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Abstract

We present a linearity theorem for a proof language of intuitionistic multiplicative additive linear logic,
incorporating addition and scalar multiplication. The proofs in this language are linear in the algebraic
sense. This work is part of a broader research program aiming to define a logic with a proof language that
forms a quantum programming language.
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1. Introduction
1.1 Interstitial rules

The name of linear logic (Girard 1987) suggests that this logic has some relation with the alge-
braic notion of linearity. A common account of this relation is that a proof of a linear implication
between two propositions A and B should not be any function mapping proofs of A to proofs of B,
but a linear one. This idea has been fruitfully exploited to build models of linear logic (e.g., Blute
1996; Ehrhard 2002; Girard 1999), but it seems difficult to even formulate it within the proof lan-
guage itself. Indeed, expressing the properties f(u 4 v) = f(u) + f(v) and f(a.u) = a. f (u) requires
an addition and a multiplication by a scalar that are usually not present in proof languages.

The situation has changed with quantum programming languages and the algebraic A-calculus
that mix some usual constructions of programming languages with algebraic operations.

In this paper, we construct a minimal extension of the proof language for intuitionistic mul-
tiplicative additive linear logic with addition and multiplication by a scalar, the £5-calculus
(where S denotes the semi-ring of scalars used), and we prove that the proof language of this
logic expresses linear maps only: if f is a proof of an implication between two propositions, then
fu+v)=f(u)+f(v) and f(a.u) = a. f(u).

Our main goal is thus to construct this extension of intuitionistic linear logic and prove this
linearity theorem. Only in a second step, we discuss whether such a language forms the basis of a
quantum programming language or not.

In classical linear logic, the right rules of the multiplicative falsehood, the additive implication,
and the multiplicative disjunction

LA TLAFA TFB,A CEABA
T-LlA" TFA=BA " TFA=BA 7 TFABBA
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2 A. Diaz-Caro and G. Dowek

do not preserve the number of propositions in the right-hand side of the sequents. Hence, these
three connectives are excluded from intuitionistic linear logic, and we do not consider them.
Thus, we have the multiplicative truth 1, the multiplicative implication —o, the multiplicative
conjunction ®, the additive truth T, the additive falsehood o, the additive conjunction &, and the
additive disjunction .
The introduction rule for the additive conjunction & is the same as that in usual natural
deduction
'-A I'HB
'-A&B
In particular, the proofs of A, B, and A & B are in the same context I'. In contrast, in the
introduction rule for the multiplicative conjunction ®
I-A T,FB
5 ®—i
', n-AQ®B
the proofs of A and B are in two contexts I'; and I'; and the proof of the conclusion A ® B is in
the multiset union of these two contexts. But, in both cases, in the elimination rules
'FA&B AAFC I'-A&B A,B-C

—el &—e2
IAEC IAEC

'FA®B A,ABFC
IAEC

the proof of the major premise and that of the minor one are in contexts I and A, A (resp. A, B,
A, A, B) and the proof of the conclusion C is in the multiset union of I' and A. The same holds
for the other connectives.

To extend this logic with addition and multiplication by a scalar, we proceed, like in Diaz-Caro
and Dowek (2023), in two steps: we first add interstitial rules and then scalars.

An interstitial rule is a deduction rule whose premises are identical to its conclusion. We
consider two such rules

R—e

'-A T'HA '-A
——————— sSum P
A r-A

These rules obviously do not extend provability, but they introduce new constructors + and e in
the proof language.

We then consider a semi-ring S of scalars and replace the introduction rule of the connective
1 with a family of rules 1-i(a), one for each scalar, and the rule prod with a family of rules prod(a),
also one for each scalar

proa(@)

A
— 1 —i(a)

1 rEa™@

1.2 Commutations

Adding these rules yields proofs that cannot be reduced because the introduction rule of some
connective and its elimination rule are separated by an interstitial rule, for example,

T ) 3 T4
'rA T'HFB . 'HA T'HFB .
— 2 D &—i a2 2 2 &—i
'A&B 'FA&B sum s
'HA&B A+ C
& —el
r=cC

Reducing such a proof, sometimes called a commuting cut, requires reduction rules to commute
the rule sum either with the elimination rule below or with the introduction rules above.
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As the commutation with the introduction rules above is not always possible, for example, in
the proofs
m %)
r'-A . I'+B ,
rrAeB " THAeB .

TFADB "
i) m T3 T4
IFA FB  TiFA ThFB
FAwB FFA®B§um®_l
'FA®B }

where I'1T", = '{T'’5 =T, the commutation with the elimination rule below is often preferred. In
this paper, we favor the commutation of the interstitial rules with the introduction rules, rather
than with the elimination rules, whenever it is possible, that is for the connectives 1, —o, T, and &
and keep commutation with the elimination rules for the connectives ® and @ only. For example,
with the additive conjunction &, the proof

! Y% 3 Tty
I'tA T'FB - I'tA T'FB -
I'-A&B I'-A&B sum
I'FA&B
reduces to
m %! Y% Uz
I'cA TFA I'B TIFB
sum sum
I'tA I'B i
I'tA&B

Such commutation rules yield a stronger introduction property for the considered connective.

For coherence, we commute both rules sum and prod with the elimination rule of the additive
disjunction @ and of the multiplicative conjunction ®, rather that with its introduction rules. But,
for the rule prod, both choices are possible.

1.3 Related work

While our primary objective is to introduce a minimal extension to the proof language of linear
logic, our work is greatly indebted to quantum programming languages. These languages were
pioneers in amalgamating programming language constructs with algebraic operations, such as
addition and scalar multiplication.

The language QML (Altenkirch and Grattage 2005) introduced the concept of superposition of
terms, through an encoding: the if° constructor can receive qubits as conditional parameters. For
example, the expression if° a.|0) 4 b.|1) then u else v represents the linear combination a.u + b.v.
Thus, although QML does not have a direct way to represent linear combinations of terms, such
linear combinations can always be expressed using this if° constructor. A linearity property, and
even an unitarity property, is proved for QML, through a translation to quantum circuits.

The ZX calculus (Coecke and Kissinger 2017) is a graphical language based on a categorical
model. It does not have addition or multiplication by a scalar in the syntax, but such construc-
tions could be added and interpreted in the model. This idea of extending the syntax with addition
and multiplication by a scalar, lead to the Many Worlds Calculus (Chardonnet 2023). Although
the Many Worlds Calculus and the £°-calculus have several points in common, the £°-calculus
takes advantage of being a A-calculus and not a graphical language to introduce a primitive
A-abstraction, while the Many Worlds Calculus introduces it indirectly through the adjunction
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between the hom and the tensor. Then, the linearity proof for the Many Worlds Calculus uses
semantic tools, while that for the £°-calculus is purely syntactic.

