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In this paper, we focus on the formation behaviour of the kinetic Cucker—Smale
model for initial datum without compact support for the position variable.
Comparing with the case of compact support, the attractive force between particles
is weak. First, we obtain the existence and uniqueness of the classical solution to the
kinetic Cucker—Smale model by standard approximation method. Second, by using
the characteristic flow, we overcome the difficulty brought by the weak attractive
force between particles through some estimates and establish the formation
behaviour, i.e., consensus of velocity, of the classical solution to the kinetic
Cucker—Smale model. Finally, for the measure-valued solution to the kinetic
Cucker—Smale model, the formation behaviour is also established.

Keywords: Cucker—Smale model; formation behaviour; non-compact support;
characteristic flow

2020 Mathematics Subject Classification: 35B40; 92D25

1. Introduction

Collective behaviour in many body systems is ubiquitous in real life, which can be
interpreted as flocking, swarming, aggregation. The Cucker—Smale model is one of
the well-known models to describe the emergent behaviour in flocks, introduced by
Cucker and Smale in [8, 9]. The Cucker—Smale model of N particles is given by:

dl‘i
dt

d'Ui N
ar ijH(m — xi])(vj — i),
Jj=1

=, i=1,2,...,N,
(1.1)

where the communication rate H is

1

H(S):m7

8= 0. (1.2)
Here (z;(t), vi(t)) € R? x R? represent the position and velocity of the ith particle,
1 <4 < N. This model has been extensively studied in the literature, from different
aspects, for example, collision avoiding [1, 7], flocking with hierarchical leadership
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[17, 24], rooted leadership [18, 19], bi-cluster flocking [11], discrete form flocking
[21, 22] and so on. In order to describe the dynamics of large number of particles,
Ha and Tadmor derived the following kinetic Cucker—Smale model in [13]:

8tf+v’ vxf+d1VU(L[f}f) :07 f(O,LE,’U) :fo(l’,’l)), (13)

where L[f] is the alignment force given by

Lifl(t,z,v) = —/RM Wf(t,y,w) dydw, B>=0. (1.4)

v —w

The unknown function f(¢, 2, v) > 0 denotes a microscopic density of particle at
time ¢ > 0 and position € R?, moving with velocity v € R?. Existence, uniqueness
and stability results for model (1.3)—(1.4) have also been studied in [2-5, 10, 12,
15]. Besides, Karper, Mellet and Trivisa added a confinement potential to establish
the global existence of the weak solutions in [14] for initial data in L' N L> with
compact support in velocity variable. Moreover, the global existence of measure-
valued solutions for (1.3)—(1.4) with a weak singular communication weight was
established in [20].

The flocking behaviour of the kinetic Cucker—Smale model is proved in [4] when
the initial datum fy is compactly supported in x and v, that is, the support in
velocity shrinks towards its mean velocity exponentially fast while the support in
position is bounded around the position of the centre of mass. More precisely, there
are some positive constants C' and a depending on suppfy and 3 such that

/d|v—vc|2f(t,x,v)dxdvgC’e*at, Ve = Hf0||zll/ dvfo(x,v)dxdv, (1.5)
R? R?

when (€ [0, 1/2]. Besides, if the initial datum has compact velocity-position
support, i.e., there exists a positive constant A\ such that

Sup{‘v— ;’ (z,v) € suppfo} < 0,

Chen and Yin established a new type of collective behaviour in [6] when (> 1,
that is, some velocity-position moments decay:

v
R2d

In the above results, they all require that the initial datum has a compact
support of position in some sense. The target in this paper is to find some col-
lective behaviours under more general condition for the support of position. We
first observe that even if the support of position is unbounded while the velocity
support is concentrate on one single point, the system (1.3)—(1.4) will still reach
the equilibrium state (see example 1.2), which is very different from the previous
results. Therefore, the following question is natural:

Question: Assume that the initial datum fj is not compactly supported in x, are
there any other collective behaviours to the system (1.3)—(1.4)?

In this paper, we study the above question when 8 € [0, 1/2] and show that the
velocity support of the solution to (1.3)—(1.4) will be asymptotically concentrated

k

* ft,z,v)dedv — 0, VE=2.

TS\
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Formation behaviour of the kinetic Cucker—Smale model 1317

on its mean velocity. We will call the above behaviour as formation behaviour
defined as below:

DEFINITION 1.1. The kinetic Cucker—Smale model (1.3)—(1.4) has a formation
behaviour when the classical solution f to (1.3)—(1.4) satisfies the following result:

lim v —ve2f(t,z,0)dedv =0, ve=||foll1 / vfo(z,v)dzdo.
R2d

t—o0o R2d

The formation behaviour is a relaxed concept from the original flocking
behaviour, which only concerns the aggregation of velocities and do not care about
the evolution of position support. Therefore, asymptotic formation behaviour even
allows an unbounded position support, which is compatible with the non-compact
framework of this paper. Next, we provide an example to illustrate the differ-
ence between the flocking behaviour and the formation behaviour. To this end,
we introduce the following infinite-particle Cucker—Smale model:

dl‘i — v

dt - 19

d’UZ‘ > (1 6)

¥ :ijH(|xj—a:i|)(vj—vi), t >0, :
j=1

with total mass M > 0,

o0
> my=M, m;>0. (1.7)
j=1

This model was first proposed in [26]. The measure curve given by

Fla,o,t) =Y mid(e — 2i()d(v — vi(t))
i=1

is a weak measure-valued solution to (1.3)-(1.4) for 3<% and initial data

{Z:0, vio bien belonging to 12, (R?) x [°°(R?), where 12, (R?) is defined as:

l?n(Rd) =T = (1‘1,1‘2,...) (Zmz|ml2> < 0
=1

EXAMPLE 1.2. Suppose that the dimension d = 2. We set the initial data as follows:
L (i,1) (1,1), i=1,2
m; = <7 Tio = (1,1), Vio = s L)y v=1,4,...
)" 0 0

All particles will move with the same velocity, but the position support of the
corresponding measure-valued solution is always unbounded. This is a formation
behaviour, but not a flocking behaviour.
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The main results of this paper are threefold. First, in subsection 2.1, we establish
the existence and uniqueness of the classical solution to (1.3)—(1.4) without compact
support by the standard approximation method; see theorem 2.5. The method
to prove this theorem is described below. We first summarize the main results
about the kinetic Cucker—Smale model for compactly supported initial data. Then,
by using the characteristic flow, we show the non-expansion of velocity support
(see lemma 2.4). Besides, we construct a sequence of approximate solutions and
demonstrate the compactness of these approximate solutions. Moreover, we pass
through the limit to obtain a global unique classical solution to (1.3)—(1.4) without
compact support.

Second, in subsection 2.2, we obtain the formation behaviour of the classical
solution to (1.3)—(1.4) by contradiction; see theorem 2.7. This theorem provides a
rigorous proof of the emergence of asymptotic formation behaviour. By employing
the boundedness of velocity support, we first provide some important differential
equations (see lemma 2.6). Then, we establish the Gronwall’s inequality on some
positive time interval, which helps us to construct a decreasing sequence. By split-
ting the integral of the initial datum, we demonstrate that the velocity moment
of order 2 of the solution after translation tends to zero asymptotically, i.e., the
formation behaviour of the classical solution to (1.3)—(1.4).

Finally, in § 3, the formation behaviour of the measure-valued solution to
(1.3)—(1.4) is presented. We first recall some related knowledge about the measure-
valued solutions. Then, we show the stability of the classical solution to (1.3)—(1.4)
under p—Wasserstein distance. Moreover, we regularize the initial datum to
obtain a sequence of approximate solutions. By showing that the sequence of the
approximate solutions is a Cauchy sequence, we get a measure-valued solution to
(1.3)—(1.4). The proof of the formation behaviour of the measure-valued solution
to (1.3)—(1.4) is similar to theorem 2.7.

