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ABSTRACT

Our aim is to clarify the relationship between Kudla’s and Bruinier’s Green functions
attached to special cycles on Shimura varieties of orthogonal and unitary type, which
play a key role in the arithmetic geometry of these cycles in the context of Kudla’s
program. In particular, we show that the generating series obtained by taking the
differences of the two families of Green functions is a non-holomorphic modular form
and has trivial (cuspidal) holomorphic projection. Along the way, we construct a
section of the Maafl lowering operator for moderate growth forms valued in the Weil
representation using a regularized theta lift, which may be of independent interest, as
it in particular has applications to mock modular forms. We also consider arithmetic-
geometric applications to integral models of U(n, 1) Shimura varieties. Each family of
Green functions gives rise to a formal arithmetic theta function, valued in an arithmetic
Chow group, that is conjectured to be modular; our main result is the modularity of
the difference of the two arithmetic theta functions. Finally, we relate the arithmetic
heights of the special cycles to special derivatives of Eisenstein series, as predicted by
Kudla’s conjecture, and describe a refinement of a theorem of Bruinier, Howard and

Yang on arithmetic intersections against CM points.
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1. Introduction

The aim of this paper is to clarify the relationship between two families of Green functions,
attached to special divisors on Shimura varieties of type O(n,2) and U(n,1), that appear
frequently in the literature in the context of Kudla’s programme. The first family, introduced by
Kudla, is closely related to the theta series considered by Kudla and Millson [KM90], while the
second family was constructed by Bruinier [Bru02] following ideas of Borcherds.

The first step, which we expect to be of independent interest, is the study of a family
of truncated Poincaré series; we show that these series can be used to construct a section
of the Maafl lowering operator on forms with certain growth conditions, and give a concrete
characterization of the image of this section.

We then show that Kudla’s Green functions can be obtained by integrating (in a regularized
sense, as in Borcherds [Bor98]) truncated Poincaré series against Siegel theta functions. As a
corollary, the generating series obtained by taking the differences of the two families of Green
functions is a non-holomorphic modular form with trivial cuspidal holomorphic projection; this
result can be viewed as a lifting of (a special case of) a theorem of Bruinier and Funke [BF04]
to the level of Green functions.

Finally, we explore consequences of this discussion to arithmetic divisors on U(n —1,1)
Shimura varieties: each of the two families of Green functions gives rise to a formal arithmetic
theta function, and we prove that their difference is modular. We also prove a version of Kudla’s
conjecture relating arithmetic heights to the derivative of an Eisenstein series; here, the Siegel—
WEeil formula and the characterization of our section of the lowering operator combine to give
an heuristic explanation for the connection of Kudla’s Green functions to the derivative of the
Eisenstein series in this context. As a final application, we discuss a refinement of a formula due
to Bruinier et al. [BHY15] on intersection numbers with small CM cycles.

We now describe these results in more detail. Suppose V is a quadratic space over Q and, for
the purposes of the introduction, assume that dim V' is even. Let L C V be an even lattice with
quadratic form @ and dual lattice L'. For each coset n € L'/L, define an element ¢, € S(V(Ay))
in the space of Schwartz-Bruhat functions on V(A¢) :=V ®g Ay by setting

¢y := characteristic function of u + L ®z Z.
The finite-dimensional space
S(L) := spanc{yp,, p € L'/L} C S(V(Ay))

admits an action of SLy(Z), via the Weil representation, that we denote by pr.

Fix any k € Z. The point of departure is the introduction of the mth truncated Poincaré
series P, v, of weight k which is an S(L)-valued (discontinuous) function that transforms as a
modular form of weight k, and depends on additional parameters w € Rs and p € S(L); it is
defined by the formula

Praam =5 3 (ouma ™00 Ik bl

~El o0\ SL2 (Z)
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27T and 0,(7) is the cutoff function

(7) 1 if Im(7) > w,
ow(T) =
v 0 otherwise.

where g = ¢

This definition can be extended, by linearity, to produce a function
Prw: H— S(L)Y ®c S(L)

for every m € Q and w € R+, cf. Remark 2.6. Note that there is a positive integer N, the level
of L, such that P, ,, = 0 whenever m ¢ N—17.
Similarly, in § 2.3, we construct a family of harmonic weak Maafl forms

Fro: H— S(L)Y ®¢ S(L)

of weight k, indexed by m € Q. When k£ < 0 and m > 0, this form is an S(L)Y ®@c¢ S(L)-valued
version of the Hejhal-Poincaré series as considered in [Bru02].

In §2.5, we consider a space A%°%(pY) of S(L)Y-valued functions that transform as modular
forms of weight k, that are C'°°, have at worst moderate (polynomial) growth towards oo, and
whose constant terms satisfy a certain technical condition, see Definition 2.7.

THEOREM 1.1. Suppose f € A™%(pY) and, for simplicity, that x > 0 (in the main text, we treat
arbitrary weights k € %Z, see Theorem 2.14).
For 7 = u+ iv € H and q = €™, define the generating series

F(r) = (Pmy— Fn, [)"3¢™
m
whose terms are integrals of the form

reg

G = [ G du(r)
SL2(Z)\H
that are regularized as in [Bor98], see also Definition 2.1 below, and involve Poincaré series of
weight k = —k.
Then F(1) converges to a smooth function on H that can be characterized uniquely by the
following properties.

(i) The function F' is smooth and transforms as a modular form of weight x + 2.
(i)
(iii) We have L(F) = —f, where L is the Maaf lowering operator.

(iv) Finally, F has trivial principal part and trivial cuspidal holomorphic projection.

Moreover, F' has, at worst, exponential growth at oo.

1

When « < 0 an additional normalization is required, on account of the presence of
holomorphic modular forms of weight —x.
As a special case, suppose fo € My(pr) is a holomorphic modular form, so that

=0 fo € A2 (p)).

1By the (guspidal) holomorphic projection of F', we mean the cusp form representing the linear functional g —
(g, vP/>T1E\e8 on the space of cusp forms Sp/2+1(pr)- See also §4.5. For the definition of the principal part, see
Proposition 2.12.
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Then the function F € A!Q_ (p) determined by applying Theorem 1.1 to f satisfies £(F) = fo,
where ¢ is the Bruinier—Funke operator [BF04], see also §2.2. It follows immediately that F is a
harmonic weak Maaf} form in the terminology of [BF04].

In this setting, Theorem 1.1 implies that the generating series

> (P )"

m>>—00

is a mock modular form, see [Zwe01, DIT11, DMZ12], whose shadow is fp.

Turning to the geometric applications of this theorem, we now assume that the signature of
V is (p,2). Let D°(V) denote the locally symmetric space attached to O(V'), which we realize as
the space of oriented negative-definite planes in V ®qgR, and is a complex manifold of dimension
p. If x € V has positive norm, then

Z(x) ={z€D(V) |z Lz} cDV)

is a complex-codimension-one submanifold. For any m € Q, define an S(L)Y-valued cycle Z(m)
by the formula
Zm)(p) = Y ¢@)Z(x), ¢eS(L).
zeV
Q(z)=m
This sum is locally finite, in the sense that for a given compact subset K C D°(V), there will
only be finitely many z appearing in the sum with ¢(z) # 0 and K N Z(x) # @. Moreover, the
condition that V has signature (p,2) implies that Z(m) = 0 whenever m < 0.
In this context, we say that a current

g € DOOD(V)) ®c S(L)"

is a log-singular Green function for Z(m) if for every ¢ € S(L), it satisfies: (i) dd® g(¢p) is dual to
Z(m)(p) under Poincaré duality for each ¢ € S(L); and (ii) g(¢) is smooth on the complement
D2(V) — |Z(m, ¢)| with logarithmic singularities along Z(m, ¢).

In [Kud97], Kudla constructs a family of Green functions GrX(m,v) for the cycle Z(m),
depending on a real parameter v € Rsq, and with the property that dd® Gr'o((m,v) is the mth
Fourier coefficient of the Kudla-Millson theta function [KM90].

Our next result relates Grk(m,v) to the Siegel theta function

Or(r,2): Hx D°(V) — S(L)Y

whose definition is recalled in §3; for a fixed z € D°(V), the Siegel theta function is a non-

holomorphic modular form ©(-, z) € AZ?S_l(PX) of moderate growth.

THEOREM 1.2. For any m # 0 and z ¢ |Z(m)|,
Grg (m, v)(2) = (P, OL(+, 2))"

and
Gri(0,v)(2) = (Pow, OL (-, 2))™ + log(v) ey ,

where ¢ € S(L)Y is the linear functional ¢ — ¢(0).
Moreover, the right-hand sides of these formulas are defined for all z € D°(V'), and hence
give a discontinuous extension of Gr(m,v).
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Bruinier [Bru02] showed that for m > 0,

Grg (m)(2) := (F, O (-, 2))"®

o

is also a Green function for Z(m). Combining these facts with Theorem 1.1, we obtain the
following result.

THEOREM 1.3. For each fixed z € D°(V'), the generating series

—log w?{ + Z(Grff(m, v) — GrE(m))(z)qm

is a non-holomorphic modular form of weight p/2+1 with trivial cuspidal holomorphic projection.

The main result of [BF04], applied to the case at hand, implies the modularity of the
generating series

Z ddC(GrE(m, v) — GrE’(n’L))qm

valued in differential (1, 1)-forms, with trivial cuspidal holomorphic projection. We might view
Theorem 1.3 as a ‘lifting’ of their result to the level of Green functions; the title of the present
paper reflects the role that their work played in motivating our investigation.

Finally, we turn to an arithmetic-geometric version of this result. Fix an imaginary quadratic
field k of odd discriminant, let or be the ring of integers, and suppose that ¥V be a Hermitian
vector space over k of signature (n — 1, 1) that contains a self-dual lattice L.

Following [KR14, How15], we define a stack My over Spec(og) via a moduli problem that
parametrizes n-dimensional abelian varieties with an og-action, and a compatible principal
polarization, see §4. There is a family of special divisors

{2v(m)}meay,

on My, also defined via a moduli problem, and whose complex points can be described in
terms of the cycles Z(m) considered previously. In particular, the Green functions GrX(m, v) and
GrB(m) considered above descend to functions Gr¥(m, v) and Gr®(m) on My (C) with logarithmic
singularities along 2y (m)(C).

Moreover, by the results [How15], the stack My admits a canonical toroidal compactification
M3, whose boundary M3, — My is a divisor. Howard also studies the boundary behaviour of
Gr¢ (m,v), proving that after adding an explicit linear combination of boundary components, the
pair
ZA)'f(m, v) := (Zy(m) + boundary components, Gr(m, v))
defines an element R .

Z(m,v) € CHL (M) @c 8,

where § C S(£) is a certain SLy(Z)-stable subspace of S(£), and C/F|(1C(M’{,) is an arithmetic
Chow group; here we employ the log—log singular version of this latter group, whose construction
is detailed in [BKKO05] and generalizes the arithmetic Chow groups of [GS90].

Similarly, work of Bruinier et al. [BHY15] shows that taking Bruinier’s Green functions and
making a (different) modification at the boundary yields classes

ZAE‘(m) := (Zy(m) + boundary components, Gr®(m)) e (EI\-I}C(MT;) ®c S
for m # 0.
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For appropriate definitions in the case m = 0, both constructions give rise to formal ¢-
expansions

= Z Z8(m,v)¢™ and O§(r ZZV
whose coefficients? are valued in (EI\-I(%:(M;}) ®c SY.

THEOREM 1.4. The difference @5(7’) - @5(7’) is a non-holomorphic modular form of weight n
with values in CH:(My) ®@c¢ 8V, and has trivial cuspidal holomorphic projection. )

Some caution is required in interpreting this statement, since the coefficients of (:)5(7') and
@%(T) lie in the very large space CHE(M3,) ®@c SY. Roughly speaking, the assertion is that

Ox(r) - Zfl )Z; + (0,9(r, 2)) (1.1)

for some SY-valued modular forms fi(7) ... f-(7) and classes Z1,...,2, € (/:I\-I(lc(MT,), together
with a family of ‘smooth classes’

7> (0,9(7,-)) € CHE(M}) ©c S

that transforms as a modular form in 7; the equality (1.1) is to be interpreted as an equality of
Fourier coefficients, with an appropriate notion of convergence for such Fourier series. We discuss
this point in Definition 4.11 below.

We also remark that an analogous modularity result was obtained by Berndt and Kiihn
[BK12] for Hecke correspondences on the self-product X (1) x X (1) of the full level modular
curve.

Finally, in §§4.6 and 4.7, we put our results in the context of two conjectures on arithmetic
intersections for unitary Shimura varieties. The first is Kudla’s conjecture relating the arithmetic
heights of the special divisors to derivatives of Eisenstein series. Let

o € CHE (M)
denote the tautological bundle on My, equipped with an appropriate metric as in [BHY15];
assuming that there is a reasonable arithmetic intersection theory® for M¢,, we can consider the

‘arithmetic height’ R .
[Z:0" ] eC for Z e CHE(M3).

Applying this to the coefficients of @\K)(T), Kudla’s conjecture in this setting predicts
[@5(7‘) : @] ~ 2k E)(T,n — 1) + (correction terms)

up to some correction terms involving vertical and boundary components; here x is an explicit
constant, and

E (r,n—1) = [;SEn(T, s)]

s=n—1

2If n > 2, then 215; (m) vanishes for all m < 0. If n = 2, then és(m) may be non-zero for at most finitely many
m < 0.

3 The log-log theory of [BKKO7] is, strictly speaking, valid for arithmetic schemes; the present authors are unaware
of a general theory that simultaneously allows for log—log singularities, and is valid for Deligne-Mumford stacks
such as M3,. See §4.6 for more detail on this point.
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is a special value of the derivative of the standard Eisenstein series E,, (7, s) of weight n attached
to L.

We prove that the integral of the archimedean component ¢(7,z) in the difference of the
theta functions (1.1) gives the main term in Kudla’s conjecture.

THEOREM 1.5. Suppose n > 2. Then
/ g(1,2)e1 (@) = 26E! (1,n — 1). (1.2)
M5;,(C)

Consequently, given the existence of a ‘reasonable’ arithmetic intersection pairing on M5,
see § 4.6,

[@5(7’) - é%(T) 0" Y = 2kE! (1,n — 1) + (explicit boundary terms).

It is perhaps worth mentioning that after justifying the interchange of integration over
M;,(C) with the regularized integral defining the Green functions, the proof of the theorem
follows very easily from the Siegel-Weil formula and the uniqueness statement in Theorem 1.1,
see Theorem 4.21 in the text.

As a final application, in § 4.7 we give a refined version of a theorem of Bruinier et al. [BHY15]
concerning intersection numbers between the arithmetic cycles ZE‘ (m) and a certain small CM
cycle ) attached to a positive definite Hermitian lattice A of signature (n—1,0). Their main result
states that a prescribed linear combinations of these intersection numbers can be expressed as the
central derivative of a convolution L-function involving the theta function ©,, cf. Theorem 4.24.

By combining Theorem 1.2 and the Siegel-Weil formula, we prove the following refinement,
see Theorem 4.25 of the text.

THEOREM 1.6. The intersection number [(:)]’S(T) : V] is equal to

[O%(7) : ¥] = —deg(V(C))€] (1) @ OA(7),

where E{(7) is the central derivative of an incoherent Eisenstein series of weight 1 associated
with ). O

2. Truncated Poincaré series and the Maafl lowering operator

2.1 The Weil representation
The aim of this section is to fix notation; see [Bru02, § 1.1] for a reference for the facts mentioned
here, and [Gel76, Str13, Wei64] for a more general discussion of the Weil representation.

Let (V, Q) be a quadratic space over Q of signature (p, ¢), and denote by S(V(Ay)) the space
of Schwartz—Bruhat functions on V(Ay), i.e., the space of complex valued functions on V(Ay)
that are locally constant and compactly supported. The Weil representation is an action

p=ps: Mpy(Ay) — Aut S(V(Ay)),

where Mp, is the metaplectic extension of SLs.

