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The Seven Dimensional Perfect Delaunay
Polytopes and Delaunay Simplices

Mathieu Dutour Sikirié¢

Abstract. For a lattice L of R", a sphere S(c, r) of center ¢ and radius r is called empty if for any
v € L we have |v — ¢|| > r. Then the set S(c,r) N L is the vertex set of a Delaunay polytope P =
conv(S(c,r) N L). A Delaunay polytope is called perfect if any affine transformation ¢ such that
¢(P) is a Delaunay polytope is necessarily an isometry of the space composed with an homothety.

Perfect Delaunay polytopes are remarkable structures that exist only if n = 1 or n > 6, and
they have shown up recently in covering maxima studies. Here we give a general algorithm for
their enumeration that relies on the Erdahl cone. We apply this algorithm in dimension seven,
which allows us to find that there are only two perfect Delaunay polytopes: 3,1, which is a Delaunay
polytope in the root lattice E7, and the Erdahl Rybnikov polytope.

We then use this classification in order to get the list of all types of Delaunay simplices in dimen-
sion seven and found that there are eleven types.

1 Introduction

A lattice L is a set of the form L = Zv; + --- + Zv, c R" with (v1,...,v,) being
independent. For such L a sphere S(c,r) of center ¢ and radius r is called empty if
for any v € L we have |v — ¢| > r. A polytope P is called a Delaunay polytope if
it is full-dimensional and if the vertex-set of P is S(c,r) n L with S(¢, ) an empty
sphere. A Delaunay polytope is called perfect if any affine transformation ¢ such that
¢(P) is a Delaunay polytope is necessarily an isometry of the space composed with
an homothety.

In [11,23] it was proved that for dimension n < 5 the only possible perfect Delaunay
polytope is the interval [0, 1]. Also in [11] it was proved that the Gosset’s polytopes 2,
and 3;;, which are Delaunay polytopes of E¢ and E7, are perfect. From the construc-
tion of infinite sequences in [14,19,24,27] we know that for any dimension # > 6 there
exist perfect Delaunay polytopes. In [14] for any n > 6 we define a Delaunay polytope
ED, of a lattice LD,,. The lattice LD,, is formed by lamination over the root lattice
D,_1, and we proved in [22] that ED,, is the unique Delaunay polytope of maximum
circumradius of LD, and compute its covering density.

In [8] we proved that EDg = 2, is the unique perfect Delaunay polytope in di-
mension 6. This work uses a new approach in order to prove the following theorem.
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Theorem 1.1  The 7-dimensional perfect Delaunay polytopes are the Gosset polytope
ED; = 3, and the Erdahl and Rybnikov polytope ER; [24,25].

Proof See Section 9. |

Perfect Delaunay polytopes are of importance for the theory of Covering Maxima.
A covering maximum is a lattice L such that its covering density is reduced if it is
perturbed. In [22] it was proved that a lattice L is a covering maximum if and only
if the Delaunay polytopes of maximum circumradius are perfect and eutactic (see
[22] for the definition). This characterization echoes Voronoi’s theorem [44] for the
characterization of lattices of maximum density in terms of perfection and eutacticity.
In [22] we proved that LD, is one such covering maxima. Based on Theorem 1.1 and
partial enumerations in dimensions 8, 9, and 10 we state the following conjecture.

Conjecture 1.2  For each n > 6, the lattice LD, defined in [14] has maximal covering
density among all covering maxima.

The Minkowski conjecture [34, p. 18] on the product of inhomogeneous forms has
inspired a lot of research. Recently, it has been proved for n < 8 in [29-32] by com-
putational methods based on Korkine-Zolotarev reduction theory. Other theoretical
approaches have been attempted in [37, 42] by Dynamical System Theory. In partic-
ular, the following theorem was proved in [42, Corollary 1.3].

Theorem 1.3  If Conjecture 1.2 holds for a dimension n > 1, then Minkowski’s conjec-
ture holds for dimension n.

As a consequence of the work of this paper, we have that Minkowski’s conjecture
is correct in dimension 7, thereby confirming [29].

We prove Theorem 1.1 by using the Erdahl cone, which is defined as the set of poly-
nomial functions f of degree at most 2 such that f(x) > 0 for x € Z". We used this
cone in [22] for the study of covering maxima. We have then to do a kind of dual
description computation with the problem that the number of defining inequalities is
infinite, we have no local polyhedrality result as in the perfect form case (see [41] for
details), and we are interested in only a subset of the extreme rays (see Theorem 3.3
for the list of possible kinds of extreme rays of the Erdahl cone).

In [8] we used a different approach, i.e., hypermetrics that allowed us to find all
the 6-dimensional perfect Delaunay polytopes. But this approach relied on previous
work [2,38] on 6-dimensional Delaunay simplices that we could not extend easily to
dimension 7. Thus, it appears that the only way to classify the perfect 7-dimensional
Delaunay polytopes is to use the Erdahl cone. Moreover, we are able to use this clas-
sification in order to get the classification of Delaunay simplices.

Theorem 1.4  Up to arithmetic equivalence there are eleven types of seven-dimensional
Delaunay simplices. The full list is given in Table 1.

Proof See Section 10. |
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i Representative S; vol(S;) | |Stab(S;)| | Nb interval
1 €05 ... €6, €7 1 40320 127
2| ep.--r66,(1,1,1,1,1,1,2) 2 40320 63
3| ep....e6,(0,0,1,1,1,1,2) 2 1440 63
4 | ey ... e6(1,2,2,2,2,2,3) | 3 5040 42
5 | egr...ree (1,1,1,2,2,2,3) 3 1152 42
6 | eo...re6(0,1,1,2,2,2,3) | 3 240 41
7 | eo»....e6 (1,1,1,1,1,3,4) 4 1440 27
8 | eg,....e6(1,1,1,1,2,2,4) 4 240 31
9 | egr....e6 (1,1,1,2,2,3,4) 4 144 31
10 | eq,...,e6(1,1,3,3,3,4,5) | 5 72 24
1| ep,...,e6,(1,1,1,1,2,3,5) 5 48 24
Table 1: Representative of Delaunay simplices in dimension 7. e, ..., e; is the stan-

dard basis of Z7 and eq = 0. vol(S) is n! times the Euclidean volume of S. | Stab($)| is
the size of the lattice automorphism group preserving S. “Nb interval” is the number
of Delaunay polyhedra of the type {0,1} x Z° in which S; is contained.

In contrast to perfect Delaunay polytopes, the lattices simplices of this list (except
the trivial simplex) had not been discovered before. A similar study was undertaken in
[33] for the set of shortest vectors of lattices. In view of this work it seems reasonable to
think that the classification of Delaunay simplices is possible in dimension 8. Of equal
importance, the classification of perfect Delaunay polytopes in dimension 8 could be
done, and a conjectural list of the 27 known possibilities is available in [15].

In Section 2 a generalization of delaunay polytopes, i.e., Delaunay polyhedra, are
considered; their basic structure and relation to the Erdahl cone are introduced here.
The facial structure of the Erdahl cone is reviewed in Section 3, in particular, not all
extreme rays of the Erdahl cone are related to Delaunay polyhedra [23]. We also ex-
plain how the hypercube [0,1]" corresponds to the cut polytope in the Erdahl cone.
Section 4 is not used in later sections. In it we construct a retraction of the Erdahl
cone on the faces defined by Delaunay polyhedra. In Section 5 we establish the link
between the Erdahl cone and the classic L-type theory. In Section 6 we do the same for
the hypermetric cone. In Section 7 we give the connectivity and finiteness results on
which our enumeration algorithm relies. Then we present in Section 8 our enumera-
tion method, which is modelled on the Voronoi algorithm for perfect forms [35] and
on the adjacency decomposition method [5]. In Section 9 we give the results obtained
in the classification of 7-dimensional perfect Delaunay polyhedra. In Section 10 we
use this classification to classify the 7-dimensional types of Delaunay simplices.

2 Delaunay Polyhedra

Denote by E,(n) the vector space of polynomials of degree at most 2 on R” and by
AGL,(Z) the group of affine integral transformations on Z". The Erdahl cone is de-
fined as

Erdahl(n) = {f € E;(n) such that f(x) >0 for x € Z"}.
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It is a convex cone of dimension (n + 1)(#n + 2)/2 on which the group AGL,(Z)
acts. All defining inequalities f(x) > 0 are equivalent under AGL,(Z), and therefore
Erdahl(#n) is not polyhedral.

We denote by - the standard scalar product on R” defined by x - y = x”y. For a
symmetric matrix A and x € R" we define A[x] = xT Ax. We write any f € E;(n) in
the form

f(x) =Cst(f)+2Lin(f) - x + Quad(f)[x]
with Cst(f) € R, Lin(f) € R" and Quad(f) a n x n symmetric matrix. We define S"
to be the set of symmetric matrices, SZ, the set of positive definite matrices, and SZ;
the set of positive semidefinite matrices. We also define Erdahl,o(#) to be the set of
f € Erdahl(n) with Quad(f) € S,. If f € Erdahl(n), then Quad(f) € SZ,.

A sublattice of Z" is a subgroup of Z". An affine sublattice is one of the form xo + L
with x¢ € Z" and L a sublattice of Z". A lattice L c Z" is called saturated if (L® R) N
Z" = L. If Ly and L, are two sublattices of Z", we write L; &7 L, = Z" if Lin L, = {0}
and L, U L, generates Z" over Z. In that case both L; and L, are saturated.

Definition 2.1 Let us fix n > 1 and define the following.

