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ON DANKWERTS' TRANSFORMATION FOR
TWO VARIABLE COUPLED SYSTEMS

JAMES M. HILL AND ALEX MCNABB

The problem of obtaining explicit solutions to coupled linear reaction-diffusion
partial differential equations is generally recognised as technically very difficult.
Frequently it is possible to deduce seemingly simple expressions for Laplace or
Fourier transforms of the solution but such transforms tend not to be amenable
to simple inversion and usually involve, for example, square roots within a square
root. Fortunately however, a general uncoupling procedure has previously been
established which provides explicit integral expressions in terms of classical heat
functions. Such expressions are especially useful for problems with zero bound-
ary data but non-zero initial data. The purpose of this paper is to provide the
formal details necessary to deduce corresponding uncoupling transformations for
two dependent variables, which preserve zero initial data and constant boundary
data. For the case of one dependent variable such a transformation is known as
Dankwerts' transformation. For coupled systems the existence of a Dankwerts'
transformation means that together with the existing uncoupling transformation,
solutions of boundary value problems involving constant boundary data, can be
decomposed, just as for the single heat equation, into a contribution from the ini-
tial condition and zero boundary data and a contribution from non-zero boundary
data and zero initial condition. The problem considered is highly non-trivial and
the final expressions obtained are correspondingly complicated. Nevertheless the
end results are explicit and together with standard integration routines constitute
a powerful solution procedure.

1. INTRODUCTION

Multi-component systems undergoing diffusion and chemical reactions frequently

give rise to coupled systems of linear differential equations involving several depen-

dent variables. For example, for two diffusing species undergoing first-order chemical

reactions we have the following coupled system for the concentrations Cj (x, t J (j = 1,2)

—- = dt V2ci + out ! + ai2c2,

(1-1) £
-—- = (£2V c2 + a2\C\ -f
ot
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356 J.M. Hill and A. McNabb [2]

where V2 denotes the usual spatial Laplacian, the diffusivities dj {J = 1,2) are positive
constants which we suppose are such that dj > d2 and the matrix A = [a;j) is assumed
here to be a general constant matrix. More generally, Hill [2] shows that the coupled
equations

i d X ( c ) + anci + a12c2,

(1.2)

where L is any linear spatial differential operator, admit formal solutions of the form,

-^- = d2L{c2) + a2ici + a22c2,eft

c2 (...).

where the constants A and fi are given by

and Jo and I\ are modified Bessel functions with 77 defined by

Further hi (x,ij and h2[x,t\ are understood to be solutions of

(1-6) §

satisfying the same initial conditions as cWas,*] and c2(x,tj respectively. This re-

sult is important because, for example for coupled reaction-diffusion equations, certain
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[3] Two variable coupled systems 357

boundary value problems can be reduced to similar boundary value problems but for the
classical diffusion equation (see Hill [2]). Now for a single reaction-diffusion equation

(1.7) ^ = dL{c)-ac,

with zero initial condition and prescribed as constant on the boundary, the Dankwerts'
transformation (see for example Crank [1])

(1.8) c(x,t) = e~ath(x,dt) + -f
is well-known to preserve the zero initial and constant boundary condition for h(x,t)

and moreover h(x, t) satisfies (1.6). The purpose of this paper is to present formulae for
a Dankwerts' transformation for a coupled system of the form (1.1) or (1.2). That is,
we seek uncoupling transformations which preserve zero initial conditions and constant
boundary conditions.

In the following section we briefly describe the general matrix structure of uncou-
pling transformations and present the basic equations for the determination of the kernel
matrix. The general abstract structure of the Dankwerts' transformation is described
elsewhere (McNabb [6]) and the purpose of this paper, for two dependent variables, is
to provide the formal mathematical details to derive an explicit representation which
might be suitable for use in a specific problem. The formal details are given in Section
3 and 4 and the final expressions are summarised in Section 5.

2. GENERAL MATRIX STRUCTURE OF UNCOUPLING TRANSFORMATIONS

In abstract terms the essential matrix structure of the uncoupling transformation
(1.3) is identified in McNabb [5] for any number of dependent variables. In particular
McNabb [5] shows that solutions of the coupled system

dc
(2.1) -£ = DL(c)+Ac,

where D = [dj] is a positive constant diagonal matrix and A = \a.ij] is a general matrix
not involving spatial variables, can be expressed in terms of solutions of the uncoupled
system

(2.2) -W
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by means of relations of the form,

(2.3)

= JH(x,t)+ f k+(t,s)H(x,s)ds+ n
~ \~ J Jo ~ \~ I Jt

where k(t,x) = k+(t,s) for s < t and k(t,a) = k~(t,s) for a > t. If for simplicity we
assume at the outset firstly that the elements of D are distinct and the variables are
labelled such that

(2.4) d1>d2>d3...dn>0,

and secondly that the matrix A is a constant matrix with all elements non-zero then

in these circumstances the matrix J in (2.3) is diagonal and given simply by

(2.5) J(t) = [e"»-«].

