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SOME TYPES OF SEPARABLE EXTENSIONS
OF RINGS
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Introduction

In [5] we defined the notion of separable extensions of a ring as a
generalization of that of separable algebras. In this paper we try to intro-
duce the notion of ‘central’ separable algebras to separable extensions.
Such extensions are viewed in §2. But we do not know that it is suitable
or not to call them central separable extensions. As the Morita theorem
for projective generators is fundamental to examine the central separable
algebras we generalize it in §1. Let R be a ring and let A and B be left
R-modules. We assume that R-module B is isomorphic to a direct sum-
mand of a finite direct sum of copies isomorphic to A. If A =R then this
means that B is finitely generated projective, and if B=R then A is a
generator. Let S = Endg(4) and 7 = Endz(B) be R-endomorphism rings of
A and B respectively. Then Hom (zA4, zB) and Hom (zB, zA) are finitely
generated projective S-modules as well as generators as 7-modules. There-
fore if we further assume that A is isomorphic to a direct summand of a
finite direct sum of isomorphic copies of B then we have an equivalence
between the category of left (resp. right) S-modules and that of left (resp.
right) 7T-modules.

In §2 we consider a ring 4 and its subring I 4 is said to be a
separable extension of I' if there is an element Yle; ® 8, in A®;4 such that
Sa;b; =1 and 32, ®b; = DNa; ® b2 for all 2 € 4. If we assume that the two-sided
A-module 4®p 4 is isomorphic to a direct summand of a finite direct sum
of copies of 4 then we can prove that 4 is a separable extension of I

In §3 we consider a separable extension I'®zd of I' where 4 is a
central separable algebra over a commutative ring R. Then we can prove
that the separable extension I'® r 4 of I' is of the type described in §2.
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Throughout this paper we assume that all rings have the identity and
all subrings contain this element.

§1. A generalization of the Morita theorem

In this section we use the notation that the homomorphisms from a
module to the other or endomorphisms of a module operate on the oppo-
site side of this module. Let R be a ring and let A and B be two left
R-modules. We set S = Endz(4) and 7 = Endg(B). Then S and T operate
on the right of A and B respectively and we have bimodules rAs, By,
sHom (A, zB)r and Hom (zB, rA)s. Furthermore for ae A and
f € Hom (zA, zB) the usual notation f(a) is written by a-f. Therefore if
f e Hom (zA, zB) and g Hom (3B, zA) then f-ge S and g-fe T.

Now we assume that the R-module B is isomorphic to a direct sum-
mand of a finite direct sum of isomorphic copies of zA and denote it by
rB@g(A® + -+ ®A). This means that if 4 = R then B is a finitely gene-
rated projective R-module, and, if B = R then A is a generator.

It is easily proved that zfrB®@z(A® -+ ® A) if and only if there exist
a finite number of g, € Hom (zB, z4) and f; € Hom (zA4, zB) such that
239 fi = 1.

For modules Hom (zB, zA4) and Hom (zA4, »B) there is a homomorphism
#: Hom (B, rA) Qs Hom (rA, zrB)—> Hom (B, zB) =T defined by z(g® 1)
=g-f. By the above remark, the proof of next proposition is easy.

ProrosiTiON 1. 1. RB@R(A® -+- D A) tf and only if r is an epimor-
phism. If p is an epimorphism, then p is an isomorphism.

There is a homomorphism ¢: Hom (A4, zB) —> Hom (Hom (zB, zA)s, Ss)
defined by ¢(f)(g)= f+g for fe Hom (zA4, zB) and g Hom (gB, zA). Simi-
larly we have ¢': Hom (zB, r4) —> Hom (sHom (A4, rB),sS) defined by
(9 (f)=f-9. ¢ is an (S,T)-homomorphism and ¢’ is a (7, S)-homomor-
phism. Using ¢ we have a commutative diagram

¢
A®s Hom (z4, B) —> A®s Hom (Hom (4B, x4)s, Ss)

A g

B — —> Hom (Hom (z B, zA)s, As)

where ¢, i and » are defined by @® f)=a-f, id)(g)=b-g and
va®@ h)(9) =a - (h(g) respectively, for ae A, fe Hom(z4, zB), be B,
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g<€ Hom (B, zA) and & € Hom (Hom (3B, zA)s, Ss). These are all (R, T)-
homomorphisms.

THEOREM 1, 2. If sB@r(A® +++- @A), then we have:
(i) ¢ and @' are isomorphisms.
(i1) Al homomorphisms in the above diagram are isomorphisms.

(i) Hom (zA, zB) is finitely generated and projective as a left S-module as
well as a generator as a right T-module. Hom (B, pA) is finitely
generated and projective as a right S-module as well as a generator as a
left T-module.