(i) A Delaunay polyhedron D is a set of the form D = P;,(D) + L(D) c Z" with
* conv(Pr(D)) a Delaunay polytope of an affine sublattice L of Z",
* L(D) a sublattice of Z" and
« L'ey L(D)=7",

(ii) A Delaunay simplex set S is a Delaunay polyhedron with |S| = n + L

(iii) A repartitioning set R is a Delaunay polyhedron with |S| = n + 2.

The isotropy lattice L(D) is uniquely determined by D, and its dimension is called
the degeneracy rank of D denoted degrk(D). Note that D is the vertex set of a convex
body only when L(D) = 0. Also, a Delaunay polyhedron is full-dimensional, i.e., the
smallest affine saturated lattice containing D is Z" itself.

The set Pr-(D) is included in L" and depends on L'. For any two choices L; and
L) there exist a bijective affine map ¢: L} — L; with ¢(Pr/(D)) = P, (D). When we
consider properties that do not depend on the integral representation, we drop the
lattice and write P(D).

For f € Erdahl(n) we write

Z(f) = {x € Z" such that f(x) :0}.

In the classical geometry of numbers, the essential tool is the quadratic form Q
instead of the quadratic function. The following establish a direct link between them.
Definition 2.2  For a Delaunay simplex set S ¢ Z" and Q € S”, there exists a unique
function f € E;(n) such that

* f(x)=0forxesS,
* Q= Quad(f).
This function is denoted fs o and depends linearly on Q.

The key reason for using Delaunay polyhedra is the following theorem.
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Theorem 2.3 (i) If D is a Delaunay polyhedron, then there exist a function f €
Erdahl(n) such that D = Z(f).

(ii) If f € Erdahl(n), then either Z( f) is empty or there exist a k-dimensional satu-
rated affine lattice L ¢ Z" such that Z( f) is a Delaunay polyhedron of L.

Proof (i) Let us take a Delaunay polyhedron D = P, (D) + L(D) with Py, (D) being
a Delaunay polyhedron of a lattice L" with L' @7 L(D) = Z". Let us denote by S(c, r)
the sphere around P;+(D) and write L’ = Zv; + - - - + Zvy. The function

7z — R
x=(xp...,%n) +— HZ?’zlx,-v,-—cHz—r2

belongs to Erdahl(k). More precisely, f/(x) = 0 ifand only if ¥_, x;v; € P..(D). For
x € Z" we write x = x; + z with x; € L' and z € L(D) and write f(x) = f'(x;). Itis
easy to prove that f € Erdahl(n) and Z(f) = D.

(ii) This is [23, Corollary 2.5]. [ |

We define the rational closure ST, ., to be the set of positive semidefinite forms

whose kernel is defined by rational equalities.

Corollary 2.4 If f € Erdahl(n) is such that Z(f) is a Delaunay polyhedron, then
Quad(f) € Sty s0-

Proof Let us write D = Z(f) and take a lattice L' ¢ Z" with L’ &z L(D) = Z".
We write any x € Z" as x = x; + z with x; € L' and z € L(D). There is a quadratic
function f; on L’ such that f(x) = fi(x1) and Z(f;) = Pr/(D). Thus, Quad(f;) is
positive definite, and since L(D) is an integral lattice, the matrix Quad( f) belongs to
S:lat,ZO‘ u

Given a set V c Z" we will need to be able to test whether or not it is a Delaunay
polyhedron. Algorithm 1 does this iteratively for a finite point set by solving larger
and larger linear programs until a conclusion is reached. The algorithm can be easily
adapted to the case of a point set of the form R + L with L a lattice and R finite. The
corresponding algorithm for perfect form is given in [33, Algorithm 1].

If D is a n-dimensional Delaunay polyhedron, then we define

Aut(D) = {¢ € AGL,(Z) : ¢(D) = D}.

When using Algorithm 1 it is best to impose that the sought function f is invariant
under Aut(D), since it simplifies the search and a Delaunay polyhedron admits an
invariant function (see Corollary 2.6).

Before stating our result on the description of Aut(D), we review the notion of
semidirect product. Given a group G, we call G a semidirect product and write G =
N x H if N is a normal subgroup of G, H a subgroup G = NH and N n H = {e}.

Theorem 2.5 If D is a n-dimensional Delaunay polyhedron of degeneracy degree d,
then we have the isomorphism

Aut(D) = ((24)""* % GL4(Z)) » Aut(P(D)).
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Data: A finite set V c Z" of full affine rank
Result: A quadratic function f € Erdahl,¢(n) such that Z(f) = V if it exists

and false otherwise

Svert < V.
Svect <~ &.
repeat

u

v < random element of Z"

Svert < Syert U {V}
ntil The set {ev, for € Syert} has rank (n+1)(n+2)/2;

while no solution has been reached do

Form the linear program

minimize e, ()  Tr(Quad(f))
subjectto  f(v)=0forveV
f(v) 21forve Syert =V
Quad(f)[v] 2 1forv € Syect

if The linear program is infeasible then
| return false
end
fo < arational optimal solution.
if fo € Erdahl(n) and Z(f,) = V then
| return fy
end
if Quad(fy) ¢ S, then
Find a vector v € Z" with Q(fo)[v] <0
Svect < Svect U {V}
end
if Quad(fy) € SZ, and f, ¢ Erdahl(n) then
Find a vector v € Z" with f3(v) <0
Svert < Svert U {V}
end
if fo € Erdahl(n) and Z(f,) # V then
Find a vectorv € Z(fy) - V.
Svert < Svert U {V}

end

end

Algorithm 1: Testing Delaunay realizability of a finite set of points

Proof Letustakeabasisv = (v;)1<icqg of L(D). Any automorphism of D will send v

to another basis of L(D), and this determines a component GL4(Z) of the automor-
phism group. Let us write L’ for an affine sublattice of Z" such that L' @z L(D) = Z".
Such affine sublattice are determined by 1+ n—d vectors in L(D), and this determines

the component (Z4)*"-4

of the automorphism group. The last component comes

from the fact that the automorphisms have to preserve the polytope conv(P(D)). H
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We denote by Aff(D) the normal subgroup (Z4)*"~¢xGL,(Z) given in the above
theorem.

Corollary 2.6 A Delaunay polyhedron D admits a function f € Erdahl(n) with
Z(f) = D that is invariant under Aut(D).

Proof Let us write L' @7 L(D) = Z". A vector x € Z" is decomposed as x = x; + z
with x; € L and z € L(D). Any function f with Z(f) = D must have Quad(f)[z] =0
and Lin(f) - z = 0. Therefore, there exist a function f; on L’ such that f(x) = fi(x1).
So, f is invariant under Aff(D). The group acting on f; is Aut(Pr/(D)), which is
finite. The function

AG)= 3} flu(x)

ueAut(P/ (D))
is Aut(Pr/(D)) invariant. Thus, we get a function f'(x) = f/(x;) invariant under
Aut(D). [ |

If D and D’ are two Delaunay polyhedra such that D c D’, then we define the
stabilizer group
Stab(D,D’) = { ¢ € AGL,(Z) : ¢(D) = Dand ¢(D') = D'}
= Aut(D) n Aut(D").

We have the following results.

Theorem 2.7  Let D and D' be two Delaunay polyhedra satisfying D c D'
(i) Wehave L(D) c L(D") and Aff(D) c Aff(D’).
(ii) There exist a finite group Gy c Aut(P(D)) such that

Stab(D, D') = Aff(D) » G.
In particular, Aff (D) is a finite index subgroup of Stab(D, D")

Proof Wehave L(D) c L(D'). Let us take a Z-basis {ej, ..., e;} of L(D) and com-
plement it by adding {eg41,...,ea } to a basis of L(D'). We can find fi,..., fu_ar
so that the e; and f; form a basis of Z". The group Aff(D’) is generated by trans-
lations along fi, ..., fy—4 and GL4/(Z). The group generated by translations along
{ed4+1,...,eq } and GLy(Z) directly embeds into GL4(Z), and this determines the
group inclusion. So (i) holds.

By (i) we have the inclusion Aff(D) c Stab(D, D). Let us choose a lattice L’ with
L' @z L(D) =Z". Then if u € Stab(D, D) c Aut(D), we can find an unique element
n € Aff(D) such that un™' stabilizes L. Thus, un~' belongs to Aut(P.(D)). The
image defines the group G;. The finite index property follows. |

3 Facial Structure of the Erdahl Cone

The standard scalar product on S” is (A, B) = Tr(AB). We equip Erdahl(#) with the
inner product

(f,8) = Cst(f) Cst(g) +2Lin(f) - Lin(g) + (Quad(f), Quad(g))
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and for each x € Z" we define the evaluation function ev, by ev,(y) = (1+ x - y)?
such that (f, ev,) = f(x).

A convex cone C is defined as a set invariant under addition and multiplication by
positive scalars. Then € is called full-dimensional if the only vector space containing it
is R™; Cis called pointed if no linear subspace of positive dimension is contained in it.
Let C be a full-dimensional pointed convex polyhedral cone in R™. Given f € (R™)*,
the inequality f(x) > 0 is said to be valid for € if it holds for all x € C. A face of C is a
pointed polyhedral cone {x € C: f(x) = 0}, where f(x) > 0 is a valid inequality.

A face of dimension 1 is called an extreme ray of C; a face of dimension m —11is
called a facet of C. The set of faces of C forms a partially ordered set under inclusion.
We write F <« Gif F c G and dim F = dim G — 1. Two extreme rays of C are said to be
adjacent if they generate a two-dimensional face of C. Two facets of € are said to be
adjacent if their intersection has dimension m — 2. Any (m — 2)-dimensional face of
C is called a ridge, and it is the intersection of exactly two facets of €.

