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Abstract

The Hardy classes for functions of bounded argument rotation and their derivatives are
determined. In addition, if f(z) = z +S^,2a,2", then growth conditions for a, are obtained.

DEFINITION 1. Let/(z) = z +2*,2arlz" be analytic in the unit disc D, with
f(z)/z^0 in D, if k £ 2, and

dd^kv

for z = re'" 6 D , then /(z) is said to be of bounded argument rotation. We
denote the class of these functions by Uk. These functions were first studied by
Tammi (1952). Note that U2 = S*, the class of starlike functions, but the classes
Uk, for k > 2, are not univalent classes.

Closely related to the class Uk is the class Vk of functions of bounded
boundary rotation.

DEFINITION 2. Let /(z) = z + 2^=2 anz" be analytic in D with /'(z) ^ 0 in
D. If k g 2 and

for z = reie £ D then /(z) is said to be of bounded boundary rotation and is said
to belong to the class Vk.

1 This work was carried out while the first author was a U.S.A. - Romania Exchange Scholar.
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These functions were first considered by Lowner (1917). V2 is precisely the
class K of normalized univalent functions that map D onto a convex domain.
Paatero (1931) has shown that for 2 S k § 4, Vk, consists only of univalent
functidhs. This result is not true for Vk, if k >4. Paatero (1931) has also shown
that f(z)E. Vk if and only if

(1) .„. /'(2) = exp|Jo log (I-ze-")-'dfj.(t)j.

where /x(0 is of bounded variation and satisfies

There are many connections between the classes Uk and Vk of which we
require the following results:

(2) g(z)GUk, iff, /(z) = ^ E V t , and
Jo fc

(3) Vk£Uk.

The first result is a simple calculation and the second result was obtained
by Biernacki (1947-48).

We can write the measure i*.(t) in (1) as the difference of two nondecreas-
ing functions n(t) = v(t)-a(t). By using this together with (2) and the
Herglotz representation for starlike functions we see that g(z) €E Uk if and only
if

where s,(z), s2(z) e S* (see Brannan (1968-69)).
For A > 0, we say that a function f(z) = z + 5£=2 anz

n analytic in D belongs
to the Hardy class H* if

lim f(reie)\xdd
r—r\ J-IT

exists (and is finite). Pinchuk (1973) has investigated the Hardy classes to which
f(z) and /'(z) belong for f(z)GVk. In this paper we carry out a similar
investigation for the encompassing class Uk, and deduce a growth condition for
an.

In what follows, we denote by hy(z) any function of the form z(l - e~'Tz)~2,
where T is a real constant.

We require the following lemmas.

LEMMA 1. If P(z) is analytic and Re P(z)>0 in D, then P(z)G HK for all
k<\.
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LEMMA 2. If f(z)GHx (O<A<1) and f(z) = I.~-oanz" then a, =
o (n "*-')•

LEMMA 3. (i) / / f(z) G Vk then f'(z) G Hx for all A < 2/(it + 2); (ii) 1/
/(z) G Vk and

f(z) *

where s ( z ) G 5 * , then there exists e = e ( / ) > 0 such that / ' ( z )G H2/(k*2H'.

LEMMA 4. If f(z)e S* then f(z)(EH* for all \ <l and f'(z)£ Hx for all

LEMMA 5. If f(z)GS* and f(z)^hT(z) then there exists e = e ( / ) > 0
SMC/I f/iaf / (z) G /f1/2+e and / ' (z) G H"3+e.

Lemma 1 is well known, Lemma 2 is in Hardy and Littlewood (1932;
Theorem 28), Lemma 3 is in Pinchuk (1973), and Lemmas 4 and 5 are in
Eenigenburg and Keogh (1970).

By combining (2) with Lemma 3 we immediately obtain our first result.

THEOREM 1. (i) / / g(z) G Uk then g{z) G Hk for all A < 2/(fc + 2); (ii) / /
g(z) <EUk and

where s(z)&S*, then there exists e = e ( / )>0 such that g(z) G H2'(*+2l+e.

