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Brine percolation and the transport properties of sea ice
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ABSTRACT. Sea ice is distinguished from many other porous composites, such as
sandstones or bone, in that its microstructure and bulk material properties can vary
dramatically over a small temperature range. For brine-volume fractions below a critical
value of about 5%, which corresponds to a critical temperature of about —5°C for salinity
of 5 ppt, columnar sea ice is effectively impermeable to fluid transport. For higher brine
volumes, the brine phase becomes connected and the sea ice is permeable, allowing trans-
port of brine, sea water, nutrients, biomass and heat through the ice. Over the past several
years it has been found that brine transport is fundamental to such processes as sea-ice
production through freezing of flooded ice surfaces, the enhancement of thermal and salt
fluxes through sea ice, nutrient replenishment for sea-ice algal communities, and to sea-ice
remote sensing. Motivated by these observations, recently we have shown how percola-
tion theory can be used to understand the critical behavior of fluid transport in sea ice.
We applied a percolation model developed for compressed powders of large polymer par-
ticles with much smaller metal particles, which explains the observed behavior of the fluid
permeability in the critical temperature regime, as well as Antarctic data on surface flood-
ing and algal growth rates. Moreover, the connectedness properties of the brine phase
play a significant role in the microwave signature of sea ice through its effective complex
permittivity and surface flooding. Here we review our recent results on brine percolation
and 1its role in understanding the fluid and electromagnetic transport properties of sea ice.
We also briefly report on measurements of percolation we made on first-year sea ice
during the winter 1999 Mertz Glacier Polynya Experiment.

1. INTRODUCTION

Sea ice 1s a complex, composite material consisting of pure ice
with brine and air inclusions, whose size and geometry depend
on the ice-crystal structure, as well as the temperature and
bulk salinity. An interesting feature of sea ice, known to the
earliest polar explorers, 1s its tendency to desalinate with time.
Efforts to understand this fundamental process have led to
many important discoveries about the microstructure and
the dynamics of the brine phase (Weeks and Ackley, 1982).
The dominant desalination mechanism has been found to be
gravity drainage (Kingery and Goodnow, 1963; Untersteiner,
1968; Cox and Weeks, 1975; Eide and Martin, 1975; Weeks and
Ackley, 1982). As an ice sheet grows, its surface rises higher
above sea level, producing a pressure head in the inter-
connected brine system, driving the underlying brine out of
the ice (Eide and Martin, 1975; Weeks and Ackley, 1982). In
the presence of a temperature profile which increases with
depth, an unstable density distribution exists within the brine,
producing convective overturning, as well as an exchange
between denser brine within the ice and the underlying sea
water (Weeks and Ackley, 1982). The input of brine into the
upper ocean is important in ice—ocean interactions, through
modification of the density of the surface layer, induction of
thermohaline convection, and contributing to the formation
of bottom water (Carmack, 1986; Eicken, 1992b). The drainage
channels which facilitate brine transport have been studied in
numerous works (e.g. Lake and Lewis, 1970; Martin, 1974;
Eide and Martin, 1975; Niedrauer and Martin, 1979; Cole
and Shapiro, 1998). They consist of large, vertical tubular
drainage structures attended by smaller tributaries, like a
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vertically oriented, radially symmetric river system (Weeks
and Ackley, 1982).

One of the key findings which has resulted from the
study of the desalination process is that for brine-volume
fractions p below a critical value p. = 5%, columnar sea
ice is effectively impermeable to fluid transport, whereas
for p above p, brine or sea water can move through the ice.
The relation of brine volume to temperature 7" and salinity
S (Frankenstein and Garner, 1967) implies p, corresponds to
a critical temperature T, ~ —5°C for S = 5 ppt; we refer to
this critical behavior as the “law of fives”. Perhaps its clearest
demonstration in early works appears in Cox and Weeks
(1975) and Weeks and Ackley (1982), where the rate of change
of salinity dS/dt due to gravity drainage is plotted against
brine volume. For brine volumes below roughly 5%, dS/dt
vanishes. Indeed, Ono and Kasai (1985) found that the
downward permeability of thin sea ice decreases by over
two orders of magnitude as the surface temperature is low-
ered, in a small neighborhood of =5°C.