(iv) Hom (sHom(zA4, zB), sHom(zA4, zB))=T and Hom(Hom (zB, zA)s,
Hom (zB, zA)s) = T as rings.

Proof. Let g; € Hom (zB, rA) and f, € Hom (g4, rB) be elements satis-
fying the condition Xl g;- f; = 1s.

(1) Define ¢': Hom (Hom (zB, rA)s, Ss) —> Hom (zA4, zB) by ¢ (k)
= 2h(g,) f; for h € Hom (Hom (zB, zA)s, Ss). Then it is easily proved that
¢7'-¢ and ¢-¢7! are identity maps respectively.

Remark. In Theorem A.2 (f) [1], ¢ is an isomorphism, and so in
Proposition A. 6, ¢ is an isomorphism without the assumption that E is
finitely generated projective.

(i) Define «: Hom (Hom (B, rA)s, As) —> AQ®s Hom (4, zB) by
a(k) = 2k(g:;) ® fi, k€ Hom (Hom (zB, rA)s, As). Then it is easy to prove
that the composition maps from any term to itself is identity. For example,
(ievea)(b)=(-1Q¢-a)k)=vklg)®¢(f:) and »(Zklg:) ® ¢(f))(9) =
X k(gs) - ¢(f2) (@) = 22k(g) - (fi - 9) = Zh(g: - fi-9) = k(g) for g € Hom (B, zA).

(i11) Since zB@ r(A® -+ - @ A) we have

sHom (z4, zB) ® sHom (4, z(A® - - - @ A))
= s(Hom (z4, rA)@ - - - @ Hom (z4, r4))
and
Hom (B, B)r @ Hom (x(A@ « -+ @A), zB)r
= (Hom (4, zB)® + - - @ Hom (4, »B))r.

Therefore Hom (34, zB) is finitely generated projective as a left S-module
and a generator as a right 7-module. Similarly for Hom (3B, rA4).
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(iv) We have following isomorphisms

Hom (sHom (z 4, zB), sHom (zA, :B))
= Hom (sHom (z4, zB), sS) ®s Hom (z4, zB)
= Hom (RB, RA) ®S Hom (RA, RB) = Hom (RB, RB) =T.

The first isomorphism is a consequence of finiteness and projectivity of S-
module Hom (z4, zB), the second is given by ¢’®1 and the last is Pro-
position 1. 1. This is given explicitly by ¢t —>(f—> f+t) for t € T and
f € Hom (zA, gB). Similarly we have

Hom (Hom (RB, RA)Sy Hom (RB, RA)S)
= Hom (3B, rA4) ®s Hom (Hom (zB, rA)s, Ss)
= Hom (zB, zA) ®s Hom (zA, zB) = Hom (3B, zB).

This is given by ¢t —>(g—>t.g) for ¢ €T and ge Hom (3B, zA4). This
completes the proof of Theorem 1. 2.

Remark. 1If the map ¢ is an isomorphism and Hom (zB, rA) is right
S-finitely generated and projective then we have RB®@ z(A® - - - @ A).

Let M (;M) denote the category of right (left) 7-modules and let
Ms(sP) denote the category of right (left) S-modules. For Me M, define
F(M)= M®®,Hom (B, rA) € Ms and for N € M define G(N) = N ®s Hom
(rA4, zkB) € M;. Then F and G are covariant additive functor from M, to
Ms and from Mg to M, respectively. Similarly we define F’ and G’ as
follows. If M’'e M define F'(M’)=Hom (rA4, zB)Q® M’ € s3I and if N’ € ;M
define G'(N') = Hom (B, rA)®@s N’ € ;M. From Theorem 1.2 and Pro-
position 1.1 we obtain

ProrosiTioNn 1.3. If zB@r(A® -+ D A) then G and G are exact
Sunctors while F and F' preserve the projectivity. Furthermore G-F = 1w, and
G -F =1m.

Let I(S) denote the set of two-sided ideals of S and similarly for I(T).
If a e I(S) define (G',G)(a) = Hom (B, zA)-a-Hom (A4, zB) € I(T) and if
b e I(T) define (F", F) () = Hom (z A, zB)-b-Hom (zB, zA) € I(S). Then by
Proposition 1. 1 we obtain

ProrosiTiON 1. 4. The mappings (F', F) and (G', G) preserve the inclusion.
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If kR B@R(AD « -+ D A), then (F', F) preserves the product and (G, G)-(F’, F)
is the identity of I(T).

From the above propositions, if we assume both zB®@z(A® -+ - @ A)
and zA@R(B® + -+ @ B) then we have the following theorem.