By the Farkas—-Minkowski-Weyl Theorem (see e.g., [40, Corollary 71a]), a con-
vex cone C is polyhedral if and only it is defined either by a finite set of generators
{v1,...,vn} SR™ or by a finite set of linear functionals { f1,..., fu} € (R™)*:

Gz{iAivi:Aizo}:{xeR’”:f,-(x)ZO}.

Every minimal set of generators {vy, ..., vy } defining a polyhedral cone € has the

property
{Ryv1,...,Rivnr} = {e: e extreme ray of C}.

Every minimal set of linear functionals { f1, .. ., fyr } defining C has the property that
{F,....,Fp} with F; = {x € C: fj(x) = 0} is the set of facets of C. The problem of
transforming a minimal set of generators into a minimal set of linear functionals (or
vice versa) is called the dual description problem.

In our work, we have to deal with Delaunay polyhedra with an infinite number of
vertices, and we cannot apply the Farkas—Minkowski-Weyl theorem to them nor of
course existing dual-description software [1,26].

Definition 3.1 Let D c Z" be a Delaunay polyhedron.
(i) We define the vector space
Space(D) = {f € Ez(n) such that f(x) = 0 for x € D}.
(ii) ‘'The dimension of Space(D) is called the perfection rank rankperf(D) and D is
perfect if rankperf(D) = 1.
Proposition 3.2 Let D c Z" be a Delaunay polyhedron.

(i) Space(D) n Erdahl(n) is a face of Erdahl(n) of dimension dim Space(D).
(ii) If D is perfect, then Space(D) n Erdahl(n) is an extreme ray of Erdahl(n).

Proof Let p = dimSpace(D) and let g;,. .., g, be a basis of Space(D). Since D is a
Delaunay polyhedron, there exists a function f € Erdahl(n) such that D = Z(f). For
each1< i < pthereexist \; > 0 such that A; f + g; € Erdahl(n), and so (i) follows. (ii)
follows directly from (i). |

https://doi.org/10.4153/CJM-2016-013-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-013-7

The Seven Dimensional Perfect Delaunay Polytopes and Delaunay Simplices 1151

For a perfect Delaunay polyhedron D, we denote by fp a generator of the extreme
ray Space(D) n Erdahl(n).

Theorem 3.3 ([23, Theorem 2.1]) The generators of extreme rays of Erdahl(n) are

(i)  the constant function f =1,

(ii)  the functions of the form f, g(x) = (a1x1 + ... anx, + B)* with (ay, ..., a,) not
collinear to an integral vector,

(iii) the functions of the form fp with D a perfect Delaunay polyhedron.

This theorem indicates that the structure of the extreme rays of Erdahl(#) is more
complicated than for a polytope. Since we are interested only in the third class of
extreme rays, some reduction will be necessary, and it turns out that we can work out
everything with Delaunay polyhedra.

In this paper we will work with both spaces of functions in E,(#) and with point
sets of Delaunay polyhedra.

Definition 3.4  Given a Delaunay polyhedron D,

(i) the cone of admissible functions is defined as
Erdahlyypy (D) = { g € E2(n) : g(x) > 0forall x € D};
(ii) the cone of evaluation functions is defined as

ErdahI:upp(D) = { z Acev, with 1, > 0}.

xeD

Theorem 3.5 Let D be a Delaunay polyhedron of perfection rank r.

(i)  Erdahlspp (D) is the product of a pointed convex cone Cp with Space(D).
The dual of Cp is Erdahly, (D).

(ii) Any Delaunay polyhedron D' c D of perfection rank r + 1 gives a facet of
Erdahl,,. (D).

(iii) IfL(D) = 0, then facets of Erdahl{,,, (D) correspond to Delaunay polyhedra D'
D of perfection rank r + 1.

Proof (i) If f and —f both belong to Erdahly,, (D), then f(x) = 0 for x € D and
so f € Space(D). So, Erdahlg,p, (D) is the sum of Space(D) and a closed convex
cone. The duality result follows from [3, Part IV.5]) for closed full-dimensional convex
cones.

(ii) Let f € Erdahl(n) such that Z(f) = D’. Thus, we have f(x) = 0 on D’ and
f(x)>0o0nD-D',and so f defines a facet of Erdahl,, (D).

(iii) If L(D) = 0, then for any facet of Erdahl,,,(D) we can find a set D" c D and
a function f € E,(n) with f(x) = 0 for x € D" and f(x) > 0 for x € D — D'. There
exist a function g € Erdahl(#) such that D = Z(g). Then we can find A > 0 such that
f + Ag € Erdahl(n). Then we have D’ = Z(f + (A +1)g), and so D’ is a Delaunay
polyhedron. ]

Theorem 2.1 of [23] shows that if L(D) # 0, there are other facets of Erdahlj, (D)
than the ones from Delaunay polyhedra.
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Proposition 3.6 If D is a n-dimensional perfect Delaunay polyhedron with degener-
acy degree d, then P(D) has at least

(n—d+2)
-1
2

Proof The isotropy lattice L(D) has dimension d, and we can choose a complement
lattice L such that L' @7 L(D) = Z". If f is a quadratic function with Z(f) = D, then
f is determined by its restriction to L’. Hence f belongs to a vector space of dimension

("7;”2), and this gives the minimal number of determining inequalities. [ |

points.

A surprising relation has been found between the Erdahl cone of the hypercube
{0,1}" and the cut polytope, which is classic polytope of combinatorial optimiza-
tion [12]. Write N = {1,...,n}; if S c N, then the cut metric §s on N is defined as

follows:
1 ifl{ij}nS|=1,
0 otherwise.

ds(i, j) :{

We have 85 = dn-s, and the cut polytope CUTP,, is defined as the convex hull of the
cut metrics ds. The cone defined by the cut polytope is defined as

CCUTP, = { S As(L,85) with Ag > 0}.
Sc{1,...,n}

The facets of the cone CCUTP,, are in one-to-one correspondence with the facets of
the polytope CUTP,,.

Theorem 3.7  The polyhedral cone Erdahlj,  ({0,1}") is linearly equivalent to
CCUTP4;.

Proof The hypercube [0,1]" is defined as the convex hull in 2" of vectors v =
(V15 ..., v,) with v; € {0,1}. For every such vector the evaluation function is

evy(x) =1+2(v-x) + (v-x)%
Thus, we can associate with ev, the vector
(L, (vi)rzicns (Viviicizjen) -
Since v? = v; for v; € {0,1} this vector family is linearly equivalent to
(1, (vi)i<izns (ViVj)lsi<an) for v e {0,1}".
With the same v we can associate the vector v = (0, vy, ..., v, ) and the set

S={ie{0,...,n}|v;=1}c{0,...,n}.

The cut metric §s on {0,...,n} is characterized by (Js(i,j))o<i<jcn and since
8s(i,j) = (vi — v;)?, the family of pairs (1, 85) is linearly equivalent to the family
of evaluation map ev,. ]
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It is interesting to note that the symmetry group of the hypercube [0,1]" is of size
2"n!, but that the symmetry group of the cut polytope CUTP,,, is of size 2" (n +1)!
for n # 3 [10,12].

4 The Delaunay Polyhedra Retract

For f € Erdahl(n), we define Vect Z( f) to be the vector space spanned by difference
of elements of Z(f). We define V; = Vect Z(f) + Ker Quad(f). For a given f ¢
Erdahl(n) we call proper pairapair (g, h) € E;(n)? such that g € Erdahl(n), h(x) >0
forx eR"and f = g+ h.

Lemma 4.1 Let f € Erdahl(n).

(i)  For a proper pair (g, h), Z(f) c Z(g) and Ker Quad(h) c Vy.
(ii) There exists a proper pair (g, h) with Ker Quad(h) = V.

Proof If x € Z(f), then one sees that necessarily h(x) = g(x) = 0. So, h(x) =0
for x € conv(Z(f)), which implies Vect Z(f) c Ker Quad(h). Also, it is clear that
for any vector v € Ker Quad(f), we have Quad(g)[v] = Quad(h)[v] = 0. Hence, (i)
holds.

Let us denote by Z Ker Quad(f) the smallest subspace of R” having an integral
basis containing Ker Quad(f). By [23, Decomposition Lemma 3.1] there exist a g €
Erdahl(n) with Ker Quad(g) = Z Ker Quad(f) and a positive semidefinite form Q,
such that

f(x) = g(x) + Qu[x].
Let V (resp. W) denote an integral supplement of Ker Quad(f) in Z Ker Quad(f)

(resp. Z Ker Quad( f)in Z"). Denote by ¢, ..., ¢, some affine functions on Z" such
that ¢;(Z Ker Quad(f)) = 0 and

{xeW|¢i(x) =" =¢nu(x)=0} = Vect Z(f) n W.
Then for € > 0 small enough, the function g; — e ¥, ¢;(x)? is still in Erdahl(n). So,

one gets that the pair (f — h, h) with h(x) = Qi[x] + e X1, ¢:(x)? is proper and (ii)
is true. u

Let us call W an integral supplement of Vy. Denote by Quad(f)|w the qua-
dratic form Quad(f) restricted to W. A proper pair (g, h) is called extremal if
detQuad(h)|w is maximal among all proper pairs. Lemma 4.1.(i) implies that the
notion of being extremal is independent of the chosen subspace W, while Lemma
4.1.(ii) implies that there is at least one form of non-zero determinant.

Theorem 4.2  Let f € Erdahl(n).

(i) If(g h) is an extremal proper pair for f, then Z( f) is a Delaunay polyhedron.
(ii) There exists a unique extremal proper pair (g, h).

