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Abstract

We prove an equality, predicted in the physical literature, between the Jeffrey—Kirwan
residues of certain explicit meromorphic forms attached to a quiver without loops or oriented
cycles and its Donaldson-Thomas type invariants.

In the special case of complete bipartite quivers we also show independently, using scat-
tering diagrams and theta functions, that the same Jeffrey—Kirwan residues are determined
by the the Gross—Hacking—Keel mirror family to a log Calabi—Yau surface.

2020 Mathematics Subject Classification: 14J33, 16G20 (Primary); 81Q60 (Secondary)

1. Introduction

In this paper we will study a class of Jeffrey—Kirwan residues associated with hyperplane
arrangements [9, 29], i.e., suitable periods of explicit meromorphic forms. The particular
periods we consider are suggested by the physical literature (especially [1, 3, 12]), where
they appear in the expression of important quantities for certain physical theories.

The relevant data are given by a quiver Q, without loops or oriented cycles, together
with a dimension vector d. The gauge group is a product of unitary groups Hier U (d)),
modulo the diagonal U (1). The corresponding meromorphic form is defined on the torus

T(d) = (niEQO (@*)d[) JC*, and is given explicitly by

Zod=]] ]_[ /_1

i€Qp s#£s'=1 Uis

j 1p.\ Vi
1_[ Hﬁ( et RU) /\ dujg, (1-1)

oy, 4 lp.
{i—>jleQ s=1s'=1 4+ 3Rq (i.5)€Q0 % {1,-...di}\ ()
for any fixed ordering of the pairs (i,s) € Qo x {1,...,d;} \ (i, ). Here i € Qp is a fixed
reference vertex, and Q, (—, —) denote the reduced quiver and skew-symmetrised Euler

form of Q, respectively. The omission of a variable u; PN; corresponds to quotienting the gauge
group by the diagonal U (1). The variables R;; denote (a priori) arbitrary parameters, known
as R-charges. For each fixed real stability vector { = {¢;, i € Qp}, the physical computations
of [3, 12] construct a canonical cycle C C T(d), depending on ¢ and Zg (d), such that the
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quantity of physical interest can be computed as the period

1\ dimT(@)
JK(ZQ(d),g“):(%) /CZQ(d). (1-2)

Mathematically, this can be understood as the conjectural identity

1
Xold, )= 7l JK(Zg (d), 0), (1-3)

where the left-hand side denotes the generalised Donaldson—Thomas invariant of the quiver
Q (see e.g. [20, 21]), and the right-hand side is the JK (Jeffrey—Kirwan) residue studied in
[9, 29] and reviewed for our purposes in Section 2. In particular, JK ( Zg (d), ¢) should not
depend on R;;.

In the following, Z denotes a complex valued linear form on ZQy, the central charge,
inducing the real stability vector ¢. This can be lifted canonically to an element Z of the
Lie algebra of T(d), given by Z,-,s =Ziforie Qp,s=1,...,d;. Similarly, we write? for the
corresponding lift of the real stability vector. Note that the lift 7 is used in the construction
of the JK residue JK (Zg (d), ¢).

Remark 1-1. An important point, which does not seem to be addressed in detail in the physi-
cal literature, is that the mathematical theory of Jeffrey—Kirwan residues [9, 29] requires that
the stability vector ¢ satisfies a suitable regularity condition with respect to the dimension
vector d, i.e., the lift ¢ should not lie in the hyperplane arrangement defined by d, namely
{Uiss V(s — u,-,sr)) U (U,-J-,S,Sr V(uis — ujy)} (see Section 2 for the details). In this paper we
always assume (and keep track of) this regularity condition.

1-1. Quivers

Part of our work is devoted to proving a version of the conjectural identity (1-3).

We work with abelianised JK residues, introduced from physical considerations in [1], in
the limit of large R-charges, which we denote by JK?;. A physical argument (see [1, section
3-4]) predicts that in fact we have

IK(Zg (d), 5) =K, (Zg (d), {).

This limitation to abelianised invariants is due to the fact that at present we are only able to
prove a crucial iterated residues expansion, (1-4) below, in this case, although we expect that
a similar result holds independently of abelianisation.

Let Q be a quiver without loops or oriented cycles. The abelianised JK residue
JKuy (Zg (d), $p), with respect to a regular stability vector ¢, is defined in
Section 4, following [1]. It is given by a rational linear combination of the form
> o'esw) o JK ( ZQ/ @), CQ/), for a suitable set of quivers S(d), where I denotes the full

abelian dimension vector. In Sections 5 and 6, we will show that, for fixed R-charges R= I_?l-j
lying in a dense open cone, the JK residue JK(ZQ/ @, {Q/) can be computed as a sum

of contributions, one for each spanning tree T of the reduced quiver Q', with fixed root
i o € Q'o. In brief, the abelianised JK residue can be computed as a linear combination of
iterated residues IR (a notion recalled in Appendix A),
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1
Ka (Zo@,to)= ) cy D eMRy (huy(Zyy MW, (1-4)
0eS@ 1O

for certain €(T') € {0, 1}, where x7 denotes a singular point of the affine hyperplane arrange-
ment defined by (Q', i o I, R), corresponding to a spanning tree 7 under a natural bijection,
and the map ¢,, picks a specific identification of Z o'R (I)(u) near x7 with a meromorphic

/
function in a neighbourhood of 0 € C!€ 0I=! (see Proposition 6-5 and Corollary 6-7). This
identity, valid for general Q as above, seems to be interesting in its own right. Indeed, we use
it in order to prove our first result, which relates abelianised JK residues to quiver invariants.

THEOREM 1-2. Let Q be a quiver without loops or oriented cycles. Suppose E is regular
with respect to the hyperplane arrangement defined by the dimension vector d. (This holds,
for example, under the stronger condition that d and ¢ are coprime.) Then, we have

1 TK2 (Zo (). ©) = Ro(d. ©). (1-5)
Remark 1-3. The regularity assumption is restrictive. However, as we explained in Remark
1-1, this assumption is not a drawback of our approach, but rather is needed for the JK
residue JK (Zg (d), ¢) (and so JKS (Zg (d), ¢)) to be well defined, at least according to
the existing mathematical llterature Clearly, an extension of the theory beyond this case is
desirable.

1.2. Log CY surfaces

The other main insight we take from the physical literature (in particular [2, 11]) is the
expectation that, quite independently of the relation to quiver invariants (1-3), the generating
function

di
> %JK(ZQM),;)]"[]"[eZ"»" (1-6)

deZ=0Q0 i€Qq s=1

could be computed in terms of the complex structure of a suitable family of Calabi—Yau
manifolds X — S, such that ¢%» provide coordinates on S, the base of the family; and at
the same time that, after a well-defined change of variables, (1-6) might also encode certain
interesting Gromov—Witten invariants. We emphasise that a priori our expectations are only
based on a formal analogy with the more complicated Jeffrey—Kirwan generating functions
appearing in [2, 11], and we do not prove here a direct link to the physical results of these
works.

However, our second result, Theorem 1-4, does confirm these expectations for a particular
class of Jeffrey—Kirwan generating functions (1-6). That is, we provide a family X — S as
above and explain precisely how its complex structure determines (1-6) in these cases; and
how this also yields an interpretation of (1-6) in terms of Gromov—Witten theory.

Our approach is based on the mirror symmetry construction for log Calabi—Yau surfaces
proposed by Gross, Hacking and Keel' [15]. Thus, we consider pairs (Y, D) where Y is a

"Here and in the rest of the paper, we reference the unabdriged version of [15], available as
arXiv:1106.4977v1.
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smooth complex projective rational surface, endowed with an anticanonical cycle of rational
curves

D=Di+--+D,,

(i.e., Looijenga pairs). The complement U =Y \ D is log Calabi—Yau: it is endowed with a
holomorphic symplectic form €2, unique up to scaling, with simple poles at infinity.

Suppose that the intersection matrix (D; - Dj) is not negative semidefinite (i.e., we are in
the positive case of [15, section 0-2]). Then, by [15, lemma 5-9], U is affine. The GHK
(Gross—Hacking—Keel) mirror to the log Calabi—Yau surface (U, €2) is constructed as a
family of affine surfaces

X = §=Spec C[NE (Y)],

over the affine toric variety Spec C[ NE (Y)]. The fibres of X — S have log-canonical
singularities, and a restriction of the family gives a smoothing of the special fibre

Ay=V,:= A2 U-..UA2 CA",

1X2 XnX1

corresponding to the large complex structure limit. A crucial point is that the restriction to
the structure torus,

Ty =Pic (Y) ® C* = Spec C[A1(Y)] C S,

is a versal family of deformations of (U, 2) as a log Calabi—Yau surface. A proof of the
latter statement is announced in [15, section 0-2], as well as in [16, section 1]; recently, a
proof has appeared in [22]. Thus, in particular, (U, €2) appears as a fibre of its own mirror
family.

In [15, section 0-5], homological mirror symmetry conjectures are formulated for the
induced family X — Ty. As we discuss more precisely in Section 8, it is known that the
complex parameters Ty correspond both to the periods of the holomorphic symplectic form
Q2 on the fibres Xy and to the choice of a complexified Kihler class B + iw on U, restricted
from Y.

Through a remarkable series of reductions (see [15, sections 1-3), briefly recalled in
Section 8, the germ of the family X — S around 0 € S is shown to be equivalent to the
datum of a consistent scattering diagram in R?,

D ={(2,/)}.

A key step in the proof shows that © can be obtained as the (essentially unique) consistent
completion of an initial, finite scattering diagram D, which can be described explicitly. The
process of consistent completion can be understood as eliminating all monodromy. Then,
the consistent diagram D determines uniquely a family X'°, endowed with canonical regular
functions

9q() =Lift(q), t € R?,

(defined using a sum over broken lines), and the mirror family X — S, with its theta
functions ¥, can be reconstructed from these. The functions ¥, satisfy the fundamental
identity?

2 We call our variable ¢, rather than Q as in [15], in order to avoid confusion with quivers.
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9,1 =0, 5 (94(7)) (1-7)

along each ray 9, where 6, 4 is the automorphism attached to the weight function f5.

We can now describe our second result. It is only valid for the class of complete bipartite
quivers (see Sections 4, 10 and [27, section 5] for background on these). The relevant log
Calabi—Yau surfaces have a toric model mapping to P2, with boundary given by a triangle of
lines L1 + L + L3. On the other hand, the result does not rely on any a priori correspondence
between JK residues and quiver invariants (such as Theorem 1-2, or the conjectural identity
(1-3)), but rather shows directly how the Jeffrey—Kirwan generating function is determined
by the GHK family: see our outline of the proof in Section 1-3. In brief, we show that the
consistent scattering diagram © for the mirror family X — S automatically knows about JK
residues.

THEOREM 1-4. Let Q denote a quiver as above. Suppose Q is complete bipartite, and let ¢
denote a nontrivial compatible stability vector. Then, it is possible to construct an affine log
Calabi-Yau surface U =Y \ D, depending only on Q, with toric model mapping to (P>, Ly +
Lo + L3), such that the following hold.

(i) The weight function fy in the consistent scattering diagram ® for U can be identified
canonically with a sum over dimension vectors for Q,

fmexn (3 Y ke,

k>0 |d|=kmyp

with

2 =exp (27 / Q),

B
fora class B(d) € Hy(X, Z), determined by the dimension vector d. Here, |d| denotes
the element of N* induced by d and my is the primitive generator of .

(i) Assume E is regular with respect to the hyperplane arrangement defined by d. Let D
denote the dimension of the moduli space of stable representations ./\/lfi_‘w(Q). Then,
in the canonical expansion above, we have

1
CdZd=(—1)D—' JKS, (Zo (d), §) exp (27'ci/~ Q) (1-8)
d f@
= Ng@(Y, D) exp (2ni/ [B +iw]). (1.9)
B(d)

These identities hold independently of the equalities relating JK residues to quiver invariants
(1-3), (1-5). Here,

Nﬁ(d)(Y,D)=/ y . 1
[9R((Y)°/Co,B(@)]"™

denotes a relative genus 0 Gromov—Witten invariant computed on a blowup mY — Y, with
exceptional divisor C, with respect to a degree B(d) € H2(Y,Z), where m and B(d) are
determined by d.
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Note that, according to [15], the invariant Ng(Y, D) should be thought of as enumerating
suitable holomorphic discs in the log Calabi—Yau U (see [6] for recent related results).