THEOREM 1.5, If sB@r(A®D -+ D A) and rA@B® -+ - ® B), then
we have :

(i) Hom (rA, rB) ts a finitely generated projective generator as a left S-
module and is the same as a right T-module. Hom (B, rA) is a finitely
generated projective generator as a right S-module and 1is the same as a
left T-module.

(i) G-F and F-G are isomorphic to the identity functor of My and My
respectively, i.e., WMs and WMy are equivalent. Stmilarly M and M
are equivalent.

(iii)  There is a one to one correspondence between 1(S) and I(T) which pre-
serves inclusion and one-sided projectivity.

(iv)  For Me My the map ¢ QR f—> &(f) from Hom (Hom (rA, zB)z, M)
®sHom (A4, zB) to M is an isomorphism.

Stmilarly we have isomorphisms

Hom (Hom (zB, zA)s, Ns) ®r Hom (zB, zA) = N for N € M,
Hom (B, rA) ®s Hom (;Hom (B, rA4), :M')= M’ for M’ € I,
Hom (34, zB) ®r Hom (sHom (rA, zB), sN’) = N’ for N’ € ;.

The proof of (iv). By virtue of Proposition 1.3 if Me M, then
M= M@®rHom (B, rA) ®s Hom (A4, rB). Since A @zB® --- ®B),
Hom (B, zA) = Hom (Hom (34, zB)r, Tr) by Theorem 1.2 (i). Since
Hom (34, zB) 1is finitely generated and projective as a right 7-module,
M ®rHom (Hom (A, zB)r, Tr) = Hom (Hom (A4, zB)r, My). Therefore we
obtain an isomorphism M = Hom (Hom (zA, zB)r, Mr) ®s Hom (zA, zB) and
this is given by é¢® f—>&(f). Each of the statements can be proved by
a similar way.

§2. A type of separable extension
Let 4 be a ring with the identity and I" a subring of 4 having the
same identity. Consider the two-sided 4-modules /1@/1 and 4. Then we

can easily check the following identifications:
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Hom,, 4 (4, 4) = C (two-sided 4-homomorphisms) the center of 4.
Hom,, 4 (/1(;5)/1, Aélg)/l) = (./1@/1)’" ={¢e A@I)/IITE = ¢y, for all rerI}.
Hom_, 4 (AQIQA, A) = AT, the centralizer of I in 4 and denote it by 4.

Hom(A)A) (./1, Ag)_(‘) A) = (A(F)b A)A.

Now we assume that AAQI@ Ay @ 4D - - - DA, Applying the conclusions

of Theorem 1. 2 in §1, we have the following:

(1) 4 is finitely generated and projective as a C-module.

(2) /1(?/1 is isomorphic to Homg (4, 4) as a two-sided 4-module.

Since C is contained in 4, 4 is C-faithful. Therefore by Proposition
A. 3 [1], (1) implies that 4 is a generator as a C-module. Then it is easily
proved that C is a direct summand of 4 as a C-module.

Next proposition is a generalization of Proposition 2. 2 [2].

ProposiTioN 2. 1. Let A be a ring with the center C and let 4 be a subring
of 4 contaiming C.  Define a two-sided A-epimorphism ¢,: Home(d, 4)—> 4 by
ol f) = Q).  Then there exists a two-sided A-homomorphism ¢,: A—> Hom(4, A)
such that ¢, ¢y =1, tf and only of C is a C-direct summand of 4.

Proof. Assume the existence of ¢,. If we take g = ¢y(1) then 2.-g=g-2
for all 2 4. Therefore 1g(3) = g(6)4 for all 6 4 and so g(6) € C. This
implies that g € Home(4, C). Since g(1) =1, g(¢) = cg(1) = ¢ for ¢ € C, and
C is a direct summand of 4. Conversely if C is a direct summand of 4
and if p is the projection from 4 to C, then p(d) € C for all € 4 and
p(1) =1, Therefore 1p(s) = p(6)2 for all 1€ 4. If we define the homo-
morphism  ¢,: 4—> Home(d, 4) by ¢2) =2-p=1p-2, then ¢,-¢,Q2)=
(2-p)(1) = 2:p(1) = 2. This completes the proof.

With these preparations we have the following theorem.

THEOREM 2. 2.  Let A be a ring with the center C, I' a subring of A, and
let 4 be the centralizer of I' in A  If /1(_?/1 is isomorphic to a two-sided A-
direct summand of a finite direct sum of copies of A, then 4 is C-finilely generated
projective and A is a separable extension of I'.