Proof Let us take an integral supplement W as above and suppose, to avoid trivial-
ities, that W # @. So, by restricting f to W, we can assume that Quad(h) is positive
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definite:
f(x) =g(x) +h(x)

with h(x) > 0 for x € R". This condition on 4 is equivalent to

A _(Cst(h) Lin(h)T)
"~ \Lin(h) Quad(h)

being positive definite. Hence we consider the following semidefinite programming
problem. Find the A;, € $Z3' maximizing det Quad(h) and satisfying, for all x € Z",

f(x) 2 Ap[(1,x)] = h(x).

We also write g = f — h.

Suppose that Z(g) is not a Delaunay polyhedron and that Quad(h) is positive
definite. Then Z(g) does not generates R” as an affine space and so there exists an
affine function ¢ such that ¢(Z(g)) = 0. Then there exist > 0 such that the pair
(f—Hh', k") with b’ = h + a¢? is still proper. Since det Quad(h’) > det Quad(h), the
pair is not extremal and (i) holds.

Let us take N = n(n+1)/2 points v; € Z" such that the family { (1, v;)(1,v;) T }1i<icn
is of full rank. The inequalities g(v;) > A[(1,v;)] > 0 imply that all coefficients of A
are bounded. Thus, the problem is actually to minimize the convex function h ~
—log det Quad(h) over a compact convex set, hence existence follows.

Since —logdet is a strictly convex function, we know that if we have two optimal
solutions h; and h;, then Quad(h;) = Quad(h,). Let us denote by D; = Z(g;) and
D, = Z(g,) the corresponding Delaunay polyhedra. The function hpiq = (b +hy)/2
is also an optimal solution of the problem. We have Z(gmiqa) = D1 N D,. The set D; N
D, is necessarily a Delaunay polyhedron, since otherwise we could still increase the
determinant by the above construction and this would contradict the optimality. But
if Z(f) is a Delaunay polyhedron, then the terms Cst( f) and Lin( f) are determined
by Quad(f). So, one gets hy = h, and the uniqueness is proved on the restriction to
W. But Lemma 4.1(i) implies that once Quad(h) is known on W then it is known on
Z". By the condition h > 0, the linear part is known as well. ]

Note that in the above determinant maximization problem a finite set of inequali-
ties suffices to determine the optimal solution. This follows from the fact that since we
are maximizing the determinant we can assume that the lowest eigenvalue of Quad(h)
is bounded away from 0, i.e., that there exist ¢ > 0 such that Quad(h) > cI,,.

For f € Erdahl(n), we write proj(f) = g and proj’(f) = h with (g, k) the unique
extremal pair associated to f. From the unicity of extremal pairs we also get that proj
and proj’ commute with the action of AGL,(Z).

Conjecture 4.3  The function proj is continuous.

Let us define Erdahl,, (n) to be the set of f € Erdahl(n) such that Z(f) is a De-
launay polyhedron. The above conjecture would imply that the set Erdahly,(n) is
simply connected, and this could be of interest for topological applications. However,
we were not able to prove the conjecture, and instead we prove connectedness results
in later sections that are sufficient for our purposes.
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5 Relation with L-types Theory

In this section we reframe classical L-type theory from [45] (see also [41] for a modern
account) in terms of Erdahl cones and state several key lemmas.

Definition 5.1 Let Q € S, .. The Delaunay polyhedra tessellation DPT(Q) de-
fined by Q is the set of Delaunay polyhedra D such that there exist a f € Erdahl(n)

with
* Z(f) =D,
* Quad(f) = Q.

If Q is positive definite, then the Delaunay polyhedra tessellation is the classical
Delaunay polytope tessellation; i.e., all Delaunay polyhedra occurring are actually
vertex sets of Delaunay polytopes. The number of translation classes of Delaunay
polyhedra is always finite. These Delaunay polyhedra tessellations were considered
in [20, Section 2.2]. Efficient algorithms for the enumeration of Delaunay polytope
tessellations are given in [21].

From this, one can define the L-type which are parameter spaces of Delaunay poly-
tope tessellations.

Definition 5.2 Let us take a Delaunay polyhedra tessellation J. Then the L-type
LT(T) is defined as the closure of the set of quadratic forms Q such that DPT(Q) = 7.
It is well known (see [41, 45] for proofs) that L-types are polyhedral cones.

A L-typeis called primitive if it is of maximal dimension; this is equivalent to saying
that all its Delaunay polyhedra are Delaunay simplex sets.

The set of all L-types for all possible Delaunay tessellations defines a tessellation of
the cone ST ..

Given two Delaunay polyhedra tessellation T and 77, we say that 7" is a refinement
of T if every Delaunay polyhedron of 7 is included in a single Delaunay polyhedron
of T. Then T” is a simplicial refinement if all its Delaunay polyhedra are Delaunay

simplex sets.

Proposition 5.3  Any Delaunay polyhedra tessellation T admits at least one simplicial
refinement.

Proof Letusdenoteby L(7) the space L(D) of the Delaunay polyhedra D occurring
in the tessellation and by Q € S}, ., the form realizing it. Let us take a lattice L’ such
that L' @7 L(T) = Z". We write x € Z" as x = x; + z with x; € L' and z € L(7). D is
a Delaunay polyhedron for the quadratic function f € Erdahl(#n). Necessarily, f is of
the form f(x) = fi(x;) with f; a quadratic function on L’. Let us denote by (D; ) e;
the Delaunay polyhedra occurring in the tessellation. Let us take a basis wy, ..., Wy,
of L(T) and define linear forms ¢; on Z" such that ¢;(w;) = d;; and ¢;(L") = 0. The
quadratic form

(¢i(x))°

Mz

Q'[x]=Q[x]+

]
—
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is positive definite, and the Delaunay polyhedra tessellation DT corresponding to Q’
is formed by the Delaunay polyhedra

m
D; + Z{ak, ax + 1wy with1<i <rand ay € Z.
k=1

In particular, T; is a refinement of 7.

Since the L-type domain form a tiling of S7;,; ., the form Q" belongs to at least one
primitive L-type LT (7). This L-type defines a Delaunay polyhedra tessellation by
simplices, which is a refinement of T, and so of T. |

Let us take a primitive L-type J. Any facet F of 7T is determined by a pair of Delau-
nay simplex sets S; and S, in the Delaunay tessellation that determine a repartitioning
set. We say that two facet-defining repartitioning sets are in the same class if they de-
fine the same facet F of T. If R is a repartitioning set, then conv(R) admits exactly
two triangulations (see [41, Section 4.3.2]). One says that two primitive L-types are
adjacent if their intersection is a codimension 1 face in the cone SZ,. When we move
from one L-type to another L-type, the Delaunay tessellation is changed and this is
done combinatorially by the repartitioning sets. That is, some Delaunay simplex sets
are merged into repartitioning sets and the triangulation is changed to the other tri-
angulation, thus yielding another L-type.

Given a Delaunay polyhedron D a Delaunay polyhedra tessellation 7 is called
D-proper if D is the union of the Delaunay polyhedra D’ contained in D. We have
the following lemma.

Lemma 5.4 Let D be a Delaunay polyhedron. The graph formed by the primitive
L-types whose corresponding Delaunay polyhedra tessellations are primitive and D-
proper is connected.

Proof Let us consider a function fp € Erdahl(n) such that Z(fp) = D. We can
consider the triangulations induced by positive definite quadratic forms on D itself.
By the theory of regular triangulations (see [7] for an account), this set is connected.

Any triangulation Ty, on D induced by a positive definite quadratic form Q can
be extended to a triangulation T of Z". It suffices to replace Q by Q + A Quad(fp)
for A sufficiently large. The reason is that Quad(fp) will not change the Delaunay
triangulation for Delaunay simplex sets contained in D.

Now given a primitive L-type LT whose Delaunay polyhedra tessellation 7 is
D-proper, we denote by 8 its set of Delaunay simplex sets included in D. We con-
sider the following cone C(8):

C(8) = {Q € Spats0 | fs,o(x) 2 0for S € Sand x € Z" —S}.

This cone is convex and is an union of primitive L-types. Thus, this set of L-types is
connected. The connectedness follows by combining the above results. ]

Delaunay polytopes are restricted to the set D.
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n 1 2 3 4 5 6 7

PossVol(n) | {11 | {1} | {1} | {1} | (L2} | {L2,3} | {1,2,3,4,5]

Table 2: Possible volume of lattice Delaunay simplices. See [2] for the proof for n < 6
and Section 10 for the proof for n = 7.

Theorem 5.5 Consider a Delaunay polyhedron D and two Delaunay simplex sets S
and S" in D. Then there exists a sequence {S = So, S1, ..., Sm = S’} of Delaunay simplex
sets with S; ¢ D for 0 < i < m such that S; U S;., is a repartitioning set for 0 < i < m—1.

Proof Let us take fp € Erdahl(n) a function such that Z(fp) = D. Take fs, fs to
be the corresponding functions for S and §’. Denote by T the Delaunay polyhedra
tessellation defined by Quad( fp), which obviously has D as one of its components.

When we perturb Quad( fp ), we are changing the Delaunay tessellation. However,
if we take € > 0 small enough, we can ensure that the Delaunay polyhedra tessella-
tions DPT(Quad(fp +¢€fs)) and DPT(Quad(fp +€fs)) are D-proper. By applying
Proposition 5.3 we can find simplicial refinement of those two tessellations, which we
name TR and TR’ and are both D-proper. We call LT and LT’ the corresponding
primitive L-types.

By Lemma 5.4 there exists a path between LT and LT’ that uses only D-proper
L-types. By following this path, we can change S into another Delaunay simplex set
S, in TR'.

