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AMENABILITY AND TRANSLATION EXPERIMENTS
ALAN L. T. PATERSON

In [11] it is shown that the deficiency of a translation experiment with
respect to another on a s-finite, amenable, locally compact group can be
calculated in terms of probability measures on the group. This interesting
result, brought to the writer’s notice by [1], does not seem to be as well-
known in the theory of amenable groups as it should be. The present
note presents a simple proof of the result, removing the o-finiteness con-
dition and repairing a gap in Torgersen’s argument. The main novelty
is the use of Wendel’'s multiplier theorem to replace Torgersen’s ap-
proach which is based on disintegration of a bounded linear operator
from L,(G) into C(G)* for G o-finite (c.f. [5], VI.8.6). The writer claims
no particular competence in mathematical statistics, but hopes that the
discussion of the above result from the ‘“‘harmonic analysis’’ perspective
may prove illuminating.

We then investigate a similar issue for discrete semigroups. A set of
transition operators, which reduce to multipliers in the group case, is
introduced, and a semigroup version of Torgersen’s theorem is established.

The author is greatly indebted to the referee for pointing out an error
in the original version of Theorem 1, and for his suggestions which have
clarified the exposition.

We now discuss some preliminaries. Let X be a Banach space and S
be a semigroup. Let B(X) be the algebra of bounded linear operators on
X. Let & S — B(X) be a homomorphism (anti-homomorphism) with
supses || ®(s)|]] < 0. Then X is called a left (right) Banach S-space (with
respect to ®). We write sx(xs) for ®(s) (x) (x € X). If X is a left (right)
Banach S-space, then the dual X’ is a right (left) Banach S-space, where
fora € X', we have as(x) = a(sx) (sa(x) = a(xs)).

Now let G be a locally compact group. A left Haar measure on G will
be denoted by A\, and L,(G) is the group algebra of G. The convolution
algebra of bounded, complex, regular Borel measures on G is denoted by
M(G). Then M(G) is a left (right) Banach G-space where xu = 8§, * u
(ux = u*9d,). We shall often write x * 4 (u*x) in place of xu (ux).
It is well known that L;(G) can be regarded as an ideal in M(G). The
semigroup of probability measures in M(G) (L:1(G)) is denoted by
PM(G) (P(G)). The Banach space of essentially bounded, complex-
valued, measurable functions on G is denoted by L, (G). The following
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closed subspaces of L,(G) will be relevant:

C(G) = {¢ € L.(G): ¢ is continuous}
C(G,) = {¢ € C(G): ¢(x) tends to a limit as x — o0}
Co(G) = {¢ € C(G): ¢(x) > 0asx —> 0}.

Note that C(G,) ‘‘is”’ the space of continuous, complex-valued func-
tions on the one-point compactification G, of G. We can make L_(G)
and the three subspaces above into left (right) Banach G-spaces by
defining

x¢(y) = ¢(yx), éx(y) = o(xy).

We can regard M(G) as a subspace of the dual of each of C(G), C(G.)
and Co(G), and the following important equalities hold:

x*xpu(d) = u(ex), uxx(p) = u(xe).

Similar spaces and properties apply in the case of a discrete semi-
group S.

As in [9], Section 2, it is convenient to use the framework of (complex)
L-space theory for our discussion. The reason for this is that a number of
naturally occurring spaces (e.g. C(G)’) are L-spaces but are not ex-
plicitly given as L,-spaces. Complex L-spaces are defined in [10], p. 138,
and it is noted that the obvious analogues of many standard, real L-space
results are valid. In particular, every L-space 9 can be identified with
some L;(X, u), where u is a positive, regular Borel measure on a locally
compact, Hausdorff space X, the order structures on ¥ and L;(X, u)
corresponding. Under this identification, we write [a for [y a du. Recall
([10], p. 56) that a vector subspace 4 of A is called an ideal if whenever
a €A, x € Aand |x| = |a|, then x € A. A version of the Lebesgue de-
composition theorem states ([10], Proposition (8.3), (iii)) that if 4 is
a closed ideal in % and ([10], p. 50)

A+ = {x € A: |x| A ]a] = 0foralla € 4},

then A = A ® A-L. If II is the associated projection from 9 into 4, then
IO = 1and O(x) 20if x = 0.