The algebraic A-calculus (Vaux 2009) and lineal (Arrighi and Dowek 2017) have similar syn-
taxes to the £ -calculus we are proposing. However, in the case of the algebraic A-calculus, there is
only a simple intuitionistic type system, with no proof of linearity. In the case of lineal, there is no
type system, and the linearity is not proved, but forced: the term f(u + v) is defined as f(u) + f(v)
and f(a.u) is defined as a.f(u). Several type systems have been proposed for lineal (Arrighi and
Diaz-Caro 2012; Arrighi et al. 2017; Diaz-Caro and Petit 2012; Diaz-Caro et al. 2019a,b), but none
of them are related to linear logic, and they are not intended to prove the linearity, instead of
forcing it.

Finally, other sources of the £5-calculus are the quantum lambda calculus (Selinger and
Valiron 2006) and the language Q (Zorzi 2016), although the classical nature of their control yields
a restricted form of superposition, on data rather than on arbitrary terms.

1.4 Outline of the paper

Extending the proof language of intuitionistic linear logic with interstitial rules and with scalars
yields the £°-calculus that we define and study in Section 2. In particular, we prove that the £5-
calculus verifies the subject reduction, confluence, termination, and introduction properties. We
then show, in Section 3, that the vectors of S” can be expressed in this calculus, that the irre-
ducible closed proofs of some propositions are equipped with a structure of vector space, and that
all linear functions from S™ to 8" can be expressed as proofs of an implication between such
propositions. We then prove, in Section 4, the main result of this paper: that, conversely, all the
proofs of implications are linear.

Finally, we discuss applications to quantum computing, in Section 5.

2. The £S-Calculus

2.1 Syntax and operational semantics

The propositions of the of intuitionistic multiplicative additive linear logic are
A=1|A—oA|AQA|T|o|A&A|ADA

Let S be a semi-ring of scalars, for instance {x}, {0, 1}, N, Q, R, or C. The proof-terms of the

£ -calculus are
t=x|t+ulaet
[ax |8, (t,u) | Axt|tultQ@u|dg(t,xy.u)
| O 186 () | (£, u) | 8g(t, x.u) | 8(t, x.u) | inl(t) | inr(£) | 8 (L, x.u, y.v)
where a is a scalar.

These symbols are in one-to-one correspondence with the rules of intuitionistic multiplicative
additive linear logic extended with interstitial rules and scalars, and proof-terms can be seen as
mere one-dimensional representation of proof-trees. The proofs of the form a.x, Ax.t, t @ u, (),
(t, u), inl(t), and inr(t) are called introductions, and those of the form 8, (t, u), t u, ég(t, xy.u),
So(1), (Sé((t, xX.U), (Sé(t, x.u), and dg(t, x.u, y.v) eliminations. The variables and the proofs of the
form t + u and a e t are neither introductions nor eliminations.

On the other hand, each symbol can be considered as a construction of a functional program-
ming language: the introductions are standard, while the eliminations are as follows:

o §1(t, u) is the sequence, sometimes written t; u,
« tuisthe application, sometimes written #(u),
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ax 'kr:A FFu:Asum I'Hr:A prod(a)
x:AFx:A I'Ft4u:A I'Faer:A
wi(a) Fhrin Abu:A |
Fax:1 AR 8, (t,u):A
LoxcAFe:B - [ChHi:A—B Abu:A
I'EAxt:A—B I',A-tu:B
T't:A AFu:B . I'ct:A®B A,x:AJ’:BFu:C@
irtiA Aru:b o e
IMAFtQu:A®B o I, AR 8y(t, xy.u):C )
. I'kz:o
_— Tl — T e
r'H():T AR S,(1):C
T'kt:A l"Fu:B&_i
I't{t,u):A&B
I't:A&B A7x:A}—u:C& . I'tt:A&B Ax:BtFu:C e
e -
LA 8L (t,xu): C AR 82 (t,xu):C
'Hr:A ) 'r:B

il

— 52
Trinlt):AGB

Thinr(t):A®B

I'Ft:A®B Ax:AFu:C Ajy:BFv:C
D-e
AR 8s(t, xu,y.v):C

Figure 1. The deduction rules of the L>-calculus.

o 38g(t, xy.u) is the let on pairs, sometimes written let (x, y) =t in u,

o 8o(t) is the error, sometimes written error(t),

o 83 (t, x.u) is the first projection, sometimes written let x = fst(t) in v,

o 83 (t, x.u) is the second projection, sometimes written let x = snd(t) in 4,

o Sg(t, x.u, y.v) is the match, sometimes written match ¢ in {inl(x) — u | inr(y) — v}.

The a-equivalence relation and the free and bound variables of a proof-term are defined as
usual. Proof-terms are defined modulo «-equivalence. A proof-term is closed if it contains no free
variables. We write (u/x)t for the substitution of u for x in ¢ and if FV(¢) C {x}, we also use the
notation t{u}.

The typing rules are those of Fig. 1. These typing rules are exactly the deduction rules of intu-
itionistic linear natural deduction, with proof-terms, with two differences: the interstitial rules and
the scalars.

The reduction rules are those of Fig. 2. As usual, the reduction can occur in any context.
The one-step reduction relation is written —, its inverse <—, its reflexive-transitive closure
—*, the reflexive-transitive closure of its inverse *<—, and its reflexive-symmetric-transitive
closure =. The first seven rules correspond to the reduction of cuts on the connectives 1, —o, ®,
&, and @. The twelve others enable to commute the interstitial rules sum and prod with the intro-
duction rules of the connectives 1, —o, T, and &, and with the elimination rule of the connectives
® and @. For instance, the rule

(t,u)y+ (v,w) — (t+v,u+w)
pushes the symbol + inside the pair. The scalars are added in the rule
ax+bx— (a+b)x
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Oi(ax,t)—raet
(Ax.t) u — (u/x)t

O (1 @ v, xy.w) — (u/x,v/y)w
8¢ ((r,u),x.v) — (t/x)v
& ((t,u), x.v) — (u/x)v
O (inl(t), x.v, y.w) — (t/x)v
O (inr(u), x.v, y.w) — (u/y)w

ax+bx— (a+b).*
(Ax.t) + (Ax.u) — Ax.(t +u)
Os (1 +u, xy.v) — 85(1, xy.v) + 8 (u, xy.v)
0+0—90
(tyu)y+ (v,w) — {t+v,u+w)
Oa (t +u, x.v,y.w) — 8z (1, x.v, yw) + 8z (u, x.v, y.w)

aebx— (axb)x
aelAxt—sAx.aet
Op(aet,xy.v) — aedy(t, xy.v)
o 0
< :

)—
u)y— (aot,aeu)
Sp(aet, xvyw)ﬂaos (2, x.v,y.w)

Figure 2. The reduction rules of the 5-calculus.

and multiplied in the rule
aebx—> (ax b)x

We now prove the subject reduction, confluence, termination, and introduction properties of
the £ -calculus.

