;) and X € M(Z3).

COROLLARY 4.4. If X is a canonically polarized manifold with irreducible decomposition

x=]] (H Xi])
i=1 Vj=1

such that M(X;;) = M(X; ;) if and only if i =i, then

T

Mx)=]] [M(Xil)xni/sm} ,

i=1
where the symmetric group Sy, acts on M(X;1)*%" by permuting the factors, and the quotient
is taken in the stack sense.

We also have the following general formula for the degree of the fibers.

PrROPOSITION 4.5. If X and Y are stable schemes, then the fiber of the map Prodxy :
M(X) X M(Y) > M(X xY) over X xY contains as many points as

2.

VEM(X),WEM(Y),VxW2XXY

Aut(X x Y)/Aut(V) x Aut(W)|-
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4.3 Polystability of the tangent bundle

The goal of this and the next section is to investigate the stability properties of the tangent
bundle T’x of a canonically polarized manifold X with respect to the ample line bundle wx. The
example of a product of curves shows that Tx need not be stable: the tangent bundle of each
factor contributes a (stable) summand to Tx with the same slope as Tx. We will show that this
behaviour is typical, i.e., that Tx is always polystable.

THEOREM 4.6. If X is a canonically polarized manifold, then Tx is polystable with respect to
wx . More precisely, Tx uniquely decomposes into a direct sum of stable, pairwise non-isomorphic
subbundles of slope p(Tx).

We shall briefly recall the definition of stability and polystability. For a torsion-free coherent
sheaf F on X, we define the slope p(F) with respect to the ample line bundle wx by the formula

_ Cl(]:) _Cl(wX)dimX—l

ulF) = s 7 @

see for example [HLI97, Definition 1.2.11]. If i: U — X is the inclusion of the open subset where
F is locally free, then rk F means the rank of i*F, and c¢;(F) is defined as the first Chern class
of the line bundle det F = i, det(i*F).

DEFINITION 4.7. Let F be a torsion-free sheaf on a canonically polarized complex manifold X.
Then:

(i) F is stable if for every subsheaf G C F with 0 <1k G <rk F, one has u(G) < p(F);

(ii) F is polystable if it is the direct sum of stable sheaves of the same slope.
The following simple lemma will be used in two places below.

LEMMA 4.8. Let E=&1 D --- D &, be a polystable vector bundle, with &; stable and pairwise

non-isomorphic. If € = F @ G for two subsheaves F,G C &, then there is a subset I C{1,...,n}
with the property that
F=é& and G=E¢.
iel i1

Proof. Since &; are stable and pairwise non-isomorphic, [HL97, Proposition 1.2.7] shows that we
have

C fori=j,
o (5)

0 fori#y.

Now consider the composition izrpr: € — & of the projection pr: € — F and the inclusion

ir: F—&. It is naturally represented by an n X m-matrix; by (5) this matrix is diagonal

with entries in C. Moreover, all diagonal entries are either 0 or 1, on account of the identity

(irpr)(iFgpFr) =irpr. The same is true for the matrix representing igpg; since we have
iFpF + igpg = idg, the assertion follows. O

Hom(&, EJ) = {

4.4 Differential geometry
We shall now use two results from differential geometry to prove Theorem 4.6.

Let (X,w) be a compact Kéhler manifold; by a slight abuse of notation, we shall use the
symbol w both for the Kéahler metric and for its associated real closed (1,1)-form. We can
use the same formula as in (4) to define the slope of torsion-free coherent sheaves on X,
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replacing ¢; (wx) by the cohomology class [w] € H(X, R) of the Kihler form. We therefore have
the notion of stability and polystability with respect to w.

Now recall that the Kéhler metric w is called Kahler—FEinstein if Ricw = Aw for some real
number \. Here Ricw is the Ricci curvature form of w, or equivalently the Chern curvature
v/—10(det T, det w) of the naturally induced metric on the holomorphic line bundle det T'x;
the constant A is called the scalar Ricci curvature of w.

THEOREM 4.9 [Aub76, Yau78|. If X is a canonically polarized complex manifold, and A <0 a
real number, then X admits a unique Kahler—FEinstein metric with scalar Ricci curvature \.