The paper is organized as follows. In § 2, we establish the uniqueness, existence
and formation behaviour of the classical solution to (1.3)—(1.4). In § 3, the corre-
sponding results similar to the classical solution are obtained on the measure-valued
solutions to the kinetic Cucker—Smale model. Finally, § 4 is devoted to the summary
of our main results.

Notation.
Cy (R**) = {f|f € C(R*)) and bounded},
C. (de) = {f ’f eC (RQd) with compact support} ,
Co (Rgd) = {f ff eC (R2d) and vanishing at inﬁnity} ,
Co (R*) ={f|f € Co(R*) and 0,:f, Opif € Co (R*), i=1,2,...,d},
Cy (R*) ={f|fe€Cy(R*) and O, f, 0yif € Cy (R*), i=1,2,...,d}.

2. Classical solution

In this section, we establish the uniqueness, existence and formation behaviour of
the classical solution to (1.3)—(1.4).
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2.1. Existence and uniqueness

To obtain the solution to (1.3)—(1.4) without compact support, we construct a
sequence of solutions with compact support to approximate it. To this end, let
us summarize the main findings of the kinetic Cucker—Smale model for compact
support in the following lemma.

LEMMA 2.1 [4, 13]. Let fo € CL(R??) be the nonnegative initial datum. Then, there
exists a unique global classical solution f > 0 to (1.3)—(1.4) satisfying the following
properties:

(1) The total mass and its average velocity are conserved:

d

— f(t,x,v)daedv =0, (2.1)
dt Jpea

d

— vf(t,x,v)dzdv = 0. (2.2)
dt R2d

(2) The kinetic flocking behaviour: when [ € [0, 1/2], there exist some positive C
and « depending only on suppfo and B such that

/ lv — ve2f(t, z,v)dzdv < Ce™ ™, v, = Hf0||£11/ v fodx do. (2.3)
R2d R2d

(3) According to the fact that L[f] is continuous in t and Lipschitz continu-
ous in (x,v), the corresponding characteristic flow (X(t, 0, z, v), V(¢, 0, x, v))
associated to

{X(t,o,x,v) =V(t,0,z,v), X(0,0,2,0) =z,

V(t7 0’ x’ ,U) = L[f] (t’ X(t’ O? z? v)? V(t7 0’ :1:, U))’ V(()? 0’ x’ 7_}) =0

is a well-defined homeomorphism for each fized time t and a C'-function
of time t. Besides, the solution f to (1.3)-(1.4) is given by f(t, z, v) =
(X(t, 0, x,v), V(t, 0, z, v))#fo in the mass transportation notation, i.e., for all
¢ € CL(R??)

o(z,0) f(t,z,0)dedv = [ (X (1,0,2,0), V(1,0,2,v)) folx, v) d dv.
R2d R2d

REMARK 2.2.

(1) As mentioned in [4], if f & L'([0, T) x R?) is a classical solution to
(1.3)—(1.4), then u(t, x, v) = f(t, z, v) dz dv is a measure-valued solution to
(1.3)—(1.4), where the definition of the measure-valued solution to (1.3)—(1.4)
will be stated later in definition 3.1.

(2) The support of a continuous function f is the closure of the set {x : f(x) #
0}, and the support of a Borel measure u on R?? is the closure of the set
{(z, v) € R*: u(B,(z, v)) >0,V r >0}
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(3) Let p be a Borel measure on R", and let T': R” — R™ be a measurable
map. The push-forward measure of p by T is the measure T#pu defined by
T#u(0) = p(T~1(0)), for all Borel set O C R™.

Next, we show the non-expansion of velocity support of the classical solution to
(1.3)—(1.4), which is important in the estimation for approximate solutions. We first
recall a fundamental lemma below, which is obtained in [23].

LEMMA 2.3. Let g : [0, T] — R be a continuous function, we define:

- +—9(t) —g(t —h)
D7 g(t) = lim .
g( ) h—0t h
If for any t € [0, T, we have D~ g(t) < 0, then g(t) is non-increasing in [0, 1.

Then, we provide the following lemma to prepare for the existence and uniqueness
of the classical solution to (1.3)—(1.4).

LEMMA 2.4. Assume that [ is a classical solution stated in lemma 2.1. Then f
satisfies

sup [v] < sup  |v| forany t>=0. (2.4)
(z,v)€suppf(t) (z,v)Esuppfo

Proof. First, the characteristic flow is well-defined:

X(t, 0,z,v) =V(t,0,2,v), X(0,0,2,v) ==, 25)
V(t,O,x,v) :L[f](t,X(t,O,I,’U),V(t,o,x,w)% V(0707‘T7v) =. .
Following from (1.3)—(1.4), we get that
Of +v-Vof + LIf]-Vof = —fdiv,L[f] = df Ftyw) e,

rea (L+ |2 —y[?)?
Thus, we have

ft, X(t,0,2,v),V(t,0,z,v))

f(s,y,w)
= fo(x,v) exp{ //RM (5 X (5,0,2,0) = )ﬂdydwds}, (2.6)

which means

(z,v) € suppfo <= (X (t,0,2,v),V(t,0,2,v)) € suppf(t).
Denote that

m(t) = sup [v|]= sup |V (t0,z,0)|
(z,v)Esuppf(t) (z,v)€supp fo

We claim that m(t) is continuous with respect to ¢ and

D~ m(t) := lim T ) —m(t — k)

< 0.
h—0t h =
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(1) m(t) is continuous with respect to ¢. If not, there exists some g > 0 and ¢, — ¢
such that

im(tn) —m(t)] = €o.
Choose (xq, vo) € suppfo such that
[V (t,0,z0,v0)| = sup [V (t,0,z,v)], (2.7)

(@,v)Esupp fo
since X (¢, 0, z, v), V(t, 0, z, v) are smooth on ¢, z, v and the support of fy is
compact. We choose (2, v,) € suppfo such that
|V(tn707x071}0)| < |V(tn,071'n,’l)n)| = m(tn)

Since (ty, @, vy) are bounded, there exists a subsequence (t,, , Tn,, Un, ) cOnverges
to (t, z, v) such that

m(t) = kh—{go |V(tnk707x07vo)‘ < thl m(tnk) = |V(t507f76)| < m(t)7

— 00

which contradicts with the selection of t,,.
(2) D~m(t) < 0. First, using (2.5) we have

d
&|V(t707‘%‘07’l}0)|

V(t70,1’07’00)
=———"""""= " L[f](t, X(¢,0,20,v0), V(t,0, 20, v

[V(E,0,0,v0)] X (80,0, 0), VI 0, 70, o)
__ V(t,0,20,v0) {/ V(t,0,20,00) — w

|V(t7073707'00))‘ R2d (1 + ‘X(t,O,ZCO,UO) — y|2

)5f(t,y,w)dydw} <0,

since |w| < |V (¢, 0, xo, vo)| for any (y, w) € suppf(t). Then

——m(t) —m(t—h

D-m() = T M= 1)
< Hﬂ/(t,o,xo,vo)‘ — |V(t — h,o,l‘o,vo)l
h—0t h

d
= 5“/(@ 0,$0, 7}0)| < 0.
By lemma 2.3, we obtain
sup lv] < sup v
(x,v)E€suppf(t) (z,v)€suppfo