Elements of Mpy(R) are represented by pairs 5 = (v,¢) where v = (25) € SLy(R) and
¢: H — C is a holomorphic function satisfying ¢(7)* = ¢7 + d. The product of two elements is
given by

(71, 01) - (92, 2) = (91 - 725 $1(727)P2(T7))-
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The group = Mpy(Z), defined as the inverse image of I" := SLy(Z) under the covering map, is
generated by the elements

(4 7)) (1))

Suppose L C V is an even integral lattice (i.e., L is a free Z-submodule for which Q(z) € Z
for all x € L) and let L' be the dual lattice. We let Z = Hp Zy, where the product is over all

rational primes, and define L = L ®7, Z. For a coset u € L'/L =~ (L)' /L, let
¢, = characteristic function of u + Le S(V(Af));
the finite-dimensional space
S(L) := spang(py, p € L'/L) ~ C[L' /L]
is stable under I'. The restriction is denoted
pr: T — Aut S(L).

It can be seen, for example via the explicit formulas in [Bru02, § 1.1], that the image of p, is in
fact a finite group. N

Moreover, when dim(V) is even, py, factors through the map I' — SLy(Z), and we denote
the resulting action of SLy(Z) on S(L) by the same symbol py.

For v € S(L)V and w € S(L), we frequently simply write v - w or vw for the image of an
element v ® w € S(L)Y ® S(L) under the canonical contraction map S(L)" ®@c S(L) — C.

Finally, it will be useful to introduce the Hermitian pairing (conjugate-linear in the second
argument)

(- )s@y: S(L) x S(L) — C  determined by (pu, ¥v)s(r) = -

It is easily checked, for example by using the explicit formulas in [Bru02, § 1] that the induced
C-linear isomorphism
S(L) — S(L)Y, w~ (w)s(r) (2.1)

identifies the conjugate representation pz with the dual representation py.
This discussion is intended to justify the following abuse of notation: if ¢ € S(L), let
€ S(L)" denote the linear functional (-, ) g(z).-

2.2 Some spaces of non-holomorphic modular forms

Suppose (W, p) is a finite dimensional representation of I' = Mp,(Z). If k € tZand 5= (v,9) € T,
define the slash operator* on functions f: H — W by the formula

A o g2k 10T b
Pl Bl = oln) o)1 (250,
where v = (‘é g)
We say that a function f: H — W transforms as a modular form of weight k and
representation p if

f Ik Bl(r) = f(7) forall 5 €T, (2.2)

4 For brevity, we do not include the representation p in the notation but of course the slash action does depend
on p.
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In this paper, we will primarily be interested in the case where (W, p) is either (S(L), pr,) or
its dual.

Suppose that (W,p) = (S(L),pr), and consider the element Z = (—Id,i), so that
Z? = (1d,—-1). Then

flk 27 = (m1)72erf,

for any function f: H — S(L), so there exist no non-zero functions satisfying (2.2) unless 2k =
q—p mod 2, in which case |, [Z?] acts trivially. Moreover, such functions then take values in the
subspace of S(L) spanned by the vectors

P = %(Sﬁu + (_1)_k+(q_p)/2907u) (2.3)
for pe L'/ L.
Note also that if f: H — S(L) transforms as a modular form of weight &, then
g(r) = 0" f(7)

transforms as a modular form of weight —k for the dual representation py.

DEFINITION 2.1. Suppose f: H — S(L) transforms as a modular form of weight k£ with
representation pr, and ¢g: H — S(L)Y transforms with weight —k and representation py, so
that the product

f(7)-g(7)

is T-invariant. Following [Bor98], we define the reqularized pairing of f and g, when it exists, as

oy =t (i [ smatredun)).

T— o0 Fr

where s € C is a complex parameter, CT;—y stands for ‘the constant term in the Laurent
expansion at s = 0’, and for T € R+,

Fr ;:{T:u—{—iUGH’|T‘21,u€[—%,%] and v < T}

is a truncation of the standard fundamental domain for SLo(Z)\H. We also write du(7) = du -
dv/v? for the usual hyperbolic measure.

We say the regularized pairing exists if for Re(s) sufficiently large, the limit 7' — oo defines
a holomorphic function in s that has a meromorphic continuation to Re(s) > —e for some € > 0,
and so the above definition makes sense.

Similarly, if f: H — S(L) and g: H — S(L) both transform as modular forms of weight k
with representation pr,, we define the reqularized Petersson pairing

(f.9)pa = (f,v"g)"8

when it exists. If f,g € My(pr) are holomorphic modular forms, and at least one of them is
cuspidal, then (f, g)ps = ([, 9)pet agrees with the usual Petersson inner product.

DEFINITION 2.2 [BF04]. Suppose k € $Z, and let Hy(pr) be the space of (twice continuously
differentiable) functions f: H — S(L) such that the following hold.

(i) We have f |, [§] = f for all y € T.
(ii) There is a C' > 0 such that® f(u 4 iv) = O(e“?) as v — oo uniformly in w.

5 Throughout, when we employ the asymptotic notation f(7) = O(g(7)) for a vector-valued function f, we simply
mean that the components of f with respect to any basis satisfy the given asymptotic.
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(iii) Moreover, Ay f = 0, where

is the hyperbolic Laplace operator in weight k.
(iv) Finally,
& (f) = v*?L(f)

is a holomorphic cusp form of weight 2 — k valued in py. Here

L= —21’1}2887_

is the Maafl lowering operator, and satisfies L(g |x [§]) = L(g) |x—2 [¥] for any function
g: H — S(L); in particular, it lowers the weight by two.

Functions satisfying (i)—(iii) are called harmonic weak Maafl forms of weight k, valued in S(L).

Contained in Hy(pr) is the space

My (pr) = ker(&)

of weakly holomorphic forms; these are precisely the forms of weight k that are holomorphic on
H and meromorphic at the cusp oo. In turn, the space M ,!f(pL) contains the space of classical
holomorphic modular forms M (pr,), namely those forms that are holomorphic at co, and the
space of cusp forms Sk(pr).

We record some consequences of the definitions that will prove useful later, cf. [BF04, §3].
First, the Fourier expansion of f € Hy(pr) admits a decomposition

F)y =)+ (1) (2.4)

into its holomorphic and non-holomorphic parts, where the holomorphic part

o= 3 e mg

m>>—00

has only finitely many negative terms. The non-holomorphic part

()= ¢ (m)T(1 — k, dwmw)g™

m<0

has non-zero Fourier coefficients only for negative indices; here
oo
I'(l—k,a)= / e 't 2 dt.
a

Moreover, a form f is in M,!C(pL) if and only if f~ = 0. Finally, we note that

f- Zc}f(n)q” =0 %) asv— 00 (2.5)

n<0

for some constant C' > 0.
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2.3 A family of harmonic weak Maafl forms
In this section, we fix a special family {F,, ,} C Hy(pr) that will play an important role
throughout.

Suppose for the moment that k& < 0. Following [Bru02], if m € Qs and p € L'/L with
m € Q(u) + Z, define

(4mm)'—F

Fm,u(T) = m

> TPM(1,2 -k drmw)e P, A, (2.6)
F€Too\T
where M (a,b,c) is Kummer’s confluent hypergeometric function (see [AS64, 13.1.2, 13.1.32));
the observant reader will note that F, ,(7) differs from its namesake in [Bru02] by a factor of
1/2. The forms F,, ,, span Hy(pr) if £ < 0 (see [Bru02, Proposition 1.12]).
The holomorphic part F} ,(7) is of the form

Ff a0 =a "Gu+ Y ch  (n)et™ (2.7)

n=0

for some coefficients c}mu(n) and where ¢, = 1(p, + (=1)F+@P)/2_ ): in fact, Fp,,, is the
unique harmonic weak Maa8 form whose holomorphic part has this form [BF04, Proposition 3.11]
and moreover §(F), ;) is a (holomorphic, cuspidal) Poincaré series (cf. [BF04, Remark 3.10]).

This observation suggests the following approach to defining an analogous function £, , in
the case that k > 0.

We first recall the following modularity criterion, due to Borcherds [Bor99]. Let Singy_;(prL)
be the space of formal Fourier polynomials with negative indices that are invariant under the
action of the elements Z and T of I':

Singy_1,(p1) = {P = Z ap(m)q™

m<0

ap(m) S SX,P |2—k [Z] =P yg_k [T] = P},

where ¢ = e2™7. We have a map

V: Singy_i,(pf) = Mi(pr)",  ¥(P)(g) =Y ap(m) - cy(—m),

and also the principal part map

P: Hy k(py) — Sings_y(py), P(f) =) cp(m)g™.

m<0

Note that this latter map factors through the quotient by the space of cusp forms Sa_(pY).

THEOREM 2.3 [Bor99, Theorem 3.1]. The sequence induced by the above maps

P . P
00— M;_,.(pY)/S2-r(p}) —Singy_4(pY ) — My(pr)” —=0
is exact. O

This sequence will be used to normalize the forms F;,, ,: for each k, fix a splitting

n
/_\

0 —— M;_(p})/S2-k(pY) — Singy_4(py) —— Mi(pr)Y — 0. (2.8)
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The map ¢": My(pr) — Sings_j(p})Y may be extended to Hy(pr), by setting

YV(F)(P):= ) ap(m)-cp(—m), F € Hi(pr),

m<0

where cf.(—m) are Fourier coefficients of the holomorphic part F'+ of F.

LEMMA 2.4. Suppose m € Q and p € L' /L with m = Q(p) mod Z. For each k € 1Z, there is a
unique element F,,, ,, € Hy(pr,) such that the following hold.

(i) The holomorphic part of F,, ,, has the form

FL o (T)=q¢"¢u+ Z c(n)q"  for some ¢(n) € S(L).

n=0

(ii) Also, ¥V (Fy..)(P) = ap(m)(py) for every P € im(n).

Remark 2.5.

— Note that if £ < 0 then My(pr) = {0} and n = 0, and condition (ii) is superfluous; in
this case the construction of F, , as in the lemma coincides with (2.6) for m > 0, and is
identically zero for m < 0.

— In general, F, ,, = 0 for almost all negative m.

— The form F, , will depend on the choice of 1), but as this choice will not play a significant
role in our applications, we omit this dependence from our notation.

— A natural choice of 1 can be constructed as follows. For m € Q and p € L'/L, let G €
My (pr)" denote the functional

Gmyu: f > ap(m)(p) forall f(7) = as(n)q" € My(py).

The collection of all {¢y, ,} with m € Q and p € L'/L spans the finite-dimensional space
M;y.(pr)Y, and so there are positive integers ny < --- < ng and p1,...,uq € L'/L such that
{¢n, u; } 1s a basis of My(pr)". Then a possible choice for 7 is given by setting

—n; =V

n((éniyﬂi) =q gpuﬂ

where
Gy =y + (—1)TRHER2LY e g(L)Y

is the vector dual to ¢, with respect to the basis {¢,} of S(L). Note that with this choice,
we have F, ,, = 0 for m < 0 unless m = —n; for some i € {1,...,d} and u = £p;. Moreover,
the family of non-zero F,, ;,, over all m € Q and p € L'/ L, form a basis of Hy(pr). If k > 2
and m < 0, the forms F, , are (holomorphic) Poincaré series.

Proof. The existence of a form F' € Hy(py,) satisfying (i) follows from [BF04, Proposition 3.11].
Recall we had fixed a splitting morphism 7 as in (2.8). Let

Smpu € Singy_1(PL)",  mu(P) = ap(m)(pp)

and set
g=n"(W"(F) = ¢mu) € Mi(pr);

then the difference F' — g satisfies the properties in the lemma, proving existence.
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To show uniqueness, suppose F; and F5 satisfy both properties, and consider F' := F} — Fb.
Note that P(F) is constant. We first claim that F' € My (pr). Indeed, by [BF04, Proposition 3.5],

(E(F), hyper = ) cf(m) - cn(=m) for all h € Ma_y(p}),

m<0

where the left-hand side is the usual Petersson pairing between Ss_j(p}) and Ma_k(p}); note
here that £(F) is cuspidal. On the other hand, since P(F) is constant this quantity vanishes if
h is cuspidal. Since the Petersson pairing is non-degenerate when restricted to cusp forms, it
follows that £(F') = 0. Thus, F € M,i;(pL) and has constant principal part, which implies the
stronger statement F' € My (pr).

By the second property in the lemma,

0= (1" 0v")(F) = F,

proving uniqueness. O

When m ¢ Q(u) + Z, set Fy, , = 0. We may define an S(L)" ®c S(L)-valued version
Fo: H— S(L)Y ®c S(L)
by setting

Fa(M(@)= Y auFmur)
neL' /L
Q(p)=m mod Z

whenever o =3 aup, € S(L).

2.4 Truncated Poincaré series
For a parameter w € Ryg and 7 = u + iv € H, consider the cutoff function

(7) 1 ifv>w,
ow(T) = .
0 ifv<w.

Fix w € Ryg and a half-integer k € %Z such that 2k = p mod 2. For a coset u € L'/L and a
rational number m € Q(u) + Z, define the truncated Poincaré series P, H — S(L) by the

formula
1

Y, s ~
Pm,w,,u(T) = 1 Z N(Jw(T)e mmTSO,LLNk['Y]a (2.9)
F€T oo\
where f‘oo is the subgroup of r generated by T.
For a fixed 7, there are only finitely many elements v € I'o\ SL2(Z) such that o, (y7) # 0;
thus the sum (2.9) is locally finite, and in particular, is absolutely convergent. By construction,

Prw,u(T) is evidently invariant under the weight k slash operator, i.e., it is a (discontinuous!)
‘modular form’ of weight k.

Remark 2.6. Tt will be useful to give a more intrinsic definition for a truncated Poincaré series
Prw(7) () valid for any m € Q and ¢ € S(V(Ay)). Fix an integer N > 0 such that m € N~1Z
and pr(I'so,v) acts trivially on ¢, where I'ns y = (TN). Then, for any fixed parameter w € R+,

set
1

Prnw(T)(9) = 1y > (owlm)e ™M o)A,
7€l oo, N\
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which defines a map
Prw(r): H — S(V(Af))v ®c S(V(Ay)).

Since S(L) is T-invariant, restricting to S(L) yields a map
Prw(T): H— S(L)Y @c S(L),

denoted by the same symbol. We may thereby view P, ,,(7) as valued in S(L)Y ®c S(L), where
" acts by p¥ @ 1.
Alternatively, if we define Py,  ,(7) = 0 whenever m ¢ Q(u) + Z, then for any

= aupu € S(L),
I

it is easy to check that

Prw@(@) = D @uPnwu(™) = Y auPmuwu(7); (2.10)
ueEL'/L uel'/L
Q(p)=m mod Z

this provides an alternative definition of Py, ,(7)(¢).

2.5 A section of the Maaf} lowering operator
In this section, we show that for a form f satisfying certain mild analytic conditions, our Poincaré
series can be used to generate the Fourier coefficients of a distinguished preimage F' € L=!(f) of
f under the Maaf} lowering operator.

We begin by fixing some notation. Suppose L C V is an even integral lattice, and k € %Z
with 2k = p — ¢ mod 2.

DEFINITION 2.7. Let A™9(pY) be the space of C* functions
f:H— S(L)Y

such that the following hold.

(i) We have f |, [§](7) = f(r) for all 5 € T.
(ii) The form f has at most ‘moderate growth at oo’, i.e., for all a, 3, there is some ¢ € Z
(possibly depending on a and $), such that (9%/0u®)(8°/0vP)f(1) = O(v') as v — .
(iii) Writing the Fourier expansion of f as

f(r) = Z c(m,v)e*™™™  with c(m,v): Rag — S(L)Y,

meQ

we require that the constant term ¢(0,v) has the form

c(0,v) = Z Z auyivﬁ“’icpx +¢(0,v)

pel! /L i=1

for some a5, € C, B,; € Q, and a smooth function ¢(0,v): H — S(L)" satisfying ¢(0,v)
= 0(e ) as v — oo for some C > 0.

2103

https://doi.org/10.1112/50010437X18007327 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007327

S. EHLEN AND S. SANKARAN

DEFINITION 2.8. Define another space AL (pY), consisting of C> functions F: H — S(L)¥ such
that the following hold.