In general, if an analytic function belongs to some Hardy class its
derivative need not belong to any Hardy class. This is true even if the function
is also univalent (Lohwater, Piranian and Rudin (1955)). We next show that this
is not true for functions of bounded argument rotation.

THEOREM 2. (i) / / g(z) G Uk then g'(z) G Hx for all A < 2/(4+ k); (ii) //
g(z)G Uk and

where s(z)GS*, then there exists e = e ( / ) > 0 such that g'(z)G H2l>4*k>+e.

PROOF. If k = 2, then U2 = S* and the result follows from Lemmas 4 and
5. We assume k > 2.

(i) From (4) we see that g(z)G Uk if and only if

where s,(z), s2(z)ES*. By differentiating we obtain
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Since s2(z)ES* we use the distortion theorem] s2(z)| > \z |(1 + \z |)~2 to
obtain

f
Jo

g'(z)\xd0

where z = re'6 and 0 S A S 1 . I f O < r 0 g r < l , then we have

f '\g'(z)\kde S c, ['"it
Jo Jo

c,/,(r)+c2/2(r)

where c, and c2 are constants.
To investigate /,(r), we apply Holder's inequality and obtain

"* • Mr)

where Up + Mq = ] and p > 1. Since s,(z) is starlike, we can use Lemma 4 and
deduce that limr^, /,(r) exists if

Ap(fc-2) 1
4 2'(5)

and limr^r J2(r) exists if

(6)

The inequalities (5) and (6) will be satisfied for A <2/(4+ k).
p =(4+k)/(fe -2 ) and q =(4+fc)/6. Thus limr^i J,(r) exists provided that

(7) A < 4+fc"
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Since s2(z)£S*, if we let P(z) = zs'2(z)ls2(z), then ReP(z)>0 and I2(r)
can be written as

where 1/p + \\q = 1 and p > 1. Since J , ( Z ) E S * we can use Lemma 4 and
deduce that limr_i-Li(r) exists if

(8)

Since ReP(z)>0 we have by Lemma 1 that limr^, L2(r) exists if

(9) \q < 1.

The inequalities (8) and (9) will be satisfied provided that A < 2/(4 +Ik),
p =(4 + k)/(2 + k) and q =(4 + fc)/2. Thus limr_, /2(r) exists if

2
(10)' A < 4 + fc

Combining the results for I,(r) and /2(r) we have shown that
lim,_,-/o*|g'U)|Ad0 exists provided that A <2/(4 + fc).

(ii) If g{z) is not of the form [K{z)]il+kV*[s(z)T'*V4 then in the above proof
s,(z) / hr(z). Hence we can use Lemma 5 instead of Lemma 4 and conditions
(5) and (6) will be replaced by

(5')

(6') A^

which results in (7) being replaced by

for not necessarily the same e as in (5').
Similarly (8) can be replaced by a stronger condition which results in (10)

being replaced by

(10')
"=4 + k

By using (7') and (10') we have g G.
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That the results in Theorems 1 and 2 are best possible may easily be seen
by choosing s,(z) = ho(z) and s2(z) = z, i.e. g(z) = z/(l - z)'2+k)'2.

Our next result shows that in the class Vk even the second derivative
belongs to some Hardy class.

THEOREM 3. (i) // f(z) £ Vk then f"(z) G H* for all A < 2/(k + 4). (ii) //
f(z)GVkand

I
Jo

2ltk+4'+where s(z)ES*, then there exists e =e(/)>0 such that f"(z)e H

PROOF. From (2) we obtain /'(z) = g(z)z~' and /"(z) = g'(z)z~' -g(z)z'2,
where g(z)E Uk. Then for OS A < 1 and z = re1" we have

and our result follows from Theorem 2.
Our final result concerns a growth condition on the Taylor coefficients of

f(z). Combining Theorem 1 with Lemma 2 we obtain the following theorem.

THEOREM 4. If f(z) = z+ ITn,2anz" e Uk then:

(i) an =o(n"A -') for A <2/(fc+2)

(ii) Iff(z)^[hT(z)pk[sl(z)pk then an =o(ntn).

Note that for k = 2 this coincides with a result of Eenigenburg and Keogh
(1970). An alternate proof of this theorem has been given by Noonan (1972).
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