O

Now, we establish the existence and uniqueness of the classical solution to
(1.3)~(1.4) when the initial datum fy is not compactly supported in z. The cal-
culation in our proof for the following theorem is similar to [6, theorem 3.2], but
the properties used are very different. For the convenience of the readers, we provide
a complete proof below.
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THEOREM 2.5. Suppose that the initial datum fo € C}(R??) N LY (R??) is nonnega-
tive and satisfies:

p:= sup |y| < oo, (2.8)
(z,v)€supp fo
my = / ||? fo(x,v)dzdv < oo, (2.9)
R2d

for some constants p >0 and p > 1. Then, there exists a unique global classical
solution f € C1([0, co) x R24) N L>=([0, oo),Ll(RQd)) (1.3)—(1.4) such that

sup [v] < p. (2.10)
(z,v)Esuppf(t)
Proof. We first use lemma 2.1 to construct a sequence of approximate solutions.
Then, we prove the compactness of approximate solutions and pass to the limit to
obtain a global solution. Furthermore, by the characteristic flow, the regularity of
the solution is obtained. Finally, we demonstrate the uniqueness of the solution.
Step 1: Approximate solutions. Let f§ = fo(z, v) - Xn, Where x,, € C2°(R??),
0< xn <1, [Vxn| < 2 and

For any fixed n, there exists a unique global classical solution f, to (1.3)—(1.4)
with initial datum f§ by lemma 2.1. Combined (2.8) with lemma 2.4, the velocity
support of f,, is uniformly bounded, i.e.,

sup  [o] < p. (2.11)
(z,v)Esuppfn(t)

And (2.1) gives
@l = 11fo' Iz < llfollzr- (2.12)
Next, for any fixed n, we define the characteristic flow of f,, as follows:
{Xn(s,to,xw) = V(s to,z,v), X,(to,to,z,v) =z,

Vn(s,to,x,v) = L[fn](s, X0 (s, L0, x,v), Viu(s, to, z,v)), Vi(to,to,z,v) =,
(2.13)
where s > 0, ty > 0. By the forward characteristic flow we have

fn(t, X0 (8,0, 2,0), V,,(£,0,2,0))

fn(s,y,w)
(x,v) exp{ //RM 05 Xo(5,0.2.0) —g7)7 dydwds}. (2.14)

For simplicity, the forward characteristic flow (X, (¢, 0, z, v), V,,(¢, 0, x, v)) is
denoted by (X, (t), V,.(t)).

Step 2: Compactness. Fix T > 0, we show that the sequence {f,} is relatively
compact in C([0, T]; Co(R??)).
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First, we claim that {f,} is uniformly bounded and equicontinuous with respect
to (x, v). It follows from (2.11) that for any (z, v) € suppf,(t),

[v—wl
L n < n t7 , W dy dw
| [f]‘ /de (1+|$*y‘2)ﬁf( Y ) Yy

< 2l /@)l < C. (2.15)
Moreover, we get that

1
|0y L[ fn]| = ’/RM w_yz)ﬁfn(ty’w)dydw’ <@l <C,

— v-w : x_y
|02 L[ fn]| = 28 cAtlz—y)P A+|z—y])

< 4Bpllfu(®)llzr < C,

fn(t,y,w)dy dw‘

)-(0,0,. .,0,0)¢
’LL = 2
vy Ol =260 [ =D OO OO g1y
< 28d[| fa (Bl < C, (2.16)
where (0,0,...,1,...,0,0)%"=(0,0,...,0, 1 ,0,...,0,0). Following from
~~
i-th

(2.15), (2.16) and the equalities

O fn+ v Vafn+ Lifn] - Vofn = = fudivy(L[fa]),

O Oyi fr + v - VaOyi fro + L{fn] - VoOui fr = = (0pi fu)dive (L[ fn]) — frdive(0z: L{fn])
= (O Lfn]) - Vo fos

0¢0ui fr + v - VaOyi fr + Ll fn] - VoOyi fo = =(0yi fn)divy (L[ fn])) — Oui fn
— (0w L[fnl) - Vo,

there exists an increasing continuous function R(?) independent of n such that

[fn@)llzoe + [10efr(®)ll Lo + (100 fr(B)l| L= < R(F). (2.17)

Therefore, {f,} is uniformly bounded and equicontinuous with respect to (z, v).
Second, we demonstrate that f,, € C([0, T]; Co(R??)). For any € > 0, there exists
some sufficiently large r > 0 such that

folz,v) <e if |v| >,
since fy € Co(R?%). By the backward characteristic flow we can rewrite (2.14) as

fu(t,z,v) = fH(Xn(0,t,2,0),V,(0,t,2,0))

Jn(s,9,w)
exp{ //Rm (1+|X,(s,t,x,v) — y|2)5dydes

< i n(O,t,x,v),Vn(O,t,x,v))eCt.
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Using (2.13), (2.15) and the definition of the characteristic flow,
[V, (0,t,2,0)| = |v]| = [VL(0,t, 2,v) —v| > |v|] = Ct.
Combing with (2.18), we deduce
fult,z,v) <ee® if |u| > 7+ Ct.
Similarly, for any € > 0, there exists some sufficiently large r > 0 such that
folz,v) <e if |z|>r
Then, using (2.11), we obtain
fu(t,z,v) < ee®t if |z|>r4 Ct.
Combining above arguments, for any € > 0, there exists some r > 0 such that
fult,z,v) <e it (t,z,v) €[0,T] x (B, x B;)S,

which yields that f,, € C([0, T]; Co(R??)). And for any fixed t € [0, T], {f.(t)} is
relatively compact in Co(R??) by above estimates.

Finally, we show that {f,,} is equicontinuous with respect to t. For any (¢, z, v) €
[0, T] x R% x B, from (2.15)-(2.17) we obtain

|0 fn(t, 2, 0)| < [0 Vafol +LIfn] - Vo fol + | fadive (L[fa])] < C.

Moreover, for any (t, z,v) € [0, T] x RY x Bj, we have fy(t, z,v) =0, which
means |0 f,(t, ¢, v)| = 0. Thus, {f,} is equicontinuous with respect to ¢.

Combining above estimates, we know that f, is relatively compact in
C([0, T); Co(R%4)). Thus, there is a subsequence of f,, (still denoted as f,,) which
uniformly converges to a continuous function f € C([0, T]; Co(R??)). It follows from
(2.11) and (2.12) we obtain that

sup [v] < p (2.18)
(z,v)€suppf ()

and f € L>([0, T]; L*(R2%)).
Step 3: Regularity. We define the characteristic flow of f as follows:

X(S,to,.’]ﬁ,?}) = V(S,to,.ﬁ,’l}), X(to,t(),.’l),’()) =,
{ (2.19)

V(s,to,x,v) = L{f](s, X (s, t0, z,v), V(s,to, 2,v)), V(to,to,z,v) =0,

where s > 0, to > 0. For simplicity, the forward characteristic flow (X(¢, 0, x, v),
V(t, 0, z, v)) is denoted by (X (), V(¢)). Then, for any (x, v) € suppfy we have

t
| X0 (t,0,2,0) — X (¢,0,2,v)] < / [V (s,0,2,0) — V(s,0,2,v)|ds (2.20)
0
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and

[V, (t,0,2,v) — V(¢,0,2,0)]

/ L7, X (), Va(7) — LIf)(r, X (), V()| dr

//RM (1)—w V(r)—w

fn T, Y,w) —
1+\X =) T TR — )
Now, recall that

ﬁf(T, Y, w)’ dy dw dr.
(2.21)

sup  |Va(t)] < p, sup lv] < p
(x,v)€suppfo (x,v)€supp (1)

Then, for any (x, v) € suppfo we obtain

[ s )~ R g )
T )~ e )
Ty )~ e )
' ‘ (1+ I‘)/((I()T;—wy%ﬁf(n G +‘|/)§2)__wy|2)ﬁf(“y’w)

S Olfn = Fl(7y,w) + C([Va(7) = V(7)| + [ X (7) = X (7)) f (7, y, ).