(i) We have F(7) |, [3] = F(7) for all 5 € T'.
(ii) The function F has at worst ‘exponential growth at oo’, i.e., F(7) = O(e“?) as v — oo for
some constant C' > 0.
(iii) Finally, L(F) € A™9%(p}).

Note that AL (p}) contains H,(p}) and therefore also M} (p}).
The following Proposition generalizes [BF04, Theorem 3.7].

ProPOSITION 2.9. The following sequence is exact:

0——=My(py)——= AL (p})—= A% (py) —0. (2.11)
Sketch of proof. The proof proceeds along the same lines as [BF04, Theorem 3.7], except we
replace the sheaves of C* forms appearing in [BF04] with the sheaves of log-singular forms
considered in [BKKO05]. N

We sketch the argument here: fix a normal subgroup I'g C I' = Mp,(Z) of finite index, such
that I'g acts freely on H. Write O for the sheaf of holomorphic functions on the compactified
curve X = Io\H*, and &P7 = &P9(D) for the sheaf of C* differential forms of Hodge type
(p, q) and with ‘logarithmic growth along the cuspidal divisor D’ as in [BKKO05, Definition 2.2];
using [BKKO05, Theorem 2.13], these sheaves can be identified with sheaves of differential forms
generated by differentials of functions with moderate growth at the cusps.

Let L. 1, be the O-module sheaf of modular forms of weight « and representation pr, on X.
The sections in L, 1 (U) are given by holomorphic S(L)-valued functions on the preimage of U
under the canonical projection from H to X that satisfy the usual transformation property with
respect to I'g and are holomorphic at the cusps. Let n > 0 be a positive integer. By the Dolbeault
Lemma for the sheaves &P4, see [BKKO05, Lemma 2.44], the sequence of sheaves

]
0——= Ly ®0 Opp —= E" @0 L1 ©0 Opp —— E¥ @0 Ly, @0 Opp —= 0, (2.12)

is exact. Moreover, since &7? ®o L, 1, ®o Opp is a fine sheaf (as a module over the sheaf of C*>
functions on X)), taking global sections gives an exact sequence in cohomology

00— (Li,r ® Opp)(X) —=EYYX, L, ® Onp) 9, EYNX, L, @ Onp)

|

HY(X, Ly ® Opp) —0.
(2.13)
For fixed k, an application of Serre duality, as in the proof of [BF06, Theorem 3.7], implies that
HY(X, Ly ® Onp) vanishes for n sufficiently large.
We now show that L is surjective in the sequence (2.11). Let n be a large enough positive
integer such that HY(X, L. ® Onp) = 0 in the above discussion, and suppose f € A™%(pY).
Since f has moderate growth, [BKK05, Theorem 2.13] implies that pullback of the differential

form
n = U_Qf dT
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along the covering map N

X — D\H*
is a T'/Tp-invariant global section in &% (X, Ly, 1, @ Opp). Therefore, taking T'/T¢-invariants in
the exact sequence (2.13), there exists

Feé&"(X, L.y ®0,p) /M

with OF = 0, or equivalently, L(F) = f. Moreover, by construction F may be written, in a
neighbourhood of each cusp, as a sum of products of moderate growth and meromorphic forms,
and so has at worst exponential growth approaching the cusps. Since F' is furthermore I’/FO—
invariant, it descends to F\]HI* i.e., it is an element of Al (pY). O

Suppose F € Al (p}) and f = L(F) € A™%(p}) with Fourier expansions

2 CF m U) 2mimT and f E :Cf m, U 27rzm7'

where 7 = u + iv.
The relation L(F') = f implies that for each m,

cp(m,v) = cp(m,1) + /lv cf(m,t)t2dt. (2.14)

Since f(u +it) = O(t') as t — oo by assumption,

1/2
lcg(m, 1) e2mmt ‘ 1/2f u + it)e 2T gy,

< eFmmt ¢l (2.15)

for all t > 1, where the implied constant is independent of m. In particular, for all m < 0,
substituting this bound in (2.14) gives

kp(m) = lim cp(m,v) < oco.

V—> 00

Moreover, it follows from the assumption that F' has exponential growth that
kp(m) =0 for all but finitely many m < 0,

and
cp(m,v) — kp(m) = e 2 Im=9v . O(1) (2.16)

for any fixed € > 0, where the implied constant depends only on € and f.
Finally, we define kz(0) € S(L)" by noting that Definition 2.7(iii) implies that c¢z(0,v) can
be written in the form
cp(0,v) = kp(0) + Z[ Z 5. aj, M Pl 4 Y log(v) gpx +0(e™ ) (2.17)
o
Bj, ,ﬁﬂ

for some 7, € C. In other words, xkr(0) is the constant part of the constant term.

Recall that we had defined the regularized pairing (f, g)**® for functions f and g transforming
of weight k& and —k respectively, as in Definition 2.1. Our next goal is to show this pairing exists
in two particular situations.
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LEMMA 2.10. Suppose F € Al (p}) and that G € My(p}) is a holomorphic modular form. Then

the regularized Petersson pairing (F, G)p% (see Definition 2.1) exists.

Proof. For Re(s) sufficiently large, we write

lim F(r)G(m)v"* du(T)
T— o0 FT

- / PG du(r) + Jim. F(r)G)o™= du(r).
Fi Fr—F1

As Fi is compact, the first integral defines a holomorphic function for s € C. As for the second
integral, we have

1/2
lim F(1)G(T)v"* du(r) = lim / / V572 du dv
T—o0 Fr—F1 T— o0 1/2
T —4mmu, k—s—2
= Thﬁmoo/ E cr(m,v)eg(m)e v dv,

m=0

where in the second line, we inserted the Fourier expansions of F' and G, and took the integral
over u.
For v > 1, use (2.14) to write

cr(m,v) = cp(m, 1) + 0¥ as v — oo

for some ¢, where the implied constant is independent of m. Note also that

1/2

Z lep(m, 1)e”2™m|2 < Z lep(m, 1)e™ 2™ = / |F(u 4+ )| du

m>0 meQ —-1/2
so cp(m, 1) - e2™ is bounded by an overall constant independent of v and m.

Using the estimate cg(m) = O(m"~!) for a holomorphic modular form, it is easy to verify

that
lim / Z cp(m,v)eg(m)e Ty 572 gy

converges uniformly for all s € C and thereby defines a holomorphic function in s.

For the zeroth Fourier coefficient, writing ¢z (0,v) as in (2.17) we see that
T [
lim cr(0,v)cq(0)v" 2 dv

T— o0 1

extends to a meromorphic function in s € C, as required. |

Remark 2.11. The proof of the proposition implies that if G € S, (p)), then

(F,G)ps = lim F(m)v"G(7) du(T).

T— o0 Fr
Recall the fixed splitting
n
(IAY; Vi P : v/\ v
0 —— M, (p})/Sk(py) —— Sing.(p}) —— Ma2—y(pr)" —— 0. (2.18)
2106

https://doi.org/10.1112/50010437X18007327 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007327

ON TWO ARITHMETIC THETA LIFTS

of the exact sequence in Theorem 2.3; note that we have relabelled the subscripts here. Define
an extension of the map P to AL (p}) by setting

P: A (p}) — Sing,(py), P(F):=>_ rp(m)-q™

m<0

PROPOSITION 2.12. For any f € A®9,(pY), there exists a unique F € Al (p}) such that:
(i) L(F) = f;
(ii) P(F) € im(n); and
(iii) F has ‘trivial cuspidal holomorphic projection’, i.e., (F,G)p& = 0 for every G € Sk (p)).
We denote this unique preimage as F = L¥(f).

Note that when x > 2, the space Ma_,(pr) = {0} and so 7 is identically zero. In this case,
condition (ii) asserts that P(L#(f)) = 0, i.e., L#(f) has ‘trivial principal part’.

Proof. To prove the uniqueness statement, suppose F; and F5 are as above, and set F' = F} — F>.
Then L(F) = 0, and so F is a weakly holomorphic form, i.e., ' € M} (p}). Moreover P(F) €
im(n), which implies that P(F) = 0 by the exactness of (2.18), and hence F € S.(p}) is a cusp
form. But F' is orthogonal to cusp forms, so F' = 0.

To show existence, we start by choosing any preimage Fy of f, which exists by virtue of
Proposition 2.9. Appealing again to the exact sequence (2.18), there exists a form G € M, ,L(pX)
such that P(Fy — G) € im(n). Then, choosing an orthonormal basis hi,...,h, € Sk(p}), the
function

F(r) = Fo(r) — G(r) — S (Fy — G, hi)i8ha(r) € AL(pY)
1
satisfies the hypotheses in the Proposition. O

Our next aim to calculate regularized pairings against the harmonic Maafl forms of weight

k = 2 — k introduced previously. Fix u € L'/L and m € Q(u) + Z. For convenience, write the

Fourier expansion of the weight k Poincaré series Fy, ,(7), defined for all m and all weights as
in Lemma 2.4, as

Frp(7) = bmu(n,v)g"™. (2.19)
n
Recall from §2.3 that by, ,(n,v) is independent of v when n > 0.

PROPOSITION 2.13. Let f € A™9%(p)), and fix p € L' /L and m € Q(p) + Z. Then

T— o0

Poncoe — Frups /)7 = lim [ /f (P (7) = Fono () (7) dia()

T
+ / (b, (0) = 6m0@p) - c5(0, 1))1)72 dv
1
T
o C'](:)‘ Thm (bm,u(O) - 5m,0(/~7u) *Cf (0, ’U)’Ufs*2 dv.
5=0 T—o0 Jq

Here,
Pu = %(%pu + (*1)R+(q_p)/29@7u)-

In particular, the regularized integral exists.
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Proof. Recalling the definition of the truncated Poincaré series

Pras(®) =5 3 (0wl ™ g, el3],

FeToo\T
note that if Im(7) > wp := max(w, 1/w), then

Pm,w,,u (7_) — 6—2m’mr¢u.

In particular, if v = Im(7) > wp then
Prnw,u(T) = Fin () + b u(0) = O 0P = O(eicv) (2.20)

for some C' > 0; indeed, when s > 2 and m > 0, this bound follows from (2.5), since Py, u(7) +
b, (0) is precisely the principal part of F, ,(7), and the bound is trivial to verify in all other
cases. For convenience, set

b (0) 1= b (0) = G 0P
For Re(s) sufficiently large,

Hm [ (Prwu(T) = Finy (7)) f ()07 dp(7)

T— o0 Fr

- /F (P (7) = Fono(7) ()0~ ds(7)

+ Th—>m (P, (T) = Fin (7)) f(T)v™ % dpa(7).
%0 J Fr—Fuy

As before, the integral over F,, is holomorphic in s, and contributes its value
B = [ (Panslr) = P ()7 di(7)
wo

at s = 0 to the regularized integral. For the other integral, inserting the Fourier expansion (2.20)
and carrying out the integral over u = Re(7) gives

lim (Prw,pu(T) = Fon (7)) [ (T)v ™% dpa(7) = L1 (s) + I2(s),

T—oo ]:T_]:wo
where

Ii(s) = lim (P, (T) = Finu(T) + by u(0) - f (7)o" dp(7)
o0 ‘FTfwa
and
~ T ~
Ir(s) = — lim b (0) - f(T)v™ % dp(r) = — lim / by, (0)c (0, v)v ™52 dv.
T—o00 Fr—Fug T—o0 wo

It follows from (2.20) that I;(s) defines a holomorphic function for s € C, and so contributes its
value at s = 0 to the regularized integral. On the other hand, the assumption in Definition 2.7
for the shape of c¢¢(0,v) immediately implies that I5(s) admits a meromorphic continuation to
s € C. Therefore, the regularized pairing exists:

(Prvas = Fgr £)7°% = To + 11(0) + CT Iy(s). (2.21)
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To conclude the proof, write
T

I;(0) = lim (Prjw,u(7) = Fon (7)) f (1) dpe(7) —|—/ b, (0)cf(0,v)v ™2 do,

T=00 J Fp—Fuy wo

and combining the first integral with Iy gives
T

I+ 1;(0) = lim (Prw,pu(T) = Fr (7)) f (1) dps(7) + / by, (0)c s (0,v)v2 dv.

— 00 fT wo
Furthermore, observe that
1 1
/ b (0)cf (0, v)v 2dv = CT / b, (0)c (0, v)v 572 du;
wo s=0 wo

adding and subtracting this quantity in (2.21) gives the expression in the proposition. O
We arrive at the raison d’étre of this section.
THEOREM 2.14. Suppose f € A% (pY), and
F =L(f) € Au(p})

the preimage under L as specified in Proposition 2.12.
Then for any yu € L' /L and m € Q,

<Pm,w,u - Fm,/u f>reg = _CF(ma w)(@,u) (222)

Proof. If m ¢ Q(n) + Z, then both sides of (2.22) are easily seen to vanish; we assume that
m € Q(u) + Z from now on.
We proceed by examining the various pieces appearing in Proposition 2.13. Starting with the
truncated Poincaré series
Powa()i=7 32 @ul0)e 0,
FeT oo\

note that for any fixed T', the restriction of Py, . ,(7) to the compact set Fr is a finite sum, and

/ P,y (T) f(7) dp(T) = % Z (Uw(T)eimm'stou)|k[ﬂf(7-) dp()
Fr T 5eT o \T
— 1 Ow(T)e 2T £ (1 dp(r
Aﬂ;%ip . (1) F(T)(n) dp(r)
= | ou@e (@) () du(r)
1Y [ e e ) ) dutr),
FET oo \T vFr
y¢A

where in the last line, we separate out the contributions from the subgroup
A:={(14,1),(14,-1),(-14,i), (—Id, —i)},

which acts trivially on H, from the rest.
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For any coset 4 € foo\f with 4 ¢ A and 7 € H,

Im(7) 1
< .
let +d]? ~ Im(7)

Im(y7) =

It follows that when T' > max(w,1/w), the intersection of the translates of Fr with the region
where the cutoff function o, (7) is non-zero fills out a rectangle.

< U ’y(]—"T)> ﬂ{Im(T) > w} = {Re(r) € [-1/2,1/2],Im(7) € [w, T]} =: RL.

vefoo\f

Therefore, for all T' > max(w, 1/w),

/ P (r) () da(r) = / &2 £(1) (0,0) dia(7). (2.23)
Fr RT

We calculate the right-hand side using a standard Stokes’ theorem argument. Since L(F') = f,

, . d ;
d(e” TR dr) = —e72mmT . %F dr A d7T = —e ™™ TL(F) du(t)

— _6727Tim7'f d,U,(T)

Insert this expression into (2.23) and use Stokes’ theorem to integrate over the boundary ORL:
the ‘vertical’ segments cancel on account of the invariance of the integrand under 7 — 7 + 1,
while the ‘horizontal’ segments give the Fourier coeflicients of F, i.e.,

| Powan)s@dutr) = = [ e mmp@ ) dr
Fr ORT

= cr(m, T)(pp) — cr(m, w)(en)-
Similarly,

| i@ dntr) = = [ Fur) d(F () dr)
Fr Fr

= Fd(Fy ,(7)dr) — / Fopu(T)F(1)dT. (2.24)
Fr OFr

We show the limit as 7' — oo of the first integral vanishes. Since F, ,, € Ha—.(pr), it follows
that £(Fin ) € Sk(p)), cf. §2.3. Therefore

lim Fd(Fp,(7)dr) = lim F§( Fo v dp(t) = (F,§(F ))gf’; =0
T— o0 Fr T— o0 Fr

since F' was taken to be orthogonal to cusp forms.