Further the kernel matrices k+(t,s) and k~(t,s) are obtained as solutions of the hy-
perbolic equations

dk+ dk+

-K-D + D-z- = Ak+D, O^t^oo, O^s^t,
(2.6) *_ / ;_

-z-D + D-z- = Ak'D, O ^ s ^ o o , O^t^s,
at os

with boundary conditions

(2.7) k+(t,0)=k-(0,s) = 0,

and jump conditions along 3 — t,

(2.8) [fc+(t,0 - k-(t,i)]D - D[k+(t,t) - k-(t,t)} = (A- A°)JD,

where with the above assumptions A0 is simply the diagonal matrix [a,-,-]. The unsolved
problem of obtaining explicit closed form solutions of (2.6) - (2.8) for more than two
dependent variables is discussed at length in the survey paper Hill and McNabb [3].

Also, in a recent article McNabb [6] shows that the generalised uncoupling Dankw-

erts' transformation, with kernel matrix k*(t,s), satisfies precisely the above equations

(2.6) - (2.8) except that (2.7) i is replaced by

(2.9) fc'+(i,0) = -D^AD.
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The purpose of this paper is to present the details for the determination of k*(t, a) for
the case of two dependent variables only. For further details on uncoupling transforma-
tions we refer the reader to Hill and McNabb [3] and McNabb [5, 6].

Explicitly in component form and for two dependent variables the first column of
the kernel matrix k*(t,a) satisfies

dk l i Sfc?

(2.10) at
dk

2
d2

+ "Ia. + I o °22*221)

with boundary conditions

(2.11)

As described in Hill and McNabb [3] the general rules for solving such systems are firstly
that components of k*(t,a) are continuous across characteristics except their own and
secondly that all components suffer a jump across the characteristic a = t. With these
rules in mind we observe from (2.11)1,2 and Figure 1 that Jfejf {t,a) and fc^^a) are
both identically zero in the region EOC and moreover fcjj suffers a jump across a — t
of magnitude (determined from (2.8))

= d , t / d

Figure 1 Characteristics for (2.10) and (2.13) for two depen-
dent variables c\ and c2 satisfying (1.2) with di > d2 > 0.
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(2.12) l , - ( M ) =

Thus kZf(t,s) and Jfej+(t,«) are obtained by solving (2.10) subject to (2.11) 3>4 and
(2.12) which we accomplish in the following section.

Similarly the second column of the kernel matrix k*(t,a) satisfies

dk

12
T

(213) 8k- at
tf* tffc

with boundary conditions

In this case fci2~(t,s) and k22{t,s) are zero in the region EOD. From these preliminary
observations we may deduce from (2.3)2

c2

which gives the general form of the uncoupling transformation. The details for the
determination of the components of the kernel matrix k*(t, s) are given in the following
two sections.

3. SOLUTION FOR *II(<,J) AND k21(t,3)

With reference to Figure 1, we look for a solution in the region AOB which is a
function of s only, that is

(3.1) k*1t(t,s) = k1(s), iJ+C*) = *»(*).
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where ki(a) and k2(a) satisfy

. dk\ dk2 **i / 1 1 \
(3.2) — = au*i + 012*2, -j— = -7-(a2ifci + 022*2),

and are subject to the initial conditions

(3.3) *i(0) = - a n , k2{0) =

In a routine fashion we may deduce

(3.4) k1(a) = A1e
af + A2e

a", k2{a) =

where a^ and a2 are given by

ax = {2d2)~
1{(aud2 + a22di) + {(and2 -

a2 = (2<£2)~
1{(a11d2 + o22di) - [{aud2 -

and the constants A\, A2, Bi and B2 are as follows,

Ai = A ' ^ a n ^ ^ - (ojjd2

(3.6) A2 = -A~1{ou(i2ai - (oJi«f )

Bx = - A ' ^ j d i a i , B2 = A" 1 a 2 1 d 1 a 2 ,

where A denotes the square root appearing in (3.5), namely

(3.7) A = [{and2 - a22dxf + 4<f1d2a12a21]1/2,

which we assume to be non-zero.