Combining the above estimates, there exists some constant C' depending only on
T, B, p such that

[Va(t) = V()] + [ Xn(t) = X (#)]

<c / 1fal7) = £z dr + Cllfo / V) = V(7) + X (r) — X (7)] .

(2.22)

Moreover, using (2.9), (2.11) and (2.13), there exists some Cr depending only on
D, T7 Py Myp, ||f0||L1 such that

/ (14 |2+ [o])? fu(t, 2, v) dadv = / (141X (D) + Va (D) £3 () da do
R2d R2d

< / (1+ [2] + |ot] + |o])? f-(x, v) dar o
R2d
gCTa

which implies

/ (I+7r)Pfn(t,z,v)dedo < / (L+ |z| + |v])P fr(t,z,v)dedv < Cp.
(B, xB,)* (B, xB,)*
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Therefore, for any € > 0, there exists some r > 0 such that
/ falt,z,v)dedv <e, Vte[0,T].
(B, xB,)*

Combining above inequality with the fact that f,, uniformly converges to f, then
Jim [ fo = flle o.73:00 m24)) = 0. (2.23)

Now, using (2.22) and (2.23), we prove that (X, (¢, 0, x, v), V,.(¢, 0, z, v)) uni-
formly converges to (X(¢, 0, x, v), V(¢, 0, z, v)). Thus, we can pass to the limit
n (2.14). Replacing variables (x, v) with (X(0, ¢, 2, v), V(0, t, x, v)), we use the
backward characteristic flow to get that

ft,z,0) = fo(X(0,t,2,0),V(0,t,z,0))

d// sy, w) Qo dood (2.24)
Fp ot (L X (5,6, a,0) —y2)B /@y

According to L[f] € C([0, T]; C*(R??)), we obtain that X(s, to, x, v), V (s, to,
z,v) € CH([0, T] x [0, T] x R?4). Then, from (2.24) we get that f € C*([0, T] x
R24) and it satisfies

{atf+u.vxf+divy(L[f]f) =0, (2.25)

f(0,2,v) = fo(z,v).

Step 4: Uniqueness. Suppose that there exist two solutions, f and h, with the
same initial datum fy. The forward characteristic flows of f and h are denoted by
(Xf(t), Vi(t)) and (X5 (t), Vi(t)). We will show that for any fixed T > 0,

E(t) = /RMOXf(t) = Xn(®) 4+ V() = Va(®)]) fo(x, v) dzdv =0, Vi €[0,T].

Note that

f(s,y,w) = (Xf(svovy’w)’ Vf(sa O,Q,W))#fo

and

h(S, Y, w) = (Xh(S, 07 Y, w)7 Vh(S, 07 Y, W))#fo

It is straightforward to check that

1X4(t) / [V} (s) — Va(s)] ds (2.26)
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and

Vi (t) = Va(D)]

/ (Lf](5. X1 (), Vi (5)) — L{A)(s, Xi(s), Vi(s))] ds
Vf(S 0 Y, w ) Vh(s) - Vh(5a07y7w)

/ /de 1+ \Xf — X7(5,0,4,0)2)7  (1+[Xn(s) = Xn(s,0,4,w)[>)?
- foly,w) dy dw ds.
For simplicity, we denote
(Y(s),Up(s)) = (X (5,0,9,w), Vi (s,0,y,0)),
(Yr(8),Un(s)) = (Xn(s,0,y,w), Vi(s,0,y,w)).
Then, for any (x, v) € suppfy we have

/ Vi(s) = Us(s) B Vi(s) = Un(s)
raa | (14 [Xp(s) = Yp(s)[?)?  (1+[Xn(s) = Ya(s)]?)?

Jo(y, w) dy dw

Vi(s) — Us(s) Vin(s) — Un(s) ) dur do
S /RQd ( + |Xf( ) (5)| ) (1+|Xf(5) _Yf(5)|2)5 fO(ya )dyd
Vin(s) — Un(s) Vi(s) — Un(s)
+/ (05 X5 (5) Yy (1 [Xals) — Ya(oy? | 00« ke

CUIX; () = Xa(s)| + Vis) = Vi) + [ 107(6) = V(o) ol ) dy s

#2005 [ | Vr(s) = Vo)l foly ) dy o
< CUX(3) — X ()| + Vi (5) — Va(s)])
e / (¥7(5) = Ya(s)] + U (5) — Un(s)]) folyw) dy dwo. (2.27)

Combing (2.26) with (2.27), for any (z, v) € suppfo we obtain
| X7 () = Xn(8)] + [V (t) = Va(D)]

S C/ (1% (s) ()] + [Vi(s) = Va(s)]) ds
+C/ /R ([¥5(s) ()| +|Ug(s) = Un(s)]) fo(y, w) dy dw ds
< C/ (| X¢(s) ()| + Vi (s) — Vh(8)|)dS+C/O E(s)ds

which implies that there exists a positive constant C' depending only on T, 3, p,
| follz1 such that

<C/E ds, Vte[0,T).
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By the Gronwall’s inequality, we get that £ = 0 and then the uniqueness of solution.
|

2.2. Formation behaviour of the classical solution

In order to establish the formation behaviour of the classical solution to the
kinetic Cucker-Smale model, we provide the following lemma.

LEMMA 2.6. If f is the classical solution as stated in theorem 2.5, then for any
t > 0 we have:

d

— ft,z,v)daxdv =0, (2.28)
dt Jpea

d

— vf(t,z,v)dedv =0, (2.29)
dt R2d

4 |v|2f(txv)dxdv——/ ﬂf(tmv)f(t w)dzdv dy dw
dt R2d T N R4d (1 + |£L’ - y‘Z)ﬁ T ks 4 '

(2.30)

Proof. We first show that for any ¢ € C}(R2?),

d

— of(t,x,v)dedv = / {v-Vyep+Vy¢- Lif]} f(t,x,v)dedv.  (2.31)
dt Jpea R2d

Choose a smooth cut-off function
or(:) =¢(-/R) € C(RY) such that 0< ¢r <1, |Vegr|<2/R,
9or=1 on Bg(0) and ¢r=0 on R%\ Byr(0).

Then we have

d dsoR(v)SDR(x)qbf(t,x,v)dxdv:/

dt or(V)or(x)P0, f da dv
R2 R2d

(2.32)
—— [ er(o)er(@)ofo- Vaf +div, (L)) dod.
R2
By direct calculation, we obtain

- / or(@)or(@)p(v - Vof) drdy = / or(0)fv- Val(or(x)d) dz dv
de R2d

- / or(0) fév - Va(pr(z)) dedo + / or(0) for(x)o - Va() dado
R2d R2d

N

/ or(©)0f ||V (0r(x))| dz dv + / or(0)fon(E)y - V() dz dv
R24 R2d

< %/}RM lor(v)vféldrdv +/]R2d or(V) for(z)v- Va(¢)dz dv.

https://doi.org/10.1017/prm.2022.47 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.47

Formation behaviour of the kinetic Cucker—Smale model 1329

This yields

Jim _/ <pR(v)<pR(x)¢(v~wa)dxdv=/ v Vo (6)f dudv.
R2d

R—o0 R2d

By repeating the above procedure, we have

lim — /]R?d or()er(z)pdiv, (L[f]f) dzdv = V¢ - LIf]f(t, x,v) dz dv.

R—o0 R2d

Thus, let R — oo, from (2.32) we can obtain (2.31).
Now, recall that

suap v <p
(,v)€supp ()

Choose another smooth cut-off function x, € C}(R?) such that 0 < Xp<1Lix, =1
on B,y1, and x, =0 on R?\ By, y. The time derivative of velocity moments can
be checked directly by taking ¢ = 1, v'x,, [v|*x, in (2.31), respectively.