For the second integral, the modularity of the integrand implies that only the upper line
segment of dFr contributes; inserting the Fourier expansions of F' and of F, ,, as in (2.19),
yields

[ RusF@dr = 3 b0 T) - er(-n ),
OFr neQ
which, by Lemma 2.16 below, satisfies the asymptotic

Zb w(n,T)-cp(—n,T) Zb ccp(—n,T) +Zb ) - kp(—n) 4+ o(1)

n<0 n>0

as T — oo.
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Putting these pieces back into Proposition 2.13 gives

(Pm,w,p, - Fm,u; f>reg = _CF(mv w)((P“) - Z b;,u(n) : EF(_n)

n>0

li T
+ Jim {c Zb —n,T)

n<0

+ by (0) - </1T cp(0,v)v2 dv)]

T l;mM(O)/ cr(0,v)v™ 275 dv,
1

where

binu(0) - €5(0,0) = (b, (0) = Om,08p) - ¢ (0, v)
=bp, (O) cr(0,v) = 6m,0cr(0,v)(@u)-

Furthermore, one may easily verify, via (2.14) and Definition 2.7(iii), that the relation L(F') = f

implies
T [o¢]
cr(0,T) — / cs(0,v)v™* dv + CT / c(0,0)0™ 2% du
1 s= 1
=cp(0,1) + C"l[; / e (0,v) 072 dv
s=YJ1
= kp(0)
and so

<Pm,w,u - Fm,;u f>reg = _CF(m7 w)(sﬁu) - Z brtL,,u(n) : HF(_n)

n=>0
+ Jim [c Z%b —n,T)
moler(m. T (g) — moxm] . (2.25)

Recall that the choice of F' in Proposition 2.12 required

Zmp n)q" € im(n),

n<0

where 7 was a choice of a section in (2.8). Thus the normalization imposed on F, , in
Lemma 2.4(ii) implies that

Y () wp(=n) = kp(m)(p,);

n>=0

note that this is simply 0 if m > 0.
On the other hand, the shape of the principal part of F}, , imposed in Lemma 2.4(i) and the

invariance of F under the action of Z € T imply that

cr(m,T)(p,) ifm >0,
Zb (—n,T) = {0 "

o if m <0.
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Therefore, when m > 0

lim |:CF m, T)(pu) meu —n,T)| = lim [cp(m,T)(¢u) — cr(m,T)(pu)] =0

T— o0 T— o0
n<0

and when m < 0, the limit in (2.25) equals

lim [er (m, T)(¢,) — Smo(cr(m, T) () - rr(0)(p,)] = lim

T—o00 T—o00

cr(m,T)(¢,) if m <O,
we(O)(@n)  ifm=0

= rr(m)(ep)-

Thus, for all m, the limit in (2.25) is equal to

> () wp(=n)

n=>0

and so
<Pm,w,u = Fon s f)® = —cr(m, w)(@u)a
concluding the proof. |

Extending the theorem to the S(L)Y ®¢ S(L)-valued Poincaré series P,,,, and F), yields the
following corollary.

COROLLARY 2.15. For any f € A™%(p}), the generating series

Z <Pm,v - Fma f>regqm

meQ

with T = u + iv and q = e?™7 is (the g-expansion of) an element of AL(PX)
It remains to prove the following lemma.
LEMMA 2.16. Suppose

G(r) = ZCG(m,v)qm € Hy_(pr) and F(r)= ZCF(m,v)qm e A (p)).

m m
Then
ZCGTLU ccp(—n,v) ZCG -cp(—n,v +Zc —n)+o(l) asv— oo,
neQ n<0 n>0

where G (1) = " ¢/,(n)q" is the holomorphic part of G, cf. § 2.3. Note that both sums appearing
are finite sums.

Proof. We consider separately the terms n > 0 and n < 0 in the sum on the left-hand side.
Write cc(n,v) = c¢5(n) + cg(n,v) in terms of the decomposition G = Gt + G~. Recall,
cf. (2.4), that
ca(n,v) =0 forn >0.

2112

https://doi.org/10.1112/50010437X18007327 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007327

ON TWO ARITHMETIC THETA LIFTS

On one hand, we have the asymptotic |cf(n)| = O(e” v for n > 0, cf. [BF04, Lemma 3.4]. On
the other hand, for n > 0, we have by (2.14) and the moderate growth of L(F') that

cp(—n,v) — kp(—n) = O(e ™0
for some ¢. Thus

ZCG’HU ccp(—n,v) ZcGnv -kp(—n)+o(1) asv— oo.
n>0 n=0

Turning to the non-positive terms, we consider the contributions from c.(n,v), and write

2 2

Z(ef%m’c&(n, v)) - (™ ep(—n,v))

Z ca(n,v) - cp(—n,v)

n<0 n<0
< <Z|c(_;(n,v)e_27m”|2> . <Z |cF(n,v)e_27m”|2>. (2.26)
n<0 n=0

Note that the exponential growth condition implies that
=Y )" =D eqn)g” + ) ca(n)g" = 0(e )
n<0 n<0 n>0
so, by Parseval’s identity,

Z ’Cé(TL v)e*ZWm}‘Q < Z ]cé(n, 0)6727"“}’2 + Z e (n, v)e—anv‘Q

n<0 n<0 n>0
1/2 .
_ / u + ,“] Z CG —27rnv627rzu
~1/2

n<0
For the second sum in (2.26), recall

2
du = O(e=Y).

T dv
CF(an) = CF(nv 1) + Cf(nv ’U) ?7
1

where f = L(F) has at worst polynomial growth at co. Observe that for any 7' > 1

Z lep(n,1)e™2™ T2 £ Z lep(n,1)e™2™? < / |F(u+14)|* du = O(1)

n=0 n=0

by Parseval’s identity, and

T
d
S [ estnny e
1 v

n>0

2

<

n>0

1/2
/ / flu+ ) 2o 2 dudv = O(TY)

1/2

2

T
d
/ Cf(n’v)e—%rnv%
1 v

for some ¢. Thus

> cgn,v) - cp(—n,v) = o(1),

n<0

proving the lemma. O
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3. Green functions and archimedean generating series

In this section, we specialize to the case where V' is a quadratic space of signature (p,2). Fix an
even integral lattice L C V and let L’ denote the dual lattice.
Attached to V is the symmetric space

D?(V) := {z € V(R) an oriented negative definite plane}

which is a model for the Hermitian symmetric domain attached to SO(V'); we use the superscript
‘0’ to emphasize the connection to the orthogonal group. The map

{CeP(V(0) (6,0 =0,(,0) <0} — D(V)
¢ = z = spang (Re((), Im(¢))

identifies D°(V) as a submanifold of P(V(C)), and hence D°(V) acquires the structure of a
complex manifold.
For a plane z € D°(V') and a vector x € V(R), we define

R°(z,z) = —2Q(pr.(z)) > 0,
where pr,(x) is the orthogonal projection of z onto z; note that the quadratic form
Q.(z) := R°(x,2) + Q(x)

is positive definite. When z has positive norm, let Z(x) denote the complex codimension 1
submanifold
Z(x)={z€D(V) |z Lax}={2eD(V) | R°(x,z) =0}.

For convenience, if the norm of z is non-positive, set Z(z) = .
If m € Q and ¢ € S(L), define the special cycle Z(m, ) to be the formal sum

Z(m,p) = Y ox)Z(x).
Qr2m

This sum is locally finite, in the sense that only finitely many Z(z) appearing in the sum will
intersect a given compact subset of D°(V'). For an appropriate arithmetic subgroup I' C O(V),
the quotient [I'\Z(m, ¢)] defines a (rational) algebraic cycle on the Shimura variety [T'\D°(V)],
a point of view that we will take up in the next section.

We say that a current [g] € DO(D°(V)) is a Green function for the cycle Z(m, ¢) if

dd® [g] + 5Z(m7go)
is represented by a smooth (1, 1)-form.

3.1 Kudla’s Green function as a regularized theta lift

Let g J
o t & t

B(r) ::/ et = :/ e "™ — forr >0,
T t 1 t

and note that B(r) + log(r) = O(1) as r — 0.
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DEFINITION 3.1. For m € Q with m # 0, ¢ € S(L) and a real parameter w € R, define Kudla’s
Green function as

Gri(m, w, ¢)(z) == Z o(x)B(2rwR’(x, z)) for z € D?(V)\Z(m, )
zeL’
Q(z)=m

which is a Green function for Z(m, @), cf. [Kud97, Kud07]; when m < 0, this means that Gr(m,
w, p) is smooth. We also define

Gr&(0,w, p)(2) :== Z o(z)B2rwR(x, 2)).
G0
x#0

For convenience, set

K

Gr(}f(m7w7:u’) = Gry, (m7w790u) and Z(m,,u,) = Z<m7§0#)

for any p € L'/L. Our first aim is another construction of this Green function in terms of the
Siegel theta function
Or: HxD°(V)— S(L)Y,

which is defined by the formula

OL(r,2)(¢) == v Z s0()\)627ri(Q(Przl(/\))H-Q(Prz(>\))?)

AeL’
=vZ( > so(A)e—Q”R“(m)qm. (3.1)
meQ elL’
Q(A\)=m

For a fixed z, it is a standard fact that O (7, z) transforms as a modular form of weight p/2 —1
with respect to the Weil representation, and straightforward estimates imply that O (7, z) is

O(v) as v — oo and satisfies Definition 2.7(iii), which implies O(r, z) € AZ?%A(F’L)'

For pe L'/L, m € Q(n) + Z, and w € Rs, consider the regularized pairing

s=0 \T—o0

(Pmwyu, OL(+,2))® =CT < lim /]: P (T)OL(T,2)v™° d,u(7')>7 (3.2)

where Py, ., is the truncated Poincaré series of weight k = 1 — p/2 and we view (3.2) as a
function in z € D°(V).

LEMMA 3.2. The regularized integral (3.2) exists for each z € D°(V') and

(P OL (-, 2))"8 = Tlim </ P (T)OL(T, 2) dpu(T) — S pu(2) log(T)>, (3.3)
— 00 FT

where Sy, ,(2) = #{N € p+ L | Q(A) =m and R°(\,z) = 0}.

Proof. Let wy = max(w,1/w) so that

Pm,w,,u(T) = q_mé,u = %q_m(%’u + SO*H)
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whenever Im(7) > wp. Recall we assume that the signature of V' is (p,2) and that k = p/2 — 1,

SO @ = %((pu + go_u), cf. (23)
Thus, abbreviating P = Py w,

CT lim [ P(1)0y(r. )~ d(r) = CT / P(r)0u(r, 2)o* du(r)
s=0 T— o0 ]:T }—wO

+ CT lim P(T)OL(T,z)v° du(T).
s=0 T— o0 ‘T‘T*]:wo

The first integral defines a holomorphic function in C, and contributes its value at s = 0 to
the regularized integral. For the second integral, observe that © (7, 2)(¢,) = OL(T, 2)(¢—,) and
substitute the Fourier expansion of ©(, 2)(¢,) to obtain

CT lim P(1)OL(T,z)v* du(r)
s=0 T—oo _7:T__7:w0

T
=CT lim/ Z e 2muRI (N 2) ==L gy

T
- CT hm < Z 6_27FURO()‘72) + Sm7u(z))v—s—1 d’U.

Aep+L
Q(N\)=m
R°(X,2)#0

The sum over {R°(\, z) # 0} is O(e~“?) and so the corresponding integral is holomorphic in
s for all s € C; it therefore contributes its value at s = 0 to the regularized integral. Thus

CT lim P(r)OL(r,z)v*dpu(r) = lim e~ 2R Az) =1 gy
s=0 T—o0 Fr—Fuyg T—o0 wo )\G,LL+L
)=m
R"()\z)7£0
T

+ Smu(2) - CT lim v dw. (3.4)

s=0 T—oo wo

Since .
T—5 _ s
CT lim [ v 'dv=CT lim Yo — log(wo),
5=0 T—>o0 wo s=0 T—>o0 —S
we may continue
T o
(3.4) = lim / Z e~ 2mv R ANz) =1 gy — Smu(2) - logwg
T=00 Jwg Aep+L
QN)=m
R°(A,2)#0
T
= lim / ( Z e 2mvR(A2) Sm’u(z)>v_1 dv — Sy u(2) - log T
T=eoduwo \ ST
Q(N)=m
R%(\,2)#0
= Tlim P(r)Or(7)du(T) — Sm,pu(2)log T
—o0 ]:T_]:wo
The lemma follows immediately. O
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THEOREM 3.3. If z € D°(V)\Z(m, ¢,) and m # 0, then
G (m, w, 1)(2) = (P s O1( 2))".
In particular, (P, ©L(-,2))™® provides a (discontinuous!) extension of GrX(m,w, u) to all

z € D(V).
Similarly,

GrE(O, pw)(2) = (Pouw, O, 2))"® + 6,0 log(w).

Proof. First consider the case m # 0. Since z ¢ Z(m, ), it follows that S, ,(2) =0, so

(P, OL(-,2))" = Tlim Py (T)OL(T, 2) dp(T).
— 00 -FT

Arguing as in the proof of Theorem 2.14 to unfold the Poincaré series, see (2.23),

lim Py (7)O(,2) dp(7) = lim e 2T L (1, 2) () dpu(T)

T— o0 Fr T— o0 RZ;;
~ lim / g T RO dv
T=eoJw ST v
Q(A)=m
= > @uNBETwR(\,2)) = Grls (m,w, u)(2).
el
Q(A\)=m
The case m = 0 follows from similar considerations. O

The natural S(L)Y ® S(L)-valued version holds as well. Define

G (m.w): DO(V)\(U Z<m,u>) LS, G (mw)(2)(9) = G (m, w, ),
m

which defines a Green function for the S(L)Y-valued cycle
Z(m): o Z(m, ).

Upon extending Sy, ,(2) to a functional Sy, (z) € S(L)Y by linearity, the regularized theta lift

T—o0

(P, OL(+, 2))™® = lim (/]: P (T)OL(T, 2) dp(T) — S (2) log(T)>

gives an extension of Grk(m,w) to all z € D°(V') when m # 0; similarly,
(Pow, OL(,2))"* + log wey

gives an extension of GrX(0, w).
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3.2 Bruinier’s Green functions and the archimedean generating series
The second family of Green functions arise as regularized theta lifts of the harmonic Maaf} forms
Fn,o of weight k =1 — p/2: for m € Q and ¢ € S(L), define Bruinier’s Green function

GrB(m, 9)(2) = (Fnps O, 2))"%.

By analysing the singularities of this function, as in [Bru02, ch. 2|, one finds that it defines a
Green function for the cycle Z(m, ¢); this construction generalizes that of [Bor98], where weakly
holomorphic forms were used. Note that we are extending the definition to the case that m < 0,
where GrB(m, ) is zero for all but finitely many m < 0 and is moreover a smooth function in
this case, i.e., a Green function for the zero cycle.

As usual, there is an S(L)Y-valued version

Grg (m)(2): ¢ v Grg (m, ¢)(2),

defining an S(L)V-valued Green function for Z(m).

The statement analogous to Lemma 3.2 holds for GrB(m, 1), and can be proved in much
the same manner; see also [BY09, Lemma 4.5] and [Sch09, Lemma 2.19] for the corresponding
statement at a CM point.

LEMMA 3.4. The regularized integral Gr2(m)(z) = (Fy,, O (-, 2))"8 exists for all z € D°(V), and

GrB(m)(z) = lim ( / me@L(m)dum—[sm<z>—5m,0¢5+¢3-Cme)]log(T)). (3.5)
Fr

T—o0
Here cp,,(0) € S(L)Y ®@c S(L) is the zeroth Fourier coefficient of Fy,, so that
@y - ¢k, (0) € S(L)Y  is the functional ¢ — cp,, ,(0)(0). O
COROLLARY 3.5. For each m € Q and parameter v € Ry, the function
(P, O(+,2))"% = (Fin, O(:, 2))"®
extends to a smooth function on D°(V'), given by

(Pmw — Fm, O(:, 2))"®

= lim </.7-'T(Pm7U(T/> — Ep(7)O(7, 2) du(r") — (S — @4 - ¢F,, (0)) log(T)).

T— o0

Proof. Up to a constant (when m = 0), (P4, O(, 2))"% — (Fn, O(+, 2))"® equals the difference
Grk(m,v) — Gr®(m) by Theorem 3.3, which is a Green function for the zero cycle. Hence, it
is smooth by regularity for the elliptic differential dd®. The given expression for the difference
follows from Lemmas 3.2 and 3.4. O

Our next aim is to identify the differences of these Green functions as Fourier coefficients of
a (non-holomorphic) modular form.