In order to solve (2.10) in the region BOC we observe that k^ft, s) suffers a jump
across s = d2t/d\ while k^(t,s) is continuous across this line. Further it can be seen
after a little thought that the natural variables of this problem are

(3.8)
i-d2/d1

J

because on the line s = d2t/d\ we have x = 0, y = t while on the line s = t we have
x = t, y = 0. Moreover on making the transformation

(3.9) k*,t = eOllI+o"v*ii(*,!/), kg = ea»'+a»**21(x,y),

we find from (2.10) and (2.12) that we have

5*u ^ 9*21 ^
- 5 = a 12*21, —S = <»21*11»

(3.10) dx dy

21

(i-d2/d1y
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where the function ¥(y) is known and is determined from (3.4) i and (3.9) i , thus

(3.11)

In the following it is convenient to introduce /?i and /32 defined by

(3.12) ft = (aid2 - oaarfjj/rf!, ft = (<*2<*2 - a22d1)/d1,

so that the function VP(y) becomes simply

(3.13) ¥(y) = A1e/?ll ' + jl2e/3«'.

To obtain the solution we use the Laplace transform defined by

(3.14) / (»= ^'e-»f{y)dy,
J

and from (3.10) and (3.13) we obtain the following equations for the Laplace transforms

$ii(z,]>) and

(3.15)

which can be solved in a routine manner to yield

(3.16)
•TV / \ "21r ^1 . A2

On making use of the non-trivial identity

Pl P2 "2

we can simplify the expression for ^2i(x,p) to obtain

(3.18) • „ ( . . , ) .
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On using equations (Al) - (A3) in the Appendix we can from (3.16) i and (3.18) imme-
diately deduce the following expressions

*u(3,y) = ^ i # i j / , ai2a.2izy) + A2<j>{02y,

/ai2a2i»V
+ \ y )

(3.19) _
()

A
a12a21xy) + ° " 2 </>{02y, a12a21xy)

P2
<f>(0iy, a12a21xy) +

Pi P2

d2(l - d2/di)

where as noted in the Appendix <f>(x,y) denotes the hypergeometric function of two
variables usually denoted by $3(1, l ;x, y) and for which various properties are noted
in the Appendix.

4. SOLUTION FOR k^2(t,s) AND k22(t,s)

In the region AOC we look for a solution which is a function of s only, namely

(4.1) kit(t,s) = e1(s), k;t(t,s) = e2(s),

where £\(s) and ^ ( 5 ) satisfy

AQ A AP
(4.2) — - = - ( a n f i + 012^2), -3— = 021^1 + 022^2,

as di as

and are subject to the initial conditions

(4.3) /,(0) = -ai2d2/du t2(0) = -a22.

Again in a routine manner we may deduce

(4.4) ^(3) = de-n* + C2e»', I2(s) = D ^ ' + D2e^',

where 7i and -y2 are given by

(4.5) 71 = d2a1/d1, 72 = d2a2/di,

and the constants C\, C2, D\ and D2 are as follows,

) ~ {ada {aad + 012022^1)},

C2 = -d2(Ad1)~1

D A - 1 { d

D2 = - A "1
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where c*i, a2 and A are all as previously defined.

In the region COD we employ coordinates

(4 7) X '~* Y- W f r - *

so that on a = t we have X = 0 and Y — t while on a — dit/d2 we have X = t and
Y — 0. On making the transformation

(4.8) Jbjj" -

we find from (2.13), (2.8) and (4.4) x that we have

(4.9)

where the function ^(Y) is defined by

where /?i and /32 are exactly as previously defined by (3.12). As before using the
Laplace transform it is not difficult to show that

( 4 n ) (

On making use of the identity

+

we may deduce the following

913{X,Y) = d ^ ^ y , a12a21jry) + C2cf>(P2Y, a12a21XY)

+ (d /T(d1/d2 —

(413) *22(x,r) = M

] + ^ _ ^ _ J (dl /4 j _ i) '

where on this occasion as well as using (Al) - (A3) we have made use of the Laplace
transform arising from differentiating (Al) with respect to the parameter a .
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5. SUMMARY OF RESULTS

Prom the formulae of the previous two sections we can show directly from (2.15),

after some considerable rearrangement, that in terms of hi(x,tj and h,2(x,t) sat-

isfying (1.6), the Dankwerts' transformation appropriate to the coupled system (1.2)

becomes

d

+

(5.1)

fc-0 =

eA* / * e~^ I —
Jd,i L 4

+ V (4<-0 i (4-.