In the following, we shall normalize the Kéhler—Einstein metric w on a canonically polarized
manifold X by taking its scalar Ricci curvature equal to —27; in other words, we shall assume
that Ric w = —27w. With this convention,

c1(wx, (detw)™) =w, (6)
where ¢1(wy, (det w)~!) is the Chern form of the induced metric on the canonical line bundle.
Indeed,

v—1 1
c1(wx, (det w) ™) = —¢i(det Ty, det w) = —T@(det Tx,detw) = ~5- Ricw =w,
™ 0

where the second equality is by [Huy05, Example 4.4.8.i]. This ensures that the slope with
respect to the ample line bundle wx is the same as the slope with respect to the Kéhler form w;
in particular, the two notions of stability (and polystability) coincide.

PROPOSITION 4.10 (e.g., [Huy05, Definitions 4.B.1 and 4.B.11]). Let (X,w) be a compact
Kahler-FEinstein manifold. Then the induced metric on the holomorphic tangent bundle Tx
is Hermite—FEinstein.

Recall that a Hermitian metric A on a holomorphic vector bundle £ is called Hermite—Einstein

if
V—=1A,O(&, h) = Nidg; (7)
here A, is the metric contraction on the space of complex-valued two-forms, induced by the

Kahler metric w. The Uhlenbeck—Yau theorem relates this differential-geometric condition back
to algebraic geometry.

THEOREM 4.11 [UY86]. On a compact Kéahler manifold (X,w), a holomorphic vector bundle
admits a Hermite—FEinstein metric if and only if it is polystable with respect to w.

Here is the proof that the tangent bundle of a canonically polarized manifold is polystable.

Proof of Theorem 4.6 Since X is canonically polarized, it admits a unique Kahler-Einstein metric
w with Ric w = —27w. The induced metric on the tangent bundle is Hermite—Einstein, and by the
Uhlenbeck—Yau theorem, T’x is polystable with respect to w, hence also polystable with respect
to wx. This means that we have a decomposition

ITx=6® - ®&

into stable subbundles &; of slope

1 (wX)dim X

0.
dim X <

(&) =pu(Tx)=—
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The argument in [Bea00O, Lemma 1.3] now shows that the & must be pairwise non-isomorphic:
indeed if & ~ &; for i # j, then & would carry a flat connection, which is not possible because
w1(&;) < 0. Finally, the uniqueness of the decomposition follows from Lemma 4.8. O

4.5 Proof of the theorem
We now come to the proof of Theorem 4.2. It is easy to see (by induction on the dimension) that
every canonically polarized manifold has at least one decomposition

XX % -x X,

into irreducible canonically polarized manifolds X;. It remains to show that this decomposition
is unique, up to the order of the factors. For this, it is clearly enough to prove that any two
product decompositions of a canonically polarized manifold admit a common refinement. This,
in turn, is implied by the following special case.

LEMMA 4.12. Let X =Y x Z=2Y'x Z' be two product decompositions of a canonically
polarized manifold. Then there is a common refinement X = W7 x Wo x W3 x Wy, with the
property that

YgW1XW2, Z§W3XW4, Y/§W1XW3, ZIgW2><W4. (8)

Proof. By Theorem 4.6, the tangent bundle of X is polystable, and in fact, decomposes uniquely
as

Ix=&6& - ®& (9)
with &; stable and pairwise non-isomorphic. To simplify the notation, we put
cn=e
el
for any subset I C{1,...,n}. The decompositions X 2Y x Z =Y’ x Z' of the manifold X
induce decompositions Tx = p3.Ty © p, 17 = py. Ty ® py, Tz of its tangent bundle. It then

follows from Lemma 4.8 that the set {1,...,n} can be partitioned into four disjoint subsets
Iy, I, I3, and I4, in such a way that

p;K/TY :g(ll UIQ), p*ZTZ:(C;(IgULl), pgk/,TY/ :5(11 Ulg), p*Z/TZ/ :5(IQUI4).