THEOREM 3.6. For each z € D°(V), the g-series

—log vy + > (Gris(m, v) — Grg (m)) (=)™

m

is the g-expansion of an element of A;(p\i) of weight K = p/2 + 1. Here q = €*™™ with
T=u-+1w e M
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Proof. By Theorem 3.3 and the definition of Gr2(m), this generating series is

Z<Pm,v - me @L(" Z)>regqm'

m

Since O(+,2) € Agj%,l(pg), the result follows immediately from Corollary 3.5. O

4. Arithmetic theta functions on unitary Shimura varieties

In this section, we consider applications of our analytic calculations to the arithmetic geometry
of unitary Shimura varieties. The two families of Green functions considered in the previous
section turn out to be Green functions for special cycles on unitary Shimura varieties, which
we will consider in this section. We then define arithmetic theta series attached to each of the
two families of Green functions, and show that the difference of these two series transforms
as a modular form. We also prove that this latter form is orthogonal to cusp forms under the
Petersson inner product; this can be viewed as a holomorphic projection formula. Finally, we
show that pairing the difference against a certain ‘arithmetic volume form’ gives the Fourier
coefficients of derivatives of Eisenstein series, providing further evidence for Kudla’s conjecture
in this context. We also describe a refinement of a theorem of Bruinier, Howard and Yang on
intersection numbers with CM cycles.

Throughout, we fix an imaginary quadratic field k with ring of integers og, and assume that
the discriminant dg, is odd. Let Jg be the different, and fix a generator dg. The non-trivial Galois
automorphism of k is denoted by a — d’. Fix once and for all an embedding o, — C, which
allows us in particular to view Spec(C) as an object in the category of og-schemes; on those rare
occasions in which we need to distinguish the two choices, we write C, for the field of complex
numbers viewed as an og-algebra by an embedding o: o — C.

4.1 Unitary Shimura varieties

For any integer n > 1, consider the functor MX™(n —1,1) over Spec oy, defined by the following
moduli problem: for any scheme S over op with structure map 7g: o — Og, the S-points
MK (n, —1,1)(S) comprise the category

MKré(n -1, 1)(5’) = {A: (A,i,)\ag)}7

where:

(i) A is an abelian scheme over S of relative dimension n;
(ii) 7: o — End(A) is an og-action;
(iii) A is a principal polarization such that A oi(a) =i(a’)¥ o A for all a € og; and
) (Krdmer’s condition [Kra03]) § is a locally free subsheaf of Lie(A) of rank n — 1 such that
for all a € o the induced map Lie(i(a)) agrees with 7¢(a) on §, and with 75(a’) on Lie(A4) /3.

(iv
This moduli problem is represented by a Deligne—-Mumford stack, which we also denote by
M¥ré4(n —1,1), which is regular, flat over Spec(og), and smooth over Spec og[1/dg].

Remark 4.1. Replacing the condition (iv) above with the perhaps more familiar determinant
condition as in e.g. [KR14, §2.1] yields a space M™3V¢(n —1, 1) that is in general neither flat nor

regular at primes dividing d; thus, for the purposes of arithmetic intersection theory, Kramer’s
model M¥'8 is more suitable.
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Similarly, we may consider the moduli space M(1,0) parametrizing principally polarized
elliptic curves E with complex multiplication by og, where the action is normalized to coincide
with the structural morphism on Lie(E). This stack is smooth and proper of relative dimension
0 over Spec(og) [Howlb, Proposition 2.1.2]:

Finally, let

M :M(l,O) X Spec( MKré(n_ 1¢1)7

oK)

One of the main results of [How15] is the construction of a canonical toroidal compactification
of M, obtained by extending the moduli problem to generalized abelian varieties; its properties
are summarized in the following proposition.

PROPOSITION 4.2 [Howl5, Theorem A]. The canonical toroidal compactification of M is a
Deligne—-Mumford stack M* that is regular of dimension n, proper and flat over Spec o, and
which contains M as an open dense substack. Moreover, the boundary OM* = M*\M is a
divisor on M*.

The stack M admits a decomposition

M=][My (4.1)
v

where [V] runs over the (finite) set of isomorphism classes of Hermitian vector spaces over k of
signature (n — 1, 1) that contain a self-dual lattice, see [KR14, BHY15]. More precisely, suppose
z € M(C) corresponds to a pair of complex abelian varieties (E, A), equipped with og-actions
and polarizations. These additional structures endow the homology groups H;(E(C),Q) and
H,(A(C), Q) with k-Hermitian forms. The component My, is then characterized by the property
that for any complex point z € My (C) corresponding to (E, A), there is an isomorphism

of Hermitian vector spaces.
As a consequence of (4.1), there is a decomposition

M =TM3,
1%

where M7, is the Zariski closure of My in M*.
Next, we recall the complex uniformizations of My and Myj,. For any Hermitian space V of
signature (n — 1,1), let

D(V) := {z CV ®g R a negative definite k ®g R-line}.

This is a complex manifold of dimension n — 1, and is a model for the locally symmetric space
attached to GU (V).

If £y and £, are self-dual Hermitian og-lattices of signature (1,0) and (n— 1, 1) respectively,
and

V,C(),,Cl = Homok (£07 ﬁl) Rz, Q?

then the group
Fﬁo’ﬁl = Aut(ﬁo) X Aut(ﬁl)
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acts on Vg, o, by unitary transformations, and hence on D(V., z,). We obtain a complex
uniformization as in [BHY15, §3.2], see also [KR14, §3]:

My(©@) = ] [Troe \POV), (4.2)
[Lo,L1]

where the disjoint union is taken over isomorphism classes of pairs of lattices £y and £y such
that Vg, £, ~ V. Implicitly in this statement, we have fixed a set of representatives {(Lo, L1)}

and for each such pair, we view
Homok (ﬁo, ﬁl) cV

as a lattice in V via a fixed isomorphism Vg, £, =~ V; in particular, the group I'z, 2, acts on D(V)

via this fixed isomorphism.

4.2 Kudla—Rapoport divisors
We now turn to the definition of the Kudla-Rapoport divisors, following [KR14, BHY15].
Suppose (E, A) € M(S) for some base scheme S; then the og-module

L(E,A) := Hom,, s(F,A)

admits an og-Hermitian form, defined by the formula

(y1,92) :== )\;;1 oyy odaoys € End,, (E) = o. (4.3)

For each m € Q¢ and ideal a C o, dividing Ok, let Z(m, a) be the Deligne-Mumford stack
over Spec(og) representing the following moduli problem: for a scheme S/Spec(og), the points
of Z(m,a) comprise the category

Z(m,a)(5) = {(E,4,9)},

where:
— E=(E,ig, \g) € M(1,0)(S) and A = (A, i, A\a,T) € ME3(n —1,1)(S);
~ yea'L(E,A) with (y,y) = m, and such that
Lie(i(0) oy): Lie(E) — Lie(A)

induces the trivial map Lie(E) — Lie(A4)/3F.

The forgetful map Z(m,a) — M defines a divisor on M, cf. [BHY 15, § 3.1}, which we denote by
the same symbol Z(m,a) in a hopefully mild act of violence against notation.
Setting Zy(m,a) = Z(m, a) X pr My, there is a complex uniformization

zvma©)~ 11 [rao,cl\ Dy} ; (4.4

a~! Hom(ﬁo,ﬁl)
(yy)=

here
Dy :={zeDV) |z Ly}

This uniformization is compatible with (4.2), in the sense that the map Zy(m, a)(C) - My (C)
is induced by the inclusions D, — D(V).
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DEFINITION 4.3. Let Z*(m, a) be the Zariski closure of Z(m,a) in M*, and
Zyp(m,a) == Z*(m, a) X p= M3,

It will be useful to take a ‘vector-valued’ approach, as follows. Suppose £ C V is a Hermitian
self-dual lattice, and Lz the Z-lattice of signature (2n — 2,2) obtained by taking the trace of
the Hermitian form. Then the Z-dual E[VZ] satisfies

Ly =0'L
and in particular there is an action of SLa(Z) on
S(L) == S(Lz) = Cl0, " L/L]

via the Weil representation, as in §2.1.
For each m € Q/Z and a|0y, define

¢m.a = characteristic function of {z € a™'£/L, (z,z) =M mod Z} € S(L);
note that pmq = 0 if m ¢ d, 'Z/Z.
By [BHY15, Remark 3.9], the set {¢m.q | 0 C a,m € N(a)~'Z/Z} forms a basis for the space
S 1= S(L)Aud L/L) (4.5)

of Aut(9; 'L/L) invariant functions. The Weil representation commutes with Aut(d, '£/L), and
so S inherits an action of SLg(Z); furthermore, this action depends only on V and not the choice
of lattice L, since any two self-dual lattices in V are in the same genus.

We define vector-valued special cycles

Zy(m) € Dive My ®@c 8 and  Z3(m) € Dive M5, @c S
by the formulas

Zvim) = 3 Zu(m, @) ® gy and Zp(m) = 3 Z50m, ) © e (16)
a|8k alak

For future use, we also define Zy(m) = Z};(m) = 0 whenever m < 0.

Remark 4.4. The complex cycles Z(m)(C) are closely related to the cycles introduced in § 3. Let
V(q] denote the quadratic space of signature (2n—2,2) over Q obtained by viewing V as a vector
space over Q with quadratic form Q(x) = (z,x). Then, the set

D?(Vig)) := {¢ C V ®q R a negative definite R-plane}
is a model for the symmetric space attached to O(V|g)). There is a natural embedding
DY) — ]D)O(V[Q}),

given by viewing a negative definite kg-line z € D(V) as a real plane. Let £ = Hom(Ly, £;) and
assume V = Lg. Recall that for m € Q, we had defined S(£)"-valued cycles Z(m) on D°(Vg)
by the formula

Zm)(e)= ) e@)Z(x),
z€d, 'L
Q(z)=m
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where Z(z) := {z € D°(V|g)) | # L x}. Note by construction, if ¢ € S, then this sum is invariant
under automorphisms of £, and hence under I'z,, .

Thus, the complex uniformization (4.4) can be rephrased as saying that the restriction of the
cycle Zy(m)(C) to the component [I'z, £, \ID(V)] is given by first restricting Z(m) to SY, then
pulling back to the unitary symmetric space ID(V), and finally taking the image in the quotient
[Fﬁo,ﬁl \D(V)] :

4.3 Classes in arithmetic Chow groups
In this section, we recall two ways of equipping the divisors Z3;(m, a) with Green functions to
obtain classes in the arithmetic Chow group (EFI}C(MT,) Here and throughout we work with
the log—log singular version due to Burgos Gil et al. [BKKO07], or more precisely, the ‘stacky’
extension described in [How15, §3.1].

Roughly speaking, the extended Chow group a'}C(M*V) is a complex vector space spanned
by elements of the form

(ZagZ)a

where Z is a C-divisor on M3, (i.e., a formal C-linear combination of closed substacks, each of
which is étale locally cut out by a single non-zero equation), and gz is a current on M3,(C) that:

(i) is smooth outside the support of Z(C) N My,(C) with logarithmic singularities along this
support;
(ii) has, along with its derivatives, at worst ‘log-log’ singularities along the boundary dM3,(C),
cf. [BKKO7, Definition 7.1]; and
(iii) satisfies Green’s equation

dd®lgz] + dz(c) = [w]
for some (1,1) differential form w that is smooth on My (C).

Remark 4.5. Strictly speaking, the analytic aspects of [BKK07] are applicable to manifolds, and
not orbifolds like M3,(C). To circumvent this technicality, note that by fixing additional level
structure in the moduli problem, one can find a manifold M and a finite group K acting on it,
such that M3,(C) = [K\M]. By pulling back the cycles Zy,(m)(C) along the projection

M — [K\M] = My(C)

we may interpret (i)—(iii) in terms of K-invariant currents on M. Later we will gloss over this
technicality, and refer the reader to [How15, §3.1] for a more careful treatment of this issue.

As with ordinary Chow groups, the principal divisors are deemed equivalent to zero: more
precisely, if f € Q(M3,)* is a global rational function, then the divisor

div(f) := (div f, —log|f]?)

*

is called principal. The group EFI%:(MV) is then defined to be the quotient of the space of
arithmetic divisors by the subspace spanned by principal divisors.

We begin with the construction of Kudla’s Green functions Gr*(m, v). In light of the complex
uniformization (4.2), it suffices to specify Gr'(m,v) on each component [I'z, £, \ID(V)] where, as
before,

L =Hom(Ly, L1) — V.
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In §3.1, we defined an S(£)V-valued current GrX(m,v) on D?(V|q]), with singularities along
the cycle Z(m); here Vi) is the space V viewed as a quadratic space over Q of signature
(2n — 2,2). In parallel with Remark 4.4, we may restrict Gr'o((m, v) to §Y, and pull back to
the unitary Grassmannian D(V) to obtain a I'z, ,-invariant function on D(V); descending to
the quotient [['z, £, \D(V)] gives a function Gr*(m,v) with singularities along the pullback of
Zy(m) to [z, \D(V).

Putting the components together in the complex uniformization (4.2), we obtain a function
Gr¥(m,v) on My(C) with logarithmic singularities along 2y (m)(C).

Note that if m < 0, then Gr¥(m,v) is smooth.

As we wish to work with the toroidal compactification My3,, we also need to understand the
behaviour of GrK(m,v) at the boundary. By the discussion in [How15, §2.6], the components of
the boundary OMj3, = M3, — My, are parametrized by the set of isomorphism classes of triples

By = {(ﬁo,mC[fl) Ve rn =V
0,L1 =

m is an isotropic rank-1 direct summand of £ and} /

If B= (ﬁo,m C ﬁl) € By, then
n := Homy,, (Lo, m)

is an isotropic rank-1 submodule of £ = Hom,, (Lo, £1), and
Ag :=nt /n
is a self-dual Hermitian og-lattice of signature (n — 2,0). There is a contraction map
cp: S(L) — S(Ap)
defined by the formula

cap)v)= > o), ¢eSL), (4.7)

ned, ' L/L
/»‘|,\L =v

and is equivariant for the action of the Weil representation on S(L£) and S(Ap), cf. [Bor98, §5].
In the above sum, the equality p|,. = v is to be interpreted as follows: a coset u € 0, 1£/ L
determines a map

p|nr € Hom,, (nl,ﬁ,;l/ok) (4.8)

by choosing any representative fi € 0, £ and sending = € nt to the image of (x, i) in O Log,.
This is clearly independent of the choice of ji.

On the other hand, a coset v € 9, 'Ap/Ap determines an element of Hom(Ap, 0, ' /ok) by
sending A € Ap to the image of (X, 7) in 8,;1/016, for any representative & of v. Pulling back along
the projection n* — Ap defines an element of Hom(n',d, ' /o), and the equation |, = v is
interpreted as the equality of this element with the map (4.8).

Let 9p, € M,—2(S(Ap)Y) denote the theta function attached to Ap; it is a vector-valued
modular form of weight n — 2 defined by the formula

Iag (M) = > p(N)g™MY.

A€o, AR
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Pulling back along the map cp: S(£) — S(Ap) and restricting to S C S(L), yields a theta
function

Oprg(T) € M, _2(S8Y),
whose Fourier expansion we write as
Onp(r) = Y np(m)g™ (4.9)
meQxo

with coefficients pg(m) € SY. Concretely, a straightforward computation yields

pp(m) =Y N(a)-#{A e a'A[ (AN =m}- o

Remark 4.6. Suppose n = 2, so that V is either anisotropic or has Witt rank equal to one (i.e., is
split). In the first case My = M3, is proper over Spec ok, and in particular there are no boundary
components (By = ). In the second case, the lattice Ap attached to a boundary component
B € By is trivial, and so concretely

0
#plm) =4 SN (@) gia m =0,
a

in this case.

PROPOSITION 4.7. For any v € Rsg, m € Q, the current GrK(m,v) extends to an SV-valued
current (also denoted by Gr¥(m,v)) — with logarithmic singularities on M5, and is a Green
current for the cycle

Z5(m) + — Y up(m)[B],

where for B € By we write [B] for the corresponding boundary component.
Recall that Z},(m) = 0 whenever m < 0 by definition; in particular, if m < 0, then Gr&(m, v)
is a Green function for the zero cycle on Mj,.