2.2 Subject reduction

The subject reduction property is not completely trivial: as noted above, it would, for example, fail
if we commuted the sum rule with the introduction rule of the multiplicative conjunction ®.

Lemma 2.1 (Substitution). If I',x:Brt:Aand At u:B, then ', A+ (u/x)t: A.

Proof. By induction on the structure of t. Since the deduction system is syntax directed, the
generation lemma is trivial and will be implicitly used in the proof.

o Ift=x,thenl’ =@ and A =B.Thus,I', A+ (u/x)t: A is the same as A I u : B, which is valid
by hypothesis.

» The proof t cannot be a variable y different from x, as such a variable y is not a proofin I', x : B.

o Ift=vi+vythenT,x:BFv;:Aand T, x: Bk v, : A. By the induction hypothesis, I', A -
(u/x)v1: Aand T', A+ (u/x)v, : A. Therefore, by the rule sum, I', A = (u/x)vy + (u/x)vy : A.
Hence, I', AF (u/x)t: A.
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o Ift=aev,thenT,x: Bk v:A.Bythe induction hypothesis, I', A - (u/x)v : A. Therefore, by
the rule prod, ', A-a e (u/x)v: A. Hence, I', A - (u/x)t : A.

o The proof t cannot be of the form ¢ = a.*, that is not a proof in I', x : B.

e Ift=46,(v1,v2),then " =T"1, ", and there are two cases.

- IfI';,x:BFwvy:1and 'y v, A, then, by the induction hypothesis, I'1, A - (u/x)v; 11
and, by the rule 1-e, I, A 8, ((u/x)v1, v2) : A.
- I Fvy:1and My, x: B vyt A, then, by the induction hypothesis, 'z, A (u/x)v2 1 A
and, by the rule 1-e, I, A8, (v1, (u/x)v2) : A.
Hence, I', A+ (u/x)t : A.
o Ift=Ayv,then A=C—oDandI,y:C,x:BF v:D. By the induction hypothesis, I', A, y:
Ct (u/x)v: D, so, by the rule —o-i, ', A Ay.(u/x)v: A. Hence, ', A F (u/x)t : A.

e Ift=v; vy, then" =T, I, and there are two cases.

- If T',x:BFv;:C—A and T, +v,:C, then, by the induction hypothesis, I';, A+
(u/x)v1 : C —o A and, by the rule —o-e, I', A (u/x)v; v2 : A.

- If I'iFv;:C—A and I'y,x: Bk, :C, then, by the induction hypothesis, I';, A+
(u/x)vy : Cand, by the rule —o-e, I', A vy (u/x)vy : A.

Hence, I', A+ (u/x)t : A.

o Ift=v;®vy,thenA=A; ® Ay, ' =TI'1, 2, and there are two cases.

- IfI',x:BFv;:A; and Iz F v, 1 A, then, by the induction hypothesis, I'1, A - (u/x)v; :
Ay, and, by the rule ®-i, I', A - (u/x)v; @ 2 : A.

- T Fvi:Apand Iy, x: BE vy 1 Ay, this case is analogous to the previous one.

Hence, I', A+ (u/x)t : A.

o Ift=208g(vi.yz.v2), then ' =T}, T'; and there are two cases.

- IfT,x:BFv:C®D and I'y,y: C,z: DF v, : A. By the induction hypothesis, I';, A -
(u/x)v1 : C® D and, by the rule ®-e, I'; A - 8g ((u/x)v1, yz.v2) : A.
- v :C®Dand 'y, y:C,z: D, x: B v, : A. By the induction hypothesis, I'y, A, y:
C,z:DF (u/x)vy : A and, by the rule ®-¢, I', A - §g (v1, yz.(u/x)v2) : A.
Hence, I', A+ (u/x)t : A.
o Ift={(),then A=T,andsince (u/x)t=t=(),byrule T-i, I, AFt: A.

o Ift=468,(v), then " =TIy, ", and there are two cases.

- IfT1kFwv:o, then x ¢ FV(v), so (u/x)v=v, I'1 - (u/x)v: 0, and, by the rule 0-e, I, A+
So((u/x)v): A3

- If T';,x:BlFv:o, then, by the induction hypothesis, I';, A - (u/x)v: o, and, by the rule
o0-¢, ', AF8o((u/x)v): A.

Hence, I', A+ (u/x)t : A.

o Ift=(vi,12),then A=A &A; and I',x:BFv;:A; and I', x: BF v, : A,. By the induction
hypothesis, I', A (u/x)v; : A1 and T', A F (u/x)v, : Ay. Therefore, by the rule &-i, I', A+
((u/x)v1, (u/x)v,) : A. Hence, I', A+ (u/x)t : A.

o Ift=38g(v1,y.v2), then T =Ty, T, and there are two cases.

- IfI';,x:BFwv;: C&Dand I'y, y: Ck v, : A. By the induction hypothesis, I'1, A - (u/x)v; :
C&D and, by the rule &-¢,I', A - 8&((1,1/)6)1/1,)/.1/2) DA,
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- IfT'1+v:C&D and T'y,y: C,x: Bl v, : A. By the induction hypothesis, I';, A, y: CH
(u/x)v, : A and, by the rule &-¢, ', A+ Sé((vl,y.(u/x)vz) DA,
Hence, I', A F (u/x)t: A.
o Ift= 5(%((1/1,)/.1/2). The proof is analogous.
o Ift=inl(v),thenA=C® DandT,x: B} v:C. By the induction hypothesis, I', A - (u/x)v:
C and so, by the rule &-i, I', A - inl((u/x)v) : A. Hence, I', A F (u/x)t : A.
o Ift=inr(v). The proof is analogous.

o Ift=238g(v1,y.v2,2.v3), then I' =TI'1, ', and there are two cases.

- T, x:BFv:C®D, 2, y: Ckvy: A, and 'y, z: DF v3 : A. By the induction hypothe-
sis, I'1, A+ (u/x)v1 : C® D and, by the rule @-¢, I', A F §g ((u/x)v1, y.va, z.v3) @ A.