%/ VX, f(t,z,v) dedo = Vo (vix,) - LIf]f(t,z,v) dz dv
2d RQd

7) —w
t t dz dvdyd
/R“/RQCI 1+|$ )5pr( ,2,0) f(t,y,w) de dvdy dw

_vv—w)
"V t7 ’ tv ’ dz dvdyd
/]R?d/]RM 1+|$_y|2 V(Xp)f( l‘U)f( yCU) Trdvdydw

L
tyx,v)f(t,y,w)drdvdydw
A2d[Rdep+l (1+ ]z —yl? )Bf( )ty w) Y

vt — w?
t t dzdvdyd
/R2d/R2d ]_+|x y|2)ﬁf< xv)f(a:%w) xrdv dy dw

and

% \v|2xpf(t,as7v) dzdv = / Vo ([v*x,) - LIf]f(t, z,v) dz dv

=2 /de /de 1+ |:E ))ﬁ pr(t x U)f<t7va) dz dvdy dw

/R?d /de (1—|—|m—y|2)) V(X)) f(t,z,0) f(t,y,w) dedvdy dw

(v —w)
—2/ / ft,z,v)f(t,y,w)drdvdy dw
r2d JRAx B, ( 1+|33—y| (L+]z—yP2)s ( 2 )

w)
_Q/RM /R?d 1+|$—y\ )Bf(t x,0)f(t,y,w)dr dvdy dw

v — wl?
- t t dz dv dy dw.
/nw/nw 1+|x—y|2)ﬁf( ,x,0) (L, y,w) da dv dy dw
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Here we used the change of variable (z, v) < (y, w) and Fubini’s theorem. O

With the above preparations, we establish the formation behaviour of the classical
solution to (1.3)—(1.4) without compact support for position variable.

THEOREM 2.7. Consider (1.3)~(1.4) with 3 € [0, 1]. Suppose that the initial datum
fo € CH(R2¥) N LY (R2?) is nonnegative and satisfies:

p:=sup |v| < oo, (2.33)
(z,v)€suppfo
my, = / ||? fo(x,v)dzdv < oo, (2.34)
R2d

for some constants p > 0 and p > 1. Then, the following assertion holds:

lim v — v |? f(t,z,v)dzdv =0, v, = ||f0||zll/ v fo da dv.
R2d

t—o0 R2d

First, the quadratic moment of the velocity will converge to some constant P.
And we are devoted to prove P = 0 by contradiction. For this purpose, we construct
some technical sequence {t;}72,. If P # 0, we can derive some t; are inconsistent
with their own definitions. We elaborate our methodology in more detail in the
following three steps:

e Step 1: Through the characteristic flow, some estimates are obtained to deduce
the differential inequality (2.39), which will be further classified and discussed in
step 2.

e Step 2: We begin with ¢; =0 to find some R;, satisfying (2.40) and (2.41).
Then, let t5 be the supremum of time s, where s guarantees that the integral of the
square of V/(t) in Bpg, is greater than the integral outside Bg, during the time
interval [t1, s)(V (t) which is denoted by (2.38)). If t2 = oo, then we deduce P =0
by (2.39). Otherwise, we can find some R, and t¢3, where Ry, and t3 are defined
similarly as Ry, and t, respectively. If all ¢, < oo, we obtain two sequences {tx}3,
and {Bg,, };2; by induction. Obviously, the integral of the square of V'(¢) in B,
is equal to the integral outside BRtk when t = t541.

e Step 3: By splitting the integral of initial datum fjy, we construct some subse-
quence {ty, }5°, such that the equation (2.46) holds. If P # 0, we can derive some
tq such that the integral of the square of V/(t) in Bg,, is greater than the integral
outside Br, whent=t441.

Proof. Recall that

d

d
at Rde(t,x,v)dxdv—O, &/devf(t,x,v)dxdv_o,

Hence

/de (v —2v.)f(t,z,v)dxdv = 0. (2.35)
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For simplicity of notation, we use v instead of v — v, to calculation below and denote
that

Noa(f@) = [ [P fta.0) ded
R2d
Following from (2.30), we get that N, o(f(¢)) is non-increasing in ¢. Thus, we have
tlim Ny (f(t)) =P,

where P > 0. Next, we are devoted to prove that P = 0 by contradiction.
Step 1: A prior estimate. Let (z, v), (y, w) be the initial data of the forward
characteristic flows of f, that is

{X(t,O,x,v) =V(,0,z,v), X(0,0,z,v)=x,

V(t,0,2,v) = L[f](t, X (t,0,2,v), V(t,0,2,v)), V(0,0,2,v) =0

and

{ Y(t,0,y,w) = W(t,0,y,w), Y(0,0,y,w) =1y,

W(t, 07 y7 w) = L[f] (t7 Y(t7 0, y7 w)7 W(t’ 07 y? w))? W(07 07 y’ w) = w.
We rewrite (2.30) as

i/ V(t,0,z,v)|? fo(x,v) dz dv

dt R2d

_ _/ |V(t,0,l‘,l}) — W(t,O,y,w) 2
B R4d (1 + |X(ta Oa CU,’U) - Y(tv O,y,w)|2)

5.fo(@,v) foly,w) dz dv dy dw.

(2.36)
Note that
sup [V (t,0,z,v)| < p, sup [W(t,0,y,w)| < p.
(z,v)€suppfo (y,w)€Esupp fo

Then, we have

| X (t,0,2z,v) =Y (¢,0,y,w)| < |z —y|+ 2pt.
For any fixed R > 0, we denote that

Hlt)i= ot H(X(60,2,0) = Y (.0,.)]),
where H is defined by (1.2). It is obvious that
Hp(t) > H(2R + 2pt) = Hp(t).

For simplicity, we denote

V), X(t) = (V(t0,z,v), X(t0z,v)), (2.37)

(W(t),Y(t) = (W(t0,y,w),Y(t,0,y,w)). (2.38)
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From (2.35) we have

/ V() folz,v)dzdv = / W (t) foly,w)dy dw = 0,
R2d R2d

which means that for any R > 0
/ V() fo(z,v)dzdv = 7/ V(t) fo(z,v)dz do.
BrxR4 B¢, xRd
The above equality gives

%/de V()] fo(z,v) dz dv

- _/]RM ( |V(t)t;i}vé't)| @fo(xav)fo(y,w) dz dvdy dw

1+ [X( (t)?)
om0 i
<HRO [ VO - WOR w0 ol ) drdvdyde
= —225xt)/;RXRdﬁ¢x,v)dxdu-/;RXRdn/an2ﬁmm,v)dxdv

-+2EEat)/;§XRdxfa)ﬂxz,v)dzdu-jZEXRdM/a)ﬁﬂy,w)dydw
< —2Eﬂxt)/;RXRdﬁﬁx,v)dxdv~j;RXRdH/UHQﬁﬂagv)dxdv

HE@/

fo(z,v)dzdv / V()] fo(z,v) dz dv. (2.39)
B¢, xR

B, xR4

The last inequality of (2.39) holds by

/ V(t) fo(z,v)dz dv / W (t) foly,w) dy dw
B¢, xR4

B¢, xR

1

< {/B%de fO(.I,U)dJ?dU} {/B%XRd |V(t)|2f0(l',v)dxdv}
{/ fo(y,w) dydw} {/ |W(t)|2fo(y,w) dydw}
Bg xRd B, xR

z/ fo(x,v)dxdv-/ [V ()] fo(z,v) dz dv.
B¢, xR4

B§ xR4

1
2

Besides, for any fixed ¢t > 0, there exists some R; > 0 such that

5
/ fole,v) dedv > 2 fols (2.40)
BRt xRd
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and
/ [V (1)|? fo(x,v)dzdv > §/ [V (1)|? fo(x,v) dz dv. (2.41)
BRtXRd 6 R2d