Brine transport is fundamental to such processes as sea-ice
production through freezing of flooded ice surfaces (Ackley and
others, 1995), the enhancement of thermal fluxes through sea ice
(Lytle and Ackley, 1996; Trodahl and others, 2000), nutrient
replenishment for sea-ice algal communities (Fritsen and
others, 1994) and to remote sensing (Hosseinmostafa and
others, 1995; Lytle and Golden, 1995; Golden, 1997¢). However,
until recently the basic transition controlling brine transport
has received little attention. Percolation theory (Broadbent
and Hammersley, 1957; Stauffer and Aharony, 1992) has been
developed to analyze the properties of materials where con-
nectedness of a given component determines the bulk behavior.
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Recently we have shown (Golden and others, 1998¢) that it pro-
vides a natural framework to understand the critical behavior
of sea ice. In particular, we applied a compressed-powder
percolation model to sea-ice microstructure that explains the
law of fives, the observed behavior (Ono and Kasai, 1985) of
the fluid permeability in the critical temperature regime, as
well as data on surface flooding collected recently on sea ice in
the Weddell Sea and East Antarctic regions.

Other examples of brine percolation and transport
include the observation in the Arctic (Hudier and others,
1995) that a snowstorm and its resultant loading can induce
a complete upward flushing of the brine network. The freez-
ing of a surface slush layer, with resultant brine drainage, was
observed in the Antarctic to induce convection within the ice,
whereby rejected dense brine is replaced by nutrient-rich sea
water from the upper ocean (Lytle and Ackley, 1996), fueling
autumn blooms of algae in second-year ice (Fritsen and
others, 1994). During the autumn freeze-up, this process pro-
vided about 70% of the salt flux into the upper ocean and
increased the total heat flux through the overlying ice and
snow cover. The proliferation and growth of sea-ice organisms
1s favored by permeable ice which allows nutrient replenish-
ment (Dieckmann and others, 1991; Eicken, 1992a). As yet
another example, it was observed in the Arctic that there
was about a 20 day time lag between the onset of spring snow-
melt and the input of fresh water into the mixed layer (per-
sonal communication from M.G. McPhee, 1995, Maykut
and McPhee, 1995). Presumably, part of this lag was the time
it took for the ice sheet to warm to above the critical tempera-
ture to allow drainage out of the ice (personal communi-
cation from M. G. McPhee, 1995).

For remote sensing, surface flooding and subsequent
freezing can affect microwave backscatter from sea ice
(Hosseinmostafa and others, 1995, Lytle and Golden, 1995),
and this surface flooding is often controlled by percolation
processes. Moreover, the connectedness of the brine inclu-
sions, as well as their volume fraction and geometry, affects
the complex permittivity €* of sea ice, which determines
how electromagnetic waves are scattered from and propa-
gate through the ice. We review a series of rigorous bounds
on the effective complex permittivity € of sea ice, treated as
a general two- (or three-)component random medium
(Golden, 1995a, 1997¢; Sawicz and Golden, 19935; Golden
and others, 1998a). Using the bounds, we explore how the
connectedness properties of the brine phase, as well as
volume fraction and other geometrical characteristics,
affect €*. We also briefly discuss our recent work in obtaining
geometrical information about the brine phase, such as
volume fraction and inclusion separation, through electro-
magnetic inversion (Cherkaeva and Golden, 1998; Golden
and others, 1998b).

Finally, we discuss measurements of percolation in first-
year sea ice in the Mertz Glacier polynya, Antarctica: the
areal density of brine tubes extending to the surface during
some warm episodes, and the penetration of a staining liquid
(beet juice) through the brine structures in extracted sea-ice
blocks to better expose their geometrical properties.

2. PERCOLATION AND THE FLUID PERMEABILITY
OF SEA ICE

Percolation theory (Broadbent and Hammersley, 1957;
Grimmett, 1989; Bunde and Havlin, 1991; Stauffer and

https://doi.org/10.3189/172756401781818329 Published online by Cambridge University Press

Golden: Brine percolation and the transport properties of sea ice

?er EhE

p=1/3

I
_|",_

m
p=23 0

Fig. 1. Dypical configurations of the two-dimensional lattice in
bond percolation, below (p =1/3) and above (p =2/5) the
percolation threshold p. =12, and graphs of the infinite-
cluster density P, (p) and effective conductivity o™ (p).