Let 7: X — X be the universal covering space of X; note that X will usually be non-compact.
The splitting Tx = E(I1) ® E(12) © E(I3) ® £(14) lifts to a splitting of 7%, and therefore induces
a decomposition

X§M1XM2><M3><M4
into integral submanifolds of the foliations 7*E(1y), according to [Bea00, Theorem A]. By the
same result, the fundamental group G' = m; (X) acts compatibly on each factor My, in such a way
that the natural action on X is diagonal. In particular, this means that we have an embedding
of groups
G — Aut(M;) x Aut(Mz) x Aut(Ms) x Aut(My),

where Aut(M}) denotes the group of biholomorphic automorphisms of the complex manifold Mj.
Let us denote the preimage of Aut(M}) under this embedding by the letter Gy, the preimage of
Aut(My) x Aut(My) by the letter Gy, and so on. We claim that G = G x G2 X G3 X Gy.

To prove this claim, we observe that M; x My is a simply connected integral submanifold
of the foliation 7*pj, Ty, and must therefore be the universal covering space of Y'; consequently,
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7m1(Y") embeds into Aut(M;) x Aut(Msz). The same is of course true in the other three cases. Since
we have m(X) 2 m (V) x m(Z) 2 m1(Y') x m1(Z’) compatibly with the above decompositions,
it follows that

G = G2 X G34 = G113 X Gog.

From this, it is easy to deduce that G = G1 x G2 X G3 X Gy.

To conclude the proof, we define Wy = My /Gy. We then have X = W; x Wy x W3 x Wy,
and so each W}, must be a compact complex manifold; because X is canonically polarized, each
Wi is also canonically polarized, and therefore a smooth complex projective variety by Chow’s
theorem. It is clear from the construction that (8) is satisfied, and so the lemma is proved. O
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Appendix. Review of some derived algebraic geometry

In this appendix, we summarize the deformation theory relevant to us, using the language of
derived algebraic geometry. Our primary goal is to explain certain functorialities in the usual
deformation-obstruction theory of varieties by interpreting everything in terms of derivations
in the derived category.! We do so by first discussing the deformation-obstruction theory for
derivations (see Appendices A.9 and A.10), then explaining how to realize the theory of square-
zero extensions as a special case of the theory of derivations (see Appendix A.11), and then finally
recording the corresponding statements for the deformation-obstruction theory for square-zero
extensions (see Appendix A.12). The format adopted is that of short numbered paragraphs, each
one discussing an algebraic problem and its solution first, and then stating the corresponding
scheme-theoretic result (with references). To avoid mentioning derived Deligne-Mumford stacks
in the statements of various theorems below, we impose flatness hypotheses in the statements.
We hope that this sacrifice of generality will make the statements more readily accessible. Our
primary references will be [Lur04] and [Il171], though occasionally we refer to [Lurll, ch. 8] as
well; we freely use the language of [Lur09] and [Lurll, ch. 1].

A.1 Conventions

We use the term oo-groupoid when referring to a mapping space in an oo-category. Given an
oo-category C and objects X,Y €C, we let Hom¢(X,Y) denote the oo-groupoid of maps in
C between X and Y; we drop the subscript C from the notation when the category is clear
from context. Fix a Grothendieck abelian category A, and consider the stable oo-category
D of (unbounded) chain complexes over A with its usual t-structure; see [Lurll, §1.3.5] for
more. Given an object K € D and an integer j, the complex K[j] denotes the complex K with
homological degree increased by j. We freely identify Dy with the oco-category of simplicial
objects in A via the Dold—Kan correspondence, and we use the term connective to refer to such

! We hasten to remark that all statements written here are well known to the experts, and have been written down
simply to provide a convenient reference.
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chain complexes. We sometimes denote the shift functor K — K|[—1] by €. Since A has enough
injectives, for any two (bounded above) complexes C' and D in D, the oo-groupoid Hom(C, D)
of maps C'— D in D can also be realized as

Hom(C, D) = 1< Hom®(C, D),

where D — D is a quasi-isomorphism between D and a complex D of K-injectives, and
Hom*(C, D) is the mapping chain complex in the usual sense of homological algebra; note
that Hom(C, D) is a simplicial abelian group. If f: M — N is a morphism in a stable
oo-category C, then N/M denotes the pushout of f along M — 0 and is called the homotopy
cokernel of f. Dually, the pullback of f along 0 — N is called the homotopy kernel of f. Note
that QN is simply the homotopy kernel of 0 — N. We denote by

M — N — N/M L

the exact triangle defined by f in the homotopy category of C.