Step 2: The decreasing sequence. Now, we construct two sequences {t5}7>,
and {Ny2(f(tr))}, - We begin with ¢; = 0 and there exists some Ry, such that
(2.40) and (2.41) hold for ;. Set

Tl{SGR

> /B [V (7)) fo(z,v) dzdv

c d
Ry, xR

for all 7 € [tl,s),/ [V (1) fo(x,v) da dv

BRtl xRa

By continuity of V(t) and (2.41), there exists some § > 0 such that [t1, §) C T}.
Define

to =sup 1.
Then, for all s € [0, t3), we have

folz,v) dxdv~/ V(s)|? fo(x,v) dz dv

xR ¢ xRd

/ fo(x,v)dzdv / [V (s)|* fo(z,v)dz dv
BRtl xR4
R, R,

BRtl xRd
/,
1

> { Sl = gl b [ VPRl dran

1
> 2 lfollz / IV (5)[2fo(, v) da do. (2.42)
R2d
We divide into two situations to discuss.
(i) t2 = co. Combing (2.39) with (2.42) we get

d

G L VOP A dodo < ST, Ol ol [ IVOP ol v) dod
R2d

3 2

Thus we have

[ VIR folay0) dedo < el B 00 [ o o0,0) dado
R2d R2d

by the Gronwall’s inequality. For § < %, the function %f[}: is not integrable at oo,
which yields

Jim N, »(f(£)) = 0.

(ii) t3 < co. By the definition of ¢ we obtain

/ |V (t2)? fo(x,v) do dv = / [V (t2) | fo(z,v) dz dv.
BRt1 xRd

c d
BRt1 xR
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Then, using the fact that N, o(f(t)) is non-increasing in ¢, we have

./ |V@QPﬁﬂxﬂﬁdxdv—l/ IV (t2)[2fo (2, v) d do
BRt1 x R4

BRtl xRd

5 1
> f/ |V(t1)|2f0(x,v)dxdv—7/ |V(t2)|2f0(x7v)dxdv
6 RQd 2 ]RQd
5 2 1 2
> — [V ()" folz,v)dedv — = |V (t1)|* fo(z,v) dz dv
6 RQd 2 ]RZd
1
>f/ WV ()2 fo, v) dar do
3 Jaa
P
> =
3

And forallt > 0

o

V(t) — w||[V(t)]
/Rm (14X () —y[2)P ft,y,w)dy dw

< 4% foll 1

Hence

4p%(| foll i (ta — t1) = / 4p%(| foll L1 (t2 — t1) fo(x,v) da dv
BRtl xRa

to

BRtl xR4 t1

/ \V(t1)|2f0(x,v) dz dv
BRt x R4

%\V(tﬂz folz,v)dzdv

WV

_/ |V (t2)|* fo(z,v) dz dv
BRt xRd

>

wl™y

Thus, we get

P

to — 1t /7
L7120 fol2, 2

(2.43)

and

Ny2(f(t2)) < Noa(f(t1))- (2.44)
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Next, according to theorem 2.5, we set f(t2, x, v) as initial datum. Then, there
exists some Ry, such that (2.40) and (2.41) hold for ¢,. Similarly, we denote

TQZ{SER

> /B [V (7)) fo(z,v) dedv

xRd
2

for all 7 € [tg,s),/ V(1) fo(z,v) dz dv

BRt2 xRd

c
Ry

By continuity of V() and (2.41), there exists some ¢ > 0 such that [t2, §) C T5 and
we define that

ts = sup T2.

We also divide into two situations to discuss.
(1) t3 = co. The proof is similar to the case to = 0.
(ii) t3 < co. We first use the definition of ¢3 to obtain that

/ IV (t)]2 fo @, v) dar dv = / WV (t)[2 o, v) da d.
Bth xRd

B¢, xR4
Ry,

Then, similar to the case to < oo we have

t to = P
3 2 Tolr 12 o
~ 120 fol

and

Nuao(f(t3)) < Nya(f(ta)).

By repeating the above procedure, if all ¢ < oo, there are two sequences {tx}3>,
and {Ny2(f(tx))} e, - If P # 0, we obtain

o0
Z{tk+1 —tr} =00
k=1

from
P

12]| foll7. 0%

Step 3: Split the integral of initial datum. We split R?? = 2.k, where
E;NE; =0 for i # j, E; is bounded and

ley1 — T =

0<my:= [ fo(x,v)dzdv <|follL:-
E,

Moreover, we denote

N2 Jo V() folz,v)dedv [ [V () fo(z,v) dado
o))" = [z, fo(z,v)dadv B my ’
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which yields

/RM V()2 fol,v) dzdo = S mafun(t) . (2.45)

=1

Now, since {v1(tx)}72, are bounded, there exists a convergence subsequence
{v1(tr,)}5, such that

lim for (2, )| = [o7].
h— o0
Via the classical diagonal method, there exists some subsequence {kj, }7° | such that

hlim |vi(tg, )| = |vf| forall [eN.

Then, using (2.45) we obtain

[ee) o0
. 2 *2
hh_)lrr;o lgl mylo(te, )| = li 1 mylvf|© = P. (2.46)

Here we used the dominated convergence theorem of discrete form. And there exists
some N7 such that

N1 5 o0
*|2 *|2
Zml|vl| >gzml|vz\ :
=1 1=1
For Ny, for any €1 > 0, there exists some tj,, such that for all ¢, > t5, ,

g

|vl(tkh)|2>|v;|2—2% for all < NVy.

Thus, we can choose €1 sufficiently small such that
Ny N1
> it ))? =Y mulvf ] = [ follr - e
=1 =1
5 oo
Z 5 Zmlh)ﬂz =l follzr - &1
1=1

p )
> ggmlm 2. (2.47)

P
37

Next, for g5 = there exists some tk., such that

4
Nv’g(f(tk)) < P+ey= gP for all ¢ > tk€2. (248)
It is obvious that the index Ry, is unbounded, since

ko4 —
lfollr & L0 —~2Hn, (s)ds
P = lim Nyo(f(t) < Jim e S 3

k—o0

Ny 2(f(0)).
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Above inequality gives P = 0 if the index Ry, is bounded. Then, combing (2.47)
with (2.48), there exists some R;, > 0 and #,41 > max {tkzv17 tkEZ} such that

UYL E; C Br,, x R?

and
[ Wit dedvs [ Vit o) dedo
BRt xRd Ul:llEl
= Zml‘vl g+1) Zmllvl ?= *P > Nv 2(f(tg1)) (2.49)
- / Vit fola,v) e do,
%tq xR
which contradicts with the definition of ¢,,1. Therefore, P = 0. O

REMARK 2.8. Similar to the proof of the classical solution to the model (1.3)—(1.4)
in theorem 2.7, we can establish the corresponding formation behaviour of the
solutions to the infinite-particle Cucker-Smale model (1.6)-(1.7) in 2 (R%) x
12 (RY).

m

3. Measure-valued solution

In this section, we study the existence, uniqueness and formation behaviour of the
measure-valued solution to (1.3)—(1.4). Let us review the notion of the measure-
valued solution to (1.3)—(1.4).

DEFINITION 3.1. Let P(R?) be the set of probability measure on R?. For T € [0, co),
p € L=([0, T); P(R?*?)) is a measure-valued solution to (1.3)-~(1.4) with initial
datum o € P(R?4) if the following two assertions hold:

(1) p is weakly continuous in t:

¢(x,v)p(t,dz, dv) is continuous in t for any ¢ € Cg(R??).
R2d

(2) v satisfies (1.3)—(1.4) in the following weak sense:

Yu(t,dx,dv) — Yu(0, dz, dv)
RQd ]RQd

t
= / / (050 +v - Vo + Vb - L)) (s, dx, dv) ds
0 R2d
for any ¢ € C3([0, T) x R?9).
The proof of the formation behaviour of the measure-valued solution to

(1.3)-(1.4) is divided into the following four steps. First, we obtain the stabil-
ity of the classical solution, which is formulated in terms of Wasserstein distance.
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Second, we regularize the initial datum and use the theorem 2.5 to obtain a sequence
of approximate solutions, which is a Cauchy sequence in (P,(R??), W,,). More-
over, by passing the limit of the approximate solutions, we get a measure-valued
solution. Finally, similar to the classical solution, the formation behaviour of the
measure-valued solution to (1.3)—(1.4) is established.