Aharony, 1992) was initiated by Broadbent and Hammersley
(1957) with the introduction of a simple lattice model to study
the flow of air through permeable sandstones used in miners’
gas masks. In subsequent decades, this theory has been used
to successfully model a broad array of disordered materials
and processes, including flow in porous media like rocks and
soils (Berkowitz and Balberg, 1993; Sahimi, 1995), fractures
(Hermann, 1991), doped semiconductors (Shklovskii and
Efros, 1984) and various types of disordered conductors (Clerc
and others, 1990; Bergman and Stroud, 1992) like piezo-
resistors, thermistors (Mclachlan and others, 1990), radar-
absorbing composites (Priou, 1992), thin metal films (Davis
and others, 1991) and polar firn (Shabtaie and Bentley, 1994).
The original percolation model and its generalizations have
been the subject of intensive theoretical investigations, par-
ticularly in the physics (Bunde and Havlin, 1991; Stauffer and
Aharony, 1992) and mathematics (Kesten, 1982; Grimmett,
1989) communities. One reason for the broad interest in the
percolation model is that it is perhaps the simplest purely
probabilistic model which exhibits a type of phase transition.

The simplest form of the lattice percolation model (Stauffer
and Aharony, 1992) is defined as follows. Consider the d-dimen-
sional integer lattice Z%, and the square (or cubic) network of
bonds joining nearest-neighbor lattice sites. 1o each bond,
with probability p,0 < p <1, we assign a 1, meaning it is open,
and with probability 1 —p we assign a 0, meaning it is closed.
Groups of connected open bonds are called open clusters, and
the size of a cluster is just the number of open bonds it con-
tains. In the percolation model there is a critical probability
De, 0 < pe <1, called the percolation threshold, at which the
average cluster size diverges and an infinite cluster appears,
so that the open bonds percolate. In two dimensions p, = 0.5,
and in three p. ~ 0.25. Typical open-cluster configurations in
d= 2 for p=1/3 and p = 2/3 are shown in Figure 1. Tor
P > pe, the infinite-cluster density P (p), defined as the
probability that the origin (or any point, by translation
invariance) is contained in the infinite cluster, or Py (p) =
hm My (L,p)/ L%, where M (L,p) is the mass of the infi-
Aitecluster contained in a box of side L. At the percolation
threshold, the infinite cluster has a self-similar, fractal struc-
ture, with My, (L,p.) ~ L% as L — 0o, where d; < d is the
fractal dimension. In two dimensions df = 91/48 ~ 1.9 is a
conjectured exact result, and df /=~ 2.5 in three dimensions
(Bunde and Havlin, 199]; Stauffer and Aharony, 1992). The
graph of Py, (p) for d = 2 is shown in Figure 2. In the neighbor-
hood of p., with p > pe, Ps (p) is believed to exhibit the scaling
behavior

B
Pe(p)~(=p)"s  p—0pl, (1)
where [ is the percolation critical exponent, which satisfies
29
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Fig. 2. Comparison of the microstructures of (a) compressed
powder of large polymer particles of radius Ry, and small metal
particles of radius Ry, ( Malliaris and Turner, 1971), and (b)
sea ice (Arcone and others, 1986).

B < 1(Chayes and Chayes, 1986b), and in d = 2 it is conjec-
tured that 8 = 5/36 (Bunde and Havlin, 1991).

The percolation model deals only with the geometrical
aspects of connectedness in disordered media, yet we are
interested in the transport properties as well. Then we consid-
er a random resistor network, where the bonds are assigned
the conductivities ¢ = 1 and o = h > 0 with probabilities p
and 1 —p.With h = 0, the effective conductivity *(p), defined
via Kirchoffs laws, vanishes for p < p., o*(p) = 0 (for a
rigorous formulation of both the lattice and continuum
problems see Golden and Papanicolaou, 1983; Golden, 1992;
or see section 3 below for a brief treatment of the continuum
case). Near the threshold with p > p., 0*(p) >0 is believed to
exhibit the power-law behavior

J*(p) ~ (p _pc)tv p— pj ) (2)
where ¢ is the conductivity critical exponent, with 1 <¢ < 2
ind = 2,3 (Golden, 1990, 1992, 1997d), and numerical values
t~ 13ind =2andt~ 20ind = 3 (Stauffer and Aharony,
1992). The effective conductivity o*(p) in the d = 2 lattice case
is shown in Figure 1. Analogously we may consider a random
pipe network with effective fluid permeability £*(p) exhibit-
ing similar behavior x*(p) ~ (p — p.)®, where e is the perme-
ability critical exponent, with e =¢ (Chayes and Chayes,
1986a; Sahimi, 1995; Golden, 1997d). Critical exponents char-
acterizing the behavior of transport near p, include ¢, § and
defined by