- IfTiFv:C®D, I'y,y:Cox:BEvy: A, and T'y,z:D,x: BFv3: A. By the induction
hypothesis, 'y, A,y:C, - (u/x)v2: A and I'z, A,z:DF (u/x)vs: A. By the rule @-e,
I, AFSg(vi, y.(u/x)va, z.(u/x)v3) : A.

Hence, I', A+ (u/x)t : A. 0

Theorem 2.2 (Subject reduction). If T'+t:Aandt —> u, thenT Fu: A.

Proof. By induction on the definition of the relation —. The context cases are trivial, so we focus
on the reductions at top level. As the generation lemma is trivial, we use it implicitly in the proof.

o Ift=46,(ax,v)andu=aev,thentax:1andI'~v:A.Hence,'Faev:A.

o If t=0xv)v2 and u= (v2/x)v), then I'=T,T,, I',x:BFv;: A, and T, v, :B. By
Lemma 2.1, " Fu:A.

o Ift=38g(v1 @ va,xy.v3) and u= (vi/x,v2/y)v3, then ' =T11,T2, 3, 1 Fvy By, Mok vy
By, and I'3,x: By, y: By v3: A. By Lemma 2.1, I'5, '3, x: By F (v2/y)v3 : A, and, by Lemma
2.1 again, I' - (v1/x, v2/y)vs : A. Thatis, ' - u: A.

o Ift= Sé(((vl, va),y.v3)and u= (vi/y)vs, then I' =11, 2, T v i B, T vy : Coand Iy, y:
BFv3:A.ByLemma 2.1, T (v /y)v3 1 A, thatisT Fu: A.

o Ift= (Sé((vl, v2)), y.v3) and u = (v2/y)vs, the proof is analogous.

o Ift=46g(inl(vy), y.v2,zv3) and u= (v /y)va then ' =11, I, 1 Fvy :B,and Iy, y: B vy
A.ByLemma2.1,I'Fu:A.

o Ift=38g(inr(v1), y.v2, z.v3) and u = (v1/z)vs, the proof is analogous.
o Ift=ax+bxandu=(a+ b).x,then A=1andT isempty. Thus, ' -u:A.

o Ift=2Axvi+Aixvyandu=Aix.(vi +v;)thenA=B-—oC,I,x:BFv;:C,and ', x:BkFv;:
C.Thus, ' u:A.

o Ift=30g(v1 +v2, xy.v3) and u =8g(vy, xy.v3) + g (v2, xy.v3), then ' =T, T2, 1 v : B®
C,T'iFv:B®CandT'y,x:B,y:CkHvs: A Hence, ' Fu:A.

o Ift={_4+ () andu={),thenT"F(): A, thatis, T+ u:A.

o Ift=(vi, )+ (vs,v4) andu= (vi +v3, v, +v4) thenA=B&C,T"'Fv;:B, T Fv,:C, and
I'Fv3:B,I'Fvy:C. Thus, '~ u: A.

o If t="6g(vi+ va, xv3,¥.v4) and u=38g(v1, x.v3, y.v4) + 8@ (v, x.v3, y.v4) then I'=T",T,
MEvi:BEC T Fv:BEC Iy, x:Bv3iA T, y: CHvs: A Hence, ' -u: A

o Ift=aebxandu=(a x b).x,then A=1,T isempty. Thus, I' - u: A.
o Ift=agelxvandu=Axaev,thenA=B-—-oCandI',x:BFv:C.Thus, '+ u:A.
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o Ift=46g(aevi,xy.vy) and u=aedg(vy,xy.v2),then ' =T1,T2, 1 Fv:B®Cand, ', x:
B,y:Ckvy:A. Thus, ' Fu:A.

o Ift=ae()andu={),then"'+ () :A. Thus, '~ u:A.

o Ift=ae(vi,v)andu=(aev;,aev;),thenA=B&C,I'v;:B,andI"v,:C.Thus, "+
u:A.

o If t=0g(aevi,x.v2,y.v3) and u=aedg(vy,x.v2,y.v3), then I =T, T, T'1 v :BDC,
[y, x:BFvy:A,and My, y: CHv3: A Thus, I'-u: A, 0

2.3 Confluence

Theorem 2.3 (Confluence). The £°-calculus is confluent, that is whenever u*<«—t —* v, then
there exists a w, such as u —>* w*<«—wv,

Proof. The reduction rules of Fig. 2 applied to well-formed proofs is left linear and has no crit-
ical pairs (Mayr and Nipkow 1998, Section 6). By Mayr and Nipkow (1998, Theorem 6.8), it is
confluent. U

2.4 Termination

We now prove that the £5-calculus strongly terminates, that is that all reduction sequences are
finite. To handle the symbols + and e and the associated reduction rules, we prove the strong
termination of an extended reduction system, in the spirit of Girard’s ultra-reduction (Girard
1972), whose strong termination obviously implies that of the rules of Fig. 2.

Definition 2.4 (Ultra-reduction). Ultra-reduction is defined with the rules of Fig. 2, plus the rules

t+u—>t
t+u—u

aet—> 1t

Definition 2.5 (Length of reduction). If t is a strongly terminating proof, we write £(t) for the
maximum length of a reduction sequence issued from t.

Lemma 2.6 (Termination of a sum). If t and u strongly terminate, then so does t + u.

Proof. We prove that all the one-step reducts of t + u strongly terminate, by induction first on
£(t) + £(u) and then on the size of t.
If the reduction takes place in ¢ or in u we apply the induction hypothesis. Otherwise, the
reduction is at the root and the rule used is either
ax+bx— (a+b)x
(Ax.t)) + (Ax) — Ax.(t' + 1)
0+0—20
(11, 12) + (ui, w3) —> (11 + ul, 13+ u2)
t+u—>1t

t+u—u
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In the first case, the proof (a + b).x is irreducible, hence it strongly terminates. In the second, by
induction hypothesis, the proof ¢ + u’ strongly terminates, thus so does the proof Ax.(# + /).
In the third, the proof () is irreducible, hence it strongly terminates. In the fourth, by induc-
tion hypothesis, the proofs #] + uj and t + u strongly terminate, hence so does the proof
(#1 + ul, t + ub). In the fifth and the sixth, the proofs ¢ and u strongly terminate. O

Lemma 2.7 (Termination of a product). If t strongly terminates, then so does a e t.