Proof. 1t suffices to check the claim after evaluating at each of the basis elements {¢m q} of S.
The case where T = 0 and a = og is proved in [Howl5, Theorem 3.4.7], and the same proof
works with only minor modifications in general. O

As a consequence, for v € R5g and m € Q¢ we obtain classes

ég(m,v) = (Z{j(m) + ﬁ Z /,LB(m)[B],GrK(m,v)) € (fl\-l(lc(MT;) ®c SVY.
BeBy

Here the superscript K serves as a reminder that Kudla’s Green functions are being used. Note
if m ¢ d, ' 7 then ZA{;(m, v) = 0. It remains to define the ‘constant term’ 2/,’\5(0, v), a task we will
return to shortly.

Turning to Bruinier’s automorphic Green functions, suppose m € Qq. Recall that in § 3.2,
we had considered the S(£)Y-valued current Gr2(m) on D?(V(q)), defined via the regularized
theta lift against the Siegel theta function

Grg (m)(2) = (Fn, O (- 2))™%;

here F,(7) is the unique weak harmonic Maafl form of weight 2 — n specified in §2.3.
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Restricting Gr2(m) to S¥ ¢ S(£)Y, and then to the unitary Grassmannian
D(V) C D°(Vig),

yields a I'g, c-invariant current on ID(V), which can be viewed as living on the component
[ zo,c\D(V)]; repeating this construction for all the components appearing in (4.2) yields an
SV-valued current on My,(C) that we denote by Gr®(m), with logarithmic singularities along
Zy(m)(C). Included in the following proposition is a description of the behaviour of Gr(m) at
the boundary.

PROPOSITION 4.8 [BHY15, Theorem 4.10]. Suppose m € Q.. Then Gr®(m) is a Green function

for the cycle
+ E ng(m)[B
BeBy,

where

1
= (PO, .

Remark 4.9. Via [BHY15, Remark 4.11], we may express np(m) more explicitly: if n > 2, then

ne(m) :=

np(m) = pp(m).

-2
If instead n = 2 and V is isotropic, then

:_2<|28:N o1(m)pw o +cplch (0))>-

If n =2 and V is anisotropic, then By = ¢ and Gr®(m) is a Green function for the cycle
Z*(m) = Z(m).

Thus for each m € Q, we may define an SV-valued arithmetic cycle
25(m) = (30 )+ 3 ) G G (m) ) € CHE(M ) 5",

where the superscript B reminds us that we are using Bruinier’s automorphic Green functions.
Finally, we turn to the constant terms. Let &% denote the tautological bundle on M3, viewed

as an element of CTF%(MV) As this bundle plays only a marginal role in our present work, we
refer the reader to [BHY15, § 6] for its construction, and content ourselves with the remark that
when restricted to the open part My (C), the first Chern form c¢; (&% vy, (c)) is a Kéhler form.

Set
230) = 0% 0 ¢y, + (L na0)BL.6P0)),
B
and similarly, for v € R+, let
~ 1
K . t t K \
ZV (0, U) : aut 900 on <47T’U B; [LB(O)[B], Gr (0, ’U)> — (0, log ’U) & (paok.
4

DEFINITION 4.10. For 7 = u + iv € H and ¢ = €?™", define formal q—expansions
= Z ZA{}(m,v)qm and G)v Z ZV ,

meQ meQ

with coeflicients valued in EI\-I%J(MT;) ®c SV; these are the Kudla and Bruinier arithmetic theta
functions, respectively.
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4.4 Modularity results

Our main results involve viewing the generating series (:)5 and C:)E as El\-l(lc(MT;) @c SY-valued
functions; it may be helpful at this juncture to elaborate on what this notion might mean and
what it means for such a function to be modular.

Let (W, p) be a finite-dimensional complex representation of SLa(Z). Recall that a smooth
function f: H — W is said to transform as a modular form of weight k and representation (W, p)
if it is invariant under the weight k slash operator

Flie D) = (er+d)™" - p(v™ 1) f(y7)
ab

for each v = (C d) € SL(Z). Denote the space of such functions by Ag(p), which is typically
infinite-dimensional.
Now suppose {¢m(7)}meq is a collection of functions

bm: H — CHL(M) ®c W
and consider the formal series

o(r) =D dm(r)q™.

meQ

DEeFINITION 4.11. We say that &5\(7) transforms as a modular form of weight k and representation
(W, p) if for each m, there is a decomposition

Gm(1) = F(7) + (0, gun(7))
such that the following two conditions hold.

(i) Roughly speaking, the formal generating series ), $hq™ lies in él\-l(lc(/\/l*v) ®c Ag(p). More
precisely, there are finitely many elements

Z,..., 2, € CHL (M)

and functions
CGim(T):H—> W foralli=1,...,7 and m € Q,

such that R R R
d)m(T) = Zl ® Cl,m(T) + te + Z’r‘ ® Cnm('r)
and for each ¢ = 1,...,r, the formal series
() =3 com()a™
m

converges to a function f; € Ag(p). For convenience, we abuse notation and write

Y gm=Z1® A() 4+ Z® f(7).

m

(ii) For each m and 7, the function g,,(7,z) is a W-valued Green function for the zero cycle;
i.e., it is a smooth function

gm(7,2): Hx My(C) - W

that extends, pointwise in 7, to a function with at worst log—log singularities along the
boundary of Mj3,.
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We then require that there is a function s(7, z) on H x My,(C) such that the following hold.

— For each fixed 7, the function s(7,z) and its derivatives in z are smooth on My,(C)
and have at worst log—log singularities at the boundary.

~ For any smooth differential form n € A?"~2(M3,(C)), the value of the current

st = [ st

$(©)

defines a function [s(7, 2)](n) € Ak(p).
— For each fixed 7, the sum ) [gm (7, 2)]¢"™ converges weakly to [s(7, 2)], i.e.,

Jim Y [gm(r, 2)l()a™ = [s(7, 2)](n)
Im|<N

for every n € A?"72(M3,(C)) as above.

Remark 4.12. (i) If we so desire, we may impose further analytic conditions in the previous
definition (e.g. holomorphicity, real analyticity, etc.) by replacing Ax(p) with the corresponding
spaces of modular forms, which we then call the type of QAS; thus we may, for example, speak of
spaces of holomorphic W & CHE (M3,)-valued modular forms (i.e., of type M(p)), or with a type
given by one of the spaces considered in § 2.

(ii) If a generating series ¢(7) is modular as in the above definition, it defines a map (denoted
by the same symbol)

¢:H— CHE(Mp) @c W, 6(r) =Y Zi® fi(r) + (0,5(r, 2))
=1

which satisfies R R
O(7) |k 7] = (er + )1 ® p(v 1)) (7)
ab

for all v = ( ¢ d), and is independent of the choices of z, fm,i and g, above.
The upshot of this definition is that given a ‘reasonable’ pairing

CHE(M) x CHE Y(M3) — €, [21: Zo] := deg(Z - 2)

cf. Hypothesis 4.19 below, and any fixed class ye @I%fl(/\/t’{,), the expression [(Z(T) )A/} defines
an element of Ag(p) with g-expansion

[B(7) : V] =D [dm(7) : VIg™

m

We now come to the main theorem of this section.

THEOREM 4.13. The difference (:)5(7') - @%(7) transforms as a Eﬁ(lc(/\/l*v)—valued form of type
AL (SY).

For the proof (given below) we first set
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where, for m # 0,

n(r) = (| 3 (grgotm) —ns(m) ) (31,6 (m.0) ~Gr* () ).

Since My, is projective, there is a Green function gp for each boundary component [B] that has
C regularity on My,(C), and may be normalized so that

/ gpdQ2 =0
M3(©)

for the measure d) = /\"_1 c1(W/c) induced by top wedge power of the Chern form of the
tautological bundle. These Green functions define classes

—~

[B] := (B,8p) € CHE(M,).

Thus for each m # 0, we may write

Om(T) = G4 (7) + (0, gm (T, 2)), (4.10)
where
Gl = X Bo (M2 yam)) € Gy @57
BeBy
and

gm(7,2) = Gr'(m,v)(2) = Gr¥(m)(z) = ) (MB(m) - nB(m)>gB(2‘)- (4.11)

4mv
BeBy,

Similarly, when m = 0,

do(r) = ( > (“B(O) - nB<0>) [B], Gr(0,v) ~ Gr%)) —(0,logv) ® ¢,

BeB, 4v
- ("2 )
B

+ (0, Gri(0,v)(z) — GrB(0) — %:(MB@ - TIB(O)>BB(Z) —logwv- ‘Pg,ok>

4mov
= Bh(v) + (0, g0 (v, 2)). (4.12)

We first show the coefficients of the boundary components are already the coefficients of
modular forms.

LEMMA 4.14. For any boundary component B,

> <MB(m) - nB(m>)qm =V On)

4rv
m=0

where L#(©y,) denotes the normalized preimage under the lowering operator as defined in
Proposition 2.12. In particular, the left-hand side defines a form in A™°Y(SV) C A, (SY).
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Proof. We apply Theorem 2.14 to ©4,(7), so that the mth Fourier coefficient of —L#(©,,,) is
given by
<Pm,v - me @AB>reg

Since np(m) = (1/47)(Fr, On,) 8, it will suffice to show that

O, >reg 2 MB( )
B

< m,vs v

for all m € Q; note that up(m) =0 when m < 0.
For convenience, set

Pm,v,a(T/) = Pm,v(T,)(Sam,cJ

for a (non-zero) element ¢m o and 7/ € H. Recall that if vy := max(v, 1/v), then
Prwa(™) = () pma whenever Im(7") > vp.

Therefore, on the set v’ > vg, the integral

1/2
Prpa(u' + i) - Opp (0 +iv") du’ = pp(m)(em.a)
—-1/2
is bounded uniformly. It follows that the meromorphic function in s whose constant term at
s = 0 defines the regularized integral

reg __ AW /
<va as @AB> g%‘ Th—>Héo - Pm,v,a(T ) @AB (T ) (v/)s

is holomorphic at s =0, i.e.,

(Prmv,a: Oap)™® = lim Prwa(T) - Op, (7)) du(r!).
T— o0 Fr

Unfolding the Poincaré series, as in the proof of Theorem 2.14, then gives

1/2 du’dv’
. —m / -
Th—>H°l° Fr Proa(r') - Ons (7 / /1/2 Op (T)(oma) (v)?
1/2 du’dv'
—m / -
/ | WO oma)
o0 d’l)/
= i (m)(prm)- / G
() (ma)
v

as required. The fact that L#(©,,) has moderate growth can be easily deduced from the Fourier
expansion. O

Remark 4.15. Observe that we can also identify the sum on the left-hand side in Lemma 4.14 as
(up to a non-zero constant) the image of O, under the weight n — 2 raising operator.

COROLLARY 4.16. The formal generating series ¢(r) is an element of (fFI(lC(M;) ®c Amed(SV)
in the sense of Definition 4.11(i).
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Proof. This follows immediately from the previous lemma, since
P = — 2 STB o Lt
F(r) =~ LIBI O LOn,) 0

Proof of Theorem 4.13. In view of Corollary 4.16 and the decomposition (4.10), it remains to
prove the modularity, in the sense of Definition 4.11(ii), of the ‘archimedean part’

A1) — (1) =D (0, gm (v, 2))g™,

m

where

n(0:2) = G, 0)(2) = G m)(e) = 3 () m) Jag(e) ~ Gplo o o,
BEBy

Note that for fixed z, we may consider the g-series

9(7,2) ==Y gm(v,2)q"

= l08(v)gy, + (6 (m,v) — GEIM)()a" — - S (O, )(r) - gs(2):
m B

since the Green functions Gri(m,v) and Gr®(m) are obtained by restricting their orthogonal
counterparts along D(V) — D°([V]g), the pointwise-in-z modularity of g(7,z) follows
immediately from Theorem 3.6, which in turn relies on our abstract characterization of L.
Unfortunately, the methods of §2.5 do not give us any information for its behaviour as z
varies, while Definition 4.11(ii) requires more control in this aspect; we will therefore need to be
somewhat indirect in our approach.

Consider the Kudla—Millson theta function [KM90]

Oxm(7): H— ZED(My(C)) @c SV

which we view as a non-holomorphic form of weight n in 7, valued in the tensor product of
the space of closed (smooth) differential forms of degree (1,1) on My,(C) and SY. Its Fourier
expansion is

Oxm(7) = —pq - e (W™) + Z WGrK(mw)qm, (4.13)
meQ
where
[Werk (m,v)] = dd°[GrK(m, v)] + dz(myc) on My(C).
Moreover,

L(@KM)(T) = dd° @L(T), (4.14)

where ©F,(7) is the Siegel theta function, as in (3.1); this relation can be extracted from the Fock
model construction of Ok (7) in [KM90], see also [BF04, § 7]. More precisely, if z = (z1,...,2,-1)
is a local coordinate on some small open set U C My (C), then we may write

Orm(T) = Z fij(1,2) dz; N dZj
,J
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for a family of forms f;;(-,z) € A}, (SY) varying smoothly in z. Then (4.14) asserts that at a given
fixed point zg € U,

L(OkM)(T)|2o = ZL fii(-20))(T) dzi A dZj = dd° O L (7)) -
Moreover, it follows easily from (4.13) that

Koxy (m) = lim co,,,(m,T) =

T— o0

—py-Q ifm=0,
0 if m <0,

where we have abbreviated = ¢1(@'). Thus, there is a holomorphic modular form G(7) €

M, (S8") and an orthonormal basis of cusp forms fi,..., f; € S,(SY) such that
H(7) := Oxm(7) — G(1) - Q — Z (OrM — G-, fi)58 fi(7)

= L¥(dd°©y).
Writing the Fourier expansion

= ZCH(m,v)qm where cg(m,v) € Z5D(My(C)) @c SY,

Theorem 2.14 implies that
cH(m, ’U) = <Pm71, — Fm, ddC @L>reg'

On the other hand, by using Corollary 3.5, it can be easily shown that the dd® operator commutes
with taking the regularized integral, so

cr(m,v) = dd*(Py, ., — Fn, ©1)"8 = dd*(Gr¥(m, v) — GrB(m)),
SO

=3 dd*(Gr*(m, v) — GrB(m))q™

on My (C); the key point here is that for a fixed 7, the generating series on the right defines a
smooth (1,1) form on My (C).
Now consider

where wp = dd[gg] — dp(c) is a smooth (1,1) form on the compactification Mj,(C). Note that
H*(7) is a smooth closed form on My (C).

A rather tedious but straightforward calculation reveals that ©xyi(7), and hence H*(7), is
log—log singular at the boundary, and so defines a closed current

[H*(7)] € DD (M3(C))

cf. [BKKO5, Proposition 2.26]; moreover, for any smooth differential form ¢ on Mj,(C) of degree
(n —2,n — 2), the integral

N = [ H @

defines a moderate growth form [H*(7)](¢) € A%4(SY).
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By construction, the Fourier coefficients of [H*(7)] are given by

e () = |adt (6K (m.0) = 6r8(m) = 37 (P2 o) g )| = [0 ()

B

Since dd® g, (v, z) is cohomologically trivial (i.e., gm (v, 2) is a Green function for the zero cycle),
it follows that for any closed differential form ¢ on M3,(C),

[mvmwzf HY (1) A 6

M3,(C)

= Z/ dd® gm (v, 2) A pg™
m JMG(C)

_ Z/ G (v, 2) A AdC dg™
m $(©)
—0

Thus, for each fixed 7, the current [H*(7)] is closed and exact. Hence, by the dd® lemma and
[BKKO05, Theorem 2.23], for each fixed 7 there exists a smooth function Sy(7, z) on My (C) with
log—log singularities at the boundary, such that

dd®[So(7, 2)] = [dd® So(7, 2)] = [H"(7)].