" (pe, h) ~ hl/e, h— 0",
oo™ _ (3)
8h ~ (pip(‘) ’7, p*)p(;i»? h:07

and a spectral “gap” exponent A. Such exponents, like ¢, are
generally believed to exhibit universality, meaning that they
depend only on dimension and not on the type of lattice,
although continuum models can exhibit non-universal beha-
vior, with exponent values different from the lattice case.
For example, consider the Swiss-cheese model in d = 2,
where circular discs (or spheres in d = 3) are removed at
random from a uniform medium of unit (electrical or fluid)
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conductivity (Kerstein, 1983; Halperin and others, 1985;
Feng and others, 1987; Stauffer and Aharony, 1992; Sahimi,
1994). Near the percolation threshold, the transport proper-
ties are dominated by flow through the narrow necks
between non-overlapping discs (or spheres). Since the
widths of such necks can vary throughout the system, there
is a distribution of bond conductivities ¢ in an equivalent
Voronoi network model (Kerstein, 1983). Moreover, this dis-
tribution is singular near ¢ = 0, which can lead to violations
of universality with values of the transport critical expo-
nents in d = 3 higher than for the lattice case, and e # ¢
(Halperin and others, 1985; Feng and others, 1987).

While the critical exponents for continuum systems might
differ from their lattice counterparts, we have recently proven
that ¢, , v and A for both lattice and continuum models
satisfy the same equations, or scaling relations, and that these
equations are the same as those satisfied by the analogous
exponents from the theory of phase transitions in statistical
mechanics (Golden, 1997a). Our results are based on a direct,
analytic connection we have found between transport coeffi-
cients for two-component random media in lattice or con-
tinuum settings, such as the effective conductivity, permit-
tivity, diffusivity or fluid permeability, and the order para-
meters in statistical mechanical models, such as the magneti-
zation M of an Ising ferromagnet. This connection establishes
the virtual equivalence of a transport transition at a percola-
tion threshold, and a phase transition in statistical mechanics
such as the Curie point of a ferromagnet or a liquid/solid
transition, through shared Stieltjes integral representations
for the coeflicients in the two problems, and the introduction
of a partition function and free energy associated with a given
composite microstructure (Golden, 1995b).

If the above classical lattice percolation model is applied
to sea ice, where the open bonds represent brine and the
closed bonds represent ice, then p. would be about 25% in
d = 3, which is much larger than the observed 5%. Even
continuum models, such as ellipsoidal brine inclusions ran-
domly distributed in an ice host, a commonly used model
for sea ice, exhibit critical volume fractions in the 20-40%
range (DeBondt and others, 1992). Instead consider the criti-
cal behavior of composites made up of conducting particles
suspended in an insulating matrix (Mclachlan and others,
1990), and the problem of finding microstructures that
reduce p,. For some flexible polymer composites designed to
be highly conducting, it was found that by compacting pow-
ders of large polymer particles with much smaller metal par-
ticles, low critical-volume fractions of the (more expensive)
metal particles are required to significantly lower the resis-
tance of the composite (Kusy and Turner, 1971; Malliaris
and Turner, 1971). The resulting microstructure of such com-
pressed powders is strikingly similar to the cellular micro-
structure of columnar sea ice, as shown in Figure 2. The key
parameter in predicting the conduction threshold for
compressed powders is the ratio £ = R,/ Ry, of the radii of
the large polymer particles to the smaller metal particles
(Malliaris and Turner, 1971; Kusy, 1977). An approximate for-
mula for the critical-volume fraction for percolation of the
small metal spheres in a compressed powder is given by

-1
= (1457 ()

where ¢ is a reciprocal planar packing factor, and z. is a
critical surface-area fraction of the larger particles which
must be covered for percolation by the smaller particles
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Fig. 3. Comparison of (a) the electrical conductivity of
compressed powders of large polyethylene particles of radius R,
and small nickel particles of radius Ry, where§ = R, /Ry =
16 (data points from Malliaris and Turner, 1971) and (b) the
Sluid permeability (T) of thin young sea ice as a_function of
surface temperature (data points from Ono and Kasai, 1985).
The transport properties of both materials exhibit critical be-
havior characteristic of a percolation transition. We have also
indicated a second transition for k(T) at the melting point
T where log k(T') must increase rapidly.