Proof. We prove that all the one-step reducts of a e ¢ strongly terminate, by induction first on £(t)
and then on the size of ¢.
If the reduction takes place in ¢, we apply the induction hypothesis. Otherwise, the reduction is
at the root and the rule used is either
aebx—> (ax b)x
ae (Ax.t) — Ax.aet
ae()— ()
ae (t,th) —> (aet],aeth)
aet—>1t
In the first case, the proof (a x b).x is irreducible, hence it strongly terminates. In the second,
by induction hypothesis, the proof a e t’ strongly terminates, thus so does the proof Ax.aet’. In
the third, the proof () is irreducible, hence it strongly terminates. In the fourth, by induction

hypothesis, the proofs a e #{ and a e t} strongly terminate, hence so does the proof (a e t{,a e 15).
In the fifth, the proof t strongly terminates. U

Definition 2.8. Let ST be the set of strongly terminating terms. We define, by induction on the
proposition A, a set of proofs [A]:
[1] =ST
[A—B] ={teST|Ift>" Ax.uthen forall v € [A], (v/x)u € [B]}
[AQB]={teST|Ift>*u®vthenuc [A] and v € [B]}
[T]=ST
[o] =ST
[A&B]={teST|Ift —* (u,v) then u € [A]] and v € [ B]]}
[A®B]|={teST|Ift—"inl(u) then u € [A] and if t —* inr(v) then v € [ B]}

Lemma 2.9 (Variables). For any A, the set [A] contains all the variables.

Proof. A variable is irreducible, hence it strongly terminates. Moreover, it never reduces to an
introduction. U

Lemma 2.10 (Closure by reduction). If t € [A] and t —>* t', then t’ € [A].

Proof. If t —>* t' and t strongly terminates, then ¢’ strongly terminates.

Furthermore, if A has the form B —o C and ¢’ reduces to Ax.u, then so does t, hence for every
ve [B], (v/x)u € [C]. If A has the form B® C and t' reduces to u ® v, then so does ¢, hence
u € [B]l and v € [ C]]. If A has the form B & C and ¢’ reduces to {(u, v), then so does ¢, hence u € [B]
and v € [C]. If A has the form B & C and t’ reduces to inl(u), then so does t, hence u € [B]. And
if A has the form B @ C and t’ reduces to inr(v), then so does t, hence v € [ C].
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Lemma2.11 (Girard’slemma). Let t be a proof that is not an introduction, such that all the one-step
reducts of t are in [A]l. Then t € [A].

Proof. Let t,t;,... be a reduction sequence issued from ¢. If it has a single element, it is finite.
Otherwise, we have t —> t;. As t; € [[A]], it strongly terminates and the reduction sequence is
finite. Thus, t strongly terminates.

Furthermore, if A has the form B—o C and t —>™* Ax.u, then let t, f5, ..., t, be a reduction
sequence from f to Ax.u. As t, is an introduction and ¢ is not, n > 2. Thus, t — t, —>* t,,. We
have ¢, € [A]], thus for all v € [B], (v/x)u € [C].

If A has the form B® Cand t —* u® v, then let t, £, . . ., t,, be a reduction sequence from
t to u ®v. As t,, is an introduction and t is not, n > 2. Thus, t —> t, —>* t,. We have t, € [A]],
thus u € [B]] and v € [C].

If A has the form B & C and t —* (u, v), the proof is similar.

If A has the form B® C and t —> * inl(u), then let ¢, £,, . . . , t, be a reduction sequence from
t to inl(u). As t, is an introduction and ¢ is not, n > 2. Thus, t — t, —>* t,,. We have 1, € [A]],
thus u € [B].

If A has the form B® C and t —> * inr(v), the proof is similar. H

In Lemmas 2.12 to 2.27, we prove the adequacy of each proof constructor.
Lemma 2.12 (Adequacy of +). If t; € [A]] and t; € [A]], then t; + t; € [A].

Proof. By induction on A. The proofs t; and f, strongly terminate. Thus, by Lemma 2.6, the proof
t1 + t2 strongly terminates. Furthermore:

o If the proposition A has the form B— C, and t; + t, —>* Ax.v then either #; —* Ax.uj,
ty —* Ax.up, and u; + up —>* v, or t; —* Ax.v, or t, —>* Ax.v. In the first case, as t; and
t arein [[A]], for every win [B], (w/x)u; € [C] and (w/x)u; € [C]. By induction hypothesis,
(w/x)(u1 + uz) = (w/x)u; + (w/x)uy € [C] and by Lemma 2.10, (w/x)v € [C]. In the second
and the third, as t; and #; are in [A]], for every w in [B], (w/x)v € [C].

o If the proposition A has the form B®Q C, and t; +t, —*v® v then t; —*v®V/, or
th —*v®V.Ast; and t, are in [A], v € [B] and v € [C].

« Ifthe proposition A has the form B& C,and t; + t, —>* (v, V') then t; —>™* (uy, 1), t, —*
(ug, h), u1 + uy —>*v,and uf + uhp —* v, or t; —* (v,v'), or t, —* (v, V). In the first
case, as t and t, are in [A], u; and u, are in [B] and u} and v} are in [C]. By induction
hypothesis, u; + u; € [B] and uj + 15 € [C]] and by Lemma 2.10, v € [B] and v € [C]. In
the second and the third, as ¢; and ¢, are in [A]], v € [B] and v € [C].

o Ifthe proposition A has the form B@® C, and t; + t, —>* inl(v) then t; —* inl(v) or t, —>*
inl(v). As t; and t, are in [A], v € [ B]. The proof is similar if ¢; + t, —>* inr(v). 0

Lemma 2.13 (Adequacy of e). If t € [A], thena et € [A].

Proof. By induction on A. The proof t strongly terminates. Thus, by Lemma 2.7, the proof a e ¢t
strongly terminates. Furthermore:

o If the proposition A has the form B —o C, and a ¢ t —>* Ax.v then either t —>* Ax.u and
aeu—>"v,ort —>* dx.v. In the first case, as t is in [A], for every w in [B], (w/x)u € [C].
By induction hypothesis, (w/x)(a ® u) = a e (w/x)u € [C] and by Lemma 2.10, (w/x)v € [C].
In the second, as t is in [A], for every w in [B]], (w/x)v € [C].

https://doi.org/10.1017/5S0960129524000197 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129524000197

12 A. Diaz-Caro and G. Dowek

o If the proposition A has the form BQ C,and aet —*v® 1 then t —*v® V. As t is in
[A],ve[B] and v € [C].

o Ifthe proposition A has the form B& C,and a ¢ t —>* (v, V') thent —* (u, '), a e u —>* v,
and ae ' —>* 1/, or t —>* (v, /). In the first case, as t is in [A], u is in [B] and «’ is in
[CI. By induction hypothesis, a @ u € [B] and a e #/ € [C] and by Lemma 2.10, v € [B] and
v/ € [C]. In the second, as t is in [A]], v € [B]] and v/ € [C]].