Remark 1-5. The main reason for the limitation to bipartite quivers is our use of some of the
results in [26, 27], which are only proved in this case. It should be possible, though highly
nontrivial, to extend the methods of this paper to a larger class of quivers and log Calabi—Yau
surfaces, by relying on the recent results of [6]. We also expect that similar results hold in a
refined setting, for the quantum mirrors of log Calabi—Yau surfaces studied in [4, 5].

From our perspective, the crucial point is proving the first identity (1-8) in Theorem 1-4
(i1). From this, the equality with Gromov—Witten invariants (1-9), as well as the following
result, follow quite easily by known correspondences.

COROLLARY 1.6 (Alternative proof of Theorem 1-2 for bipartite quivers). Suppose Q is
complete bipartite, and ¢ is regular with respect to the hyperplane arrangement defined by
d. Then, we have:

v D 1 o0

xo(d, H)=(=1)"ca= a JKap (Zg (), §).
Remark 1-7. Let us summarise the various logical implications: Theorem 1-4 shows that
the JK residues JKS) (Zg (d), ¢) appear naturally as certain coefficients of the consistent
scattering diagram D, at least for complete bipartite quivers, without assuming a priori the
identities between JK residues and quiver invariants (1-3), (1-5), but relying instead on the
intrinsic features of the scattering diagram (i.e. its theta functions f}q, see Section 1-3). The
quiver invariants xo(d, ¢) can then be recovered through known correspondences between
such invariants and certain complete scattering diagrams, as in Corollary 1-6.

Conversely, one can take as starting point a result characterising some class of complete
scattering diagrams in terms of the invariants of acyclic quivers xo(d, ¢), such as [7, theo-
rem 1-5]. Then, according to Theorem 1-2, certain coefficients of these complete scattering
diagrams may also be exprg\ssed as residues JK5 (Zo (d), ¢) (a priori, the coefficients cor-
responding to d for which ¢ is regular, see Remark 1-1); and it seems interesting to ask if
this also reflects some formula for the theta functions of such diagrams.

Theorem 1-4 (ii) makes precise the expectation that the JK generating function (1-6) can
be computed in terms of the family of complex structures on a Calabi—Yau manifold: up to
the identification

1—[ ﬁ olis = exp (27'[i/~ Q),

i€Qp s=1 B

(which is possible, by versality), it is determined by the scattering diagram ©, and so by the
datum of the GHK mirror family around the large complex structure limit Xj. At the same
time it is also computed by the (open) genus zero Gromov—Witten theory of (U, €2). The
relevant change of variable is given by the mirror map since, according to [15] (and, more
generally, by a result of Ruddat and Siebert, see [28]), the mirror map for the GHK family
around A is given by

s =exp 2wi[B + iw]).
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1-3. Outline of the proofs

The basic ingredient for Theorem 1-2 is the expansion for JK invariants (1-4), which we
establish in Sections 5 and 6, after providing some necessary background in Sections 2 and
3. The proof of Theorem 1-2 is completed in Section 7.

We outline the proof of the first identity (1-8) in Theorem 1-4 (ii). On the log Calabi—
Yau side, the main difficulty is understanding why an expansion such as (1-4), involving
iterated residues, would appear in the coefficients of the consistent scattering diagram © in
RR?, independently of (1-3) and (1-5).

The key observation is that the regular functions 5(1 satisfy the formal property (1-7)
which characterises the flat sections of a meromorphic connection V 5, defined on Pl =C*U
{0} U {oo}, with singularities at 0 and oo, and with a suitable structure group containing the
automorphisms 6, . The automorphisms 6, 5 then appear as the generalised monodromy
of Vg at 0. Here we use the standard identification of C with the real vector space R?
containing ©. This observation is by no means new: in fact, it appears already in the work
of Gross, Hacking and Keel, see in particular the discussion on p. 27 and in section 5-3 of
[15]. Indeed, flat connections of this type have been constructed and studied in the literature,
for various structure groups, see in particular [8, 13, 14]. The reference [13], which we will
follow, is closest to the setup of [15].

Let Q be a complete bipartite quiver, with nontrivial compatible stability vector {p. In
Sections 9 and 10, we define a log Calabi—Yau surface U, with toric model mapping to
(P2, L; + L, + L3), whose deformation type depends only on Q. Let Do, D denote the cor-
responding initial scattering diagram in R? and its consistent completion. We construct
a meromorphic connection Vg —on P!, with monodromy corresponding to Dy, together

with a distinguished basis of flat sections f?q. Moreover, we show that V@O, V5 fitinto a
holomorphic family V of meromorphic connections, with constant generalised monodromy.
Therefore, the flat sections z§q can be analytically continued to a basis of flat sections for
V5. Note that z%, 5‘q are different. But, by construction, the sections z§q still satisfy

y(T) = %) (Pq(1)),

so the weight functions f; can be computed using the zg‘q. Thus, the process of consistent
completion from Do to D can be understood as a process of analytic continuation from Va,
to Vy.

Making this process explicit leads to the expression for c4z? in terms of iterated residues,
appearing in Theorem 1-4 (ii). More precisely, recall the expansion (1-4) for JK residues is
expressed as a sum over quivers Q' € S(d). For each spanning tree T C Q', we introduce a
meromorphic function Wr given by

wron= [ 202

Wi Wi —w;
{ijyery !

Then, we show that 1A9q, as a section of V@O, has an explicit expression in terms of itferated
integrals of Wr, of the form

Ylad Y ey Y e(T)fC Wr (w)

d oeS@ T1cO
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(see (9-4) and (10-9)). Such formulae in terms of iterated integrals are rather standard for
inverse monodromy problems. As a consequence, we find an expression for the analytic
continuation of ¥, in terms of iterated residues of W, which leads to the identity

et = Z y Z e(T) IRy (p( W (w))) exp (2m/ Q).

oeS@ 1 A

Here, W7 (w) is singular along the hyperplane arrangement defined by (7, i o I), and ¢ fixes

an identification of W7 (w) with a meromorphic function in a neighbourhood of 0 € (C‘Q/‘”_l.
Finally, in Section 11, we take the limit of large R-charges, and show

AETOO IRo (¢xr(Zy ;& (D)) = IR0 ((WT (W))). (1-10)
By (1-4) this will complete the proof of the first equality (1-8) in Theorem 1-4 (ii).

Remark 1-8. The references [10, 23] show how to compute the consistent completion D
using a solution D5, of the Maurer—Cartan equation, in a dgl.a of smooth forms, constructed

from the initial diagram 0. The functions z§‘q also appear there as (limits of) flat sections
for the deformed differential dg 5, = d+ [<I>@0, — ] (see in particular [23, theorem 3-15]).

Perhaps, this could be though of as a “de Rham model” which computes © in the smooth
category, as opposed to a “Betti model” using broken lines (which are affine linear and
combinatorial objects), and a “Dolbeault model” using the holomorphic object V. It should
be possible to prove Theorem (1-4) (perhaps, more general results) in this “de Rham model”.

2. JK residues and flags

In this Section we introduce Jeffrey—Kirwan residues of hyperplane arrangements through
their characterisation in terms of flags, started in [9] and studied systematically in [29].

Given an n-dimensional real linear space a with a fixed full rank lattice I, we consider the
duals V:= a*, I'* C V. Fix a finite set of generators 2 for I'*, and suppose it is projective
(i.e., contained in a strict half-space of V). We also fix elements f1, ..., f, € 2 giving an
ordered basis of V, and the top form on a defined as du := fi A --- Af,. Given a subset
S C V, we will denote by *B(S) the set of all distinct bases of V consisting of elements of S.

Definition 2-1. Letx € ac. We say that x is regular (with respect to 20) if it is not contained
in the union of hyperplanes

U viocac

feARRC
The set of regular points of ac is a dense open cone, denoted by agg .
We also need to introduce the dual notion.

Definition 2-2. Let S C V be a finite set and let ¢ € V. We say that ¢ is S-regular if

c¢ |J Spanr(.
IIII—gSl
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In particular, we will say that ¢ is regular (and write ¢ € V™8) if it is 2-regular. The con-
nected components of the dense open cone V'8 are called (2(-)chambers of V. Moreover,
denoting by X% the set of all sums of distinct elements of 2, we say that ¢ is sum-regular
if it is X%A-regular.

The classical Jeffrey—Kirwan residue associated with a hyperplane arrangement (see [9]),

which we denote here with J—K?, is a C-linear functional, depending on a chamber &,
defined on the linear space of germs of meromorphic functions f which are regular in a
neighbourhood of the origin in ag®.
Remark 2-3. Following [29] we fix du and work with functions f rather than forms fdu.
It turns out that the relevant residue operations do not depend on the fixed choice of du,
see Remark 2-11. To make contact with the Introduction, one should choose the constant
holomorphic volume form corresponding to the real volume form du.

The original definition of J-K2, which we do not recall here, involves a formal Laplace
transform. According to [29, Lemma 2-2], there is a cycle C in agg , depending on &, such

that
- QL(F (1 n/

for all meromorphic functions f which are regular in a neighbourhood of the origin in a(rce
(cf. (1-2)).

8

Definition 2-4. The (finite) set F L(2) is given by flags of V of the form
§=[{0}=FyCFC...CF,=V]
such that, for all j =0, ..., n, 2 contains a basis of F; and dimgrF; =}.

LEMMA 2-5 ([29 p. 11]). Let § € FL(R). Then, there exists a basis v of V such that the
following conditions hold:

@ y¥<cQ I
m

(>i1) {ng} 1isabasisome,formzo,...,n;
]:

(i) ySA...AyS =du

Consider a flag § € FL(Rl). Pick a basis ¥% as in the Lemma above. This basis induces
an isomorphism of C-linear spaces ac = C" and so an isomorphism between the germs
of meromorphic functions at the origin of ac and of C", which we denote by Mg 0,
respectively Mcn p.

Definition 2-6. The flag residue morphism associated with the flag § is the composition

~ IRg
Mo — Mcng— C.

Here IR denotes the iterated residue operation, recalled in Appendix A. By [29, lemma
2.5], this does not depend on the choice of the basis ¥, so we have a well defined map

Res() : FLE) — (Mac,o)*.
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A flag § € FL(2) determines a partition of 2l into the subsets

n
{Bj=ANF; \F'J'*I}jzl :
We define the vectors
J

Kjgizz ZaeEQk,j:l,...,n.

s=1 aeP;
Note that k := Kf does not depend on the flag §.

Definition 2-7. A flag § € FL() is called proper if the vectors {KJ-S};L form a basis of
V. We introduce the function v : F L) — {0, +1} given by

0 if § is not proper,
V(&) =11 if § is proper and {KF, RN K,,S } is positively oriented w.r.t. du,
—1 if §is proper and {KF, .. ,K§ } is negatively oriented w.r.t. du.

For each flag § we introduce the cone

n
FE W= Rkl
j=1
If ¢ € V is a sum-regular vector, we define the set of flags for which ¢ is in this cone:
FLYA ) = {Fe FLR) g ect(F W} .

LEMMA 2-8. Suppose ¢ is sum-regular. Then all the flags in FL1(, ¢) are proper and
hence map to =1 through v.

Proof. Let § € FLT(2A,¢). Then we have ¢ = ZJ’-’ZI d kjg. If the vectors /cjg are linearly
dependent, then they span a space contained in some hyperplane generated by elements of
2A. But ¢ is sum-regular by assumption, so this is a contradiction.

We can now define a notion of Jeffrey—Kirwan residue for arbitrary meromorphic
functions.

Definition 2-9. Let ¢ be a sum-regular vector of V. We define the JK residue map
JK?‘ :Mgaeo— Cas

K= D v@Res ().