(Kusy, 1977). Values based on microstructural analysis giving
good agreement with conductivity experiments are x, = 042
and ¢ =1.27 (which we use also as a reasonable approximation
for sea ice). An alternative approach to approximating p.
which yields similar quantitative results can be found in
Janzen (1975, 1980). For large &, p. is not very sensitive to the
exact value of €. For example, a range of 44—17 in £ gives only
a range of 3-7% in p.. Using photomicrographs of sea-ice
microstructure and typical brine-inclusion sizes (Weeks and
Ackley, 1982), we measured the corresponding parameter for
sea ice, obtaining an average of £ ~ 24. Applying the com-
pressed-powder percolation model (Kusy, 1977) yields a criti-
cal brine volume for columnar sea ice of about 5%. This
result will vary with ice-crystal structure. For example, the
slightly higher values of p. (lower &) observed in Ono and
Kasai (1985) are caused by the more random distributions of
brine inclusions in granular ice as compared to columnar ice.
The compressed-powder model explains why sea ice exhibits
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Fig. 4. Temperature contours in sea ice during the Maud Rise
drift camp of the ANIFLUX experiment in the eastern
Weddell Sea (b), along with air temperatures (a ). The black
top layer represents ice which is effectively impermeable to fluid
transport, and is not present during warm storms, so that brine
may percolate to the surface. Subsequent freezing of the slush
layer is an important ice-growth mechanism in the region.

such low values for p., as compared to the 20-40% range one
might expect, and provides reasonable estimates for p., which
depends only on the geometry of the two phases. Obser-
vations show, however, that fluid transport then proceeds pri-
marily through large-diameter brine channels (Weeks and
Ackley, 1982; Fritsen and others, 1994; Lytle and Ackley, 1996).
Dynamic models will likely be needed for analysis of brine-
channel formation beyond the initial onset of percolation at
D, although it is interesting to note the existence of the “inde-
pendent crossings”of a sample in standard percolation models
(Chayes and Chayes, 1986a). They have large separations in
comparison to the microstructural (or lattice-spacing) scale
for p near p,, on the order of a correlation length (Bunde and
Havlin, 1991; Stauffer and Aharony, 1992), and play much the
same role for transport as the brine channels.

Comparison of the electrical conductivity of compressed
powders and the fluid permeability of sea ice in Figure 3
shows that near the critical temperature, sea-ice permeabil-
ity displays the same characteristic behavior exhibited in
general by transport coefficients of composite media near a
percolation threshold (Mclachlan and others, 1990; DeBondt
and others, 1992). The data in Figure 3b are thus best fit not
with a straight line as in Ono and Kasai (1985) but with an
“S” curve that captures the actual behavior of k(T') in the
critical regime near the percolation threshold T?P*.

Compressed powders with low p. exhibit large, non-
universal values of ¢ ranging between 2 and 7 (Mclachlan
and others, 1990). A rough estimate for the fluid-permeability
critical exponent e for sea ice based on the data in Figure 3bis
about 2.5, although there is significant uncertainty in this
estimate (but e is probably 2—4). Given that for lattice
models we have shown in d = 3 that e =¢ < 2 (Golden,
1990, 1992), 1t is likely that sea ice exhibits non-universal
behavior, perhaps indicating the importance of the very
small necks through which brine must flow near the perco-
lation threshold. Much more experimental work needs to be
done to determine the actual range of e, how it depends on
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the type of sea ice and other factors, and if indeed the beha-
vior is non-universal.

Data collected on Antarctic sea ice directly demonstrate
the significance of the percolation threshold. During the
winter ANZFLUX experiment (McPhee and others, 1996)
in the eastern Weddell Sea, we encountered a thin ice pack,
typically 20—60 cm thick. Unusually large vertical oceanic
heat fluxes resulted in ice basal melt rates of up to 3 emd '
(average was l cm d ) which could have melted the ice in a
short period. The persistence of the ice depended on flood-
ing of the surface and the subsequent freezing of this slushy
snow/brine mixture to form snow ice, which replaced the ice
melting on the bottom (Ackley and others, 1995). The surface
flooding was controlled by upward brine percolation. Tem-
perature profiles measured hourly during a 5 day drift camp
over Maud Rise at about 65° S;4° E (Fig. 4) indicated that
while most of the sea-ice layer remained above the critical
temperature for percolation, the top 5 cm or so of the sea ice
was impermeable, except during the typically warm storms.
Sufficient loading led to surface flooding, which subsequently
froze. This cyclic process occurred twice during the 5day
drift. The impermeable layer, defined by temperatures below
a critical temperature of about —5.3°C, disappeared with the
onset of the first storm during day of year 216 (4 August 1994).
For about a day the entire ice sheet was permeable, and by
noon of the next day we observed a thick layer of slushy snow
consisting of 30-50% liquid brine. Subsequently, a cold
period set in, the slush froze and the impermeable cap
returned as the frozen slush. Then another storm moved in,
with resultant warming, flooding and freezing. Late in the
evening of day 219 during a warm storm, we observed large
“boils” on the snow surface, which were apparently brine
percolating up through the ice.