For Wasserstein distance, we briefly recall the definition and some basic properties
below.

DEFINITION 3.2. Let P(RY) be the set of probability measure on R?, and let p €
[1, 00). For any two pu, v € P(RY), the Wasserstein distance of order p between
and v is defined by the formula

Wiy(s,v) = inf { ([, o= vprtasan)

where II(u, v) is the set of probability measure on RY x R? with marginals p and
v, respectively. For all integrable (resp. monnegative) measurable functions 1, ¢
on RY,

IWEH(/J,,I/)},

/ (¥ (@) + ¢(y))m(de, dy) = w(w)u(dw)Jr/ ¢(y)v(dy). (3.1)
R x R4 Rd R4

In order to avoid the trouble that W, may take the value +oo, we consider W,
on Pp,(R%):

Pp(RY) := {u € P(RY): / |2|Pu(dz) < oo}.
Rd
And list the characterization of the convergence in W, below as a lemma.

LEMMA 3.3 [25]. P,(RY) endowed with the p-Wasserstein distance is a complete
metric space. Let (ux)ken be a sequence of probability measures in P,(R?) and let
w be another element of P,(R%). We say that (ux)ken has uniformly integrable
p-moments if for some xq € R? :

lim |z — zo|P dpk(x) =0 uniformly with respect to k € N.
"7 0C JRI\ B, (20)

Moreover, we say that py, converge weakly to p if

lim () pr(dz) :/ (x)u(dx)  for all ¢ € Cy(RY). (3.2)
RCL Rd

k—o0
In particular, we have

wi  converge weakly to  p,

lim W, ) =0&
k—o0 ol 1) { (uk)ken  has uniformly integrable p-moments.

https://doi.org/10.1017/prm.2022.47 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.47

Formation behaviour of the kinetic Cucker—Smale model 1339

REMARK 3.4. From the fact that p; converge weakly to p we can deduce

suppp C | suppyis.-
k

Now, we first provide the stability result of the classical solution to (1.3)—(1.4).

LEMMA 3.5. Assume that the initial probability densities fo, ho satisfy the assump-
tions of theorem 2.7. For any T >0, there exists some positive constant Cp
depending only upon p, B, p, T such that

Wp(f(t)? h(t)) < CTWp(an hO)a vt € [OaT]a
where f, h are solutions to (1.3)—(1.4) with initial data fo, ho, respectively.

Proof. For any my € II(fo, ho), we define the forward characteristic flows of f and
h with the initial data (x, v), (y, w) € R?¢ as follows:

X(t,0,z,0) = V(t,0,z,0), X(0,0,z,v) ==z,
{ V(t,0,z,v) = L[f](t, X (t,0,z,v), V(t,0,z,v)), V(0,0,z,0v) =0
and
Y (t,0,y,w) = W(t,0,y,w), Y(0,0,y,w) =1y,
{ W(t,0,y,w) = LIt Y (t,0,y,w), W(t,0,y,w)), W(0,0,y,w) =w.

The forward characteristic flows of f and h are defined by (X(t), V(¢)) and
(Y(t), W(t)). Following from the definition of the characteristic flows and (3.1),
we get

X0 - YO <l ol + [ Vi) - W) ds (33)

t
<o+ [
0

W(S) — Up,
- /de (L+[Y(s) —ral?)? h(s,rn, un) drp, dun

|Uw|+/t / V(S)*Uf(S,Oﬂ"f,Uf)
o |Jrea (14+|X(s) — Rs(s,0,7f,uy

_/ W(s) — Un(s,0,7pn,up)
r2d (L+[Y(s) = Rn(s,0,7p,un)[*)?

W — Uy (s)
Sl 'f/ﬁm<+w “ Ry
W U}L(S)
a+n«> Riu(s)2)°

V(S) —uf
/de (1 + |X(3) — ’rfP)ﬁ f(S,T'f,Uf) drf duf

ds

)|2)5 fo(T’f,”U,f) d?”f de

ho(rp,up) dry dup| ds

7o(dQy.) ds,
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where df2,.,, = drf duys dry, duj, and we denote the forward characteristic flows with
initial data (ry, uy) and (rp, up) by (Ry(s), Us(s)) and (Rx(s), Un(s)), respectively.
Similar to (2.27), for any ¢ € [0, T] we get

V() - W) < |U—W|+C/0 [V(s) = W(s)| + |X(s) = Y(s)|ds

+ C/o /RM |Us(s) = Un(s)| + |Rs(s) — Ru(s)|mo(dS2y ) ds.

(3.4)
Then, from (3.3) and (3.4) we have
V(o) - WP +1X(0) - YO
Cllo=wl +la=3") +C [ [V(s) = WP +1X(5) = V() ds
w0 [ ] 050 = Uil + 1Ry ) = B mo(a)ds

=C(lv—wP + ]z —yl) + C/Ot [V(s) = W(s)]" +|X(s) = Y(s)[" ds
+ C/ /R4d Y ()P + |V (s) = W(s)|Pmo(dz dv dy dw) ds,
where we used the Holder inequality. By denoting d€),, , 4., = dz dv dy dw we obtain
[ IVO=WOP+ X0 - Y0,
<C [ (o=wl +lo = yP)mo(d )
e / LX) =Y V() = W) mo(d) ds.

By the Gronwall’s inequality, there exists some positive constant Cpr depending
only on T', 3, p, p such that

T =

[/RM(X (t) = Y ()P + [V (t) = W(B)P)mo(da dv dy dw)]

<or| [ Go=oP+ o= el miasavayas)| (3.6)

Note that

m(t,dedvdydw) := (X(¢),V (1), Y (t), W(t))#mo(de dvdy dw) € TI(f(2), h(t)).

https://doi.org/10.1017/prm.2022.47 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2022.47

Formation behaviour of the kinetic Cucker—Smale model 1341

It follows from (3.6) that

W00 < | [ (o=l 1o - apnte e doayae)|

P

< Cr [/ (|l —ylP + v — w|p)7ro(dxdvdydw)] ,
RA4d

and then by the definition of W, we complete the proof. O

Next, we provide the following lemma to estimate the difference between the
initial datum and the regularized one.

LEMMA 3.6 [16]. Let (. € C°(R?) be the mollifier. Assume that p, v € P(R?).
Then, for p € [1, co) we have

Wp(p*Ceyp) <e (3.7)
and
Wyt Co 5 C2) < Wy (1, ). (3.8)

And then we show the global existence and uniqueness of measure-valued solution
to (1.3)—(1.4).