FeFLr@ELe)

Remark 2-10. Notice that this residue depends on the choice of ¢ and, in particular, it is
not constant if we let ¢ vary inside a chamber & of V. This is the price to pay in order to
extend the classical J-K residue (as defined in [9]) to a functional acting on all germs of
meromorphic functions at the origin of ac.
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Remark 2-11. One checks that for each § € FL1 (2, ¢), the factors v(F), Resz (f) depend
on du only through the choice of orientation. Moreover, both factors simply change sign
when dpu is replaced with —du. This is obvious for v(§) and follows from Lemma 2-5 and
the change of variables formula for iterated residues, Proposition A-2, in the case of Resg (f).
Thus, the quantity J K?‘ (f) does not depend on the fixed choice of du used in Definition 2-9.

The classical Jeffrey—Kirwan residue can now be expressed in terms of the flag residues
introduced above.

THEOREM 2-12 ([29, theorem 2-6]). Let & be a chamber of V and let ¢ € & be a sum-regular

vector. Then, for every f € M. o which is regular (locally around the origin) on a(rceg, we

have
IKZ () =IKF ().
When 2l is a basis of V, the JK residue takes a special form.

LEMMA 2-13. Let 2 be a basis of V and let ¢ € V be a -regular vector. If { ¢
Spang_ {2} then JK?[ =0 as a morphism. Otherwise J K?l is the composition

~ IR,
Maco = Mcnog — C,

where the first isomorphism is given by the choice of the unique ordering of A such that the
components c1, . . .,y of £ with respect to this ordered basis satisfy

O<cp<---<cy.

Proof. Choose an ordering f1, . . . , f for the elements of 2( such that this ordered basis is
positively oriented. The set of flags FL(2l) is in bijection with the set of permutations S,
via

Sp30 = Fo € FLEAD, (Sa)j = SpanR(fa(l)y cee ’fa(j))-

Every flag §§, is proper, since the set

n
ofoy +fo@s - Y foty) 21
i=1
is a basis of V. Note moreover that the orientation of this basis coincides with (—1)°. Assume
that ¢ € ¢*(F5, ). Then its coordinates {1, ..., ¢, with respect to the basis (2-1) are all
positive. On the other hand its coordinates c1, . . ., ¢, with respect to the basis f5(1), . - ., fom)

are given by

j
Gi= ) &
i=1

Thus ¢ € ¢7(F,, ) implies that 0 < ¢, < ... < ¢;. This condition cannot be satisfied if ¢ ¢
Spang_ {2}, hence we obtain the first part of the claim.
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On the other hand, if ¢ ¢ Spang_ {21}, then its components with respect to fi, . .., f, are
all positive and distinct since ¢ is sum-regular. So there exist a unique permutation o € Sy,
such that 0 < ¢, <--- <1, and we have

TKZ (%) = v(o Resg, ().

We have already seen that v(§,)=(—1)°, and that the same number also gives the
orientation of the basis f5(1),...,fo). By definition, in order to compute the flag
residue, we should express the meromorphic function under the linear change of basis to
(=D fo1),fo2)s - - - »fom)- By Proposition A-2 we see that this is equivalent to multiply-
ing by (—1)° the residue obtained by considering the basis f;(1), . - . , fo(n). Then the result
follows from (—1)°(—1)° =1.

COROLLARY 2-14. Let 2 be a basis of V and let & be a chamber. If € =, .o Roou then
the functional J -K? is the composition

~ 1IRg
MQC,O — M(C”,O —> C

restricted to the set of meromorphic functions that are holomorphic on agg in a neigh-
borhood of the origin. Here the first isomorphism is induced by an arbitrary choice of an

ordering for the elements of 2.

Proof. By Theorem 2-12 we see that, chosen a sum-regular ¢ € &, J-I(?l coincides with

the restriction of J K?‘ Then the claim follows from the previous Lemma.

3. JK residues and quivers

In this Section we describe the application of JK residues to quiver invariants, following
(1, 12].

Let Q be a quiver without loops or oriented cycles. We define an equivalence relation on
Q1 by

a~f = (1H(a), (@) = (1(B), h(B)),

and consider a new quiver 0, called the reduced quiver of Q, defined by Qo= Qp and Q; :=
01/ ~, with head and tail functions induced on the quotient by those of Q. For every arrow
o € Q1 we define the multiplicity m, = l7 =N @)| = (h(@), H(a)), where (—, —) is the skew-
symmetrised Euler form of Q.

Fix a dimension vector d € ZxoQyp. The complexified gauge group Gy is a Lie group with
Lie algebra g, and its Cartan subalgebra is the abelian Lie algebra of diagonal matrices

h=EP C* <g= [ Maty,xq,(©).

veQo veQo

The roots of g are the C-linear functionals g — C of the form
ryij(M) := (My)j; — (M,);;, forve Qo, i#je(l,...,d)}.
The weights of the representation of Lie groups

Ga — GL(Repq(Q))
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given by basechange are the C-linear functionals h — C of the form
Pa,ij(M) = (Mpw))jj — Myaw))iis
foro e Q], ie {l, e ,dt(a)},je {1, e ,dh(a)}.

Remark 3-1. Notice that if o and o’ are two distinct arrows in Q having the same endpoints,
then they induce the same weights. In particular, we see that we have a surjection from the
set of weights to the set Q) such that the fibre over the arrow « contains dp)dia) elements.
This map induces a definition of multiplicity for the weights via the analogous notion for
arrows of Q.

We fix a vertex v of Q and choose an index k € {1, ..., d5}. Consider the hyperplane
ac = V(u;p) C b.

There is an obvious isomorphism ac = @veQO C%~%7, which we use implicitly in the
following. Let V¢ be the dual linear space of ac. We denote by JR¢ the image of the set of
roots of G4 under the natural projection h* — V¢, and similarly by W the image of the set
of weights.

Remark 3-2. Note that the elements of fi¢ and of W¢ have real coefficients with respect
to the canonical basis of V¢. So we have real linear spaces a (:= V(xv,;) C EBVEQO R,
V:= a*, and subsets R C V, W C V, such that

ac=a®rC, Ve =EVRRC, Rc=RQrC, We =W er C.

Definition 3-3. An R-charge is an element R € spang)V. We will denote with R, the
component of R corresponding to the weight p.

For a fixed R-charge, we consider the following affine hyperplanes of ac:
H,.=Vur-1), reic,
H,:= V(p+R,), peWc.

Definition 3-4. The set Mg C ac is given by points x such that there are at least |[d| — 1
linearly independent hyperplanes of the form H, above meeting at x. We denote by 2l the set
R UW and, given x € Nyiyg, we introduce the set A, C V consisting of elements of 2 such
that the corresponding affine hyperplane contains x.

A stability vector 6 € RQy is normalised for (Q, d) if it belongs to the hyperplane

H:={) db,=0} CRQ.

veQo

With this normalisation, d is 6-coprime if, for all 0 < e < d, we have 0(e) # 0.
Let 6 € RQp be a stability vector for Q. We extend it to an element 6 € V by

O(evi) = by (3-1)
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Definition 3-5. Let ¢ be a XA-regular element belonging to the same chamber of V as
—6. We define the global Jeffrey—Kirwan residue

JK :Mer(ac) =— C
given by
K(F.0= Y KM ( (+x).

xeimsi,,g

Remark 3-6. Clearly, if ¢ is 2(-regular, then it is also 2A,-regular for every isolated intersec-
tion x € NMiing. The converse holds too. Let ¢ be 2A,-regular for every x € Msipg. Chosen a
set S € A of dim(V) — 1 linearly independent elements we can complete it to a basis B € 2l
of V. We have that the corresponding affine hyperplanes intersect in a single point x € Mging
for which we clearly have B C %,. Since ¢ is 2 -regular, { does not belong to the wall

ZSGSR - S.

Remark 3-7. Note that, in general, JK (f, ¢) depends on the choice of {. However, if f €
Mer(ac) is such that, for every x € My, there is a ball D C ac around the origin such that
f is holomorphic on the 2,-regular locus

x+D)\ [ v —x,
lefAy
then, by Theorem 2-12, JK (f, ¢) depends only on the chamber containing ¢ and not on the

particular choice of sum-regular vector.

Definition 3-8. Fix z € C\ Z. The one-loop factor is the meromorphic function Z1_;sp €
Mer(ac), depending on z, given by

Z —loop(u, )=

mp

(_ nz >"‘1 sin (7 zr(u)) I sin (Tz(p() + R, — 1))
sin (77 Z) e sin (wz(r(u) — 1)) peWe sin (wz(p(u) +R)p))

Suppose 6 is a A-regular vector and that 2, is projective for every x € Miing (the latter
condition holds automatically if 2, is a basis; this will always be the case in our applica-
tions). The quantity of physical interest (i.e., the T — ico limit of the corresponding partition
function on 72 = C/(1, 7)) is given by

1
Hver dV!
If the quiver moduli space Mfl_m is smooth of dimension D, then physics predicts that
its Poincaré polynomial in singular cohomology P is determined by
1
nver dy!

More generally, if ./\/lz_‘“’ is singular, then the Poincaré polynomial should be replaced
by a suitable refined (Donaldson—Thomas) quiver invariant [20, 21, 25].

JK (Zl—loop (u,2) 95) , forze C\ Z.

P(e%) = 7P JK (Z1—loop (u,2) ,g) , forzeC\ Z.
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Note that, for o, 8 € R, we have

sin(rz(y+«)) 50 y+o
sin (7r2(y + B)) y+8’
g

locally uniformly for ye€ C*. Thus, locally uniformly on ag , the one-loop factor
Z1_joop(u, 7) converges to the meromorphic function

Z = (—1)ldI-] r(u) (M)m/) v | -
0 )= (~1) rl;[@ 01 pg[v@ M) eMerao. 62

Remark 3-9. Note that this normalisation for Zg differs from (1-1) by a sign (— P, with

D= diwdnw — ld| + 1.

aeQ

In the rest of the paper we follow this sign convention.

LEMMA 3-10. As z— 0, we have
IK (Z1-t00p (,2) . §) = IK(Zg, ©).

Proof. Let x € Myine. We know that there is an open ball D C ac around x such that
agg N D is the complement in D of a finite number of hyperplanes (corresponding to the set
of functionals 2A,). This implies that there is a product of annuli A C D, centred at x, such
that A C agg, hence satisfying

—0
Z1—joop(*,2)|A 2= Zo(*))a (3-3)
uniformly. Corollary 2-14 and Proposition A-4 now imply that

lim JKE (Z1—to0p( 4+, 2)) =IKZ* (Zo( +2),
z—0
for all x € Mg, as required.

In particular, if Mg_m is smooth, physics predicts the identity

x (M) = IK(Zg,0).

1
]—[ver dy!

Remark 3-11. This coincides with the conjectural equality (1-3) since in this case x(d, 0) =
(—I)D)((./\/lz_m) (see e.g. [1, equation (1-1)]).

More generally, if Mffm is singular, then the topological Euler characteristic should be
replaced by a suitable generalised (Donaldson-Thomas) quiver invariant [20, 21].

4. Abelianisation

In this Section we discuss abelianisation for JK residues and quiver invariants, following
(1, 24, 26].

Fix a quiver Q without loops or oriented cycles, with dimension vector d, and let i € Qp
denote a fixed vertex. Abelianisation results are conveniently expressed in terms of a new,
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infinite “blown-up” quiver @i , obtained by replacing the vertex i with vertices iy, k, [ > 1
(all other vertices are unchanged). Similarly, a single arrow i — j (j — i) is replaced by [
arrows Iy — j (respectively j — i) for all k, [ > 1.

A multiplicity vector m, b d;, that is, a collection of integers n, [ > 1, satisfying ) ;Imy =
d;, defines a dimension vector d for @i by the rule

1, 1<k<my

?iik,l(m*) = o
0, k>m.

Similarly, a stability vector ¢ for Q induces a stability VCCtOI’E for @i, defined by
Z‘\ik,l = lé‘ls ka l Z 1

Note tl/lEltAif ¢ is normalised thenA we have Zk,l?iik,lak,l =) ;ml¢;=d;t;, hence
Zwe@6 dww =0, dv¢v=0and so ¢ is a normalised stability vector.