« If the proposition A has the form B@® C, and a e t —>* inl(v) then t — * inl(v). Then, by
Lemma 2.10, inl(v) € [A] hence, v € [B]. The proof is similar if a ¢ t —>* inr(v). 0

Lemma 2.14 (Adequacy of a.x). We have a.x € [1].

Proof. As a.x is irreducible, it strongly terminates, hence a.x € [1]. U
Lemma 2.15 (Adequacy of A). If, for all u € [A]], (u/x)t € [ B]], then Ax.t € [A — B].

Proof. By Lemma 2.9, x € [A]], thus t = (x/x)t € [ B]. Hence, t strongly terminates. Consider a
reduction sequence issued from Ax.t. This sequence can only reduce t hence it is finite. Thus, Ax.t
strongly terminates.

Furthermore, if Ax.t —>* Ax.t’, then t —>* t'. Let u € [A]}, (u/x)t —* (u/x)t'. As (u/x)t €
[B], by Lemma 2.10, (u/x)t' € [B]. O

Lemma 2.16 (Adequacy of ®).If t; € [A] and t, € [B], thent; ® t; € [A ® B].
Proof. The proofs t; and t, strongly terminate. Consider a reduction sequence issued from t; ® t,.
This sequence can only reduce t; and t,, hence it is finite. Thus, t; ® f, strongly terminates.
Furthermore, if t; ® t —>* | @ t5, then t; —>* #{ and t, —>* t5. By Lemma 2.10, #] € [A]
and t5 € [B]. O
Lemma 2.17 (Adequacy of ()). We have () € [T].
Proof. As () is irreducible, it strongly terminates, hence () € [ T]. O
Lemma 2.18 (Adequacy of (., .)). If t; € [A]l and t, € [B], then (t, t2) € [A & B].
Proof. The proofs t; and £, strongly terminate. Consider a reduction sequence issued from (t;, ).
This sequence can only reduce t; and ¢, hence it is finite. Thus, (t;, t2) strongly terminates.
Furthermore, if (t, f,) —>* (#{, t5), then t; —>* #{ and #, —>* t5. By Lemma 2.10, #] € [A]
and b € [B].
Lemma 2.19 (Adequacy of inl). If t € [A]}, then inl(t) € [A & B].
Proof. The proof t strongly terminates. Consider a reduction sequence issued from inl(t). This
sequence can only reduce f, hence it is finite. Thus, inl(t) strongly terminates.
Furthermore, if inl(t) —>* inl(t’), then t —* t’. By Lemma 2.10, ' € [A]. And inl(t) never
reduces to inr(t'). O

Lemma 2.20 (Adequacy of inr). If t € [B]], then inr(t) € [A & B].

Proof. Similar to the proof of Lemma 2.19. u
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Lemma 2.21 (Adequacy of §,). If t; € [1] and t; € [C]|, then 8,(t1, t2) € [C].

Proof. The proofs t; and f, strongly terminate. We prove, by induction on £(t;) + £(t2), that is,
81(t1, t2) € [C]l. Using Lemma 2.11, we only need to prove that every of its one step reducts is
in [C]. If the reduction takes place in t; or t;, then we apply Lemma 2.10 and the induction
hypothesis.

Otherwise, the proof #; is a.x, and the reduct is a e ;. We conclude with Lemma 2.13. 0

Lemma 2.22 (Adequacy of application). If t; € [A — B] and t, € [A]}, then t, t, € [ B].

Proof. The proofs t; and t, strongly terminate. We prove, by induction on £(t;) + £(t,), that
t1 t; € [B]. Using Lemma 2.11, we only need to prove that every of its one step reducts is in [B].
If the reduction takes place in t; or in #;, then we apply Lemma 2.10 and the induction hypothesis.

Otherwise, the proof #; has the form Ax.u and the reduct is (f,/x)u. As Ax.u € [A —o B]], we
have (t,/x)u € [B]. O

Lemma 2.23 (Adequacyofég). If t1 € [A ® B]l and for all win [A]l, for all vin [ B, (u/x, v/y)t, €
[CI, then ég(t1, xy.t2) € [C].

Proof. By Lemma 2.9, x € [A] and y € [B]}, thus £, = (x/x, y/y)t, € [C]. Hence, t; and t, strongly
terminate. We prove, by induction on £(t;) + £(t2), that g (¢, xy.t2) € [C]. Using Lemma 2.11,
we only need to prove that every of its one step reducts is in [C]. If the reduction takes place in t;
or t;, then we apply Lemma 2.10 and the induction hypothesis. Otherwise, either:

o The proof t; has the form w, ® ws and the reduct is (w2 /x, w3/y)t2. As w, @ w3 € [A ® B],
we have w; € [A] and ws € [B]. Hence, (wa2/x, w3/y)t2 € [C].

o The proof t; has the form #] +t{ and the reduct is 8g (], xy.t2) + 8g (1, xy.t). As t; —>
#{ with an ultra-reduction rule, we have by Lemma 2.10, ] € [A ® B]. Similarly, ¢{ € [A®
B]. Thus, by induction hypothesis, §g (1, xy.t2) € [A ® B] and 8g(#7, xy.t2) € [A ® B]. We
conclude with Lemma 2.12.

« The proof #; has the form ae ] and the reduct is a e §g(t],xy.tz). As t; —> #| with an
ultra-reduction rule, we have by Lemma 2.10, ¢ € [A @ B]. Thus, by induction hypothesis,
8e(t1, xy.t2) € [A ® B]. We conclude with Lemma 2.13. 0

Lemma 2.24 (Adequacy of 8,). If t € [[o]], then 6,(t) € [C].

Proof. The proof t strongly terminates. Consider a reduction sequence issued from 8,(t). This
sequence can only reduce ¢, hence it is finite. Thus, 8, () strongly terminates. Moreover, it never
reduces to an introduction. O

Lemma 2.25 (Adequacy of (Sé(). If t1 €e[[A&B] and, for all u in [A], (u/x)t; € [C], then
Sé((tl,x.tz) e [C].

Proof. By Lemma 2.9, x € [A] thus t; = (x/x)t; € [C]. Hence, t; and t, strongly terminate. We
prove, by induction on £(t;) 4 £(t2), that Sé((tl, x.t) € [C]. Using Lemma 2.11, we only need to
prove that every of its one step reducts is in [C]. If the reduction takes place in #; or t;, then we
apply Lemma 2.10 and the induction hypothesis.

https://doi.org/10.1017/5S0960129524000197 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129524000197

14 A. Diaz-Caro and G. Dowek

Otherwise, the proof ; has the form (u, v) and the reduct is (u/x)t,. As (u, v) € [A & B]], we
have u € [A]. Hence, (u/x)t, € [C]. O

Lemma 2.26 (Adequacy of (Sé). If t1 e[A&B] and, for all u in [B], (u/x)t, € [C], then
8% (1, x.t) € [CI.