A.2 The basic setup

We will work in the setting of derived algebraic geometry provided by the co-category SAlg; of
simplicial commutative k-algebras over some fixed (ordinary) base ring k rather than any more
sophisticated variants; the full subcategory of SAlg; spanned by discrete k-algebras is ordinary
and will be denoted Alg;. All tensor products are assumed to be derived and relative to k
unless otherwise specified; in particular, the subcategory Alg; C SAlg, is not closed under the
®-products unless k is a field. The reference [Lurll] works in the setting of En-rings rather than
SAlg, (the two coincide with Q C k, up to connectivity constraints), but can also be adapted to
work for SAlg;; we choose to ignore this issue when referring to [Lurll] below.

A.3 Stable oco-categories of modules and their functorialities

Given an A € SAlg,, one can define a stable oo-category Mod(A) of A-modules which comes
equipped with a natural ®-product structure. When A is discrete, this oco-category realizes
the derived category of the abelian category of A-modules as its homotopy category; we stress
that Mod(A) is not the ordinary category of A-modules when A is discrete. The association
A Mod(A) obeys the expected functorialities. For example, if f: A — B is a map in SAlg,,
there is an extension of scalars functor Mod(A) — Mod(B) induced by tensoring with B,
and there is a restriction functor Mod(B) — Mod(A) obtained by remembering only the A-
structure. These functors are adjoint: given M € Mod(A) and N € Mod(B), there exist functorial
equivalences

Homygoq(4) (M, N) ~ Homygoq(p) (M ®4 B, N).

A.4 The cotangent complex

Let A be an ordinary k-algebra. The cotangent complex L 4 of A relative to k, sometimes denoted
by L 4/, when the ring & is not clear from context, is an object in Mod(A) constructed as follows:
pick an A, € SAlg,. with an equivalence f : A — A such that each A,, is a free k-algebra. Then the
A-modules 9}471 ke DA, A assemble naturally to form a simplicial A-module. The corresponding
object in Mod(A) is called the cotangent complex L 4. This construction can be generalized to
an arbitrary A € SAlg,,, and also generalizes to simplicial rings in an arbitrary topos. Note that
in each case the cotangent complex is actually connective; non-connective cotangent complexes
arise if one works with Artin stacks, but these do not concern us. A non-abelian derived functor
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approach to the cotangent complex can be found in [Qui70]; the book [I1171] is the original source,
and contains the details of the above construction.

A.5 Derivations

Let A € SAlg;, and let M be an A-module. A k-linear derivation A — M is, by definition,
a k-algebra section of the projection map A@® M — A, where A® M is given an A-algebra
structure via the usual A-action on M, and with M C A ® M being a square-zero ideal; one can
easily check that this recovers the usual notion when A and M are discrete. Let Dery (A, M)
denote the oo-groupoid of all k-linear derivations A — M (we drop the subscript & from the
notation when the base ring k is fixed). By construction of the cotangent complex, one has a
derivation d : A — L 4. It is a theorem that this derivation is the universal one.

THEOREM A.l1. With notation as above, composition with d induces a functorial equivalence
Hom(Ly, M) ~ Der(A, M). (10)

The case when k, A, and M are discrete can be found in [I1171, Corollary I1.1.2.4.3], while the case
where M is allowed to be a complex can be found in [III71, Proposition I1.1.2.6.7]. In [Lur04],
the cotangent complex is defined using the preceding property (see the discussion preceding
[Lur04, Remark 3.2.8]). To see that this construction agrees with the Illusie’s construction as
explained in Appendix A.4, one observes that there is a map from Lurie’s cotangent complex
to Illusie’s. Moreover, this map is an isomorphism when the algebra is free (use [Lur04, Lemma
3.2.13]), and therefore always an isomorphism by passage to free resolutions. A model-categorical
approach to the universal properties of the cotangent complex can be found in [Qui70].

A.6 Functoriality of derivations

Let f: A— B be a map in SAlg;, and let N be a B-module. Using formula (10), we see
Der(A, N) ~Homy(La, N) ~Homp(Ls ®4 B, N).