ext

JO
+ (D1e

-i) V2\ , B2, ( ^
• 4 ; + 4*v ( 4 - 4 ) • 4

4(4 - 4)

4 *A (4 - 4) ' 4 y + 4 *A (4 - 4) ' 4

+ ^ i

where A, /1 and i\ are denned by (1.4) and (1.5) while the Ay, Bj, Cj, Dj and
/3;- (j = 1,2) are defined by equations (3.6), (4.6) and (3.12) respectively. Further the
constants Xj are defined in terms of ctj and 7,- (j = 1,2) as follows,

(5.2) X ?± = 7l ( J = l , 2 ) ,
d d2
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where ctj and fj are denned by (3.5) and (4.5) respectively.
In deriving (5.1) we have made frequent use of the important relations

(5.3) /9ij8a = ~ a i 2 o a i , a21^-= Bj, a21%- = Dj (j = 1,2),
di Pj Pj

which can be verified by elementary processes. We observe that the two formulae of
equation (5.1) can be seen to be symmetric counterparts by making use of the identity
(A8)s and the important relations (3.17) and (4.12). Thus we may confirm that an
alternative expression for C2(a;,M is as follows,

(5.4)

<*(*,*) =e"»f*2 (*,<*,<)

h2(x,()
/

Jo
+ ( D l e + D 2 e )

dl d2

* f B> j,( /Wl-<fr<) V2\ . B2 ( M^-d2i) r?

D2
d2(dl-d2) • 4 ; + d2^v d2{d,-d2)' 4

{ ) nrj
The importance of these formulae, together with (1.3), is that solutions of boundary

and initial value problems for the coupled system (1.1) which involve constant boundary
data, can now be decomposed in a manner which is commonly exploited for solutions
of boundary and initial value problems for the classical heat equation. That is, we
can view such solutions of (1.1) as consisting of two contributions, one which is zero
on the boundary with a non-zero initial condition and one with zero initial data but
non-zero constant boundary data. Further the existence of these results also means that
the substantial body of information known for the classical heat equation can now be
exploited for coupled systems. Evidently however, for specific problems, such formulae
need to be supplemented with standard integration routines and one advantage in using
the procedure recommended here is that, having set up the integration codes for one
problem, the same codes can be used for other problems by simply feeding in the
appropriate classical heat functions hi(x,t) and h2ix,t).
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APPENDIX

For convenience we note in this appendix, the Laplace transforms and certain
properties of the hypergeometric function of two variables $s ( l , 1; x,y) and its relation
to the J-function. The first two are standard (see for example, Oberhettinger and Badii
[7]), namely

(Al)

(A2)

for a > 0. The third transform which can be readily verified is

(A3)

for a,/? > 0 where <j>(x,y) is the notation used throughout this paper for

thus

(A4) ^(a8>») = #,(l>l;*>»)= f )

The J-function is usually defined by the equation (see for example Luke [4])

(A5) J(x, y) = 1 - e-» / e"<Jo
J

so that from (Al) we have

(A6) J(x,y) =

and from this equation and the last equality of (A4) we see that

(A7) *(*,y) = *"+•'•/(y/x.z).

The transform (A3) follows since

- I v (t3\a(aY1 e<x/p

" P ^ l p j \P) n!-p(l-/3/p)
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from which the desired result follows, assuming \/3/p\ < 1 and that the formal ma-
nipulations can be justified. The last equality of (A4) can be most easily verified as
follows,

hi'

where z = y/x and we have made the substitution u — £ — z. Now the last integral
becomes

S*
^ - K ^-v X*Z m ^-v r -v XKZ*

Z^ Z-J fc!(Jb-m)! Z^ Z-
4=0 m=0 v ' m = 0 k—Tt

and n = k — m gives the desired result. Funally we note the elementary properties of

(A8) , N

</>(*,y) + Hv/*,V) = h (2y1/2) + e-+»/".

The first two follow immediately from the series for <j>(x,y). For the third result, with
z = y/x we have

v)=EE ^ + ^
)b=0 n=0 N '

0 0 * k n °° °° k n

Jt=O n=0 n=0 t=n

and the final double series becomes

00 °° _* _n Z X

n = 0 fc=0 n = 0 Jb=O

0 0 fc-1 n Jt

2 ^ Zv n ! fc!
*=0 n=0

n Jt
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so that altogether we have

*=o

which immediately gives the desired result. In terms of the /-function the elementary
properties (A8) axe simply the standard formulae

J(*,0) = e ,

J(*,y) + J{y,x) = l +

as can be readily confirmed.
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