Denote by fi,.. ., f; the facets of LT'. Every such facet corresponds to a family of
repartitioning sets. We say that two Delaunay simplex sets included in D are adjacent
if their union is a repartitioning set that gives a facet of LT’. The Delaunay polyhedron
D is a coarsening obtained by merging all simplices, so the above defined graph is
connected. This means that we can find a path from S, to S’ ]

6 Relation with Hypermetric Theory

We define the volume vol(S) of a Delaunay simplex set S to be n! Vol(conv(S)) with
Vol the Euclidean volume. This rescaled volume is an integer and satisfies vol(S) < n!.
The possible rescaled volumes PossVol(#) are given in Table 2 for n < 7 and a super-
exponential lower bound on max PossVol(#) is proven in [39]. The best known upper
bound [12, Proposition 14.2.4] is

2
(6.1) max PossVol(n) < nl——.

)

Definition 6.1 Let us take two n-dimensional Delaunay polyhedron D, D with
D c D'. We can define the generalized hypermetric cone

Hyp(D,D') = { f € E»(n) | f(x) =0ifx e Dand f(x) > 0ifx e D'}

We have the inclusion Hyp(D, D") c Erdahlsyp,(D’) and Hyp(D, D”) is a priori
defined by an infinity of inequalities.

https://doi.org/10.4153/CJM-2016-013-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-013-7

1158 M. Dutour Sikiri¢

As a direct application we can express the L-type domains as intersection of gen-
eralized hypermetric cones.

Proposition 6.2 Let T be a Delaunay polyhedra tessellation. Then we have

LT(T) = Dfl QuadHyp(D,Z").

Proposition 6.3  The cone Hyp(D, D') is polyhedral.

Proof Let us take a Delaunay simplex set S = {v,,...,v,} ¢ D, which exists by
Proposition 5.3. If we prove the polyhedrality of Hyp(S, D’), then Hyp(D, D’) is
polyhedral as well, since it is obtained from Hyp(S, D’) by adding equalities f(x) = 0
forxeD-S.

Suppose that a v € D’ defines a relevant inequality. Then there exists a function
f such that f(x) = 0forx € Su{v} and f(x) > 0 for x € D' - Su {v}. Since D’
is a Delaunay polyhedron, there exists a function g such that g(x) = 0 for x ¢ D’
and g(x) > 0 for x € Z" — D'. Then we can find A > 0 such that f(x) + Ag(x) >0
for x € Z" - Su {v}. As a consequence, the polytope conv(S U {v}) is a Delaunay
polytope. This implies that for any i € {0,...,n}, the Delaunay simplex set S, ; =
{VsV0s .+ s Vicls Vigls + - - » Vi } hasvol(S, ;) < n! (see the proof of [12, Theorem 14.2.1]).
Hence, the coefficients of v are bounded by a bound depending only on S, and this
proves that Hyp(S, D') is polyhedral. [ |

For a Delaunay simplex set S of volume 1, the cone Hyp(S,Z") is called the hy-
permetric cone and is studied in [12]. For other simplices, they are called Baranovski
cone in [41]. The facets of the Baranovski cones are determined up to dimension 6 in
[38]. There is a correspondence between facets of Hyp(S, D) and repartitioning sets
P with S c P c D. That is, the inequality f(x) > 0 defines a facet of Hyp(S, D) if and
only if S U {x} is a repartitioning set.

7 Connectivity Results

For a given Delaunay polyhedron D, let us write

C,4(D) = {D’ cD

If A and B are sets of Delaunay polyhedra, then the graph Gr(A, B) is the graph
on A with two Delaunay polyhedra D, D, € A adjacent if and only if D; n D, € B.

rankperf(D’) = rand dimL(D") < d

D’ a Delaunay polyhedron with }

Theorem 71 If D is a Delaunay polyhedron of perfection rank r and degeneracy degree
d, then C,,1,4(D) is decomposed into a finite number of orbits under Aut(D).

Proof Without loss of generality, we can write D = P + Z9. Let us write D’ ¢ D
as D' = P’ + L' with k = dim L’. By applying an element of Aut(D), we can assume
that L' = Z¥. So, without loss of generality, we can assume that L’ = 0. Let us take
a Delaunay simplex set S in D'; its volume is bounded by max PossVol(#). Again by
using Aut(D) we can find a constant C’ such that the absolute value of the coordinates
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of $ in P + Z“ are bounded by C’. The polyhedrality of the cones Hyp(S, D) implies
the finiteness. ]

Lemma 72 If Cis a polyhedral cone, F is a face of C and e, e’ are two extreme rays
that are not contained in F, then e and e’ are connected by a path that does not intersect
F.

Proof By taking the intersection € n H with H a suitable hyperplane, we can trans-
form C into a polytope P and e, e’ into vertices of P. We can find an affine function ¢
such that ¢(x) > 0 is a valid inequality on P and ¢(x) = 0 defines the face Fn H of P.
By maximizing the function ¢ over P and using the simplex algorithm (see [40,46]),
we can find paths p(v, Vopt ), p(v', Vopt) from v, v’ to an optimal vertex vop¢ such that
¢ is monotone on both paths. Since ¢(v) > 0 and ¢(v") > 0, such paths avoid the face
F and joined together give the required path. ]

Theorem 7.3 If D is a Delaunay polyhedron of perfection rank r and degeneracy
degree d > 1, then

GT( (‘3,+1,d (D)’ er+2,d—1 (D))
is connected.

Proof Consider two Delaunay polyhedra D, and D/, in D of perfection rank r + 1.
Let us take two Delaunay simplex sets S, S’ contained in D,, D’,. By using Theo-
rem 5.5 we can find a chain of simplices (S;)o<i<m With S; € D, S = Sand S,,, = §'.
Denote by R; = S; U S;; the repartitioning set. Let e_;, e,, be the extreme rays in
Hyp(So, D), Hyp(S., D) corresponding to D,, D', respectively. For each Delaunay
simplex set S;, we consider the cone Hyp(S;, D). The extreme rays correspond to
Delaunay polyhedra of rank r + 1. If a Delaunay polyhedron D’ c D has degeneracy
degree d, then, necessarily, L(D’) = L(D). We define the restricted trace function to
be

¢(f) = Tr( Quad(f)li(p))-
A function f € Erdahls,p, (D) has Z(f) n D of degeneracy degree d if and only if
¢(f) = 0. The hyperplane ¢(f) = 0 determines a face F; of the cone Hyp(S;, D). The
intersection is
Hyp(S;, D) nHyp(Si+1, D) = Hyp(R;, D).

Thus, we can find a ray e; in Hyp(R;, D), which is not contained in F;. Since
Hyp(S;, D) is polyhedral, by Lemma 72 there exists a path from e;_; to e; in
Hyp(S;, D) that avoids the face F;. So, by putting all these paths together, we get
the required connectivity result. ]

Lemma 7.4 If Dy and D5 are two Delaunay polyhedra of perfection rank r and r + 2
with D3 c Dy, then there exist exactly two Delaunay polyhedra D, and D, 5 such that
D3 c D2,i c Dy with rankperf(Dz,,-) =r+1

Proof Since Djs is a Delaunay polyhedron, there exists a Delaunay simplex set S ¢

Dj;. The Delaunay polyhedra D3, D, correspond to faces Fs, F; of dimension r + 2, r
in the cone Hyp(S, Z"). It is well known from polytope theory [46, Theorem 2.7.(iii)]
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that there are exactly two faces F,;, F,, containing F; and contained in F;. Those
give the corresponding Delaunay polyhedron. ]

By using this theorem, we are able to compute inductively the Delaunay polyhedra
in Z". The property with the degeneracy degree ensures that we are able to effectively
reduce the complexity of the computation at each step, and thus we are reduced in
the end to computation with Delaunay polyhedra of degeneracy 0, i.e., polytopes for
which polytopal methods exist.

8 Algorithms

In [5] a general survey is presented of methods for computing dual description of
highly symmetric polytopes with many facets. Among the methods presented there,
we want to adapt the Recursive Adjacency Decomposition Method to our situation,
i.e., to a case with an infinite group and an infinity of defining inequalities.

8.1 Computing Aut(D)

In this subsection we explain the techniques needed to compute Aut(D), compute
Stabps (Aut(D)), and split orbits. In the decomposition of Theorem 2.5, the only
component that is not clear is Aut(Dy), i.e., the computation of the automorphism
group of a Delaunay polytope. For that purpose the methods of [21] that we are using
is the method of isometry groups can be used.

Definition 8.1 Let D be a Delaunay polyhedron. Take alattice L' with L' @z L(D) =
Z". Take a basis wy, ..., w, of L. Denote by v, ..., v,, the expression of the vertices
of P/(D) in the basis (w;).

We define the matrix Q by Q = X7, (. ) (1 v!). From there we define the distance
function fp:Z" x Z" ~ R by

* fo(xx") = ¢(x)Q7M(x")"

o with ¢(x) = (Luy,...,u,)if x =wywy + -+ u,w, + zand z € L(D).

The construction of the matrix Q and its inverse above is relatively standard. We
used it first in [43], and further work on this was done in [4, 5].
The interest of this construction is that it allows to compute automorphism groups.

Theorem 8.2  Let D be a Delaunay polyhedron. The following hold.

(i) Ifu e Aut(D), then we have fp(u(x),u(y)) = fp(x, y) forx,y € D.

(i) IfL’ is a sublattice such that L' &y L(D) = Z" and u is a permutation of Pr(D)
such that fp(u(x),u(y)) = fp(x, y) for x, y € D, then u is induced by an affine
rational transformation of L' ® R.

Proof (i) By its construction, if z € L(D), then we have fp(x + z,y) = fp(x, y).
Thus if u € Aff(D) then u preserves fp. On the other hand, if u € Aut(Pr/ (D)), then
we can see by summation that u preserves fp. The proof is available, for example, in
[5,43].