In other words, the natural derivation A — L4 — L4 ®4 B is the universal derivation from A

into a B-module.

A.7 The transitivity triangle

Let f: A— B be a map in SAlg;,. Composing the natural derivation B — Lp with f defines a
derivation A — Lp and, by Appendix A.6, a map Ly ® 4 B — Lp. One can show that this map
induces an identification

Lp/(La®a B)~Lp/a
in the stable oo-category of B-modules. At the level of triangulated categories, this gives rise
to an exact triangle (see [Lur04, Proposition 3.2.12] and [I1171, Proposition 11.2.1.2]), called the
transitivity triangle, of the form shown in the following diagram.

La®aB—Lp— Lgy——

The associated boundary map Lp/a[—1] — La ®4 B is called the Kodaira-Spencer class of f,
and is denoted by x(f).

A.8 Base change
Let A, B € SAlg;,. Then the composite map

LA ® B —>LA®B _>LA®B/B
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is an isomorphism. One way to see this is by passage to free resolutions; see
[Lur04, Proposition 3.2.9] for the corresponding scheme-theoretic statement. Alternately, one can
also prove this directly using Appendix A.7. This fact (for k, A, and B discrete) can be found
in [I1171, Proposition 11.2.2.1].

A.9 Extending derivations across morphisms

Let f: A— B be a map in SAlg;, and let M be an A-module. Given a derivation D: A — M, a
natural question to ask is if the diagram

A M
]
B M ®as B

can be filled using a k-linear derivation B — M ® 4 B. Formally speaking, we are asking the
following: given a k-algebra section sp: A — A& M of the projection map A ® M — A, when
can the diagram

A oA M

L

B B®M®sB

be filled with a k-algebra homomorphism B — B ® M ® 4 B splitting the projection B ® M ®4
B — B? By Theorem A.1 and its functoriality in A and M, the preceding question is equivalent
to asking if

Ly———M

L

Lp M®s B

can be filled using a B-module map Lp — M ® 4 B; here the horizontal map L4 — M is the
map defined by D. We may refine this diagram to obtain the following.

La M

| |

Lpi®aB——M®aB

|

Lp M®sq B

Thus, requiring the existence of a k-linear derivation B — M ®4 B filling diagram (11) is
equivalent to requiring that the map L4 ®4 B — M ®4 B induced by the original derivation
A — M factors through L4 ® 4 B — Lp. Moreover, the space of all possible ways of filling the
diagram above is tautologically the homotopy-fiber of

Homp(Lp, M ®4 B) ~ Dery(B, M ®4 B) — Dery(A, M) ~Homp(Ly ®4 B, M @4 B)
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over the point corresponding to D : A — M. Using the rotated transitivity triangle

Lpjal-1—La®sB—Lp ——

we see that such a factorization exists if and only if the induced map Lp/s[—1] = M ®4 B is
trivial. We denote this last map by ob(f, D) and refer to it as the obstruction to extending D
across f. When ob(f, D) vanishes, the description as a homotopy-fiber above shows that the
oo-groupoid of all possible ways of filling in diagram (11) by a k-linear derivation B — M ®4 B
(together with the relevant homotopy) is naturally a torsor under Hom(Lp/ 4, M ®4 B); in
particular, the set of all possible extensions (up to homotopy) of D across f is a torsor under
mo(Hom(Lp 4, M ®a B)). Generalizing this discussion to simplicial rings in a topos, and then
specializing to the case of Deligne-Mumford stacks, we obtain the following theorem.

THEOREM A.2. Let f: X — Y be a flat morphism of Deligne-Mumford stacks, and let Dy :
Ly — M be a derivation on Y into a connective quasi-coherent complex M of Oy-modules.
Then the obstruction to the existence of a derivation Dx : Lx — f*M commuting with f*Dy
is the map

ob(f, f*Dy) s Lyy[-1] = frLy L2 pip
where the map k(f) is the Kodaira—Spencer class for f. When ob(f, f*Dg) vanishes, the
set of all pairs (Dx:Lx — f*M,H:Dx — f*Dy) (where Dx is a derivation, and H is a
homotopy expressing the commutativity of Dx with f*Dy) up to homotopy is a torsor for
Extg( (Lx/y, [*M). Moreover, the co-groupoid of automorphisms of any such pair is equivalent

to Homx (Lxy, f*M[-1]).