For each connected component X; C M5,(C), fix a Kéhler form w; such that vol(X;, w1 = 1;
if we further impose the normalization

/ So(, 2)w? 1 =0 (4.15)
X;

for all i, then Sy(7, 2) is unique.

This normalization also forces the current [Sy(7,2)] to transform as a modular form in 7.
More precisely, given a smooth form n € A"~ 1"~ 1(M3(C)), use the Hodge decomposition and
the dd®-lemma to write n = >_ aiw?_l +dd°® ¢ for some scalars a; and a smooth form ¢, so that

[So(r, 2)](n) = [H*(7)](¢) € AF*(SY). (4.16)
In particular, taking the Fourier expansion [So(7,2)] = Y, [cs, (m, v)]¢"™, we find
dd®[es, (m, v)] = [er+(m, v)] = dd®[gm(v, 2)],
so for each fixed 7 there is a locally constant function a,,(7) on M3,(C), valued in S, such that

[gm (v, 2)] = [es,(m, V)] + [am(7)]-

We now show that for fixed 7, the sum )  a,,(7)¢™ converges to a form of at worst

exponential growth (viewed as a locally constant function). Fix a component X; C Mj3,(C),
and a smooth differential form 7y on X; of degree (n —1,n — 1). For convenience, we may choose
1o to have compact support contained in the interior My,(C) N X;, and such that

/Xim?éo-
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Therefore

am(T)Ixi'/‘no = lgm (v, 2)](n0) — les, (m, 0)](10)-

k3

We may write (using Theorem 3.3)

(P — Fin, OL) 00 — ) <MB(m) - 773(””0) /X aB70;
B i

4v

[gm(v, 2)](10) = /

X

recall that the second factor up(m)/4mv — ng(m) is the mth coefficient of L#(©3,), so the
corresponding sum on m of these terms converges.

On the other hand, as 7y is compactly supported on My (C), an easy estimate using
Corollary 3.5 allows us to interchange the regularization with the integral over X;. As a
consequence,

/X (Prw — Fn, ©L)810 = Py — Fyn, Ty (7)) = mth coefficient of L¥(Z,,, (1)),

where

Ly (T) := /X OL(T,2)ng € A%Y(SY).

Finally, by (4.16), we have

> lesy (m,0)](m0)g™ = [So(T, 2)](no) € A4S,

and so, for our choice of 1y as above, we may write

ot = (f ) - [EE0) - S 1@n,) [ owm - st 210w

B Xi

In particular, a(7) = 3", an(7)g™ € A} (SY), viewed as a locally constant function on M3, (C).
Thus, setting
S(t,z) == So(7, 2) + a(r),

it follows that for any smooth differential form 7 on Mj3,(C),

I _

dim 37 [gn(m,0)](n) = [S(2)] (),
|m|<N

and S(7, z) satisfies the conditions in Definition 4.11(ii). This concludes the proof of modularity.

O

Remark 4.17. (i) In very recent work, Bruinier et al. [BHKRY17] establish the modularity of
(:)5(7) when n > 2; in conjunction with Theorem 4.13, this implies the modularity of @5(7’)
(see [BHKRY17, Theorem 7.4.1]).

An analogous modularity statement for divisors on (the interior of) orthogonal Shimura
varieties, equipped with Bruinier’s Green functions, has been established by Howard and
Madapusi Pera [HM17]. We expect, but have not checked the details, that an analogue of
Theorem 4.13 holds on the open Shimura variety. A major obstacle in formulating an extension
to the compactification is that the analytic behaviour of both families of Green functions near
the boundary is substantially more delicate than in the unitary setting; these complications are
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already evident in work by Berndt and Kiithn [BK12], which studied Kudla’s Green functions on
the Shimura variety attached to the quadratic space (M2(Q), det).

(ii) Strictly speaking, we should view @5(7) - @%(7‘) as a form for the group U(1,1), in
order to be consistent with the philosophy that it defines an arithmetic analogue of the theta
correspondence for the dual pair (U(1,1),U(V)).

Let Vj be the standard split Hermitian space over k of signature (1,1) and let G = U(V))
viewed as a group over Q. Upon choosing a basis so that Vj has the Hermitian form (_ 5 6’“), it

is easily seen that
18y >G—-U(l)—>1

is an exact sequence of algebraic groups over Q, where U(1)(R) = {x € R®q k | zz = 1} for
any QQ-algebra R. As we now explain, modular forms on G of the type we are considering are
determined by their restriction to SLs.

The choice of an idele class character n: A} /k* — C* induces a splitting of the metaplectic
cover of G, and in particular determines a unitary Weil representation pg = pg,, of G(A) on
S(V(A)), see [HKS96]. If we further assume that 77\% = (xx)¥™" where x; is the character

attached to k/Q, then the restriction of pg to SL2(A) coincides with the Weil representation
for the dual pair (SLg, O(V')). Also note that the choice of basis for V5 above gives an integral
structure for G, and S C S(V(Ay)) is stable under the action of G(Z).

Consider the maximal compact subgroup

Koo = (U0) x UW)R) = G(R), (e.6) > e (70 7))

there is a bijection H —> G(R)/K that identifies 7 = u 4 v with
w12 p=1/2y
gr = v-1/2 )

Now suppose [’ is an automorphic form for G of weight n, whose K ¢-type is (pé,SV), and
with central character n. In other words, F': G(Q)\G(A) — S8V is a function satisfying:

(i) F(z-g9) =n(2)F(g) for all z € Z(A);
(ii) F(g-koo) = Noo(€?)e™™?F(g) for all k:oo/\: (e, e%) € Koo; and
(iii) F(g-ks) = p&(k; 1) F(g) for all ky € G(Z),

along with certain analytic conditions that we ignore. If we define a map f: H — SV by the
formula

f(r) =v"2F(g;),
then the conditions (i)—(iii) imply that f satisfies the usual transformation law

fiyr) = (et +d)"p"(7)f(r) forall v € G(z) NG(Q) = SLy(Z). (4.17)

In other words, f transforms as a vector-valued modular form for SLs(Z) in the usual sense.
Conversely, the fact that there is a single genus of self-dual lattices in Vp implies that

~

G(A) = G(Q) - (G(R) x G(2));

a straightforward, though somewhat tedious, verification then implies that any function f for
SLo satisfying (4.17) determines an automorphic function F' on G satisfying (i)—(iii) above.
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4.5 Holomorphic projection
Suppose $(T) is modular of weight k£ in the sense of Definition 4.11, so that we may write

= Zfz(T) ®§z + (079(7—7 Z))

for some forms f;(7) and g(7, z) and arithmetic classes Z;. If G € S,(SY), we define a Petersson
pairing
(D(7), GYpet = D _(fi,G)pet - Zi + (0, (g(-, 2), G)pet) € CHE(M),
i
where on the right-hand side we have the usual Petersson pairing between modular forms,
provided that all these latter pairings exist. We may relax this definition to the case where
the Petersson pairings exist in the regularized sense, as in Lemma 2.10.

THEOREM 4.18. For every G € S,(SV),
<@1|§ - @57 G);ﬁi =0.
In particular, the cuspidal holomorphic projections of (:)5(7) and (:)5(7) coincide.

Proof. Write .
Of(r) — O%(r) = — - D _[Bl @ L¥(O4,)(r) + (0.9(7.2)).
B

By construction of the section Lf, the terms Lf(© Ap) are orthogonal to cusp forms,
cf. Proposition 2.12. On the other hand, for a fixed z € D(V), we have already seen that

g(r,2) = ~LH(O1(-,2))(7)

for the Siegel theta function ©r (7, z), and therefore g(, z) is also orthogonal to cusp forms. O

4.6 The arithmetic height generating series

A particularly striking aspect of Kudla’s programme is a set of conjectures relating certain height
pairings involving arithmetic special cycles and special values of derivatives of Eisenstein series,
see [Kud04] for an overview; these conjectures are generalizations of the Gross—Zagier theorem
[GZ86] to higher dimensional Shimura varieties.

Suppose X* is an n-dimensional arithmetic variety over og, i.e., a regular scheme, flat and
proper over ok, and suppose furthermore that X C X* is a dense open subvariety such that the
boundary 0X™* = X* — X is a divisor. As described in [BKKO07], its arithmetic Chow groups (with
log-log singular Green objects along 0X*) are equipped with an intersection product

CH{é( )xCHq( )—>CHp+q( ")

and a pairing . . L L
CHE(X™) x CHE Y (X*) — C,  [21: 23] :=deg(Z1 - 2»)

that generalize the structures constructed by Gillet and Soulé [GS90] to the log—log singular
setting. As a special case, if (0,¢) € CH}C(X*) and L is a metrized line bundle, then

[(0,9) : £ = Z/ 901 Ly, (4.18)

o: k—C
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The authors are unaware of an arithmetic intersection theory applicable to Deligne—-Mumford
stacks, such as MyJ,, that also allows for log—log singular Green functions. However, as this
technicality is tangential to the main thrust of the present work, we will carry on assuming that
such a generalization exists.

HYPOTHESIS 4.19. There are well-defined products @%(M};) X EH%(M*{/) — @Igrq(./\/l}k/) and
a pairing . . L L
CHE(M3) x CHETH (M) — €, [Z1: Zo] :=deg(Z1 - 2,)

such that (4.18) continues to hold.

With this assumption in place, we describe the content of Kudla’s conjecture. Consider the
generating series
[OF(r) @ 1= [Z5(m,v) : 3" g™

m

whose terms are obtained by pairing the special cycles against a power of the tautological bundle
@ = @™t Form a generating series [©8(7) : ©"7!] in the same way.
On the other hand, consider the family of Eisenstein series Ej(7,s), which are SY-valued

forms defined as follows: for a weight k& € Z and a complex parameter s € C, define

Burs)= 3 (@R )
7€l \ SL2(Z)

This sum defines a holomorphic function for Re(s) > 1, and admits a meromorphic extension
to C. Strictly speaking, in what follows we should view Fj(7,s) as a form for U(1,1), but
Remark 4.17 applies here as well.

Of particular interest is the special value at s = n — 1 of the derivative

E (r,n—1):= |:888En(77 8)}

s=n—1

of the weight n Eisenstein series.

CONJECTURE 4.20 (Kudla). Up to some correction terms,

OK(r) : @™ ] 2z 2%KE! (1,n — 1) + ( vertical > n ( boundary ) 7

correction terms correction terms

where
K = Vol(M3(Cy ), dQ2) i= / i
M3 (C)
is the ‘stacky’ volume® of M3, (C,) with respect to the measure dQ = ¢y (@)""~! determined
by @.

Though these correction terms have not been explicitly spelled out in the literature,
experience from low-dimensional settings, e.g. [KRY06] suggest that holomorphic Eisenstein
series encoding contributions arising from primes of bad reduction should appear in the formula,
and Theorem 4.22 below suggests that contributions from the boundary also play a role.

% The reader is cautioned that by our definition x may be positive or negative according to the parity of n.
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~

The main results of this section concern the difference (:)5 (1) — ©8(7), which we write as

Of(r) —O%(r) = -~ ZLﬁeAB  [B] + (0, 9(r, 2)), (4.19)
BeBV

where ¢(7, z) is as in the proof of Theorem 4.13. The following theorem, which would form the
archimedean component of a putative intersection pairing, shows that the integral of g(r,2)
already contributes the ‘main term’ in Conjecture 4.20. We exclude the case n = 2 because the
proof invokes the Siegel-Weil formula; we expect, though we have not checked the details, that
a regularized version of the Siegel-Weil formula can be employed to prove the n = 2 case.

THEOREM 4.21. Suppose n > 2. Then
3 X [ o) a@r =)
o: k—>C v

Proof. Write ¢(7,2) = Y gm(7, 2)¢™, where
g7, 2) = Gr(m, 0)(2) — GrB(m) (=) — o, logo — 3 e(m, 0)p(2),
B

and ¢(m,v) is the mth Fourier coefficient of (—1/47)L#O 4, (7).
Moreover, by assumption,
$(Co)

for each embedding o: k — C, and so we only need to compute the integrals of GrK(m7 v) and
GrB(m); here we abbreviated d2 = ¢ (@)" 1.
We begin by recalling that the Green functions were obtained by the regularized integral

GrK(m,v) — GrB(m) — 5m70g0%/0k logv = (Ppy — Fin, ©O1)"®.

By Lemma 4.23 below, whose proof we defer momentarily, we may interchange the integral
on M3,(Cy) with the regularized pairing above to obtain

/ 6P (m, v) — GrB(m) dQ — vol(M3(C.)) 108(0)m 00 oy, = (P — Fons 1(©1))7°%,
M5, (Co)
where
I(©5)(7) ::/ O (r, z) dS.
M3, (Co)

Thus

I(g)(7) = / . g(7,2)dQY = Z<Pm,v — ,1(©1))8g™

P(Co)

Then, by Corollary 2.15,
I(9)(r) = ~L*1(OL);

to complete the proof, we need to identify LfI(©1) as the derivative of the Eisenstein series.
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The unitary Siegel-Weil formula [Ich07] gives
I(Op)(T) = kEp—2(T,n — 1). (4.20)
A direct computation, most easily carried out in the adelic framework as in [Kud07, (2.17)],
implies
L(Ey(t,s)) = —3(s — (k — 1)) E_o(7, 5); (4.21)
the Eisenstein series E,_s(7, s) is holomorphic at s =n — 1, and so

L(E,(r,n—1)) = —1E, o(r,n —1).

Moreover, by [Kud07, Theorem 2.11], the principal part of E! (7,n—1) vanishes, and E/ (1,n—1)
can easily be seen to be orthogonal to cusp forms, by unfolding. Therefore, by the uniqueness
statement in Proposition 2.12, we have identified

2kE, (1,n — 1) = —~L(1(O1)) = I(g)(7).

Since our original formula involves half the sum over both embeddings k — C, the theorem
follows. O

As a consequence of the previous theorem and (4.19), we obtain the following (putative)
intersection formula.

COROLLARY 4.22. Suppose n > 2. Assuming the existence of a suitable intersection theory on
M3, as in Hypothesis 4.19, we have

[(:)\5(7) - (:)\B;(T) L") =2kE! (1,0 — 1) — % Z L0y, (1) - HE] Lo 1), -

BeBy

It remains to prove the following lemma.

LEMMA 4.23. Suppose n > 2. For any m € Q, we have
/ y )(GFK(WUJ) — Gr®(m)) d2 — vol(M3(C)) 1og(w)dm,000.0, = (Prnv — Frns 1(O1))"%.
Proof. We have by Corollary 3.5 that
Gri(m,w)(z) — Gr®(m) — log(w)dm.opy = hm </]E Fmw(T)OL(T, 2) du() — A(T)),
T
with A(T) = (dm.0pg — @4 - ¢, (0)) log(T), and Fupp s (T) = Py (7) — Fin (7). Our goal is to prove

/ ) (C)(GrK(m, w) — GrB(m)) dQ — vol(M3(C)) log(w)dm.09

.