The new pair (@i, 2) induces new spaces @', Vi and functionals A’ := R’ UW!. There is
an isomorphism of R-linear spaces induced by the identity },co, dv=>_,.cp, dy,

D rh = @ .

veQo weQo

The choice of a reference coordinate %, induces an isomorphism between the corresponding
subspaces a =@'. We will identify these two linear spaces via this isomorphism. We will
work in the second space, where the coordinates associated with a vertex w € Qp \ {i} will
be denoted by uy, 1, . . . , .4, and the coordinate associated with the blown-up node iy ; will

be denoted by u; i ;. Let us describe the two sets of functionals 17\7" , R on a'.

PROPOSITION 4-1. We have Wi=W and i’)\%i C R, and equality holds if and only if d; = 1.
In particular A U

Proof. Let us denote by 7 the projection ’Q\’l — Q1. By Remark 3-1 we have a projection

W 51 whose fibre over the arrow « is the family of functionals
Wé = {u = Un(a).k — u,(a)J ke {1, e ,?d\h(a)},j c {1, Ce ,Et(a)}} .

If the arrow « is between two vertices in Qg \ {i} then the functionals in the corresponding
fibre are precisely those in the fibre Wy () over () for the projection W — Q. If this is
not the case then one (and only one) of A(x), #(«) is a vertex of the form i;;. We consider
only the case #(a) =v e Qg \ {i}, h(a) = ix; since the other case is completely analogous.
The fibre above this arrow is the family of functionals

o~

W, = {u > Uik — Uy tj €L, ,dt(a)}}

which is clearly contained in the fibre VW, (4. It is immediate to see that in this case

W= |J Ws
Ber~l(m(a)
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Let us now consider the elements of 9. They correspond to vertices, meaning that there is a
projection R — Qo whose fibre above w is the family of functionals

o~

Ry 1= {ur> g — ik #jell, ... Ny} .

If we Qo \ {i}, then this is precisely R, the fibre of R — Qg over w. On the other hand we
have that R, , = ¢ since d;,, = 1.

This proposition shows, in particular, that the hyperplane arrangement defined in the dual
space V by 2’ is contained (strictly if d; > 1) in the one generated by 2.

COROLLARY 4-2. Let & be a (X)2A-regular element of V. Then it is (E)Qli-regular.

A physical argument (see [1, section 3.4]) suggests a remarkable abelianisation identity
for JK residues:

1 1! ~ ~
K(Zo@),O)=di! ) []— (( ) ) JK (Zg: (d(my)), 7). 41

myt=d; l>1

The right-hand side is well defined by the previous Corollary.
The analogue of (4-1) is known in the case of quiver invariants [24, 26], namely
we have

1 [/(=DF! -
xod o)=Y [l= ( xai(d(m*),;“), 42)
s 121 "
so indeed (4-1) is compatible with the conjectural identity (1-3).

Remark 4-3. However, the physical argument for (4-1) is not based on the correspondence
with quiver invariants, but rather on an application of the “Cauchy—Bose identity”

1 B qu sinh (u; — v)) sinh (v; — v;)

det — =
sinh (u; — v)) l_[i,j sinh (1; — v;)

to the product

i sinw Au; ¢ — u; 5)
sls_/[:l sinwh(uis — uigy — 1)
appearing in the 1-loop factor Zj_ (1, z), which specialises to the factor

d;
Wiy — Ujs
s#s'=1 Uis = tis' = 1

appearing in Zg (d).
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Clearly, applying (4-1) to each vertex i € Qg makes the gauge group completely abelian:
with a straightforward extension of our notation, we have a conjectural identity

1 (D™ ~
K(Zo@.o)=[lat 3 15~ (%) IK(Zp d(m)).©).  (43)
i€Qy  mydi1=1

In this paper, we assume that this conjectural identity holds or, equivalently for our purposes,
we take the right-hand side of (4-3) as the definition of the relevant residue operation.

Definition 4-4. The abelianised JK residue of the meromorphic form Zg (d) is given by

1 ((=DFI™ ~
Kap (Zo @), 0)=[Td! D T] pa (( l; ) JK (Z (d(my)). 7).

i€Qop myt=d 1>1

Each meromorphic form Z@ (E(m*)) is defined on a torus

T@om) = ([ €5/,
i€Qo

We spell out the details for the complete bipartite quiver K(£1, £2): this is given by £;
sources, with a single arrow connecting each source to each of £, sinks. We endow this with
a compatible stability vector, i.e. one with constant value ¢; (¢2) on all sources (respectively,
sinks). Then, @ above may be replaced by a quiver A/ with

No = Ligwmy:(w, m) € N} U [y my:(w, m) € N2},
N = {ag, ... O L(w,m) _)j(w/,m/)}'

A dimension vector for K(£1, £2) is the same as a pair of ordered partitions

2 12
(P, P =(D_pii» y_p2j)-
i=1 j=1
Refinements (k!, k2) - (Py, P,) are defined by

1 2
Pli= Z wkii, D2j = Z Wkwj-
w w

The number of entries of weight w in k' is
4
my(k) =Y k. i=1,2.
j=1

Thus, refinements (k', k%) - (P1, P2) give dimension vectors for N:

L s 1 1 <m<my,kP)
d(k™, k) (qowm) =
m > mw(kp)y
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with p =1, 2 according to ¢ = i, j. Finally, the stability vector E for \V is given by
(itwum) =WE1, C(onmy) = Wi,

Then, the definition of abelianised JK residues (4-3) may be written in the form

1oy Kb (Zxier e (P P2). 6

- Z l_[ 1_[ 1_[ ( kll)'WZk JK (Zpr (d(k", k%)), 7). (4-4)

(KPP i=1 j=1 ¥ w
The meromorphic form Z (d(k', k?)) is defined on the torus
T(d(kl, kZ)) — ( l_[ ((C*)d(kl’kz)(‘l(w,m)))/(c*,
(J(W,m)ENO

It can be written conveniently by introducing the variables

{w.m), corresponding to iy, € No; L corresponding to jw/m/ € No}.

)’

Then, we have

Zy (d(k', k)

/
ww

m (k ) m /(kz)

V., 1o
_ 1 D w,m’)
( ) l:[ };[ l_[ 1_[ W) — V. /7 +R(w/m)/ /2

w ’ (w,m')

— U(w,m) +1-— R(W;m)/ /2

As we already observed, the analogue of (4-4) for quiver invariants is known:

lkWJ(W
XK (PP, )= Y 1"[1"[1"[( ) ;w(d(k‘ *).0). (45

(kL kD(P1,Py) I=1 j=1 W

Remark 4-5. The identities (4-2), (4-5) were established at the level of motives in [26].
Strictly speaking this only implies that (4-2), (4-5) hold when the dimension vectors d
(respectively, (|P1],|P2|)) are primitive. However, given the recent developments in the
theory (see [25]), the same proofs work for the generalised quiver invariant .

5. Stable spanning trees

Definition 5-1. A connected quiver T is called a tree if |T1| =To — 1. If T is also a sub-
quiver of Q we will say that it is a tree of Q. If moreover Top = Qg we say that T is a spanning

tree of Q.

It is easy to see that a tree does not contain unoriented loops. Moreover, it contains either
a source with a single arrow, or a sink with a single arrow. Note that if Q admits a spanning
tree then it is obviously connected.
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Let

I= Z VEZono

veQo

denote the full abelian dimension vector.

Definition 5-2. Let Q be a connected quiver and let 7 be a spanning tree of Q. Note
that a stability 6 for Q induces naturally a stability for 7. We say that T is #-stable if the
corresponding moduli space Mﬁo_‘” (T) of 6-stable abelian representations is nonempty. The
set of O-stable spanning trees of Q will be denoted by N?(Q).

Note that the projection map Q; — O induces a surjective morphism
N%(Q) = N*(0).

The fibre over T € N?(Q) has cardinality [loer Ma-
A representation of Q with dimension vector I is the same as an element R € CQq, by
. . . Rq . . .
associating to an arrow « the linear morphism C Z%% €. Witha slight abuse of notation, we
write [ for the abelian representation that associates the identity morphism with every arrow.
The following result is standard.

LEMMA 5-3. Let T be a tree and consider an abelian representation R € CT such that
Ry #0 for all a € Ty. Then R=1. Thus, ./\/l]?_”(T) is either empty or a single point. In
particular, a spanning tree T C Q is 0-stable if and only if its abelian representation 1 is
0-stable.

Recall that the space of normalised stability vectors is given by

H=V()_ db)CRQ.

veQo

Spanning trees of Q describe certain natural bases of 7{. Let e, be the canonical basis of
RQy. For every arrow « € Q1, let ey := ep) — €sa) € H.

PROPOSITION 5-4. Let S C Q. The set {ey : @ € S} is a basis of H if and only if S is the set
of arrows of a spanning tree T of Q.

Proof. Fix w € Q.

(=) Consider the subquiver T € Q obtained by taking as nodes the heads and tails of the
elements of S and by considering S as the set of arrows. Assume by contradiction that there
isavertex v € Qg \ Tp. This implies that the component of ¢, along e, vanishes for all & € S.
Then the vector e, — e,, € H is not contained in Spang{e, : @ € S}, which is a contradiction.
Hence Ty = Qp. By assumption, |S| = dimg(#H) = |Qp| — 1. Assume by contradiction that T
is disconnected and let C be a connected component not containing the vertex w. We have
the decomposition

RQo = Spang{e, : v e Co} @ Spangr{e, : v ¢ Co}. (5-1)
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Fix v e Cy and consider the vector e, — e,, € 7. We claim that this is not contained in
Spang{ey : @ € S}. To see this we assume that

ev—eW=Zkaea= Z kgeg + Z kye,y,

aes BeCy yeS\Ci

which can be rewritten as

( Z k/geﬁ—ev)—i—( Z kyey—ew)zo.

BeC yeS\Cy

By (5-1), we know that both summands are zero. But this is impossible since, for example,
we have } g kpep € Hande, ¢ H.

(<) Since T is a spanning tree for Q, we have |S| = |Qp| — 1, so we just have to prove
that S spans . Fix another vertex v € Qp and consider ¢, — e,, € H. The spanning tree T cer-
tainly contains a non-oriented path «1, . . . , &, from w to v. So there are 81, ..., 8, € {—1, 1}
such that Biay, ..., Bya, is an oriented path from w to v. Then e, — e, = Zzzl Breq, €
Spang{e, : @ € S}. The claim follows since obviously H = Spang{e, — ey, : v € Qp}.

The following definition is well-posed by Proposition 5-4.

Definition 5-5. We say that T is 0-regular if the components of 6 with respect to the basis
of H induced by T are all negative.

The main fact we need for our purposes is the following.

PROPOSITION 5-6. Let T be a tree and consider a stability vector 6 € H. Let {eq}acT, be
the basis of H given by Proposition 5-4 and consider the corresponding components of 6:

0= Z Coly.
aeT

Then T is 0-stable if and only if ¢y, <O for every a € Ty, i.e. if and only if T is regular. In
particular, we have

N (Q) = {6-regular spanning trees of Q} .

Proof. For the sake of the proof, we say that a subquiver QCQofa given quiver is good
if, for all « € Q1, we have that #(«) € Q implies h(«) € Qo and o € Q1 Let Q be a quiver and
consider the map

subrepresentations of the
abelian representation I

} — {good subquivers of O}

sending a subrepresentation R to the full subquiver whose nodes are those corresponding to
1-dimensional linear spaces in R. One checks that this is a well defined bijection.

Now we claim that if 7 is a good subquiver of T, then

Zevz Z Cy-

veTy ()fEQ] 5
h(e)eTo, ()¢ To
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In order to see this note that

=Y e X e
aeT BeT
h(a)=v H(B)=v
therefore

Zsz Z Coq — Z cg.