(ii) The reverse implication is also available from [5,43]. [ |
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Let us denote by Autg(P(D)) the group of rational transformations preserving
P(D). By Theorem 8.2.(ii) we have Aut(P(D)) = AGL,(Z) n Autg(P(D)) with r the
dimension of L’. The computation of Autg(P(D)) is done efficiently by using known
partition backtracking software such as [36]; see [4, 5] for more details. In the cases
considered in this paper, the number of vertices is quite small and this computation
is very easy.

A Delaunay polytope is called generating if difference between its vertices generate
Z". If a Delaunay polytope is non-generating, then it is actually a Delaunay poly-
topes for more than one lattice. If P(D) is generating, then we have Aut(P(D)) =
Autg(P(D)), and we are done. Otherwise, we can apply some of the strategies listed
in [4, Section 3.1]. Here, the situation is particularly simple, and the simplest strategy
of iterating over the group elements and keeping the integral ones works very well.
Also note that the above methods with only slight modifications work for testing the
equivalence of Delaunay polyhedra.

8.2 Computing Stabilizers

We now give methods for computing stabilizers of Delaunay polyhedra, more pre-
cisely of the transformations preserving two polyhedra D ¢ D’, which occurs in our
computations.

Let us select a lattice L’ such that L’ @7 L(D) = Z". Denote by G, the group
occurring in Theorem 2.7.

Let us define the function fp p- on P-(D) by fp,pr(x,y) = (fD (x,9), for (x, y)) .
By Theorem 8.2, the elements of the group G; must preserve the function fp p-. Thus,
we can use the partition backtrack algorithm of Section 8.1 to get the group Aut( fp,p-)
of permutations preserving fp,p:.

Then we obtain the group G; by keeping only the elements that are in AGL,(Z)
and preserve D’. This is possible since the group Aut(fp,pr) is finite and of moderate
size in most cases. All the algorithms above have equivalents for testing equivalence,
and, of course, what has been done for pairs D c D’ of Delaunay polyhedra can be
extended to triples D c D' ¢ D"

8.3 Splitting Orbits

Suppose that we have an orbit Gx of an element x under a group G. For a subgroup
H c G we wish to decompose Gx into orbits Hx;. Such an orbit splitting decom-
position Gx = U, Hx; with x; = g;x is equivalent to a double coset decomposition
G = U, Hg; Stabg (x).

In the case of interest to us, we have G = Aut(D), H = Aut(D)nAut(D") for D, D’
Delaunay polyhedra with D ¢ D" and x a Delaunay polyhedron included in D. Since
a priori Aut(D) is infinite, we cannot apply standard tools from computer algebra
software such as GAP [28]. By the finiteness result Theorem 4.2.(ii) we can find a coset
decomposition G = U, Hg;. However, it is not a double coset decomposition; i.e.,
we can have Hg; # Hg; but still have Hg;x = Hg;x. Therefore, we need to eliminate
duplicate in order to do the orbit splitting.
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8.4 The Flipping Algorithm

Suppose that D; c D, c Dj are Delaunay polyhedra having
rankperf D; =1 + rankperf D, = 2 + rankperf Djs.

By Lemma 7.4 we know that there exists a unique Delaunay polyhedron D} having
Dy c D) c Dy and D, # D5.

We can find functions f; € Erdahl(n) such that Z(f;) = D;. We can also assume
that Cp, = Rf; @ Cp,,, for i =1, 2. We need to find f; € Erdahl(n) such that Z(f;) =
Dj.

If L(D;) = 0, then Djs is a polytope; i.e., it has a finite number of vertices, and
the algorithm is called the gift wrapping procedure [5,6,43]. If L(D3) # 0, we have
to modify the algorithm in order to take care of the fact that we have an infinity of
vertices by writing an iterative algorithm. This is quite similar to the flipping in the
Voronoi algorithm [41].

Data: Delaunay polyhedra D, D;, D3 with D; = Z(f;), f; € Erdahl(n),
Dl (e Dz C D3 and

rankperf D; — 2 = rankperf D, — 1 = rankperf Dj3.

Result: f; € Erdahl(n), Delaunay polyhedra D} = Z(f,), D} # D, and
Dy c D) cDs
V<o
repeat
v < random element of Z( f3)
V<Vu{v}
L« (fi(w), fo(w)) forweV
until £ has rank 2;
repeat
{(a1,B1), (@2, B2)} < generators of extreme rays of L.
L eAafi+Pifrcafi+ oo} —Rf2.
if there isav € Z(f3) with f;(v) < 0 then
V< Vu{v}
L < (filw), fa(w)) forweV
end
until f; > 0 on Z(f3);
repeat
| Lefiths
until f; >0 0n Z";

fiefi+fs

Algorithm 2: Flipping algorithm

The non-negativity test for f; on Z" is done by solving a closest vector problem.
The non-negativity test on Dj is done by decomposing it into {v; + L(D3)} U+ U
{vm + L(D3)}. The non-negativity is tested by m closest vector problems. The final
operation on f, is done to ensure that f;(x) > 0if x ¢ Z(f3).

https://doi.org/10.4153/CJM-2016-013-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-013-7

The Seven Dimensional Perfect Delaunay Polytopes and Delaunay Simplices 1163
8.5 The Recursive Adjacency Decomposition Method

Given a Delaunay polyhedron D of perfection rank r the algorithm of this section will
give the orbits of Delaunay polyhedra D’ ¢ D of perfection rank r+1. If degrk(D) = 0,
then the computation of the orbits of Delaunay polyhedra can be achieved by Theo-
rem 3.5(iii).

If degrk(D) > 0, we have to proceed differently. By Theorem 7.3 we can limit our-
selves to Delaunay polyhedra with degrk(D) < degrk(D) — 1. The algorithm takes
one initial Delaunay polyhedron of perfection rank r + 1 and computes the adjacent
Delaunay polyhedron of perfection rank  + 1. If an obtained Delaunay polyhedron is
not equivalent to an existing one, then we insert it into the list. We iterate until all or-
bits have been treated. The computation of the adjacent Delaunay polyhedra adjacent
to a Delaunay polyhedron D’ requires the computation of orbits the Delaunay poly-
hedra contained in D’. Thus, we have a recursive call to the algorithm. Fortunately,
the degeneracy degree diminish by at least 1 so there is no infinite recursion.

The mapping from J; to F, is done using the orbit splitting procedure. Finding
D" from D5, D', and D is done using the flipping procedure.

There is a degree of choice in the initial Delaunay polyhedron Djp;;. The standard
choice is if D = P(D) + L(D) with L(D) = Zv; + -+ + ZVgegri(p) to take Dinjr @
Delaunay polyhedron of the form

Dinit = P(D) + {0, Vl} + ZVz + -+ Zvdegrk(D).

The schematic of the algorithm is shown in Algorithm 3.

9 Perfect Delaunay Polytopes in Dimension 7

In the enumeration of an inhomogeneous perfect form in dimension 7, we need to de-
scribe the Delaunay polytopes that will occur. The list of perfect Delaunay polyhedra
in dimension 7 is thus the following:

(a) {0,1} x Z8,

(b) 291 X 7 with 21 the Schlafli polytope,

(c) 321 the Gosset polytope [12],

(d) ER;7 the polytopes discovered by Erdahl and Rybnikov [24, 25].

The geometry of the Schléfli and Gosset polytopes are described in more detail in
[12,15].

An affine basis of a n-dimensional Delaunay polytope D is a family of n + 1 vertices
V05 - - >V, such that for any vertex v of D there exist A; € Z such that v = ¥1_ A;v;.
The perfect Delaunay polytopes of dimension 7 have an affine basis, but it is possible
that in higher dimension there are perfect Delaunay polytopes without an affine basis.
It is known that in dimension at least 12, there are Delaunay polytopes with no affine
basis [18]. Also, the perfect Delaunay polytopes of dimension 7 are generating. Note
that in [19] we found some non-generating perfect Delaunay polytopes for n > 13. We
have rankperf({0,1}") = n (see, for example, [12,13]).

In terms of computation, the overwhelming majority of the time is spent comput-
ing the rank 2 faces of {0,1} x Z°. By the recursive approach chosen, the method
requires the computation of the facets of Erdahl,,, ({0,1}”), and so by Theorem 3.7
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Data: Delaunay polyhedron D of perfection rank r
Result: Set F = {D, ..., Dy, } of Delaunay polyhedron of perfection rank r +1
inequivalent under Aut D
if degrk(D) = 0 then
U <« orbits of facets of Erdahl, (D).
F « orbits of Delaunay polyhedron from Theorem 3.5.(iii).
else
T < {Dinit} with Dipe € Erdahl(n), rankperf Z(Djy;¢) = r + 1and
degrk(Dipit) = degrk(D) - 1.
F <.
while there is a D’ € T with degrk(D') < degrk(D) -1 do
F <« Fu{D'}.
T« T~{D'}.
F) < orbits of Delaunay polyhedra of perfection rank r + 2 in D’ under
AutD’.
F, < orbits of Delaunay polyhedra of perfection rank r + 2 in D’ under
Stab(D’, D).
for D, € ¥, do
find Delaunay polyhedron D" c D of perfection rank r + 1 with
D,=D'nD".
if D" is not equivalent under Aut D to an element of F U T then
if degrk(D"") = degrk(D) then
| F<=Fu{f}
else
| T<Tu{f}
end

end
end

end
end
Algorithm 3: Enumeration of inequivalent sub Delaunay polyhedra

of the facets of CUTPg. We actually computed the list of orbits of facets of CUTPg
(and some other graph cut polytopes) in [9]. In dimension 8 the partial enumeration
algorithm of [16] found 27 perfect Delaunay polytopes, and it is likely that the list is
complete. But to prove its completeness by using the method of this work would re-
quire the determination of all facets of CUTPy, and this is very difficult [6]. In [16]
a partial enumeration of perfect Delaunay polytopes was done with only Delaunay
polyhedra with L(D) = 0 being considered. The two perfect Delaunay polytopes of
dimension 7 were determined in this paper, and our enumeration proves that the list
is complete.