LEMMA 3.7. Let the initial datum po € P,(R??). If there exists a positive constant
p such that

pi= sup  |v| < oc. (3.9)
(z,v)Esupppo

Then, there exists a global unique measure-valued solution i € L>([0, T); P,(R??))
to (1.3)—(1.4) and

sup [v] < p. (3.10)
(z,v)€suppp(t)

Proof. Let f = po * (1, it is easy to check that f! € C3(R??) NP, (R?4) and

suppfo' C supppo + suppqu,
which yields that

sup v <p+1.
(z,v)Esuppfy

Then, from theorem 2.5 we obtain a global unique classical solution f, and

sup o] < p+1. (3.11)
(I,’U)Esuppf"(t)
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Combined the lemma 3.5 with (3.7), there exists some integer N such that for any
n,m>= N,

Wy (fu(8), fm (1)) < CrWy(f5', ")

(3.12)
< CrWy(fy's o) + CrWiy(po, fo*) <

Cr
N )
which yields that f,(¢) is a Cauchy sequence in (P,(R2?), W,). Thus, by lemma

3.3, there exists a probability measure p(t) such that f,, converges weakly to u(t)
in P,(R??) and

€ [0,T7],

sup o] < p+1. (3.13)
(x,v)Esuppu(t)

Depending on the remark 3.8, we can replace p+ 1 at the right side of the
above inequality with p. Now, we claim that u(t) is a measure-valued solution
o (1.3)—(1.4). Note that

O f(t) drdv — /R ufgdedy

R2d
t
:/ / (0t + v Vath + Vot - L{fo]) fr da dv ds (3.14)
0 R2d

for any v € C}([0, T) x R??), since f,, is the classical solution with initial datum
f&. Using (3.2), (3.11) and (3.13) we get

t
lim // vVt fp,dedvds = lim // v- Vo fy,deduds
n—oo [y JRr2d n— Rex B, 2

t
_ / / v Vatbuls, de, dv) ds = / / v Vatbu(s, de,dv) ds. (3.15)
0 RdXBP+2 0 JR2d

Next, we denote f,,(t)®? the product measure f,,(t) ® f,(t). And recall the following
inequality:

W (fn ()92, 1()9%) < 2P Wy (fu(t), u(t)), (3.16)
which can be easily obtained from the definition of Wasserstein distance W,,. Comb-
ing with the fact that f,,(t) converges weakly to u(t) in P,(R?*?), we deduce that
fn(t)®2 converges weakly to u(t)®? in P,(R*) from (3.16). Similar to (3.15), we
have

¢
lim Votb - L{fn] fr. dx dvds

n—oo 0 R2d

= Jim = [T G ) oo ) ey s
v —w

- / /}RM SeEarE=— )Bu(s dz, dv)u(s, dy, dw) ds

:/O /vavw.L[u]u(s,d:c,dv)ds. (3.17)
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Then, let n — oo we obtain

Yu(t,dz, dv) — /]RM (0, dz, dv)

R2d

t (3.18)
= / / (05t +v - Vatp + Vb - Lu])p(s, dz, dv) ds
0 Jr2d

from (3.14). Now, we show that p is weakly continuous in ¢. For any ¢ € C}(R24),
combing (3.13) with (3.18), there exists some constant C' depending only on p such
that

¢N(t7 dI, d’U) - ¢/’[’(37 dCC, d’l})
R2d R2d

t
/ / (v-Vayp+ V¢ - Lip])p(r, dz, dv) dr
s R2d

< C(t—s),

which yields that p is weakly continuous in ¢. At last, similar to the proof of the step
4 in theorem 2.5, 11 is the global unique measure-valued solution to (1.3)—(1.4). O

REMARK 3.8. If we fix the mollifier differently we can show

sup lv| < p+e
(x,v)Esuppp(t)

for arbitrary small € > 0.

Except for the regularity of the initial datum, our conditions for the initial datum
of the measure-valued solution to (1.3)—(1.4) are almost the same as those for
the classical solution to (1.3)—(1.4). With the above preparations, we establish the
formation behaviour of the measure-valued solution to (1.3)—(1.4) as below:

THEOREM 3.9. Let the initial datum po satisfy the assumptions of lemma 3.7 and
1 be the corresponding measure-valued solution to (1.3)~(1.4). When 8 € [0, 3], we
have:

lim lv — v |?pu(t,dz, dv) =0, v, = ||u0||211/ , vpo(dz, dv).
R2

t—o0 R2d

Proof. Since the overall proof of theorem 3.9 is almost the same as that of theorem
2.7, we will only sketch the proof.

Step 1: Some differential equalities. Similar to lemma 2.6, we can establish
some differential equalities:

— wu(t,dz,dv) =0, (3.19)
dt R2d

d

— vp(t,dz, dv) =0, (3.20)
dt Jpea

A oRutt, da, dv) = 7/ _fo—wlf (t,dz, dv)p(t, dy, dw).  (3.21)
dt R2d ,u‘ ? I - Rad (1+ |x_y‘2)ﬂ/u’ ’ ) N 9 y7 . .
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For simplicity of notation, we also use v instead of v — v, to calculation below and
denote that

A@ﬂMmiléwM%@A@my
And (3.21) gives
Jim M, o(u(t)) = P, (3.22)

where P > 0. Next, we are devoted to prove that P = 0.
Step 2: The decreasing sequence. Let (z, v), (y, w) be the initial data of the
forward characteristic flows of p, that is

. Xﬂ(t,O,z,v) :‘/,u(tvov'rav)a XIU‘(O,O,SC,'U) =&,
Vu(t,0,2,v) = L{p|(t, X, (t,0,2,0v),V,(t,0,z,v)), V,(0,0,z,v) =v
and
{ _ Yu(t,0,y,w) = Wy (t,0,y,w), Y,.(0,0,y,w) =y,
Wﬂ(tv 07 Y, LU) = L[/’(‘](t7 Yﬂ(t7 07 Y, Ct)), Wu(t? Oa yaw))a Wu(oa Oa Y, W) = w.

For simplicity, we denote
(Vu(t)7 X,u(t)) = (Vlt(tv 07 217, U)7 X,u(ta 0» xv U))7
(W (@), Yu(t)) = (Wi(t,0,y,w), Yau(t, 0, y,w)).
And rewrite (3.21) as

4
dt Jpea

(dz, dv) o (dy, dw).
(3.23)

2 Vi) = W ()
V()] po(da, dv) = */RM (1 + X, () — YV, (5)2)7 "

Note that

sup (W) < p, sup  [V.()] < p-
(y,w)Esupppo (z,v)Esupppo

Then
X, (1) = V()] < | — g + 20t
For any fixed R, we denote
Hp(t):= inf H(X,(t) - Yu(t)]).
z,yeBR
It is obvious that

Hg(t)> inf H(2R+2pt) =: Hg(t).
z,yeBR

Therefore, similar to (2.39) we have
d

T V2. ()P o (daz, dw) < —2HR(t)/ V(1) po(da, dv) o (dy, dw)
R2d BrxRdx Br xRd

+2n(t) | 1V, (0) o, dv)po (dy, dw)

Bf xRdx B xR
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Moreover, using the argument used in the proof of the step 2 in theorem 2.7, there
are two sequences {t}7°, and {M, 2 (p(tx))}52 .

Step 3: Split the integral of initial datum. We first split R?? = Uz, B,
where E; N E; = () for ¢ # j, E; is bounded and

0<my ::/ po(dz, dv) < ||pol|pr-
E;

Thus, we have

s T Vo) Prode,do) [y, Vi) Proldz, do)
' fEl po(da, dv) my

o (tk)|

and
/ Vit o, dv) = 3 mafun(t)[2. (3.24)
R2d -1

Similar to the same argument used in the step 3 in theorem 2.7, we obtain that
P = 0 by contradiction. O

4. Conclusion

In this paper, we obtained the formation behaviour of the kinetic Cucker—Smale
model for classical solution as well as measure-valued solution, whose initial datum
is not compactly supported in x. Even if the compactness condition of support has
been relaxed in this paper, the velocity support has to be compact in any case.
In terms of the classical solution, we first used the characteristic flow to establish
the non-expansion of the velocity support. Then we established the existence and
uniqueness of the classical solution to the kinetic Cucker—-Smale model. Futhermore,
we provided a rigorous proof of the emergence of asymptotic formation behaviour.
Finally, for the measure-valued solution to the kinetic Cucker-Smale model, the
formation behaviour is also established.
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