Proof. Similar to the proof of Lemma 2.15. u

Lemma 2.27 (Adequacy of 8g). If t; € [[A @ B], for all u in [A]l, (u/x)t, € [C, and, for all v in
[BI, (v/y)ts € [C], then dg(t1, x.t2, y.t3) € [C].

Proof. By Lemma 2.9, x € [A]], thus t, = (x/x)t; € [C]. In the same way, t3 € [C]. Hence, t1, t2,
and 3 strongly terminate. We prove, by induction on £(t;) + €(t2) + £(3), that §g(t1, x.t2, y.13) €
[C]. Using Lemma 2.11, we only need to prove that every of its one step reducts is in [C]. If the
reduction takes place in f;, t5, or 3, then we apply Lemma 2.10 and the induction hypothesis.
Otherwise, either:

o The proof t; has the form inl(w,) and the reduct is (w,/x)t,. As inl(w;) € [A @ B]], we have
wy € [A]l. Hence, (w,/x)t; € [C].

o The proof t; has the form inr(ws) and the reduct is (w3 /x)t3. As inr(w3) € [A @ B], we have
ws € [[B]. Hence, (w3 /x)t3 € [C].

« The proof t; has the form #] + | and the reduct is 8 (#, x.t2, y.t3) + 8g (1, x.t2, y.t3). As
1 —> t{ with an ultra-reduction rule, we have by Lemma 2.10, #] € [A & B]. Similarly, ¢] €
[A @ B]. Thus, by induction hypothesis, 3¢ (t], x.t2, y.t3) € [A @ B] and 8¢ (t], x.t2, y.t3) €
[A & B]. We conclude with Lemma 2.12.

« The proof #; has the form a e #{ and the reduct is a @ 8g (1, x.t, y.t3). As t{ —> #{ with an
ultra-reduction rule, we have by Lemma 2.10, # € [A @ B]. Thus, by induction hypothesis,
3g (11, x.12, y.13) € [A @ B]. We conclude with Lemma 2.13. 0

Theorem 2.28 (Adequacy). Let ' -t : A and o be a substitution mapping each variable x: Be I’
to an element of [B], then o't € [A].

Proof. By induction on the structure of t.
If t is a variable, then, by definition of o, o't € [A]]. For the sixteen other proof constructors, we
use the Lemmas 2.12-2.27. As all cases are similar, we just give a few examples.

o Ift=(u,v), where u is a proof of C and v a proof of D, then, by induction hypothesis, cu €
[C] and ov € [D]. Hence, by Lemma 2.18, (cu, o v) € [C & D]}, that is, o't € [A].

o If t:Sé(ul,x.uz), where u; is a proof of C&D and u; a proof of A, then, by induc-
tion hypothesis, cu; € [C & D], for all v in [C], (v/x)ou, € [A]. Hence, by Lemma 2.15,
(Sé{(aul,x.auz) € [A]], thatis,ot € [A]. 0

Corollary 2.29 (Termination). Let I =t : A. Then, t strongly terminates.
Proof. Let o be the substitution mapping each variable x:BeT to itself. Note that, by

Lemma 2.9, this variable is an element of [B]. Then, t = o't is an element of [A]]. Hence, it strongly
terminates.
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2.5 Introduction

We now prove that closed irreducible proofs end with an introduction rule, except those of
propositions of the form A ® B and A @ B, that are linear combinations of proofs ending with
an introduction rule.

Theorem 2.30 (Introduction). Let t be a closed irreducible proof of A.

If A has the form 1, then t has the form a.x.

If A has the form B —o C, then t has the form Ax.u.

If A has the form B® C, then t has the form u @ v, u+ v, or a e u.

If A has the form T, then t is ().

The proposition A is not o.

If A has the form B & C, then t has the form (u, v).

If A has the form B @ C, then t has the form inl(u), inr(u), u+ v, or a e u.

Proof. By induction on the structure of t.

be

We first remark that, as the proof ¢ is closed, it is not a variable. Then, we prove that it cannot
an elimination.

If t =8, (u, v), then u is a closed irreducible proof of 1, hence, by induction hypothesis, it has
the form a.x and the proof ¢ is reducible.

If t = u v, then u is a closed irreducible proof of B —o A, hence, by induction hypothesis, it has
the form Ax.u; and the proof t is reducible.

If t = 8g(u, xy.v), then u is a closed irreducible proof of B ® C, hence, by induction hypothesis,
it has the form u; ® uy, u; + uy, or a e u; and the proof ¢ is reducible.

If t =68, (u), then u is a closed irreducible proof of 0 and, by induction hypothesis, no such
proof exists.

If t = 8} (u, x.v), then u is a closed irreducible proof of B & C, hence, by induction hypothesis,
it has the form (u;, u,) and the proof t is reducible.

If t = 83 (u, x.v), then u is a closed irreducible proof of B & C, hence, by induction hypothesis,
it has the form (u;, u,) and the proof t is reducible.

If t =8¢ (u, x.v, y.w), then u is a closed irreducible proof of B@® C, hence, by induction
hypothesis, it has the form inl(u), inr(u1), u; + uz, or a e u; and the proof ¢ is reducible.

Hence, t is an introduction, a sum, or a product.
It t has the form a.x, then A is 1. If it has the form Ax.u, then A has the form B — C. If it has

the form u ® v, then A has the form B® C. If it is (), then A is T. If it has the form (u, v), then A
has the form B & C. If it has the form inl(u) or inr(u), then A has the form B @ C. We prove that,
if it has the form u + v or a e u, A has the form BQ Cor B® C.

If t = u + v, then the proofs u and v are two closed and irreducible proofs of A. If A =1 then,
by induction hypothesis, they both have the form a.x and the proof t is reducible. If A has
the form B —o C then, by induction hypothesis, they are both abstractions and the proof ¢ is
reducible. If A = T then, by induction hypothesis, they both are () and the proof ¢ is reducible.
If A = o then, they are irreducible proofs of 0 and, by induction hypothesis, no such proofs
exist. If A has the form B & C, then, by induction hypothesis, they are both pairs and the proof
t is reducible. Hence, A has the form BQ Cor B& C.
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o Ift=a e u,then the proofs u is a closed and irreducible proof of A. If A = 1 then, by induction
hypothesis, u has the form b.x and the proof ¢ is reducible. If A has the form B —o C then,
by induction hypothesis, it is an abstraction and the proof ¢ is reducible. If A =T then, by
induction hypothesis, it is () and the proof ¢ is reducible. If A = o then, it is an irreducible
proof of 0 and, by induction hypothesis, no such proof exists. If A has the form B & C, then,
by induction hypothesis, it is a pair and the proof ¢ is reducible. Hence, A has the form B® C
orBp C. 0

Remark 2.31. We reap here the benefit of commuting, when possible, the interstitial rules
with the introduction rules, as closed irreducible proofs of 1, A — B, T and A & B are genuine
introductions.