Theorem A.2 can be easily checked in the case where M is discrete (in which case the
automorphisms mentioned at the end of Theorem A.2 are all trivial). The general case comes at
no extra cost, and the additional flexibility of allowing M to be a genuine complex instead of
a sheaf will allow us later to treat the obstruction theory of square-zero extensions as a special
case of the obstruction theory of derivations as presented in Theorem A.2; see Appendix A.12,
especially Theorem A.5, which is essentially equivalent to the case of Theorem A.2 when M is
taken to be a sheaf placed in homological degree 1. Theorem A.2 is not stated explicitly in [I1171]
for the simple reason that Illusie chooses not to develop an obstruction theory for derivations.

A.10 Compatibilities for obstructions with respect to a morphism

Let A 4, B L5 C be composable maps in SAlg;.. Given an A-module M and a derivation
D : A— M, the discussion in Appendix A.9 produces maps

ob(f, D): Lpja[-1] - M ®4 B and ob(go f,D):Lo/a[~1]— M @4 C

which are obstructions to extending the derivation D across f and go f respectively. These
obstructions are compatible in the sense that the following diagram commutes.

ob ,D BC
Lpja®pC UG e Boy O[] ~ M @4 O[]
i ob(gof,D \L
Loya o) M ®4C[l
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This compatibility follows formally from the commutativity of the following diagram (which we
leave to the reader to verify).

Lpja[-1]®pC —>Loa®4B®pC —>Lg®pC ——>

| 3

Leyal—1] La®yC Lc

T |

M@yqC

+1

Here the first row is the exact triangle induced by tensoring the (rotated) transitivity triangle
for A — B with C, while the second row is the transitivity triangle for A — C. Generalizing this
discussion to simplicial rings in a topos and then specializing to the case of Deligne-Mumford
stacks, we obtain the following theorem.

THEOREM A.3. Let g:Y — S and f: X — S be flat morphisms of Deligne-Mumford stacks,
and let m:Y — X be an S-morphism. Let Dg : Lg — M be a derivation on S into a connective
quasi-coherent complex M of Og-modules. Then the obstructions ob(f, f*Dg) and ob(g, g*Dsg)
(as defined in Theorem A.2) are compatible in the sense that

*

™ Lx/g[—1] Ly/s[—1]
7%\ lob(g,g*Dg

is commutative, i.e., a canonical homotopy expressing the commutativity exists. In particular,
the cohomology classes

ob(f, f*Dg) € Extx (Lx/s, f*M) and ob(g, g*Ds) € Exty (Ly;s, g*M)
map to the same class in
Ext%/(w*LX/S, M) ~ Ext%/(ﬂ*LX/g, g M)
under the natural maps.

This theorem is not stated explicitly in [I1171] or [Lur04], but follows from the formula given
in Theorem A.2 and the functoriality in A of Theorem A.1.

A.11 Square-zero extensions

A square-zero extension of an A € SAlg; by an A-module M is, by definition, a derivation
A — MJ1]. In order to see the connection with the usual definition, we use the following
construction: a derivation D : A — M][1] gives rise to, by definition, a k-algebra section sp :
A — A @ M[1] of the projection map A @ M[1] — A. Hence, we can form the following pullback
square

AP A

b

A—2> A® M)
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where s¢ is the map associated to the 0 derivation A — M][1], i.e., the standard section. When A
and M are discrete, one calculates that AP is also discrete, and that the algebra map AP — A is
surjective with kernel a square-zero ideal isomorphic to M, justifying the choice of terminology.
There also exists an intrinsic definition of square-zero extensions, and it is a theorem of Lurie
(see the k=00 and n =0 case of [Lurll, Theorem 8.4.1.26]) that the preceding construction
produces all such square-zero extensions when certain connectivity assumptions on M (harmless
for applications we have in mind) are satisfied. Hence, we will often abuse notation and denote
a square-zero extension of A by M via an algebra map A — A with kernel M. Generalizing this
discussion to rings in a topos and then specializing to the case of Deligne-Mumford stacks, we
obtain the following theorem.