We note that the dual of any complex M-space (e.g. C(G)) is an
L-space ([10], p. 121).

The definitions of this paragraph are based on (8], [9]. An experiment &
is a pair {9, { Py : 6 € 6}} where ¥ is a complex L-space and Py is a norm
one, positive element of 9 for each 8 in the index set 6. The closed ideal
generated by the set {Py: 60 € 0} in A is denoted by £ (&). If B and
@€ are L-spaces, then a transition from B to € is a positive linear map
T: ¥ —>C such that ||Tw| = || for all p € B with u = 0. Every
transition has norm one, and the set (8B, €) of transitions is obviously a
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convex subset of B(8, €), the Banach space of bounded linear operators
from B to €. If

& ={A{Py:0€0}} and F = (B, {Qo:0 € 0O}}

are experiments, then a measure of the amount of information yielded by
& relative to# is given by the number §(&°, %), where

(1) 8(&,F) = inf {sups [|[Qe — T(Py)|| : T € J(L (&), L (F))}.

In general, the computation of §(&°, %) is difficult. However, the
situation is better when we consider translation experiments. A fransla-
tion experiment is one of the form & p, where P € P(G) and

&p = {Li1(G), {y*x P :y € G}}.

It is easy to see that (& p) = Li(G). (Indeed, it is obvious that
xx L (&8 p) =L (8 p), so that £ (& p) is a closed (algebraic) left ideal
in L1(G). We can suppose that e, the identity of G, belongs to the support
of P. If V' is open and relatively compact in G with e € V and Q = P},
then Q/||Qll; € £ (& »). Thus we obtain an approximate identity for
Li(G) in Z (& p) ([7], (20.15)) so that £ (& p) = Li(G).)

In [11], Torgersen defines 6(& p, & o) for P, Q in P(G) asin (1) above
except that (L (& p), L (&) (= J(Li(G), Li(G))) is replaced by
F(L1(G), C(G)’). It follows from the following simple proposition that
the above difference does not matter.

ProposiTiON 1. Let {€, {Ps: 0 € 0}} and {D, {Qq: 0 € O}} be experi-
ments and let € and D be closed ideals of L-spaces N and B respectively.
Then

(2) inf{supe [|Qs — T(Po)| : T" € J(A, B)}
= inf {sups ||[Qs — T'(Po)|| : T € J(€, D)}.

Proof. Write A = € @ €L and B = D @ D4, and let P, and P, be
the canonical projections from 2 onto € and from 8B onto ®. Pick u € B
with p 2 0, |[u]| = 1. Let T € J(C, D). We can define S € (¥, B) by
setting

S@a) = T(P:(a)) + (J(a — Pi(a)))p.

Then ||Qs — S(Ps)|| = [|Qs — T'(Ps)|| and LHS < RHS in (2).
We now establish the reverse inequality. Pick » € ©® with » = 0,
vl = 1. Let S’ € (A, B). Define 77 € J(C, D) by:

T'(c) = Po(S'(0)) + (J(S'(e) = Pa(S'(c))))r-

Then ||Qs — S’ (Ps)|| = ||Qse — T7(Ps)]||, and the reverse inequality is
established.
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COROLLARY. If B is an L-space with Li(G) as a closed 1deal, then
8(&p, & o) = inf {sup; lxxQ — T(x* P)|| : T € J(L:(G), B)}.

The above corollary applies when 8 is M (G), C(G)’, L,(G)' or C(G=)’.
For our purposes, it will be convenient to use 8 = C(G,)’.

Observe that C(G,) = M(G,), the space of bounded, complex,
regular Borel measures on G,. We now make X = B(L:(G), M(G,))
into a left Banach G-space. We give M(G,) the dual Banach G-space
structure induced by C(G,): so

xxE(p) = E(¢x) (x € G, ¢ € C(G), £ € M(Gy)).
For T € X, define xT € X by

xT(u) = xx (T(x'xp) (v € Li(G)).