A similar type of flooding event was observed during the
winter HIHO HIHO experiment (Lytle and others, 2000) in
the East Antarctic sea-ice pack at about 65°S, 145° E. The
data, which are discussed in Golden and others (1998c),
demonstrate clearly that an air-temperature increase alone
can cause the permeability phase transition.

As a final example, consider the algae bloom observed in
a porous sea-ice layer at depth 10-30 cm during autumn 1992
in the western Weddell Sea (Fritsen and others, 1994). From
day of year 60 (29 February) to day 81 standing stocks of pig-
ments in the ice were increasing at a rate of 0.8 mgm 'd ',
yet after day 81 the algal growth rate was reduced to one-
tenth the earlier value. Day 8l is when the downward advan-
cing critical isotherm of T, =~ —4°C passed through the
bottom of the algal layer, effectively cutting off the commu-
nity from significant nutrient replenishment, as ice above
this isotherm was impermeable. The critical temperature
higher than —5°C is understood by noting that the ice sur-
rounding the algal layer was granular, and has a higher p.,
yet a salinity of only about 5 ppt.

It has been demonstrated that sea ice exhibits a percola-
tion transition at a critical temperature. As mentioned
above, recently it has been found that this type of behavior
in composite materials is mathematically analogous to a
phase transition in statistical mechanics, like water at its
freezing point or a ferromagnet at its Curie point (Golden,
1997a). Thus T, may be viewed as a type of phase-transition
point, with sea ice at temperatures between T, and —1.8°C
(the freezing point for sea water) being a hybrid phase
between liquid and solid.
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3. PERCOLATION AND THE COMPLEX PERMIT-
TIVITY OF SEA ICE

When electromagnetic waves interact with random media or
surfaces, a key parameter determining the nature of the inter-
action and the types of analysis which can be used 1s the ratio
¢/, where ( is an appropriate measure of the length scale of
variations in the medium or surface, and A is wavelength. For
example, at C-band with frequency f = 53 GHz and free-
space wavelength A\g = 5.7 cm, the wavelength Ay in sea ice,
typically satisfying \g/2 < Ag < Ag, is much larger than the
sub-millimeter scale of variations in the brine microstructure.
In this case, the wave cannot resolve the details of this random
inclusion microstructure, and the behavior of the wave is
determined primarily by an effective, or homogenized, com-
plex permittivity €, which is a complicated (tensor) function
of the permittivities of the constituents of sea ice and the
geometry of the microstructure, as well as frequency. In the
quasi-static, or infinite, wavelength limit, a time-independent
analysis can be used to analyze complex €*. While scattering
from the brine inclusions must be incorporated into €* over
much of the microwave region, it is useful to consider a
so-called quasi-static regime, where volume scattering from
individual inclusions is relatively small, and the behavior is
well approximated with a quasi-static analysis.

Due to the wide variety of possible microstructures and
the high dielectric contrast of the components of brine and
ice, it is in general quite difficult to accurately predict €* for
sea ice, although many “mixing formulas” for €* have been
proposed and compared with experimental data (Hoekstra
and Capillino, 1971; Vant and others, 1978; Golden and Ackley,
1981; Stogryn, 1985; Arcone and others, 1986; Sihvola and
Kong, 1988), where typically the sea ice 1s assumed to consist
of a host of pure ice containing ellipsoidal brine and air
inclusions. While mixing formulas are certainly useful, their
applicability to the full range of microstructures presented
by sea ice is limited, and the assumptions under which they
are derived are not always satisfied, such as when the brine
inclusions percolate. Consequently, we have developed
(Golden, 1995a, 1997¢; Sawicz and Golden, 1995) a compre-
hensive series of rigorous bounds on €* for sea ice, valid in
the quasi-static regime, which we briefly describe. The sea
ice 1s assumed to be a two-component composite material of
brine with complex permittivity €;, which depends on
frequency and temperature (Stogryn and Desargant, 1985),
and ice of permittivity €;, which depends weakly on frequency
and temperature (Mitzler and Wegmiiller, 1987) (which we
slightly adjust via the Maxwell-Garnett formula to account
for the presence of air (Golden, 1997¢; Cherkaeva and Golden,
1998)). Our approach is based on a general, analytic continu-
ation method for obtaining bounds on the effective properties
of composites (Bergman, 1980; Milton, 1980; Golden and
Papanicolaou, 1983), where €* is treated as an analytic func-
tion of h = €1 /€9, and its properties are exploited to obtain
the bounds, which apply to any two-component medium,
such as snow or slush, which are also of interest for sea-ice
remote sensing. (A full treatment of composites with three or
more components is more involved mathematically, requiring
analysis of holomorphic functions of several complex vari-
ables (Golden and Papanicolaou, 1985; Golden, 1986; Milton,
1987; Milton and Golden, 1990),)