VET() O{ETl~ ,3€T1~
h(@)eTy 1(B)eToy
Since T is a good subquiver we see that

1B) e Ty = h(p),(B) Ty,

hence the equation above becomes

Sa-Yas ¥ a- ¥
veTo aely Belr aeQr
h(e)eTy 1(B)eTo, h(B)eTy h(e)€To, Ha)¢To

(<) is now clear: if S is a subrepresentation we can consider the associated good subquiver

T and notice that
0S)=>Y_ 6,= > <O

veTy q_te 5
h(e)eTy, ()¢ To

(=) Let « € T} and consider the full subquiver 7' given by the connected component con-
taining h(w) after removing «. If we apply the formula above to this good subquiver we

obtain
Cq = Z 0, <O0.

VET()

6. JK residues and abelian representations

In this Section we show how the JK residue formula simplifies considerably for the abelian
dimension vector I, at least for generic R-charges.

Fix vo € Qp. Then we have a = R(Qp \ {vo}). In this case, by definition, there are no roots:
R = . The following result characterises the set of weights.

PROPOSITION 6-1. Consider the map
ar: W — Qi

described in Remark 3-1. In the case of the abelian dimension vector 1, ar is a bijection.
Moreover; ar induces a bijection between the set of bases B(VV) and the set of spanning
trees of Q. Finally, if B € B(W) and T is the corresponding spanning tree of Q, write

é:Zcpp;Gz Z Coly-

pEB aeT

Then c, = cap(p) for every p € B.
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Proof. By Remark 3-1 ar is surjective and the cardinality of the fibre at an arrow o € 0
iS d(a)dn(a) = 1 since d = 1. Thus ar is a bijection. Consider the diagram

0 — H

N

W — V.

The vertical arrow on the right is the diagonal embedding ~ defined in (3-1). In the abelian
case this is clearly an isomorphism of linear spaces which maps 6 to 6, by definition. The
upper horizontal map sends the arrow « to the the vector ey = ep) — €x«) € RQp, while
the lower map is simply the inclusion. This diagram is clearly commutative, and this shows
that ar maps a basis of V extracted from W to a basis of A induced from Q;. The latter
set of bases is precisely the set of spanning trees of Q by Proposition 5-4. The fact that the
components of # and 6 with respect to corresponding bases are the same follows from the
commutativity of the diagram.

We will often identify VW and Q via ar implicitly.

Since, in the abelian case, we have R = {J, the residue JK (Zg (II), ¢) is well defined for
stability vectors 6 whose extensions 6 are W-regular. In general, there is a simpler condition
which implies regularity.

PROPOSITION 6-2. Let Q be a quiver with a stability vector 6 and dimension vector d. If d
is 0-coprime, then 0 is A-regular.

Proof. Fix a basis B of V extracted from 2[. We need to show that the components of 6
with respect to B are all nonzero. Construct a new quiver T having d, vertices vy, ...,vg, €
Ty for every vertex v € Qp. Given v, w € Qp and two indices i € {1,...,d,} je{l,...,dy},
there is a single arrow from v; to w; in T if and only if the functional e, ; — e, ; belongs to 3.
We equip this new quiver with the abelian dimension vector I. We see that the corresponding
linear space is canonically isomorphic to ac and the corresponding set of functionals is
precisely B. Since T has no multiple arrows and it induces a basis of V, it is a tree by
Proposition 6-1. Note that the vector 8’ € ZTj defined by 9;1_ := 0, for every ve Qy, i €
{1,...,d,} is a normalised stability for (7', I):

> 0,=>"db,=0.

weT)y veQo

Moreover we have 6’ = 6. By construction, for every functional f € B there is an arrow oy in
T and ef = eq,. Let T be the subquiver of 7" obtained by taking the connected component of

T\ {ay} containing h(ay). By the proof of Proposition 8-6, the component of 6 with respect
to the element f € B is given by

cr= Z QV’V.
WET()

On the other hand, we can partition the vertices of T into subsets coming from the same

vertex of Q. Then the sum above can be rewritten as Zver n,0, with n, <d, (possibly
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zero) for every vertex v of Q. Then by definition of coprimality we have that the sum is
nonzero.

The case of trees is especially important for our purposes.

PROPOSITION 6-3. Let T be a tree with stability vector ¢, which is regular with respect to
I. Then, for representations of T with dimension vector 1, ¢ -semistability implies ¢ -stability.

Proof. Consider a ¢-semistable representation R, and its subrepresentation C, obtained
by setting to zero the dimension of the linear spaces corresponding to the vertices belonging
to the connected component of 7'\ {«} containing #(). Then, by Proposition 5-6, we have
¢(Cy) = ¢y, and semistability implies that ¢, < 0. Regularity ensures that equality cannot
hold, hence T is ¢-stable, again by Proposition 5-6. Then ./\/lf[ ~(T) = {[I]} is a singleton.
We know that /\/lﬁ T C ./\/lffm(T) is an open inclusion and that it is dense, since the

smaller subset is nonempty and the ¢-semistable variety is irreducible. Then M% s an
integral complex variety with an open point, hence it is a singleton and it coincides with the
¢ -stable variety.

The following result is straightforward.

LEMMA 6-4. There is a dense open cone 3 C RW such that, for R € B, all the isolated
intersections of the hyperplanes of the form

V(p+Rp), peW
are non-degenerate, that is, no |Qg| hyperplanes contain such intersection.

Now, for such generic R-charges, R €13, we will apply the general result Corollary 2-14
in order to compute the (global) Jeffrey—Kirwan residue.

Let ¢y : Mg x = MC\QO|—1 o be the isomorphism induced by the choice of an ordering
of the basis 2, composed with a translation.

PROPOSITION 6-5. Suppose R € °B and let f € Mer (ac) be such that, for all x € M;p,, there
is an open ball D around x with

feHol (D\ ] V(g(x—x)).

g€y

Then, we have

K=Y &Ry (h(f(+))),

xemsing
where
1 if the components of  w.r.t. 2, are all negative,

€(x):=
0 otherwise.

https://doi.org/10.1017/S0305004124000033 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004124000033

Log CY surfaces and JK residues 571

Proof. Since R ‘B, all the isolated singularities, i.e. points of iy, C ac, are non-
degenerate. This is equivalent to saying that 2l is a basis of V for all x € 9;,e. The claim
now follows by applying Corollary 2-14 to all isolated singularities.

Using Proposition 6-1, this computation can be rephrased in terms of stable spanning
trees. Let T be a spanning tree of Q. We denote by x7 € M, the point corresponding to the
element of B(WV) associated with T via Proposition 6-1.

Definition 6-6. We let ¢, : My x, — Mcn o be the isomorphism induced by the choice
of an ordering of the basis associated with T, composed with a translation.

COROLLARY 6-7. Let R €*P and let f € Mer (ac) be such that, for every x € Ming, there is
an open ball D around x such that

feHol (D\ | J V(g(x—x)).
geUx
Then,
IK(F,0)= Y IRy (pur(F(x))).

TeNY(Q)

7. Proof of Theorem 1-2

Let Q be a quiver without loops or oriented cycles. Note that, in the abelian case, the
1-loop factor is given by

mp
wz | ¢! sin (z(o(u) + R, — 1))
Zl—lo()p(u, = | —= -
sin (1) o  Sin (mz(p(u) + Ry))
Therefore the rational limit Zg (II) of the 1-loop factor is given by
B p(u)+ R, — 1\
Zo()=2Zor M= (-1 (— : (7-1)
© © H p(u)+R,

pPeEWC

Fix R € B, and a regular stability vector ¢. Then, according to Corollary 6-7, we have, for

all L e R,
IK(Zg,gM:0)= Y IR (b (Zg 5 D)) (72)
TeN’(0)
Let vy, ..., V|gy—1 denote the linear coordinates of C!2!=! given by its canonical basis.

Then, we have an equality of the form

10l —1 L\ |
Znin)= 1—— 1-— — ),
1(Zos%) H ( Vi) H( Lj(Vl,---,V|Q0|—1)+)»)/j(R))

i=1 j=1

for certain L; € (C1Qol=1y* and vi € RW)*, y; #0. So, if we choose A sufficiently large, the
divisor of poles of ¢7(Z,, ) intersects the open ball of radius 1 in a subset contained in
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|Qol—1
the union of the coordinate hyperplanes. And, on the product of annuli (Ao (% 1)) ! ,
we have the uniform convergence

A o0 1Qol—1 1\
Or(Zosp) ——> (1——) .
i=1

Then, by Proposition A-4, we have
Qol— mj
Jim TRy (e (Zg . (D) =TRy ]j (1 — —) : (7:3)

Proof of Theorem 1-2. By Definition 4-4 and (7-2), we have

1 D™ ~
_JKab(ZQ(d) o= 1]— (( ) ) TK (Zg (d(m.)), ¢)

!
murd 11 T

_]l 1\ Ml
=2 l_[m 0 (—) ) Y Ro@u(Zy 5 D)),

mytd [>1 TGNG(Q/)

where Q' = Q'(m,) denotes the subquiver of @ with support E(m*). Passing to the limit,
using (7-3), we find

| 1 (=P 1™
aJKab(zQ(d),g)_Z]_[ ( ) Z IRy ]‘[(1—%>

ll‘

myd [>1 TGNG(Q/) aeT
I (=D
=> H p— ( 5 INYQ@ m)| [ ma-
myt-d b aeQ'

According to a result of Weist, proved in [31] for abelian quivers using torus localisation,
we have

INYQm)] [T ma=x(M](Q (m.))).
aeQ'
Thus, we find

L (EDTN™ e
s Zo@.0=3 [ = ( ) XM ().

mybd [>1

By Proposition 6-3, we have
XM () = x(ME 1) = (— 1P Rp(@im.), D).
So,

1 (=D~
w(Zo@, )=y []— ( ) Xp(d(my), T)

!
mord 1>1 Tl

= (—1D)Px0(d, ),
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by abelianisation for quiver invariants, (4-2). Due to our current sign convention for JK
residues (see Remark 3-9), this is the claim of Theorem 1-2.

8. Recollections on the GHK family

Here we briefly summarise some key aspects of [15, sections 1-3]. Let (¥, D) denote a
Looijenga pair such that the intersection matrix (D; - D;) is not negative semidefinite. Then,
the cone of numerically effective cycles NE (Y)g., is rational polyhedral, so the (toric)
monoid P =NE (Y) is finitely generated. The GHK mirror to U =Y \ D, as an algebraic
holomorphic symplectic surface, exists globally as a family of affine surfaces

X — §=Spec C[P] = Spec C[ NE (Y)].

Initially however X is constructed as a formal family around the torus fixed point O € S,
corresponding to the maximal monoid ideal m = P\ {0}: that is, around the large complex
structure limit

Xo=V,:= A2 _U.-..UAZ CA"

X1X2 XnX1

It is enough to consider the case when (Y, D) admits a toric model
p(Y,D)=> (Y, D),

blowing up distinct points x;; on D; forj=0, . . ., £;, with exceptional divisors E;;. Here, the
base (Y, D) is a toric surface, endowed with a fixed toric structure, with toric anticanonical
divisor D. By convention, we write £; = —1 if no points of D; are blown up.

In the following we write M for the character lattice of ¥ with a fixed identification
M=72

Fixing an ample divisor H on Y, the orthogonal complement (p*H)» with respect to the
intersection form is a face of P, generated by the classes [E;j],and G =P\ (p*H )+ is a prime
monoid ideal contained in m. In order to construct the GHK family to all orders around
0 € S, it is enough to construct it to all orders around the locus Spec C[P]/G C S: indeed the
restriction of the family X — S to Spec C[P]/G is the trivial family

X =V, x Spec C[P]/G.
In fact it is enough to construct X — S to all orders around the open torus orbit
T c Spec C[P]/G C S,

known as the Gross—Siebert locus, so we replace P with its localisation along P\ G and m
with the maximal monoid ideal in this localisation.