One can check directly that X is a left Banach G-space. Let % be the
topology on the unit ball X; of X regarded asa subset of (M(G,,);) (F1¢),
(M(G,))1 being given the relative weak* topology. So T's — 7" in X, if
and only if Tsp — T weak* for all u € L;(G). One readily checks that
(X1, .%¥) is compact Hausdorff. (A more instructive approach to the
above is to make L,(G) ® C(G,) into a right Banach G-space by re-
quiring (0 ® ¢)x = (x"'*u) ® ¢x, and then to identify X with
(L1(G) ® C(G,))". Then X is given the dual G-space structure, and .%
is the restriction of the weak* topology to X;.)

The following theorem in the o-finite case is stated in [11]. In [11],
Torgersen uses a set similar to K, below but in B(L:(G), C(G)’) rather
than B(L.(G), M(G,)). Unfortunately, his topology on K, is not Haus-
dorff, so that the fixed-point theorem (in [3]) he wishes to use does not
apply. Further, as pointed out in [4], the fixed-point theorem for C(G)’
given in [3] is incorrect.

THEOREM 1. Let G be amenable. Then if P, Q € P(G), we have
(3) 6(&p, &) =inf{lQ — Pxy||:v € P(G)}.
Proof. Let v € P(G) and define 7", € J(L,(G), L.(G)) by:
Ty(u) = pxv.
Then
3(&p, &) =110 — Tu(P)|| = Q — Pxyl

so that LHS = RHS in (3). It remains to prove the reverse inequality.
Let € > 0 and let

K( = {T E S(Ll(G)r M(Gm))
[y« Q =Ty xP)|=(&p &) + ¢y € Gl
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(In the obvious way, ¥ * Q is regarded as an element of C(G,) =
M(G,).) If T; — T in X; with {Ts} C K., then Tsu — Tu weak* for
each p € P(G), so that Tu = 0 and

Tup(1) = lim Tsu(l) = 1.

It follows that 7" € K., so that K, is a compact subset of X ;. Clearly K,
is also convex in X. Further, using Proposition 1, Corollary, K. is not
empty.

As [ly*Q — D)y * P)|| = vy« Q — T(x~'y x P)||, we have
xK.= K forall x € G.

Now letx; > xinGand 75— T'in K. If u € L,(G), ¢ € C(G,), then

llocs % p — x % pljy —0

([7], (20.4)), and since ¢ is uniformly continuous, we also have

lpxs — ¢x| — 0.
So

(o Ts — xT) () (@) = (To(xs™ * ) (¢xs) — T(x™" % ) (¢)) — 0.

Hence the map (x, T') — x7 is jointly continuous on K., and since G is
amenable, there exists ([6], Theorem 3.3.1) an element I" € K, such
that x7° = T for all x € G. Unravelling x7', we see that T is a multiplier
in the sense that

Txxp) =x*xTu (x€G pc Li(G)).

Obviously, L;(G) is a closed ideal of the L-space M(G,). The elements
of Li(G)* are of the form » + k., where v € M(G) and the Haar
measure A are mutually singular, £ € C and o is the ‘‘point at infinity”’.
Observing that x * 6, = §,, for all x € G, we see that the canonical pro-
jection II : M(G,) — Li(G) is such that II(x % u) = x * Iy for all u.
Hence II o T is a multiplier on L;(G), and so by Wendel’s theorem ([12]),
there exists » = 0 in M(G) such that To 7" = T,. Find »; = 0 in L;(G)
such that (v + v1) € PM(G) and let Ty = T'(4,). Then if p € P(G), we
have

(Mo T + llwnll = |Tw] =1 = || Tul
= [o T+ (I - 1) o T

so that ||w| = ||(I — 1) o T(u)|l. Hence
ly«Q—Ti(y*P)| = ly*Q — (Mo 1) (y* P)[| + [[(y * P) » v

=lly*xQ— (o )y P
+ I —MoT(y*P)

=llyxQ— T(yx*P)].
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So T, € K.. Now replace (v; + v) by e;* (v; + v), where {e;} is an
approximate identity for L;(G) in P(G), to obtain the required inequality.

Note. The present writer does not know if the converse is true, i.e.,
if every group G for which (3) holds, is amenable. The case of the free
group on two generators is obviously worth investigating in this context.
The main difficulty involved seems to be the computation of 6(& p, & o)
when G is not amenable. The present writer speculates that the converse
is false.