THEOREM A.4. Let X be a Deligne-Mumford stack over some base scheme S, and let
Z € QCoh(X). Then the construction above defines an equivalence between the groupoid
Hom(Lx/g, Z[1]) and the groupoid of all square-zero extensions of X by T over S.

The notion of ‘square-zero extensions’ used in Theorem A.4 coincides with that of
[1171, §III.1]. Theorem A.4 can be deduced from the k=0 case of [Lur04, Proposition 3.3.5],
and can also be found in [I1I71, Theorem II11.1.2.3].

A.12 Extending square-zero extensions across morphisms and compatibilities

Let f: A— B be a map in SAlg;, and let M be an A-module. Given a square-zero extension
A— Aof A by M, a natural question to ask is whether or not there exists a square-zero extension
B — B of Bby M ®4 B and a map A — B such that the following diagram commutes and is a
pushout.?

Using our definition of square-zero extensions from Appendix A.11, this question is equivalent
to the following: given a derivation D : A — M[1], when does there exist a derivation D': B —
M ® 4 BJ[1] such that the following diagram commutes?

A—2 5 M

|,

B2~ M4 B[]

Using the obstruction theory explained in Appendix A.9, we find that such an extension exists
if and only if ob(f, D) vanishes. When ob(f, D) does vanish, the oo-groupoid of all possible
extensions is naturally a torsor under Hom(Lp 4, M ®4 B [1]); in particular, the set of all possible
extensions (up to homotopy) of A — A across f is a torsor under mo(Hom(Lp/a, M @4 B[1])).
Generalizing this discussion to rings in a topos and then specializing to the case of Deligne—
Mumford stacks, we obtain the following theorem.

2 Note that when A, M and B are discrete and f is flat, the rings A and B are necessarily discrete with the map
A—B being flat by the local flatness criterion. Hence, the preceding question generalizes the ordinary deformation-
theoretic question of extending square-zero deformations of the target of a flat morphism of Deligne-Mumford
stacks to that of the source.
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THEOREM A.5. Let f: X — S be a flat morphism of Deligne—-Mumford stacks. Fix a quasi-
coherent Og-module T, and a square-zero thickening S < S’ of S by I classified by a
derivation Dg : Lg — Z[1]. The obstruction to finding a square-zero thickening X — X' of X
by f*T lying above S — S’ (via a flat map X' — S’) is the map

ob(f, f*Ds): Lx/s[~1] = f*Ls = f*I[1]
where the map k(f) is the Kodaira—Spencer class of f. When ob(f, f*Dg) vanishes, the set
of all pairs (X — X', f': X' — S") (where X' is a thickening of X by f*Z, and f’ is a flat
map deforming f) up to isomorphism is a torsor for Extk (Lx/s, f*I). Moreover, the group of
automorphisms of any such pair is canonically identified with ExtS (L x/5: 1*T).

Theorem A.5 follows from [Lurll, Proposition 8.4.2.5]. Everything except the formula for
ob(f, f*Dg) can also be found in [Il171, Proposition III.2.3.2], and the formula can be found in
(11171, §111.2.3.4]. Finally, combining Theorem A.5 with Theorem A.3, we obtain the following
theorem.

THEOREM A.6. Letg:Y — S and f: X — S be flat morphisms of Deligne—Mumford stacks, and
let m:Y — X be an S-morphism. Fix a quasi-coherent Og-module T, and square-zero thickening
S < S" of S by T classified by a derivation Dg: Ls — Z[1]. Then the obstructions ob(f, f*Dg)
and ob(g, g*Dg) (as defined in Theorem A.5) are compatible in the sense that

*

™ Lx/g[—1] = Ly/g[—1]

b *
m\ io (9,9"Ds)

T f*I[1] ~ ¢*Z[1]

is commutative, i.e., a canonical homotopy expressing the commutativity exists. In particular,
the cohomology classes

ob(f, f*Ds) € Ext(Lxys, f*T) and ob(g, g*Ds) € Exty(Lyss, g°T)
map to the same class in
Exty (7" Ly /s, 7 f*T) ~ Ext3-(7* Ly/s, 9*T),

under the natural maps.
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