2 Jim. < /f ) Fwo(T ( /Mw) Or(r, 2) dQ> du(t) — A(T) vol(MT;(C))),

T— o0

(hm /fomw 7)OL(r, 2) du(r) — A(T)> dQ
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i.e., we need to justify the interchange of integral and limit in the third line. Write

/}_ Fnw(T)OL(T, 2) dp(T)
_ / Fono(F)OL(T, 2) dpu(r) + / Fon(7)OL (T, 2) da(r),
Fug Fr—Fuy

where wp := max(w, 1/w); since O (7, z) is absolutely integrable on My (C) and F,,, is compact,

/ Fmw(T)OL(T, 2) dpu(7) dQ2 = / / 7)OL (7, 2) dQdu(T)
M3, (C) S Fuy Fug

_ / Fe T)I 01)(r) du(r).
Fug
Therefore, in order to justify interchanging integral and limit, we need to prove that

Y

] /| . Fnal)-Ou(r:2) du(r) ~ A(T)

evaluated at any basis element ¢ 4, is bounded by an integrable function, uniformly in 7". We

let
G, (T) = Fonuo(T) = 6mo Y @60 @ 0,0 + €8, (0),

a|6,:1

which is of exponential decay; i.e., there is a constant C' > 0, such that |G, . (7)(¢ma)| < e Y

for all 7 € F. We obtain that

[ Gmamenradn|< [ e Cloumalautn
Fr—Fug Fr—Fug
< / e~ 0L (iv, 2) du(t), (4.22)
f

where we understand the inequalities again as valid after evaluating at any basis element ¢z q.
The function in (4.22) is integrable since, by the Siegel-Weil formula

/ / . (iv, 2) dQ dp(r) = /}_echn—2(iU,n—1)du(T),

which is finite because the integrand is bounded on F and F has finite volume.
The remaining term gives for ¢ = pm q,

’/fT R (0m,090,0 — €F, . (0)) - OL(T, 2) dp(T) — A(T)‘

dv
[ % Guoma) —en,, @m0 L i)
wo Ae —1£

<|Gr¢ (0, wo)(5m,o<P0,a — CFp, (0))| + ba01 [0m,0 — cF,, . (0)(0)] log(wo)-

Since Gr¥(0,wp) is a Green function (for the zero-cycle), it is integrable and this finishes the
proof of the lemma. O
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4.7 A refined Bruinier—-Howard—Yang theorem
As a final application of our results, we describe a refined version of the main theorem of [BHY15];
we briefly recall the setup.
For an integer m > 0, let M, ) denote the moduli stack over Spec(og) whose S-points
comprise the category of triples A = (A, 7, \), where:
(i) A is an abelian scheme of dimension m over S;

(ii) ¢: op — End(A) is an og-action such that the induced action on Lie(A) coincides with the
structural morphism o — Og;

(iii) A is a principal polarization such that the induced Rosati involution coincides with Galois
conjugation on the image (o).

Similarly, we define the moduli stack Mg, to be the moduli space of triples A = (A,i,\) as
above, except that the o action on Lie(A) is required to coincide with the conjugate of the
structural map.

By [Howl5, Proposition 2.1.2], the spaces M) and Mg ) are proper and étale over
Spec(og), and therefore the same is true for

Y = M1,0) %o, M0.1) Xop Mn-10)-

For a fixed self-dual Hermitian og-lattice A of signature (n —1,0), consider the substack Yy C Y
defined as the locus of triples (£, E;, B) such that

Hom,, (Eo, B) ~ A;

here we view Hom,, (Ep, B) as a Hermitian lattice via the formula (4.3). Note that this substack
is merely a union of connected components of Y, cf. [BHY15, Proposition 5.2].
There is a morphism (the small CM cycle in the terminology of [BHY15])

defined, at the level of moduli, by sending a point (A4, A;, B) of ) to the tuple
(Ay, A1 x B, Lie(B));

here the m-dimensional abelian variety A; x B is equipped with the product og-action and
polarization, and we view Lie(B) C Lie(A; x B) as a subsheaf satisfying Kramer’s condition as
in §4.1.
Consider the restriction
y: WA — My, Yy i=Ia xpm My,

where My is a component in the decomposition (4.1) indexed by a Hermitian vector space V
of signature (n — 1,1); this restriction is non-empty precisely when there exists an isometric
embedding A C V.

For the remainder of this section, fix self-dual Hermitian lattices Ag and A of signature (0, 1)
and (n — 1,0) respectively, and set

L:=ADA and V:=L®yQ.
Thus, by taking the pullback of an arithmetic divisor along the composition

yw\ — My C MT;
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and then applying the arithmetic degree map d/eTg: (/",I\-I(lc(yva) — C, we obtain the linear
functional

[0:Dp]: CHE (M) — C,  [2: Vya] = deg(y* 2).

Note that since Y is proper, the subtleties involving Green functions that are log—log-singular
at the boundary do not play a significant role, and this height pairing is indeed well defined;
see [How15, §3.1] for a more careful treatment of this point.

The main result of [BHY15] is a formula, originally conjectured by Bruinier and Yang [BY09],

relating the quantities [Z5(m) : D) A] to the special values of the derivative of a Rankin—Selberg
convolution L-function, defined as follows. Consider the S(A(Af))Y-valued theta function

OA(T): p > Z (p()\)q()")‘) for ¢ € S(A(Ay)).
AEAg

For g € 5,,(8") with Fourier coefficients c4(m) € 8V, recall that we may view c4(m) € S as
in (2.1), and consider the Rankin—Selberg L-function

CT(s/24n—1) — (@) ®co,(m)) - cg(m)
L(s,g, @A) = (47T)s/2+n—1 Z m51>2+n—1 : ’
m>0

In the following theorem, we restrict to the case n > 2 for convenience. As a consequence,
the forms F;,, that were constructed in § 2.3, and were used to define the cycles Zg (m), coincide
with the weak Maafl forms described in [BHY15, Lemma 3.10]. Note in particular F,, = 0 for
m < 0.

THEOREM 4.24 (Bruinier et al., [BHY15, Theorem A]). Suppose n > 2. Let f € Ha_y(S). Then

> ek (=m) - [28(m) : Yyl = —dege(Vya(C)) - L'(0,£(f), On),

m=0

where c}“(—m) € S are the coefficients of the holomorphic part of f, cf. (2.4).

This formula follows from combining the geometric contributions (whose determination forms
the bulk of [BHY15]) with the results of [BY09] detailing the contributions arising from the
Green functions GrB(m); if we instead consider Kudla’s Green functions Gr¥(m,v), we arrive at
the following refinement.

For each weight k, there is an Eisenstein series

s/24k— Im(y7)*/2 k1 .
Eypo(T,8) = Z (02T k[y] = Z WﬂXO(V) Loy
€T w0\ SLa(Z) V€T w0\ SLa(Z)
valued in S(Aga,)". We may then view
By no(7,8) @ Op(T)

as an SV-valued modular form, of weight k + n — 1, by pulling back via

S C S(L) = 5(Ao) ®c S(A) C S(Aoa,) @c S(A(Af)).
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THEOREM 4.25. For any n > 1, consider the SV-valued generating series

[O5(r) : V] = > _[28(m,v) : Vg™,

m

Proof. First suppose m € Q with m # 0, and decompose
(25 (m,v) - Y] = [Z(m) : Vi + G (m, ) (V(C))

into the geometric and archimedean contributions, the latter given by the weighted sum of the
values of Gr¥(m, v) at the points comprising Y(C) C My(C). Note that as ) is disjoint from the
boundary M3, the boundary components of 2\5 (m,v) play no role.

Recall the complex uniformization

My(C) = H [Cizo,c.]\D(V)]
[Lo,L1]

as in (4.2), where the union is taken over isomorphism classes of pairs (Ly,£1) of self-dual
Hermitian lattices of signature (1,0) and (n—1, 1) respectively, and such that V ~ Hom(Lo, £1)g.
This can also be expressed as follows: note that for a fixed Ly, the collection of lattices
{Hom(Ly, L1)} obtained by varying L£; is simply the set of isomorphism classes of self-dual
lattices {£ C V}. Since di is odd, there is a single genus of such lattices [Jac62], and so (4.2)
may be rewritten as

My(C) = [Tl(of x Up(@))\D(V) x Up(Af)/ K], (4.23)
[£o]

where £ = Ao ® A C V is our previously fixed lattice, K, = Stab(£ ®z Z) C Uy(Ay), and the
factor o acts trivially.

On the other hand, the complex points Y(C) can be written as a disjoint union of #{[Lo]}
many copies

V(C) = [Tl(ox x Aut(A) x Uny(Q)\{zo} x Ung(Af)/Kn],

[Lo]

where zq is the negative definite line
zo = Ao @z R = At e D(V)

and R
K, = Stab(Ag ® Z) C Upy(Ay)

and oy x Aut(A) acts trivially. In these terms, the map Y(C) — My (C) is given, on each
component indexed by an [Ly], by the map

i [ ()]
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all these facts may be inferred from the discussion in [BHY15, §5.3]. In particular, noting that
the cardinality of the automorphism group of each point of Y(C) is the same, the (stacky) degree

is given by
1 1
deg(y(C)) = %}:} |0]>c<| ] |Aut(A)\ ) #UAO (Q) N KAO #(UAO (@)\UAO (Af)/KAo)
#{[Lol}

" jop - Auay T TR B )

In fact, this quantity is equal to 2! A2 /|0 |2|Aut(A)|, but we will not need this fact.
The values of Gr'(m, v) may be re-expressed in terms of the uniformization (4.23) as follows.
Extend the Siegel theta function, as in (3.1), to an S(V(Ay))Y-valued function, by setting

@V(TI7 [Z, h])((ﬂ) — o Z (p(hflx)efwrv’R(x,z)q/(:p,x)
zcV

for a Schwartz function ¢ € S(V(Ayf)) and a pair (z,h) € D(V) x Up(Ay). If ¢ is Kg-invariant,
then this construction yields a well-defined function on (each component of) the right-hand side
of (4.23).

Now suppose ¢ € S, which we may view as a Schwartz function in S(V(Af))X2. Then the
truncated Poincaré series Py, takes values in S(V(Af))K% as well, and, by tracing through
the definition of GrX (m,v) in §4.3 and applying Lemma 3.2 and Theorem 3.3 gives

Gr'(m, v)([2, h]) () = (Pmvp, OV (-, [2, 1)) "8
= lim Prow,o(7) - Ou(7', [2, h]) du(7") — Sm([2, h]) () - log T

T—o00 ]:T

on each component in (4.23); here

Sm([z0)(p) = > @(h™'a).
r€z NV
(z,2)=m
We now consider evaluating at a point in ))(C). Supposing

=0 ®p1 € S(V(Ay)) = S(Ao(Af)) @ S(A(Ay)),

it follows immediately from definitions that upon evaluating at a point in ))(C), the Siegel theta
function decomposes as

Ov(7', [z0, (" 1)])(®) = Oao(T) (w0 0 hg ') - OA(T') (i21),

where ©(7') is the weight n — 1 theta function attached to A, and

91\0 (7—,)(900 o hal) — Z g00(hala)e%rv’Q(a) eQﬂ'iT’Q(a) — Z (po(hala)eQﬂ'iQ(a);
aGAoy@ a

is the (non-holomorphic) Siegel theta function of weight —1 attached to the signature (0,1)
Hermitian space Ag g. The Siegel-Weil formula for Ag g, cf. [Ich04, Proposition 6.2], then implies

_ 1
/ Oro(T) (0 0 hg ) dho = 5 E-1.0 (7', 0)(0),
UA() (Q)\UAO (Af)
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where dhg is the Haar measure normalized so that vol(Ua,(Q)\Ua,(Af)) = 1. If we further
assume that ¢q is K -invariant, then summing over a set of representatives

ho1,- -5 hot € Ung(Q\Uno(Ay)/Ka,

gives

#(UAO(Q) n KAO) . /
vol(Ky,) Uno(@\Un (Ay)

= #(UM(@\Ur (A1) Kra) - 5 E-10(, 0 (0)

Z@AO ) (o © hoi) = O (T) (00 0 hy 1) dho

Putting everything together, and keeping track of automorphisms,

Ov(V(C)) = |o;|#f31(A)| #(UAO<<$> A Rn) zi:@" (7" =20 ("™ 1)])

_ deg(Y(C))
2

as linear functionals on [S(Ag(Af)) ® S(A(Af))]KAoXKA,
Note that if ¢ = g ® 1, then

Sm ([z0, (" 1)]) (Lo ® 1) = 0(0) - > @1(x) = ¢0(0) - co, (m)(1).

wGAQ
(z,x)=m

(E—l,/\o (7—/7 0) ® O (T/))

Therefore we obtain

K(m, v
: d(eg,(y)(((é})() ::I‘ll—>néo( /}- va (E- 1A0(T 0) ® Op(T ))du(T')

— (g ® co,(m))log T> )

In order to evaluate this integral, note that the relation (4.21) implies, in the same way as in
Theorem 4.22, that

L( i,Ao(T,aO)) = _%E*LAO(T/vO)

and so, since ©, is holomorphic,
L( LAO(T',O) ® OA(T)) = —%E_LAO(T,,O) ® O (7).
This in turn implies that
d(B1 5, (7,0) @ O (1) dr’) = GE 1,5 (7",0) ® O (1) dp(1"),

and so, unfolding the Poincaré series as in the proof of Theorem 2.14, we find that for T > 0,
/ P (T)(B-1,00(7',0) ® O (7)) di(7') = 2(cprge, (M, T) = cprge, (M, v)),
Fr
where we have abbreviated E} , (7',0) ® ©) = E' @ ©. Thus

rK m,v
G d(eg&y)(((cy)()(c)) = —CE'0, (m7 U) + ’I“h—>néo(cE/®9A (m, T) - gp[\)/ ® co, (m) -log T).
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On the other hand, the essence of the main theorem of [BHY15] is the computation of the finite
intersection [Z(m) : V]fin, which, after a straightforward translation, can be expressed as

[Z2(m) : Vlfin = —deg(¥)(C) - lim (cprge,(m,T) — g5 @ ce, (m) logT).

lim
T—o0
Thus,

(28 (m, v) : Y] = Gr*(m, v)(P(C)) + [2(m) : V]in = —deg(V(C))cmge, (m,v)

as required.
Turning to the m = 0 term, by definition

[25(0,0) : V) = ~[@ : Vet + (Gr(0,) — log v ® ) (V(C))-
A similar argument as above yields

(Gr&(0,v) — logv ® @Y )(V(C))
deg(Y(C))

= —CE'®0, (07 U)

+ (crrpe,(0,T) — ¢ @ co,(0)-logT).

lim
T— o0
On the other hand, translating [BHY15, Theorem 6.4] into our notation gives

@ : Y]y = degc(YV(C)) (cree,(0,T) — @y @ co,(0) -logT);

- lim

T—o0

this relation follows from the Chowla—Selberg formula and the choice of the metric on @. Thus
[25(07 U) : y] = CE'®O, (07 U)

as required. O

Remark 4.26. (i) We explain how Theorem 4.24 follows from Theorem 4.25. Suppose that n > 2,
and recall that the difference ©%(7) — ©8(7) is modular of weight n, valued in CHE(M3) ®c SV.
As Theorem 4.25 shows that [©%(7) : Yy 4] is modular, it follows that

O5(r) : Yval == D IZ5(m) : Wyalg™

m=0

is a (holomorphic) modular form as well. Moreover, since @5(7’) - é%(T) has trivial cuspidal
holomorphic projection, cf. Theorem 4.18,

(1B5(7) : Wval, )i = (O%(T) : Vvl 9t

for every cusp form g € S,,(SV).
By Theorem 4.25, the left-hand side is

([O5(r) : vl ) = —deg(Ppa(C)) /SL (Z)\H(Ei,Ao (7,0) @ OA(T)) - g(7)0" dp(T).

Applying the standard unfolding argument for the Eisenstein series Ej a,(7,s) for Re(s) > 0
gives

/ (Byng (r.8) © O (7)) - g(r)0" dyu(7) = L(s,9, O1),
SLo(Z)\H
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SO

~

([O%(r) : Wyal, 9)pes = —deg(Wv a(C)L'(0,9,04). (4.24)
On the other hand, if
H(r) = cu(m)q™ € My(S)
m=0
is any holomorphic modular form and g = £(f) € S,(SY) for some f € Hy_,(S), then [BF06,
Proposition 3.5] gives
<H7 g>1{3€6i = Z CH(m) ’ c}'(—m),
m=0

where c?(—m) are the coefficients of non-positive index of the holomorphic part of f, cf. §2.2.

Applying this observation to the form H(7) = [C:)% (1) : Yy, gives
(OF(7) : Pval.gi = D cf (=m) - [Z3(m) - Yoal.

m=0
Equating this expression with (4.24) then yields Theorem 4.24.

(ii) The analogue of Theorem 4.24 for orthogonal Shimura varieties of signature (n,2) has
been formulated and proven by Andreatta et al. [AGHM17]. The corresponding version of
Theorem 4.25 is also true, and can be proven in exactly the same way by employing the finite
intersection calculation of [AGHM17].

A version of this result can also be formulated, and proved in the same manner, for big CM
cycles, using the finite intersection calculations appearing in [AGHM15].
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