We now investigate an analogous theorem for the case of a left amenable
(discrete) semigroup S. The present writer is unsure of what significance
(if any) the following results have for statistics.

Let S be a semigroup and P, Q € P(S). (So P, Q are of the form
ZSES ayd,, where a; = 0 for all 5, and Zses a, = 1.) We define

(4) 6(P, Q) = inf {supses [|Q — x » (T(P*x))|: T € J(L(S), ()}
If Sis a group, then 6(P, Q) = 6(& p+, & 4), where P*(x) = P(x1).
(Indeed

1Q —x+ (T(Pxx))| =[x % Q — T*(x=" % P

where T*(u) = T(u*) for uw € P(S).) It follows using Proposition 1,
Corollary, that we can replace J(1,(S), 1(S)) in (4) by J(L(S), I,(S)").

The analogue of the multipliers arising in the proof of Theorem 1
is now introduced. We take X to be B(l;(S), I,,(S)’). (Note that we can-
not use the analogue C(S,) of C(G,) since ¢x need not belong to C(S,)
if ¢ does.) In the obvious way, [, (S)’ is a Banach S-space and we define
a left Banach S-space structure on X by requiring

xT) (k) = x* (T(u*x)).

The set of elements T € J(1;(S), I,(S)’) for which x7 = T for all
x € Sis denoted by J,(S).

LeEMMA 1. If S is left amenable and P, Q € P(S), then
8(P, Q) = inf{[|Q = T(P)| : T € Jn(S}.
Proof. We modify the proof of Theorem 1 in the obvious way. Define

K. ={T € 3(L(S), .(S)) : |0 — («T)(P)]
S 8(P, Q) + ¢ x € S}
The topology .% is defined in the obvious way on X, and K, is a non-
void, weak* compact, convex subset of X,. Further, x7" € K. if T € K,

and x € S. By Day'’s fixed-point theorem [3], we can find 7" € §,,(S) N
K., and the desired result follows.
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With S identified as a subset of I (S)’, the Stone-Cech compactification
W of S can be regarded as the weak* closure of S in [,(S)’. With the
relative weak* topology, W is a compact Hausdorff space. Further,
sw € Wif wé€ W, and the map w — sw is continuous for each s € S.
Also 1,(S) is canonically identified with C(WW), and hence [ (S)’ with
M(W).

LEMMA 2. If S is left amenable and N{tS : t € S} = @, then §(P, Q) = 2
for all P, Q € P(S).

Proof. Let W be the Stone-Cech compactification of S. Let 7" € 3,,(S).
Let u € P(S) and Sy, C W be the support of Tu(€ M(W)). Since
sT(us) = Tu, we have Sy, C sWioralls € S.So V = N{sW:s € S}is
a non-void compact subset of W, and S, C Y. If s e SN Yand ¢ € S,
then ta = s for some a € W, and by considering a net in S converging
to a, we obtain s € £S since S is discrete. Consequently if .S is left amen-
able and N{tS: ¢t € S} =0, then SN Y =0, Tu € (l1(S))L and, using
Lemma 1, (P, Q) = 2 for all P, Q € P(S).

We now define
In' (S) = {T € In(S) : TU:(S)) T L(S)}.

LEMMA 3. Let S be right simple, T € J,,(S) and T be the canonical
projection map from 1,.(S)" onto 11(S) associated with the decomposition
1.(S) = L(S) @ L(S)Lt. Suppose that Mo T # 0. Then there exists
U € 3,/ (S) such that

lQ—U@)| =llQ—-TWP) (P QE¢€P(©S)).
Proof. Let Ty = Mo T. Then for x € S, u € P(S), we have
(6) «Ti(px) = M(xTi(px)) = M(xT(px)) = T1(u).

We show that 7 (ux) = T(u) for all p € P(S), x € S. It is sufficient
to show this when p =y (y € S). Let x € .S. Since S is right simple,
we have yxS = S, and we can find ¢ € S with yxa = y. Then

xaT1(y) = x[aT:1((yx)a)] = xT:1(yx) < T1(y).