The key step in the method is to obtain the Stieltjes integral
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Fig. 5. Comparison of 4.75 GHz data ( circles) on the complex permittivity € of sea ice at different temperatures ( Arcone and
others, 1986) with the bounds Ry (outer, dotted ), Ry (inner, dotted ), R\ ( outer, solid ), and Ry (inner, solid). Ry assumes
knowledge of the brine volume, and Ry assumes statistical isotropy as well. R\ and Ry further assume that the sea ice is a
matrix-particle composite with the indicated q values corresponding to the geometry in the diagram, where 1y, is the radius of a disc
containing a brine structure, and v; is the outer radius of an ice annulus (in d = 2). Note that as the temperature increases, the data
move across the region Ry and q increases, indicating decreased separation of the brine inclusions. For T' = —2.5°C the matrix-
particle assumption is no longer valid, ¢ = 1, and R}"Y and Ry" reduce to Ry and Ry.

representation (Bergman, 1978; Golden and Papanicolaou,
1983)

1
dp(z 1
F(s)zl—e*/ezz/ ,u()’ §=—+—,
0 §—2z 1—¢€/e
where ( is a positive (spectral) measure on [0, 1] containing
all the information about the geometry of the composite,
which is separated from the parameter information con-

()
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tained in s = 1/(1 — h). Statistical information about the
geometry is input through the moments p, of p, which are
related to the correlation functions of the brine phase. For
example, g = pi1, the volume fraction of brine. Bounds on
€*, or F(s), are obtained by fixing s in Equation (5), varying
over admissible measures p (or admissible geometries), such
as those that satisfy only g = p;, and finding the corres-
ponding range of values of F'(s) in the complex plane. If just
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p1 1s known, we obtain a region R; in the complex €*-plane, in
which the complex permittivity of sea ice of that brine volume
must lie, regardless of geometry. If the sea-ice microstructure
is further assumed to be isotropic within the horizontal plane,
we obtain a smaller region Ry. If we further assume that the
sea ice 1s a matrix-particle composite, where the brine phase
is contained in separated inclusions, there is a spectral gap,
r.e. the support of p in Equation (5) lies in an interval
[Sm, sm], 0 < 8 < Sy < 1, as observed in fundamental work
by Bruno (1991). The further the separation of the inclusions,
the smaller the support interval [sp, $u), or the larger the
spectral gap, and the tighter the bounds. We obtain regions
R and Ry" which are significant improvements over R;
and Ry (Sawicz and Golden, 1995; Golden, 1997c¢). To com-
pare the matrix-particle bounds with data in Arcone and
others (1986), we assume that within the horizontal plane,
the brine is contained in separated, circular discs, which
allows us to utilize the explicit calculations in Bruno (1991) of
sy and syp. In particular, we consider discs of brine of radius
71, which hold random positions in a host of ice, in such a way
that each disc of brine is surrounded by a“corona” of ice, with
outer radius 7;. Then the minimal separation of brine inclu-
sions is 2(r; — r1,). Such a medium is called a g-material,
where ¢ =1/, 0 < ¢ < L. For such a geometry, Bruno
(1991) has calculated sy =3 (1 —¢*) and sy =3 (1 + ¢).
Smaller g values indicate well-separated brine (and presum-
ably cold temperatures), and ¢ = 1 corresponds to no restric-
tion on the separation, with sy, = 0, sy =1, so that Rllnp and
Ry reduce to Ry and Ry. Examination of photomicrographs
of the brine microstructure in the sea-ice samples of Arcone
and others (1986) indicates that even when the ice is quite
cold, the brine inclusions are quite close, and it is very diffi-
cult to estimate appropriate values of ¢. Instead, for a given
dataset at a particular temperature, we choose a value of ¢
which best captures the data, and it is always quite close to 1.
Computationally we find that because of the high contrast in
the components, the bounds R and Ry are extremely sensi-
tive to small changes in ¢ for g near 1. By carefully comparing
our bounds to data over a wide range of temperatures, we have
found that as the temperature increases, 1.e. as the percola-
tion threshold Tt is approached and the brine inclusions grow
closer, the data sweep across from one side of the region Rs to
the other (while the regions becomes larger as the brine
volume increases), and g increases as well. Once the tempera-
ture is above T, the data require that ¢ = 1, and the matrix-
particle assumption is no longer valid. This fascinating beha-
vior is illustrated in Figure 5, which compares data from
samples 84-3 and 84-4 (S = 3.8 ppt) in Arcone and others
(1986) with the bounds as the temperature is varied over a
wide range. We have also applied our matrix-particle bounds,
developed for sea ice, to analyze the electromagnetic proper-
ties of some insulator/conductor composites arising in smart
materials technology (Golden, 1997b).