The implementation is available from [17] and uses the GAP computer algebra sys-
tem [28].
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10 Classification of Delaunay Simplices in Dimension 7

Formula (6.1) gives 187 as an upper bound on the volume of Delaunay simplex sets.
With this upper bound we can devise an algorithm for enumeration of Delaunay sim-
plex sets, which will unfortunately prove inefficient.

Remark 10.1 Suppose we have a list of types of Delaunay simplex sets in di-

mension n — L. If § = {vy,...,v,_1,v,} is a Delaunay simplex set of dimension
n, then {vy,...,v,_1} is a n — 1 dimensional Delaunay simplex sets of the lattice
Vi—Vos.-.>Vu-1—Vo.

Suppose we have an n — 1 dimensional Delaunay simplex set vy = 0, v; € Z"™!
for1 < i < n—1of volume v. We write the n-dimensional simplex as v = (v,,0),

vi=(v1,0),...,vh_; = (v4-1,0),and v/, = (xy, ..., x,_1, X, ) with x,, > 0. The volume
of the simplex defined by (v!) is vx,,.
For a fixed x,, the number of possibilities for (xi, ..., x,_;) is x" 7 /v.

The Delaunay simplices of dimension 6 were classified in [2], and so we could apply
the algorithm of Remark 10.1. Unfortunately the number of possibilities to be applied
is very large, of the order of 187, on which we have to apply Algorithm 1.

Therefore, we need a different method.

Lemma 10.2 Let S be a Delaunay simplex set that is not contained in any perfect
Delaunay polyhedron different from {0,1} x Z"™". The possibilities are the following:

(i)  For n < 4 the Delaunay simplices of volume 1.
(ii) For n =5 the Delaunay simplex of volume 1 or 2.
(iii) For n = 6 or 7 there are no possibilities.

Proof Letus take a Delaunay simplex set S = {vy,..., v, }. We can assume that v is
located at the origin by using translation if necessary. For each 1 < i < n let us define
¢; the linear form on R” such that £;(v;) = 1 and ¢;(v;) = 0 for i # i. Any Delaunay
polyhedron D isomorphic to {0,1} x Z"! and such that S ¢ D corresponds to a linear
form £ on R” such that €(v;) € {0,1} and

D={xeZ"|¢(x)=0orl}.

The linear form ¢ is then called admissible, and the corresponding quadratic function
is ge(x) = €(x)(€(x) - 1).

Let us denote by S c {1,..., n} the set of points i such that £(x) = 1. Clearly, one
can write £ = Y, ¢;. A function ¢ is admissible if and only if ¢ is integral valued on
Z". If it is not integral valued, then there exists a v € Z" such that 0 < £(v) <1 which
implies that q,(v) < 0 which is not allowed. If it is integral valued, then D = Z(qy) is

equivalent to {0,1} x Z"™!. In the sequel, foraset S c {1,..., n}, we write
ESZZE,‘ and VSZZV,‘.
[N ieS

Let us define
8 = {S c{l,...,n}|&sis integralvalued}.
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Let us denote by Z§ the Z-span of the elements vs for S € 8. This defines a lattice £
of Z". Since S is contained only in Delaunay polyhedra isomorphic to {0,1} x Z""!
the set of the function gy, is full-dimensional. This implies that |S| > n(n +1)/2 and
that the lattice £ is actually full-dimensional. Denote its index by h.

The set of the function &g is also full-dimensional in (Z")*. Its index is

h/vol(S) > 1.

We are interested in the point sets of the form {0,1}" N L with L an affine subspace
of Z". By direct enumeration we obtain the full list of 3363 orbits of such points for
n = 7. By selecting the point sets whose cone of functions g, is full-dimensional, we
get an upper bound of 3 on the index & and so an upper bound of 3 on the possible
volumes of such simplices.

With volume at most 3 we can apply the algorithm implied by Remark 10.1. Each
facet of such a Delaunay simplex is also a Delaunay simplex of one dimension lower.
Therefore, we can use previous enumeration result to get a list of 796 possible can-
didates of 7-dimensional Delaunay simplices. We then use Algorithm 1 for checking
which of them are indeed Delaunay simplices. This gives 6 cases (the ones of Table 1
of volume at most 3). Each one of them is also contained in a Delaunay polytope ER;
and so there is no such Delaunay simplices in dimension 7.

Dimension n < 6 follows from known results. ]

Proof of Theorem 1.4 If S is a Delaunay simplex set, then Hyp(S,Z”) is a full-di-
mensional polyhedral cone, i.e., defined by a finite number of inequalities and having
a finite number of extreme rays. Any such extreme ray corresponds to a perfect De-
launay polyhedron D. We have |S| = 8, and S defines a face of the cone ErdahI:upp (D).

By Lemma 10.2, S has to be contained in a Delaunay polyhedron of type 3, ER7,
or 2y x Z.

The perfect Delaunay polyhedron ER; has 35 vertices. This matches the lower
bound given by Proposition 3.6. As a consequence, any 8-element subset of ER; de-
fines a face of Erdahl], ,(ER7). The automorphism group of ER; has size 1440, and
by using it one can get easily the 9434 orbits of 8-element subsets of ER;. Actually, all
eleven types of simplices occur this way.

The Gosset polytope 3;; has 56 vertices, and the automorphism group is equal to
the Weyl group of the root lattice E;. We found 521 orbits of 8-element sets in 3,1; 474
of them correspond to faces of Erdahly,, (321).

For the perfect Delaunay polyhedron 2;; x Z we have to proceed differently, since
the number of points to be considered is infinite. We have to enumerate the possible
8-point subsets of 25; x Z of volume at most 187 (Formula (6.1)) up to the action of
Aut(2,; x Z). The 8 points are expressed in the form v; = (w;, h;) with w; € 2
and h; € Z. The set of points (w;)i<;<g must define a 6-dimensional affine space.
Thus, 7 of them, say (w;)1<;<7, must be sufficient to define a 6-dimensional Delaunay
simplex set Ssch. An exhaustive enumeration on the 27 vertices of 2,; gives 31 types
up to isomorphism. The volume vol(Ss ) can be 1, 2, or 3. If the volume is 1, then we
can use an element of Aff(2, xZ) and obtain h; = 0 for 1 < i < 7. For higher volumes,
the situation is more complicated, but by using Aff(2,; x Z) and linear algebra we can
reduce to vol(Ssch ) possibilities, i.e., 2 or 3. For the last point (vg, hg), we have 27
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possibilities for vg and a finite number for hg due to the upper bound of 187. We then
apply Algorithm 1 to test realizability of the finite list of possible cases. This gives us
the eleven possible simplices. ]

Acknowledgments The author thanks Viacheslav Grishukhin and Achill Schiir-
mann for useful discussion on this work.

References

[1] D. Avis, The Irs program. 2015 http://cgm.cs.mcgill.ca/~avis/C/Irslib/USERGUIDE.html

[2] E.P. Baranovskii, The conditions for a simplex of 6-dimensional lattice to be I-simplex. (Russian),
Ivan. Univ. 2(1999), no. 3, 18-24.

[3] A.Barvinok, A course in convexity. Graduate Studies in Mathematics, 54, American
Mathematical Society, Providence, RI, 2002.

[4] D.Bremner, M. Dutour Sikiri¢, D. V. Pasechnik, T. Rehn, and A. Schiirmann, Computing
symmetry groups of polyhedra. LMS J. Comput. Math. 17(2014), no. 1, 565-581,
http://dx.doi.org/10.1112/51461157014000400

[5] D.Bremner, M. Dutour Sikiri¢, and A. Schiirmann, Polyhedral representation conversion up to

symmetries. In: Polyhedral computation, CRM Proc. Lecture Notes, 48, American Mathematical

Society, Providence, RI, 2009, pp. 45-71.

T. Christof and G. Reinelt, Combinatorial optimization and small polytopes. Top 4(1996), no. 1,

1-64 http://dx.doi.org/10.1007/BF02568602

[7] J. A. De Loera, J. Rambau, and E. Santos, Triangulations. Algorithms and Computations in
Mathematics, 25, Springer-Verlag, Berlin, 2010. http:/dx.doi.org/10.1007/978-3-642-12971-1

[8] M. Deza and M. Dutour, The hypermetric cone on seven vertices. Experiment. Math. 12(2003), no.
4, 433-440. http://dx.doi.org/10.1080/10586458.2003.10504511

[9] M. Deza and M. Dutour Sikiri¢, Enumeration of the facets of cut polytopes over some highly
symmetric graphs. Int. Trans. Oper. Res., to appear.

[10] M. Deza, V. P. Grishukhin, and M. Laurent, The symmetries of the cut polytope and of some
relatives. In: Applied geometry and discrete mathematics, DIMACS Ser. Discrete Math. Theoret.
Comput. Sci., 4, American Mathematical Society, Providence, RI, 1991, pp. 205-220.

[11] M. Deza, V. P. Grishukhin, and M. Laurent, Extreme hypermetrics and L-polytopes. In: Sets,
graphs and numbers (Budapest, 1991), Colloq. Math. Soc. Janos Bolyai, 60, North-Holland,
Amsterdam, 1992, pp. 157-209.