So [|xT1(yx)|| = |T1(»)||, and hence xT1(yx) = T:(y). Since every a € S
is of the form vz for some z € S, we have

1T(@)] = T2 = m.
Since o T # 0, we have m > 0. Let U = m~'T,. Then U € 3,’(S),
and

[0—=U@) =10 - Th(P)| + 0 —m) =[Q — T(P)].
LEmma 4. Let S be right simple and left reversible and be such that
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35’ (S) # B. Then S is a direct product G X E of a group G and a right
zero semigroup E. For u € P(S) define u* € P(S) by:

pE(x, e) = p(x1 e).
Then the map o is a bijection from P(S) onto 3, (S), where
(M) a)(w) = p**v.

Proof. Let T € &,,/(S). Since S is left reversible we can define a
congruence ~ on S by setting ¢ ~ b whenever as = bs for some s € S
({2], (1.10)). The semigroup S’ = S/~ is then right cancellative and
right simple. Let Q : S — .5’ be the quotient map. If as = bs in S, then

T(a) = sT(as) = sT(bs) = T(b).
So we can define T € J,/(S") by setting
T(Q)) = %%Q(y)

where
T(x) = Zauy € P(S)
V€8

Let # € .5, and find v € S" with uv = u. Then uT (1) = T(u). Write
T(u) = 3 a,w and let

X ={w:a, =sup la,:z € 5}}.

Then X is a non-void finite set, and #X = X. For some positive integer &,
there exists xo € X with a*xy = x,. Then (a*)%x, = a*xy, and cancelling
Xp, we obtain an idempotent & in §’. From (2], 1.27, §’ is a right group,
and since .S’ is right cancellative, S’ is actually a group with identity é&.

Let E = Q~1(é). Then E is a subsemigroup of S. Since e ~ f for all
e,f € E, we have T'(e) = T(f) = u for some p € P(S). For each e € E,
euw = u, and, arguing as above, we can find a non-void finite subset ¥
of S with eY = ¥V for all e € E. If ¥ contains z elements and y € V,
then ey =y (e € E). Find x € S with Q(x) = Q(y)~'. Then ¢*(yx)" =
(yx)", and putting e = yx, we obtain an idempotent in .S. Again applying
[2], 1.27, we have that S is a direct product G X E where G is a group
and E is a right zero semigroup.

For each ¢ € E, define 7', € &,/ (G) by: Te(x) = Q.1 (x, ¢) where

0L ws) = Tavor (Sascues).

SES SES

One readily checks that there exists », = 0 in /;(G) such that

Tox) = x"w, (x €QG).
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Let
v= 2, ) (,e).

(v, e)€8

Then T'(x, f) = (x7%, f)v and v € P(S), and it follows that 7'(u) =
u* x ». The remainder of the proof is routine.

THEOREM 2. Let S be a left amenable semigroup. If S has a kernel R
which is a right group G X E and u is a left identity for R, then

(8) (P, Q) = inf{[|Q — (Pu)*+»|:v» € P(G X E)}
for all P, Q € P(S). Otherwise, (P, Q) = 2 for all P, Q € P(S).

Proof. Let I be as in Lemma 3. If o T, = 0 for all T; € $,(5),
then 71(S) C i(S)+forall T, € §,,(S), and so using Lemma 1, §(P, Q) =
2 for all P, Q € P(S). Suppose that for some 7 € §,(S), we have
Mo 7T, # 0. Using Lemmas 3 and 1, we have J,'(S) # @ and

§(P, Q) =inf{lQ = TP)|: T €I/} (P, Q€ P(S)).

Let T € &,,/(S). Asin Lemma 2, T is supported on R = M ,¢5 £S5 for all
u € P(S). Let T" = T,. Then T’ ¢ 3,’(R). The semigroup R is
obviously left reversible and right simple, and so, by Lemma 4, is a
direct product G X E, and there exists vy, € P(R) such that 7'y =
w¥xvy (u € L(R)). Now R is the kernel of S ([2], p. 84, 13(b)). Let u
be a left identity for R; so # = (1, e¢) where 1 is the identity of G and
e € E. Then for u € P(S),

T(w) = ul(uu) = T (uu) = (uu)* *vr.

It is easy to check that the map 7" — v; is a bijection from 3,,(S) onto
P(R), and the equality (8) now follows.
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