Recall that the family X — § is constructed from the data of an integral affine surface
B with fan X, the tropicalisation of Y, and of the canonical scattering diagram D" on
B, defined in terms of relative Gromov—Witten theory on (toric blowups of) Y. Nearby the
Gross—Siebert locus T, however, the family admits a simpler description. The toric model
(Y, D) — (Y, D) induces a canonical piecewise linear map v : B — B =R?, identifying %
with the toric fan £, and a scattering diagram

@ — v(gcan)
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on the trivial integral affine surface B =R?. For any ideal / which gives an infinitesimal
thickening of 7, i.e., such that /I =m, we can construct the GHK family Xj, ey with
data B, v(D*), and there is an isomorphism of dense open subsets

. VYo VO
p . XI,@CE[I‘I ﬁ XI’V(QCHH)

over Spec C[P]/I (morally, p is defined away from the singular fibres of the SYZ fibration).
Because of consistency on both sides, that is, by the existence of the canonical regular func-
tions ,(¢) = Lift; (¢) on X7 pean and ﬁq(t) = m,(q) on /\_,’I,V(@can), which are defined using
broken lines as a key part of the GHK construction, this is enough to determine the family
X} pean — S from the data of the scattering diagram 9. Finally, the latter can be computed
as the consistent completion of the initial scattering diagram

i
Do={pn [ [ +b;'X). i=1,....n)
j=0

L;
= (Rogm;, [ ] (14 motm -ty
Jj=0

over the Mumford monoid
Pg ={(m,p(m)+p), me M, pe PyCM x P;
that is, we have
D = v(D") = Scatter (Do),

as scattering diagrams for Pg. Here, my, ..., m, denote the rays of the toric fan >, and
@ : B — P ® R is the canonical convex piecewise linear function determined by the bending
parameters @(m;) = p*[D;).

Another important aspect of the GHK family is given by the periods conjecture, [15,
conjecture 0-20]. In [15, section 0-5-4], this is claimed in our case when (D; - D;) is not
negative semidefinite, and a proof also recently appeared in [22]. Thus, in this case, it is
known that the local system over the locus of smooth fibres $° C § given by

S 3 s+ Ha( X, Z)/(ys),

where y; denotes the (monodromy invariant) class of a suitable real torus (the class of the
fibre of a Lagrangian fibration), is trivial. Moreover, we can identify each fibre canonically
with the lattice

Q=Hy(U,Z)/{y)=(D1,...,Dp)" CHyY,Z)

for a suitable 2-torus class y. Under this identification, writing ﬁ for any lift to Hp(Xj, Z) of
aclass B € Q C Hy(Y,Z), we have

2 =exp (2ni/~52),
B

as functions on the structure torus Ty = Spec C[H»(Y, Z)] C S, provided the holomorphic
symplectic form €2 on the fibres of X — S$? is normalised by the condition fys Q =1. Thus,
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the monomials z?, B € Q C Hy(Y, Z) are canonical coordinates on the complex moduli space
of the surfaces A, nearby the large complex structure limit s — 0 € S.
Note that mirror to this, by construction, we have

2 =exp (27'[i/ [B +iw]),
B

as [B + iw] varies in an open subset of the complexified Kéhler cone on Y (for which the
mirror is smooth).

Let us return to the case of a toric model (Y, D) — (Y, D), with initial scattering diagram
Do C B =TR2. In order to make direct contact with complex or Kihler parameters, we write
this in the form

Li
Do = {R-om;, 1_[ a+ Z(O,—[EiO])Z(mi,cﬁ(mi)-i-[Eio—Eij]))}’
j=0

where Ejy is some fixed choice of a reference exceptional divisor over D;. (Note that
Z0-=EwD ig an invertible element in Pgz). We have

[Eio — Eij]-Dr=0,k=1...,n,
S0
Bij=Ein — Ejl € Q,

and the monomial 7%, as a function on Ty, is given by a period or a complexified Kihler
parameter,

Pi = exp (27i / Q) =exp (27i | [B+iw]).
Bij Bij

9. The GHK family and generalised monodromy

Recall the monoid P is given by the localisation of NE (Y) along the face (p*H)*. We
consider the Mumford monoid given by

Pg={(m,om)+p), meM, pec PyCM x P,

with maximal monoid ideal m = P \P;-f. We often identify M with M x {0} C P'g, implic-
itly. We define a skew-symmetric, integral bilinear form on the lattice P%p, given by

((m, @(m) + p), (m', @(m) + p)) = (m, m'),

where (m,m’) denotes the bilinear form on M = Z? (with our fixed identification) induced
by the determinant.

The automorphisms 6, attached to the rays (d,f,) of the scattering diagram © are C-
algebra automorphisms of Ry := C[Pg] Jmk, for k > 1, defined by

0 (Z(m#?’(m)ﬂ’)) — Z(m7<ﬁ(m)+l’)fa<mbsm>_
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The initial scattering diagram ©g is described by the C-algebra automorphisms of Ry
acting by

05, /(PR — @) (| g B (EDymim) ;o g,
Similarly, we can consider the monoid given by
P'g={(m,@(m)+v), me M, v € ([Ein — Ejl), j=0, ..., 6} CPg.

Then, setting

T, = Z(O’_[EiO])v l= 1’ ceen

and, more generally, for later applications,

L mEm+3; ki) _ I1 ki,
i

we can regard 65, ; as C[[ty, . . ., 7,]-algebra automorphisms of
Ry = (C[P' 3/ NP )T ... Tl
acting by

Qﬁ_J(Z(m#_’(m)-i-V)) — z(m’(p(m)+v)(1 + -L—l,z(mi’(ﬁ(mi)‘i‘[EiO—Esz]))<mi»m)'

We consider the problem of consistent completion for the scattering diagram

1
Do = (Reomi, [ ] (1 4wz m#mHlE0—Eib))
=1

over R'g; that is, we study

D' = Scatter (9'0) = {0, 1)}.

Clearly, by setting 7; = z(®~[FioD_ we recover the scattering diagrams for the toric model
(Y', D) — (Y, D) of the log Calabi—Yau surface U’ =Y’ \ D’ which blows up distinct points
Xjj on D; for i=1,...,n, j=1,...,¢;,. Deformations of (Y’, D’) can be regarded as
deformations of (¥, D) for which the blowup points x;jo, for i =1, . . ., n, remain fixed.

In the Introduction, Section 1-3, we explained and provided ample motivation (as well
as several references) for our main technique: describing the scattering process from D to
9’ in terms of the analytic continuation of (flat sections of) a flat connection V),:)/ , to (flat
sections of) a flat connection V 5. Here we follow closely the reference [13] (in particular,
see [13, sections 2 and 3] for introductory material).

Thus, we first consider the problem of constructing a meromorphic connection Vé/o on

the trivial principal Aut (R'y)-bundle over Pl=Cu {oo}, for which the generalised mon-
odromy should be given by the automorphisms 6, ; € Aut (R'y), j=1, ..., {;, appearing in
the initial scattering diagram ®’y, along some corresponding rays pij CC=M ®R. Note
that here we use our fixed identification M = Z? and the standard identification between R>
and C. The simplest possible type for such a connection requires a simple pole at infinity,
and a double pole at 0.
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In order to apply the results of [13], we choose a homomorphism Z:(P'3)% — C (a
“central charge”), factoring through a corresponding homomorphism Z:Q — C.

Remark 9-1. Such Z is in fact a morphism of trivial local systems over the smooth locus
S?, from Hy(X;) to C. However, at this point of the discussion, there is no advantage in
specialising Z to the periods of 2 (or to the Kéhler parameters), that is, it is easier to allow
more general, auxiliary central charges.

The homomorphism Z can be regarded as a C[zy, ..., t,]-linear derivation of R';, by
setting Z(z%) = Z(a)z* for o € (P'3)%P, so, as in [13], we have
z f
Vo, =2t ©-D

where t denotes a variable on C* C IP’I, and f is a suitable derivation of R'.

PROPOSITION 9-2. There exists a unique such Vﬁj/o with generalised monodromy given by
the automorphisms 05, ;, j=1, ..., £; along the ray

pii(Z2) = R0 Z((mi, p(mi) + Bi)) = R-0Z5(By)).
Proof. This follows from [13, theorems 4-1 and 4-2].

Let us write 9 for the unique normalised, Aut (R';)-valued flat section of Vz’v’o' By
construction, it satisfies the (generalised) monodromy condition

D) =650 D7),

along the ray p;;(Z). According to [13], for generic values of Z, there is an explicit formula

for 9 in terms of a sum over connected, rooted trees 7', with vertices labelled by elements of
the set

L ={Z=o(mi, @(m) + By),i=1,....,n, j=1,...,£;} CPg.

Given a € L, we write o = ko’ with o’ € £ primitive, and set
1
w(a) = a2

Note that we can regard a rooted tree T as a directed graph, by fixing the unique orientation
of the edges which flows away from the root. Then, we define the weight of T as

w(ar)ar
wr=——"7"-—-"-—€eP;Q,
= Tauwy PO
where a7 denotes the decoration at the root iy € Tp. Similarly, we attach to 7 a meromorphic
function W7 (w) of the variables w = {w;, i € Ty}, given by

Wy (w) = l_[ K’:M. (9-2)

w WwW; — Wj
{imjiery 7 J !
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Here, we set w;, = wo for the root. We also introduce an integration kernel pr(f), depending
on Z, given by

1 Z(a;)
pr(t;w) = 27r1wow0— l_T[Z_ <_ w; )’ ©-3)

and an integration cycle, also depending on Z, given by
Cr ={wo e RooZ(ar); wj € RuoZ(a)) for {i — j} € T1}.

PROPOSITION 9-3. Suppose any two rays p;jj(Z), '5//(3) with i # 1 are distinct. Then, for
p € P'g, we have

H(0)) =2 exp Zov wr) [T @ fc Pl w) Wr w) | . 94)
T

ieTy

where fCT p(t,w) Wt (w) denotes the iterated integral along the cycle Cr, computed
according to the orientation of T.

Proof. This follows from [13, lemma 4-9].

Let us describe certain holomorphic families of flat connections, specialising to V5

For fixed r € Z/nZ, ¢ € (0, 1 /2), consider the open subset S.(¢) C Hom (Q, C) such that,
for Z € S,(¢), i #r,r+ 1, we have

pif(2) C (e Bi ¢ € (= §. D)),
while
pri(2), pr1/(2) C €6, 11, ¢ € (— . D),
where o, 41 denotes the corresponding cone of the fan 3.

PROPOSITION 9-4. Fix ¢ sufficiently small. Then there is a unique family of connections
V(2), of the form (9-1), parametrised by S,(¢), which has constant generalised monodromy,
and which specialises to the connection V@O at a point 2.

Proof. This follows from [13, theorems 4-1 and 4-2].

We now specialise our discussion to the case n =3, £3 = —1. Thus, the toric base is
the surface ¥ = P? with standard fan {p1, P2, 3} = Roo{my, mo, m3}, and the toric mod-
els (Y, D) — (Y, D) and (Y', D) — (¥, D) do not blow up points along the toric divisor Ds.
The proper transforms D3, D'3 have positive self-intersection, which implies that the log
Calabi—Yau surfaces U =Y \ D, U’ =Y’ \ D' are affine.

Fix central charges Zy, Z* € S,(¢), satisfying

p1/(20) = P2, 02j(20) = p1; P1i(Z¥) = p1, P2ji(Z) = p>.
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Recall that the mirror family to (¥’, D’) is constructed around Xy = V,, using the consistent
scattering diagram ©’ = Scatter (9'g) = {(?’, f’ N}

COROLLARY 9-5. Let n=3, {3 =—1. (That is, suppose that the toric model has base

Y = P2, and no blowups along D3). Consider the family V(Z) for Z € Si(¢), with initial

value V(2y) = V@/O, as in Proposition 9-4. Then, the (generalised) monodromy of the con-

nection V(Z*) is given by the collection of rays and automorphisms {(0’, 0y = 9,,/ /)} of the
0

consistent diagram D'

Proof. The consistent completion of ®’q corresponds to the notion of a constant fam-
ily of (positive) stability data discussed in [13, sections 2-1-2-3], and thus to the constant
generalised monodromy condition, by [13, section 3 and theorems 4-1, 4-2].