[12] M. M. Deza and M. Laurent, Geometry of cuts and metrics. Algorithms and Combinatorics, 15,
Springer, Heidelberg, 2010. http://dx.doi.org/10.1007/978-3-642-04295-9

[13] M. Dutour, The six-dimensional Delaunay polytopes. European J. Combin. 25(2004), no. 4,
535-548. http://dx.doi.org/10.1016/j.ejc.2003.07.004

, Infinite series of extreme Delaunay polytopes. European J. Combin. 26(2005), no. 1,
129-132.  http://dx.doi.org/10.1016/j.ejc.2003.11.002

[15] M. Dutour, R. M. Erdahl, and K. Rybnikov, Perfect Delaunay polytopes in low dimensions.
Integers 7(2007), A39, 49.

[16] M. Dutour and K. Rybnikov, A new algorithm in geometry of numbers. Proceedinga of 4th
International Symposium on Voronoi Diagrams in Science and Engineering (ISVD 2007), IEEE
computer society, 2009, pp. 182-188.

[17] M. Dutour Sikiri¢, Polyhedral. 2015. http://mathieudutour.altervista.org/Polyhedral/index.html

[18] M. Dutour Sikiri¢ and V. P. Grishukhin, How to compute the rank of a Delaunay polytope.
European J. Combin. 28(2007), no. 3, 762-773.  http://dx.doi.org/10.1016/j.€jc.2005.12.007

[19] M. Dutour Sikiri¢ and K. Rybnikov, Perfect but not generating delaunay polytopes. Symmetry
Culture and Science, Tesselation II, 22, Symmetrion, 2011, pp. 317-325.

[20] M. Dutour Sikiri¢, A. Schiirmann, and E. Vallentin, A generalization of Voronoi’s reduction theory
and its application. Duke Math. J. 142(2008), no. 1, 127-164.

[21] M. Dutour Sikiri¢, A. Schiirmann, and E. Vallentin, Complexity and algorithms for computing
Voronoi cells of lattices. Math. Comp. 78(2009), no. 267, 1713-1731.
http://dx.doi.org/10.1090/50025-5718-09-02224-8

[22] M. Dutour Sikiri¢, A. Schiirmann, and F. Vallentin, Inhomogeneous extreme forms. Ann. Inst.
Fourier (Grenoble) 62(2012), no. 6, 2227-2255.  http://dx.doi.org/10.5802/aif.2748

[6

(14]

https://doi.org/10.4153/CJM-2016-013-7 Published online by Cambridge University Press


http://cgm.cs.mcgill.ca/~avis/C/lrslib/USERGUIDE.html
http://dx.doi.org/10.1112/S1461157014000400
http://dx.doi.org/10.1007/BF02568602
http://dx.doi.org/10.1007/978-3-642-12971-1
http://dx.doi.org/10.1080/10586458.2003.10504511
http://dx.doi.org/10.1007/978-3-642-04295-9
http://dx.doi.org/10.1016/j.ejc.2003.07.004
http://dx.doi.org/10.1016/j.ejc.2003.11.002
http://mathieudutour.altervista.org/Polyhedral/index.html
http://dx.doi.org/10.1016/j.ejc.2005.12.007
http://dx.doi.org/10.1090/S0025-5718-09-02224-8
http://dx.doi.org/10.5802/aif.2748
https://doi.org/10.4153/CJM-2016-013-7

1168 M. Dutour Sikiri¢

[23] R. M. Erdahl, A cone of inhomogeneous second-order polynomials. Discrete Comput. Geom.
8(1992), no. 4, 387-416.  http://dx.doi.org/10.1007/BF02293055

[24] R. M. Erdahl and K. Rybnikov, An infinite series of perfect quadratic forms and big Delaunay
simplices in 72"*. Tr. Mat. Inst. Steklova 239(2002), Diskret. Geom. i Geom. Chisel, 170-178.

, Voronoi-Dickson hypothesis on perfect forms and L-types. In: Rendiconti del Circolo
Matematiko di Palermo, Serie II, LII, part I, Symmetrion, 2002, pp. 279-296.

[26] K. Fukuda, The cdd program. 2015. http://www.ifor.math.ethz.ch/n~fukuda/cddn_home/cdd.html

[27] V.P. Grishukhin, Infinite series of extreme Delaunay polytopes. European ]J. Combin. 27(2006),
no. 4, 481-495.  http://dx.doi.org/10.1016/j.ejc.2005.02.002

[28] The GAP group, GAP—groups, algorithms, and permutations, version 4.4.6. 2015.
http://www.gap-system.org

[29] R.].Hans-Gill, M. Raka, and R. Sehmi, On conjectures of Minkowski and Woods for n = 7. J.
Number Theory 129(2009), no. 5, 1011-1033.  http://dx.doi.org/10.1016/j.jnt.2008.10.020

, Estimates on conjectures of Minkowski and Woods. Indian J. Pure Appl. Math. 41(2010),

no. 4, 595-606. http:/dx.doi.org/10.1007/513226-010-0034-9

, Estimates on conjectures of Minkowski and Woods II. Indian J. Pure Appl. Math. 42(2011),

no. 5, 307-333.  http://dx.doi.org/10.1007/s13226-011-0021-9

, On conjectures of Minkowski and Woods for n = 8. Acta Arith. 147(2011), no. 4, 337-385.
http://dx.doi.org/10.4064/aa147-4-3

[33] W. Keller, J. Martinet, and A. Schiirmann, On classifying Minkowskian sublattices. Math. Comp.
81(2012), no. 278,1063-1092.  http://dx.doi.org/10.1090/S0025-5718-2011-02528-7

[34] J. E. Koksma, Diophantische Approximationen. Springer-Verlag, Berlin-New York, 1974.

[35] J. Martinet, Perfect lattices in Euclidean spaces. Grundlehren der Mathematischen
Wissenschaften, 327, Springer-Verlag, Berlin, 2003.  http:/dx.doi.org/10.1007/978-3-662-05167-2

[36] B.D. McKay and A. Piperno, nauty and traces. http://cs.anu.edu.au/people/bdm/nauty/

[37] C.T. McMullen, Minkowski’s conjecture, well-rounded lattices and topological dimension. ]. Amer.
Math. Soc. 18(2005), no. 3, 711-734.  http://dx.doi.org/10.1090/50894-0347-05-00483-2

[38] S.S. Ryskov and E. P. Baranovskii, Repartitioning complexes in n-dimensional lattices (with full
description for n > 6). In: Voronoi impact on modern science, Institute of Mathematics, Kyiv,
1998, pp. 115-124.

[39] E Santos, A. Schiirmann, and E. Vallentin, Lattice Delone simplices with super-exponential
volume. European J. Combin. 28(2007), no. 3, 801-806.
http://dx.doi.org/10.1016/j.jc.2005.12.003

[40] A. Schrijver, Theory of linear and integer programming. Wiley-Interscience Series in Discrete
Mathematics, John Wiley & Sons, Ltd., Chichester, 1986, A Wiley-Interscience Publication.

[41] A. Schiirmann, Computational geometry of positive definite quadratic forms. University Lecture
Series, 48, American Mathematical Society, Providence, RI, 2009.

[42] U. Shapira and B. Weiss, On stable lattices and the diagonal group. arxiv:1309.4025

[43] M. D. Sikiri¢, A. Schiirmann, and F. Vallentin, Classification of eight-dimensional perfect forms.
Electron. Res. Announc. Amer. Math. Soc. 13(2007), 21-32.
http://dx.doi.org/10.1090/51079-6762-07-00171-0

[44] G. Voronoi, Nouvelles applications des paramétres continues a la théorie des formes quadratiques
I: Sur quelques propriétés des formes quadratiques positives parfaites. J. Reine Angew. Math
133(1908), no. 1, 97-178.

, Nouvelles applications des paramétres continus a la théorie des formes quadratiques 2:
Recherches sur les parallélloédres primitifs. ]. Reine Angew. Math 134(1908), no. 1, 198-287.

[46] G. M. Ziegler, Lectures on polytopes. Graduate Texts in Mathematics, 152, Springer-Verlag, New
York, 1995.  http://dx.doi.org/10.1007/978-1-4613-8431-1

Rudjer Boskovi¢ Institute, Bijenicka 54, 10000 Zagreb, Croatia, Fax: +385-1-468-0245
e-mail: mathieu.dutour@gmail.com

(25]

(30]

(31]

(32]

[45]

https://doi.org/10.4153/CJM-2016-013-7 Published online by Cambridge University Press


http://dx.doi.org/10.1007/BF02293055
http://www.ifor.math.ethz.ch/n~fukuda/cddn_home/cdd.html
http://dx.doi.org/10.1016/j.ejc.2005.02.002
http://www.gap-system.org
http://dx.doi.org/10.1016/j.jnt.2008.10.020
http://dx.doi.org/10.1007/s13226-010-0034-9
http://dx.doi.org/10.1007/s13226-011-0021-9
http://dx.doi.org/10.4064/aa147-4-3
http://dx.doi.org/10.1090/S0025-5718-2011-02528-7
http://dx.doi.org/10.1007/978-3-662-05167-2
http://cs.anu.edu.au/people/bdm/nauty/
http://dx.doi.org/10.1090/S0894-0347-05-00483-2
http://dx.doi.org/10.1016/j.ejc.2005.12.003
http://arxiv.org/abs/1309.4025
http://dx.doi.org/10.1090/S1079-6762-07-00171-0
http://dx.doi.org/10.1007/978-1-4613-8431-1
mailto:mathieu.dutour@gmail.com
https://doi.org/10.4153/CJM-2016-013-7