Progf. We have the following commutative diagram
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4R 4 5 Homy(4, 4)
4 (4]
\ L/

where 7(z ® ¥) (6) = zéy, oz Ry)=2zy and ¢, is the homomorphism given
in Proposition 2. 1.  Since, as we have remarked above, C is a C-direct
summand of 4, there exists ¢,: 4—> Homg(4, 4) such that ¢,-¢, =1,
Since 7 is a two-sided A-isomorphism if we define ¢: /1—)/1(;@/1 by
¢ =71"1¢y, ¢ is a two-sided A-homomorphism and ¢-¢ =1,  Therefore 4
is a separable extension of I

The separable extension treated in Theorem 2. 2 is a generalization of
the notion of central separable algebras. If I" is the center of 4 and 4 is
a separable I-algebra then 4 is a projective generator as a left A@r)/l"-
module and so A@A is isomorphic to a direct summand of a finite direct

sum of copies of 4. In the following section we discuss a type of separable
extension satisfying this condition.

Remark. The condition A@r)/l@/l@ <+ @4 is equivalent to that there
exist f; € Hom, 4 (4, A@r) A) and x; € 4 such that Xlfi(z,)=1Q1¢& A@ A.

§3. A further type of separable extension

Prorostrion 3. 1. Let 4 be an R-central separable algebra and let T' be
an R-algebra with the center C.  Then the center of A= F(? 4 is C.

Proof. Since 4 is R-projective, the exact sequence

0—>C—T
yields the exact sequence
0—C 6;2 4—T (? 4.

If we put 4, = C(>1§ 4 then 4, is a C-central separable algebra contained in
4. Since R is a direct summand of 4, I" may be considered as a subring
of 4. Let A% be the centralizer of 4, in 4. Then A% contains I" and

/1‘11%() 4,=4 by the map 2®@y—>2y (2], Theorem 3.3). The exact

sequence

0——> I —> 44 —> 4% /T —>0
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yields the exact sequence

0~»F@2Al—>/1“1®cdl—>(/141/1“)@gAp—)O.

The first two terms of the above sequence are equal to 4.  Therefore
(A"l/l“)@cbzl1 =0 and 44:1=7I. Thus we have

center A € center A41=center I' = C C center A.

This completes the proof.
We remark that

C=centerd, =4, NAr=4,NnT.

In Proposition 3. 1 /1=F(>?e 4 is a separable extension of I' by Cor.
2.8, [5]. Proposition 3.1 shows that when we consider the separable ex-
tension of this type we may suppose that 4 = FC? 4 where C is the common

center of I, 4 and 4, and, 4 is a central C-separable algebra. In this
section we discuss separable extensions of this type.

ProrosiTioN 3.2,  Let A= FC>C<7 4 be a separable extension of I treated above.

Then we have:

(1) The centralizer of T in A is equal to 4.

(i) 4 s left (resp. right) I-finitely generated projective and I' is a lefi (resp.
right) I-direct summand of A.

Progf. By the proof of Proposition 3. 1 we know that 44=71. If we
put AT = 4" then 4' 2 4. Since C is the center of I" we have C=TIn 4.
On the other hand 44 =4"N44 =4 NnTI=C. Therefore by [2] Theorem
3.3 we have 4’ = 4’4 @24 = C®CA = 4. This completes the proof of (i).

Since 4 is a central C-separable algebra, 4 is C-finitely generated pro-
jective and C is a direct summand of 4. Therefore (ii) is clear.

Let @0t (;My) denote the category of two-sided 4-(I'-) modules. For
Me g, define S(M)=Hom, 4 (4, M)=M4. Then it is easily checked
that M4 e My, For N e My define T(N) = N(?A. N(ié)d is a two-
sided 4-module. Since 4 is central C-separable T -S(M) = MA(?A is iso-
morphic to M as a two-sided 4-module ([2], Theorem 3.1). As is easily
seen it is a two-sided A-isomorphism. On the other hand since 4 is 4 (% 4'-

projective we have isomorphisms S-:7T(N)=Homy 4 (4, N 6<C) AH=N @g
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Hom4 4y(4, 4) = N (% C=N as C-modules. Furthermore these are two-
sided I'-isomorphisms. Thus we have

ProrosiTioN 3. 3.  Under the same assumption as in Proposition 3.2 S, is
equivalent to M.

Since 4 is central C-separable, 4 is a generator as a left AC% 4"-module.
So A®c 4 is a direct summand of a finite direct sum of copies of 4 as a
two-sided 4-module. Therefore as is easily seen F@():A(%A= (I“@%A)@F(F@gdb
is a direct summand of a finite direct sum of copies of I’ (%A as a two-
sided I @C) d-module. Therefore we have

ProrosiTioN 3. 4. Let 4 be a central C-separable algebra. Then, for the
separable extension A =T ®CA of I' treated above, the two-sided A-module A@A is

a direct summand of a finite direct sum of copies of A.
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