Let z?(t Z) denote the unique normalised, Aut (R';)-valued flat section of V(Z). Then,
H* = z‘;‘(t Z*) satisfies the monodromy condition

FHt) =0, 0 B* (1), ©9-5)
along the ray ' of ®'. Thus, for p € P, we have the identity of elements of R’y
@) =0y (3@)). (9-6)
along the ray '. In particular, this holds for the functions

=" (PP, g e M =Boy(2).

Remark 9-6. The canonical regular functions f? on the GHK family give another collection
of elements of R'y, associated with the scattering diagram ', satisfying the same identity
(9-6). Naturally, it would be interesting to compare the functions ﬁq, 19

For sufficiently small ¢, let us fix
1eC\ (i, ¢ € (= 3.9} U{eGrri1, & € (— . D).
Then, Corollary 9-5 implies that
By(2) =D, Z)49D), g e M = Bo(2),

is a holomorphic function of Z € S| (¢), with values in R'g, thought of as a finite dimensional
complex linear space. Therefore, ; = U4(Z*) can be computed by analytic continuation

along a path starting from 1%(20).

Thus, we choose a path y : [0, 1] — S1(¢), with y(0) = Zp, y(1) = Z*, and such that, for
o €10, 1], the rays p1;(Zy (o)), 152/(21/(0)) are distinct, except for a finite, minimal number
of critical times 0 < 01 < ... < 0, < 1, for which we have

P15 (Zy(0) = Py (Zy(0);

precisely forj, € {1,...,¢1}, /€ {l,...,£2}.

https://doi.org/10.1017/S0305004124000033 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004124000033

580 RICCARDO ONTANI AND JACOPO STOPPA

Note that by (9-3), (9-4), the analytic continuation along y|¢,) is uniquely determined
as

9g(Zy0) =2 Dexp | Y (g, wr) [ | (z2) f pr(.w. Zy() Wr (W)
T ieTy Cr(Zy@))

The problem of analytically continuing the expression above across o1, and, inductively,
across the subsequent critical times o2, . . . , 0, is studied in detail in [13, section 5].

As in Section 3, the meromorphic function Wt (w), specialised at wy = 0, is singular along
the hyperplane arrangement defined by (7', ig, I). Fixing any ordering of Ty, compatible with
the orientation of 7 as a rooted tree, identifies this with a meromorphic function nearby
0 € C'Tol=1 which we denote by ¢( Wz (w)).

Let us write

B=Y

iETQ

for the total decoration of 7. Then, the discussion in [13, sections 5-1-5-3] yields a
representation for the continuation along y of the iterated integral of Wt (w),

(g, wr) / pr@, w, Z) Wr (w),
Cr(2)

which contains a distinguished term given by the iterated residue of Wt (w),

1 1 Z* d
e(T) IRy (b( W1 (W) (g, wr) — /R L exp (— L )) 2 v

271 Jr_,z+p) Wo — 1 wo wo
for a unique €(T) € Z.

Remark 9-7. In particular, although we will not use this in the present paper, the procedure
explained in [13, section 5-2] allows to compute the coefficient €(7) in an elementary way,
essentially by repeated applications of the residue theorem.

In Proposition 10-3 below we will give an explicit expression for €(7'), at least in a special
case, in terms of semistable representations.

Moreover, the term (9-7) is characterised by its behaviour as a function of 7: it is pre-
cisely the contribution to the analytic continuation which can be extended to a holomorphic
function of 7 € C* \ R0 Z*(B), with a branch cut discontinuity along R~ Z*(8). The jump
along the latter ray is given by

(CI, W(OlT)aT>
| Aut (7)]

z*(ﬁ)) ' ©8)

€(T)IRo (p(Wr (w))) exp (— z

It follows in particular that analytic continuation gives an effective procedure to compute the
consistent completion of the scattering diagram ®’¢. Let us write

logf'y = Z c,szﬂ.
B
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PROPOSITION 9-8. The coefficient cg is determined by the identities

S @D gy Ry (oW o0)), 99)

(g Blep = | Aut (7)]

T: ) =P
forallge M =M x {0} C P';.

Proof. Evaluate (9-6) on any monomial z(49(4).

10. Application of generalised monodromy

Recall that, according to [15, section 3], and by our discussion in Section 9, the mir-
ror family to the log Calabi—Yau surface underlying the Looijenga pair with toric model
(Y',D') — (Y, D) is constructed from the consistent completion ©’ = {(?/, f’ o)} of the initial
scattering diagram

%
Do = (Room, [ | (1 + rg#m B0y ¢ p= B2,
J=1

upon setting 7; =z ~tEo0D_ The consistent completion can be computed in terms of the

(pushforward of the) canonical scattering diagram (D’)**" C B:
Scatter (D'g) = v, (D))

(see [15, proposition 3-26]. Namely, we have

T« B—¢r /(kﬂm ’)
) 0

logfy =v | Y kgNp(rz) (10-1)
p

Here,

Ng=| 1 (10-2)
[DR((¥')2/Co.p)1Vir
is a relative genus 0 Gromov—Witten invariant computed on the toric blowup Y — Y
corresponding to the ray ', with respect to the unique degree 8 such that

g-D ke Di=C
D= -
0 Di#C,

for the component C C D’ which corresponds to the ray ? (see [15, section 1-3] for such
toric blowups).

Let us now specialise to the case n = 3, £3 = —1. Recall in this case the toric base (¥, %)
is given by P? with its canonical fan spanned by {m,, m», m3}, and there are no blowups
along the toric divisor D3. Then, the degree g = B(p, p,) 1s determined by a pair of ordered
partitions of lengths £1, £5,

24 1)
(P1,P2)=( Zpli, ZPZj),
=1 j=1
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satisfying (|P1], |P2]) = k(a, b) for k > 0 and primitive (a, b) € Z2, through the correspon-
dence

2 0
Hy(Y',Z) 5 By =7*Be — Y prilEril — Y pajlEnl.
i=1 j=1

Here, By is the pullback to Y’ of the unique class on the toric orbifold with fan
Rxo{mi, my, m3, my := (a, b)} satisfying

Bi- Dy =ka, B -Dy =kb, By -Dsy=k.
The equality (|P1], |P2]) = k(a, b) then implies
B-D=0,p-Dr=0,p-D3=0p-Dy=k
We will write
NI(P1, P =Ngyp, 1,

for the corresponding Gromov—Witten invariant (10-2), with C = D 4. Thus, in this case, the
weight function f/ o appearing in (10-1) can be identified with the formal power series

flap € Clx,x 'y, y s, - - RTINS 7N |
given by
0gf =2, > KNP Ps. PP (fazyf, (10-3)
k>0 (|P1],|1P2])=k(a.b)
where

4 £
(Pa,Pp) _ 1i P2j
(0" =[5 [T
=1 j=1
with s;, t; given by

s; = Z(O,[E]O*Eli]) = exp (Zn’i / Q), f= Z(O,[E2O*E2j]) =exp (27‘[i/

Bii Boj

Q),

and with
(‘L')C)ka — Z(kam],—ka[El()])’ (‘L’y)kb — Z(kbmz,—kb[Ez()])'
Remark 10-1. Note that the identity (10-3) is precisely of the type considered in the tropical

vertex formalism of [18], but here the parameters s;, #; appearing in [18] are in fact given by
periods of the mirror family of the log Calabi—Yau surface U' =Y"\ D'.

Thus, the function log f’ (4,5 can be identified canonically with a corresponding sum over
dimension vectors d for K(¢1, £2), namely

logf/(a,b)=2 Z keaZ?,

k>0 |d|=k(a,b)
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where
d= (P, P2), ca=NI[(P1, P2)],

¢ ¢
A= (s, t)(Pa,Pb) _ Z(O,Z,-il Pli[EIO_Eli]+Zjil P2jlE20—Eoj])

= exp (27i /B(d) Q), (10-4)

for the class

24 1)
Bd)=> " pilEwo— Eiil+ Y palEa0 — Egjl) € Q.

i=1 j=1

This identification establishes Theorem 1-4 (i) as well as the identity (1-9) in Theorem 1-4
(ii).

Next we will describe a procedure which refines the correspondence between the consis-
tent completion of g and generalised monodromy explained in Section 9. This refinement
is needed in order to match abelianisation for quiver invariants.

The first step is given by the degeneration formula in Gromov—Witten theory, applied to
the invariants N[(P1, P;)]. It is shown in [26, section 4] that this can be written in the form

NI(PLP)l= ) 1"[1"[1"[( b Nf€1[<w(k>w(k2>)], (10-5)

KL I(PyPy) =1 j=1 W

where (w(k!), w(k?)) is a pair of weight vectors (i.e., a pair of sequences of increasing,
positive integers), of lengths ) . m,, (k') for i =1, 2, determined by

w—1

Wik =w, forj=>"m—i(k)+1,.... ) m(k).

The weight vectors (w(kY), w(k?)) encode the orders of tangency of a rational curve in ¥
at specified points of Dy, D, contained in the smooth locus of D, and N [(w(kb), w(k?))]
denotes the relative Gromov—Witten invariant virtually enumerating such curves (see [18,
section 5] for more details on such relative invariants and on the degeneration formula).

The main result of [26, section 4] proves an identity between relative Gromov—Witten
invariants and quiver invariants,

ANk ,2),T%) = (= D)P PN ok, w(k))] ﬁ f‘[ [Tw5, o6
i=1j=1 w
where the stability vector is given by
T igwm) =w, T*Gowam) =0,
and the sign by

(_1)(1’1,1’2) _ (_Dkab—z,« 1=y (I’Zj)z—l.
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Recall that we also have a “refined GW/Kronecker” correspondence (see [17], [27, section
9] and [4])

NI(P1, P21 = (=)D 3pe ) (P1, P2), ), (10-7)
where
¢*i)y=1, £*() =0,

for all sources i (respectively, sinks j) in K(£1, £2)9. Thus, (10-6) shows, in particular, that
the abelianisation identity for quiver invariants (4-5) corresponds precisely to the Gromov—
Witten degeneration formula (10-5).

Remark 10-2. Again, the identity (10-6) was only established in [26] in the case when
(|P1], |P2]) is primitive (where (k', k2) - (Py, P»)), but the same proof works in general,
given the developments of Donaldson—-Thomas theory for quivers [25].

The crucial point for our purposes is that combining (10-5) with (10-6) yields the identity

1 Wj —~
NI(P1, Py)l = (—D)FFP) 3" 1"[1"[]"[( ,) XN(d<k1,k2),c*>. (10-8)

. ' 2k’
(KL ED(P1,Py) i=1 j=1 W i

(Equivalently, this can be obtained by combining (4-5), (10-7)). In turn, the invariant (—
)PP 5 ar(d(k, kz),E*) can be computed in terms of generalised monodromy.

As in [26, section 4], we consider the Poisson algebra attached to the quiver Q C N/
spanned by the dimension vector d(k', k%). This is the ring

Ro= (C[[xj(w/‘m/), Yigwm * EwmysJ! 'y € Qolls
endowed with the Poisson bracket defined by
{x].(w/,m/) ’ yi(w,m)} = (j(w/,m/)’ i(w’m))xj(w/‘m/)yi(w,m) = Ww/xj(w/vm/)yi(wym)

(while all the other brackets of generators vanish). We introduce the (Poisson) automor-

phisms
0; , 0; Tl o € C Aut (Rp),
{ l(w/,m/) J(w/,m/) (w,m) ](W m QO} ( Q)
acting by
0] /o (xj(w,m)) = xj(w,m)’
w ., m)
1 (w m (W m))
j / / (yl(wm))_yl(wm)( +x/ / /) ’
respectively
. 1 (i(w/ m/)»j(w,m))
Qi /A ('xj(w,m)) _xj(w,m)( +yl /7 ) ’ ’
w ., m) (w,m )

ei(w/,m/) (yi(w,m)) = yi(w,m) :
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Consider the stability vectors ¢o, ¢* for K(€1, £2) given by
S =0, oo()=L¢"@) =1, ¢*()=0.
We upgrade these to central charges
2y, Z* € Hom (ZK ({1, £2)0, C),

inducing the same stability conditions. Note that stability vectors ¢ and central charges Z
have canonical lifts ¢, Z to Q, given by

Ciwmy) = wE(@)s CGowm) =wE (),
Z(igwm) = w2, Z(iowm) =wZ().