Finally, we mention our work (Cherkaeva and Golden,
1998; Golden and others, 1998b) in developing a rigorous
theory of inverse homogenization, based on inversion of the
bounds R; and Rp, which has produced an accurate algo-
rithm for reconstructing the brine volume of sea ice from
measurements of the effective complex permittivity. Further-
more, through more sophisticated mathematical techniques,
with C. Orum and E. Cherkaeva, we have been able to invert
the matrix-particle bounds R|"" and Ry" as well to obtain
inverse bounds on the separation parameter g from measure-
ments of €.
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4. MEASUREMENTS OF PERCOLATION ON FIRST-
YEAR SEA ICE

During the recent Mertz Glacier Polynya Experiment (16
July—7 September 1999) aboard RSV Aurora Australis, we con-
ducted measurements of percolation processes on first-year
sea ice in the vicinity of 66° S, 144° E with V. I. Lytle, A. P.
Worby, R. Massom, I. Allison, A. Rada, M. Paget and A.
Roberts. As mentioned above, flooding of a snow layer on
the surface of sea ice through upward brine percolation, and
subsequent freezing of the slush, is an important mechanism
for ice production in some regions of the Antarctic. This pro-
cess 1s also essential for supplying nutrients to algal commu-
nities growing in the ice. The theory outlined in section 2
gives a reasonable prediction of the critical brine-volume
fraction, but more development of the model is needed to
understand how macroscopic brine channels or tubes form
once the threshold is exceeded, and what determines their
separation and properties. Moreover, to assess the level of ice
production or nutrient replenishment through percolation
processes, it is useful to be able to estimate the vertical fluid
permeability of the sea ice, where the bulk of the transport is
presumably carried by these larger channels. During a particu-
larly warm period around 12-15 August, where air tempera-
tures reached about 0°C, and the ice surface temperatures
were in the —4° to —=5°C range, we cleared away the snow and
observed extensive arrays of brine tubes at the sea-ice surface,
which presumably extended to the bottom. We constructed
three “percolation pits”, or square meter areas with the snow
cleared off, during two of the ice stations. We estimated the
number of well-developed brine tubes, measured their
diameters, measured temperatures and took photos and
video of these structures. The estimates for the number of
tubes with about 1cm diameters were 60-65, 90—-100 and
100—120. Interestingly, in the second pit, over about a 15 min
period after the snow was cleared away we observed that
about 2 cm of brine had flooded the surface of the ice in one
corner of the pit. It appears that significant flooding is often
associated with “blisters” or “pock-marked” regions of the
snow surface (perhaps caused by new or blowing snow accu-
mulating on a very wet surface), and aerial photographs were
later taken from a helicopter in order to estimate the density
of such regions, which were numerous. While we believe that
surface flooding and subsequent freezing is only a minor com-
ponent of ice production in this polynya, our observations
show that it is present, and gave us a more quantitative
picture of this process than we had previously.

As a further investigation of brine-channel structure and
the percolation process, we extracted with a chain-saw three
blocks of sea ice of horizontal dimensions about 25cm
x 75 cm and thicknesses of 37-66 cm. The ice surface tem-
peratures at these stations were about —9.4° and —7.3°C.
The slabs were turned upside down to expose large brine
channels, and bright red, salty beet juice was poured onto
the ice. The percolation of the beet juice through the sample
was videotaped and photographed. While juice that propa-
gated through the large brine channels made its way far into
the samples, much of the liquid stopped after traveling only
10 cm or so, depending on the sample. This was found later
through core analysis to correspond to a structural trans-
ition between warm columnar ice where percolation was
observed, and colder, granular ice with percolation occur-
ring only in large brine channels. “Thin” sections were
chain-sawed off one block to better observe the percolation
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front. These experiments provided a demonstration of how
brine moves through sea ice, as well as the difference in the
percolation thresholds for columnar and granular ice.
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