In particular, we have

ZaE K=Y Zliwm)+ Y. 2l

iw,m)€Q0 j(w, m/) €Qo

= Y wEZO+ Y wEZ(=Z@),

iw.m€Q0 J 1 1.€Q0

w.m)

i
where f = Ziz=1 Zj:l PpijBij-
Fix a path y:[0, 1] — Hom (ZK ({1, £2)0, C) with Z,,0) = 20, Z,(1) = Z*. By the results
of [13], explained in Section 9, there exists a unique Aut (Rp)-connection Vj, of the form

with generalised monodromy given by the pairs of rays and automorphisms

R-0Z0@: [ i) R0Z00): [ Gjow -

iowm€Q0 Jowm)€Q0

Moreover, there is a holomorphic family of connections V(Z), parametrised by Z in an
open neighbourhood of y ([0, 1]), of the form

Z 1z

with constant generalised monodromy, and with initial value V(Z, ) = V. So the canon-
ical Aut (Rp)-valued flat section 9 of V(Z) can be continued analytically along y to a flat
section 9* of V(Z*). The section ) is given explicitly by (9-4), where now z” denotes an ele-
ment of C[ZQo] (so we have e.g. Z0wm = Xjowm)» and T is a rooted tree labelled by elements
« of the set

E = Z>O{i(W,m)7j(W/’m/)} C Z>0QO
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In particular, when continuing 5 along y, we need to consider the analytic continuation, up
to a neighbourhood of y (1) = Z*, of the graded component appearing in (9-4),

Z (—,WT)/ - pr(t,w, Z))Wr (W)Hzai- (10:9)
Cr(Z0)

T: Yier, «i=d(k' k) i€Ty

The latter continuation is piecewise holomorphic in #, with branch cuts along a finite
collection of rays p C C*, and the jump along the ray R.oZ*(d(k', k%)) is given by

ZXd(k", k2))
Y (mane) Ro (¢(Wr () exp | ———— ==

) ZAEF - (10.10)
Yiery ci=d(k! k%)
for a unique €(7) € Z, determined inductively by the procedure of [13, section 5-2]. We will
use an alternative expression for €(7T'), given in Proposition 10-3 below.

On the other hand, by the wall-crossing theory for the generalised quiver invariant x (see
[21, 25]), and the constant monodromy property, the monodromy of V(Z*) is given by the
collection of rays and automorphisms

{10’ GP = expDer(RQ) {_’ Z (_l)dXQ(d’E*)Zd}}’
deNQy : Z(d)ep

for suitable signs (—=1)¢, determined by (—l)d(kl’kz) = (—1)P1-P2) Ag a section of V(Z*),
9™ satisfies

() =6, 00%(17),

along the ray p. Applying this to the ray R>0§ *(d(k', k*)), we see that there is an alternative
expression for (10-10), given by

Z 1 72
(= (=DPPD 3@k KTk, k) exp (—M) )2 EE 011y
Comparing (10-10) and (10-11) yields the identity
(PP dk k), T = Y e(M) IRy (p(Wr (w)). (10-12)

ar=i
e, ti=dtk )

Note that a tree T appearing in (1_0-10) (or (10-12)) can be identiﬁe(_i canonically with a
spanning tree of the reduced quiver Q (respectively, a spanning tree of Q with fixed root).

PROPOSITION 10-3. We have
(T) = xr(d(k", k), 7).

Proof. This characterisation of €(7) can be proved by the trick of applying the results of
[13] to the tree T itself, thought of as an abstract quiver.
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Comparing (10-8) and (10-12) then yields the identities for the scattering diagram
coefficients

ca = N[(P1, P»)]

= 2 l_ll_[l_[ S DRy (B(Wr (),

(kL k(P ,Pp) i=1 j=1 W ar=ip
Z[GTO ai=d(k' k)

( l)kWJ(W 1)

with
e(T) = xr(d(k', k), 7).

Thus, in view of the expression for abelianised JK invariants (4-4), our main claim, the
identity (1-8) in Theorem 1-4 (ii), follows if we can prove the identity

JK(Zy @R, c5 = Y e(T) IRy ((Wr (W) (10-13)
o )

In the next Section we will show how this identity (10.13) (and so Theorem 1-4 (ii)),
follow from the iterated residue expansion (1-4).

11. Completion of the proofs

Proof of Theorem 1-4. The claim (i) and the identity (1-9) in (ii) were already established
in Section 10, see in particular (10-4).

It remains to prove (1-8) in (ii) or, equivalently, as we showed in Section 10, the identity
(10-13).

Consider the bipartite quiver Q C N spanned by the dimension vector d(k', k?).

Recall we have shown that for a quiver Q, without loops or oriented cycles, not necessarily
bipartite, and for general stability vectors ¢, the Jeffrey—Kirwan residue JK (Zg (I), ¢) with
respect to the full abelian dimension vector

H:ZieZQo,

i€Qo

for generic, fixed R-charges R = I_?ij, {i — j} € O1, can be computed as a sum of contribu-
tions, one for each spanning tree of Q, with fixed root. (Recall JK (Zg (I), ¢) is well defined
when ¢ is regular with respect to Z¢ (I)). It turned out that spanning trees correspond to sin-
gular points x7 of the affine hyperplane arrangement defined by (Q, ip, L, R). For each such
singular point, there is a specific identification ¢ of ZQ/,R (ID(u) near xr with a meromor-

phic function in a neighbourhood of 0 € C!9"01=1_ The contribution of a spanning tree T C Q
is given by

€M) IR (¢xr(Zg g (D(w))),
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where the weight €(T') is determined by the JK residue operation. We proved that

~ £—st 1 if T is stable,
ET)=x(M; ()=

0 otherwise,

and moreover, for abelian representations of a tree, the regularity of ¢ implies that
¢-semistability and ¢ -stability coincide, so that we have

xr(, ) = x (M (D).
Given this, (10-13) will follow from the identity

Jim TRy (ber(Zor i (d(k", K*))(u))) = TRo (¢ Wr (w))).

Indeed, combining Propositions 10-3 and 6-3, we see that we have
[Qol—1 1

() IRy (p(Wr ) =IRo [ [ m (1 - —) :
i=1 Vi

if T is stable, while €(7T') vanishes otherwise. On the other hand, we have

)\Erfoo IR0 (¢x7(Zg 5z (D)) =1Ro (¢( W7 (W))),

by (7-3) and the the elementary identity

1 m; 1
Resg (1 — —) = Resg m; (1 — —) .
U Vi

By (7-2), this proves the required identity (10-13).

Proof of Corollary 1-6. By Theorem 1-4 (ii) we have, with our current sign convention
for JK residues (see Remark 3-9)

Cd=C(P,Py) = JKap (Zk(e, ) (P1, P2), ™) = N[(P1, P2)].

1
(P1, Py)!
Recall the identity (10-7),

NI(P1, P2)] = (= 1)P1PD k0, 00)(P1, P2), £).

Then, we find

(—=1)Pr1-P2)

PPl JKab (Zk(e,,00) (P1, P2), ) = Xk(e1.02)(P1, P2), T),

which coincides with the claim of Corollary 1-6.
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A. Iterated residues

Let D C C be an open disc of radius r centred at the origin. There is an obvious injective
morphism of rings

+00 )
o1 : Hol(D") = Mer(D" )xi1l, ouf := Y _ 8 f(0.22... .. za)¥],
j=0

Thus, by the universal property of localisation, there is an induced morphism between the
respective fields of fractions:

o1 : Mer(D") = Mer(D" ™ )[x I,
We can define in the same way morphisms o2, . . ., 6, which yield the extension of fields
o :Mer(D") — Clx ], - - - [x1 1y, -

This is well defined at the level of germs of meromorphic functions Mg at 0 € C". Fix
a=(a,...,a,) €D ! and set

fa(@) = f(z, 00, .., ). (A-1)
Let
ly = V(2 —a2,...., 20 —ay) CD" .

Then, if f is a meromorphic function such that / is not contained in the divisor of poles, the
coefficients of the formal power series o1f evaluated at o equal the coefficients of o (fa)

Definition A-1. The usual residue map, Res,—g : C[x], —> C, picks the coefficient of
x~ L. Fix n € Z-( and consider the composition

Rt:sx1 —0 Resx2:0
(C[[xn]]xn ce [[xl]]xl — Cl[xn]]xn cee I[xZ]]xz —>
Resxn— 1=0 Resy, =0

Clx,1,, —— C.

This yields a C-linear morphism, the iterated residue
IRy : Mo=C.
PROPOSITION A-2. For every biholomorphism of the form
G: V=W, Gzi,...,z) = 1z1), .- ., &n(zn)),
where V,W C C" are open and 0 € W, we have
IR (f) =IRq ((f o (G — G(0)) - det (Ji))
forall f € M.

Proof. We may assume that G(0) = 0 and that V and W are polydiscs, V = ]_[l’-’:l Vi, W=
]_[;-1:1 W;, with f meromorphic on W. Then, there is an open dense subset U C ]—[722 W; such
that, for all o € U, the line [, is not contained in the divisor of poles of f. Thus, for @ € U,
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Ja(2) is a meromorphic function of one complex variable, so we have

2miResy—g (01(fy)) = Ja(2)dz
Yo

where y, is a loop around the origin not containing other singularities of f,. As a
consequence,

2miResy =o(01(f))(@) = 2miResy, —o(01(fa)) = [ fadz
Ya

:/_1( )(faogl)gﬁdZ:/1 (f)a(2)dz = 2miResyx =0 (01(f1)) (@),
81 Va

8 Vo)
where f1 : V| x ]_[]’7:2 Wj --» C is defined by
fl(zlsx29 o 9xl’l) = f(gl(zl)s X2y ee ,xn)g/l(zl)~
This proves the identity of meromorphic functions on ]—[;’:2 W;
Resy,=0(01(f)) =Resz =0 (01(f1))
since the equality holds on the dense open subset U C ]_[;122 W;. Inductively, we obtain
Resy,—0 (07 (- - - Resy,—0 (02 (Resy, =o(01(f)))) -+ +))
=Res;,—0 (Un ( -+ Resz,—0 (02 (Reszl=0 (Gl(fn)))) s )) )
where f, : Vi x Vo x - - - x V, = C is given by
= (f o G)det(Ji).
The claim follows.

For our applications, we also need to show that iterated residues respect uniform
convergence (near the origin). The case of one variable is given by the following result.

LEMMA A-3. Let f,, € Mer (D) and assume that there is an annulus A := Ay(r,R) C D
around the origin such that, for every n € N, if f,, has a singularity inside the disc Do(R) then
it is a pole at 0. If we have uniform convergence

(fidia — fia
for some f € Mer (D), then
lim Resyg (f;) = Resg (f)
n—00
We omit the proof, a straightforward application of the residue theorem.
PROPOSITION A-4. Consider a sequence f,,, € Mer (D") whose divisor of poles is contained

in a union of hyperplanes passing through the origin. Assume that there is an annulus A :=
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Ao(r, R) C D such that we have uniform convergence

(diar ——> fian
for some f € Mer (D"). Then

lim IRg (f;n) =IRg (f).
m——+00
Proof. We work by induction on n. The base case n =1 follows from the previous
Lemma. Assume now the claim holds for n — 1. Then we can consider the new sequence
gm € Mer (D" 1), given by

gm(y) := Resy —g 0 o1 (fin(x1, ),

and, similarly,
8(y) := Resy =0 0 o1(f(x1,)).

These are meromorphic functions, because g, is the coefficient of xl_l in the Laurent expan-
sion of f;;, with respect to x1, and similarly for g. Moreover, if they have poles, then these lie
on some hyperplanes through the origin, for the same reason. By the residue theorem, we
find

1
gm = 8llan-1.00 = 5~ / Wfim = Fllar.co = LOfm — fllanco — 0
Tt Jc

Therefore g,, — g uniformly on A”~!. Then we can apply the inductive assumption to g,
and g, obtaining the claim.
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