Those of A ® B and A @ B are linear combinations of introductions. But u ® v+ v/ ® v/ is not
convertible to /' @ V + u® v, u @ v+ u ® v is not convertible to 20 (U R v), U1 Qv+ u; v is
not convertible to (u; + u2) ® v, etc. Thus, the proof of A ® B are formal, rather than genuine,
linear combinations of pairs formed with a closed irreducible proof of A and a closed irreducible
proof of B. Such a set still need to be quotiented by a proper equivalence relation to provide the
tensor product of the two semi-modules (Diaz-Caro and Malherbe 2022).

Lemma 2.32 (Disjunction). If the proposition A @ B has a closed proof, then A has a closed proof
or B has a closed proof.

Proof. Consider a closed proof of A @ B and its irreducible form t. We prove, by induction on the
structure of ¢, that A has a closed proof or B has a closed proof. By Theorem 2.30, t has the form
inl(u), inr(u), u+ v, or a e u. If it has the form inl(u), u is a closed proof of A. If it has the form
inr(u), u is a closed proof of B. If it has the form u + v or a e u, u is a closed irreducible proof of
A @ B. Thus, by induction hypothesis, A has a closed proof or B has a closed proof. U

3. Vectors and Matrices

From now on, we take the set of scalars S to be a field, rather than just a semi-ring, to aid the
intuition with vector spaces. However, all the results are also valid for semi-modules over the
semi-ring S, except those considering the additive inverse (namely, Definition 3.3 and item 4 of
Lemma 3.4).

3.1 Vectors

As there is one rule 1-i for each scalar g, there is one closed irreducible proof a.x for each scalar a.
Thus, the closed irreducible proofs a.x of 1 are in one-to-one correspondence with the elements
of §. Therefore, the proofs (a.x, b.x) of 1&1 are in one-to-one with the elements of S?, the proofs
({(a.x, bx), c.x) of (1&1)&1, and also the proofs (a.x, (b.x, cx)) of 1 & (1&1), are in one-to-one
correspondence with the elements of S, etc.

Hence, as any vector space of finite dimension # is isomorphic to S”, we have a way to express
the vectors of any S-vector space of finite dimension. Yet, choosing an isomorphism between a
vector space and " amounts to choosing a basis in this vector space, thus the expression of a
vector depends on the choice of a basis. This situation is analogous to that of matrix formalisms.
Matrices can represent vectors and linear functions, but the matrix representation is restricted to
finite dimensional vector spaces, and the representation of a vector depends on the choice of a
basis. A change of basis in the vector space is reflected by the use of a transformation matrix.
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Definition 3.1 (V). The set V is inductively defined as follows: 1 € V, and if A and B are in V), then
sois A & B.

We now show that if A € V), then the set of closed irreducible proofs of A has a vector space
structure.

Definition 3.2 (Zero vector). If A €V, we define the proof 04 of A by induction on A. If A=1,
then 04 = 0. If A=A & Ay, then 04 = (04,,04,).

Definition 3.3 (Additive inverse). If A €V, and t is a proof of A, we define the proof —t of A by
induction on A. If A =1, then t reduces to a.x, we let —t=(—a).x. If A=A & A, t reduces to
(t1, t2) where t is a proof of Ay and t; of Ay. We let —t = (—t1, —1).

Lemma3.4. If AcV andt, ty, ty, and t3 are closed proofs of A, then

(1) (h+t)+t=t+(t+1) (5) aebet=(axb)et

2) h+b=t+n (6) let=t

(3) t+04=t (7) ae(ti+t)=aeti+aet,
(4) t+—t=04 (8) (a+b)et=aet+bet

Proof.

1. By induction on A. If A =1, then t;, t;, and t3 reduce, respectively, to a.x, b.x, and c.x. We
have

h+n)+t3—"((a+b)+)x=(a+(b+0)x"«—t + (2 +13)

If A=A, &A,, then t, t5, and t3 reduce, respectively, to (uy, v1), (42, v2), and (u3, v3). Using
the induction hypothesis, we have

(th+t) + 13 — " ((u1 + u2) + u3, (v +v2) +v3)
= (1 + (i + w3), vi + (2 +13)) "«—t1 + (2 + t3)
2. Byinduction on A. If A =1, then #; and t, reduce, respectively, to a.x and b.x. We have
h+th—"(a+bx=b+a)x"«~—t+1

IfA=A; &A;,then t; and t, reduce, respectively, to (11, v1) and (uz, v2). Using the induction
hypothesis, we have

i+t —" (u+upvi+n)=wtu,va+v) «~—hH+h
3. Byinduction on A. If A =1, then ¢ reduces to a.x. We have
t+04 — (a4 0)x=ax"<«—t
If A=A; &A;, then t reduces to (u, v). Using the induction hypothesis, we have
t+ 04— (U404, v+04,)=(u,v) " «~—t
4. By induction on A. If A = 1, then ¢ reduces to a.x. We have
t+—t—F ax+(—a)x— (a+(—a)x=0x=0y4
If A=A; & A, then t reduces to (u, v). Using the induction hypothesis, we have
t+—t—" (u+ —u,v+ —v) =(04,,04,) =04

https://doi.org/10.1017/5S0960129524000197 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129524000197

18 A. Diaz-Caro and G. Dowek

5. Byinduction on A. If A =1, then ¢ reduces to c.x. We have
aebet—*(ax(bxc)rx=(axb)xc)x*<—(axb)et
If A=A; & A, then t reduces to (u, v). Using the induction hypothesis, we have
aebet—>"(aebeu,aebev)={((axb)eu,(axb)ev)*<— (axb)et
6. By induction on A. If A = 1, then ¢ reduces to a.x. We have
let—* (I xa)x=ax*<«—t
If A=A; &A;, then t reduces to (u, v). Using the induction hypothesis, we have
let—>*(loeu,lev)=(uv)*«~—t
7. Byinduction on A. If A =1, then #; and #; reduce, respectively, to b.x and c.x. We have
ae(ti+6H)— (axb+c)x=(@xbtaxcx*<—aet;+aet,

IfA=A; &A;,thent; and t, reduce, respectively, to (1), v1) and (uy, v2). Using the induction
hypothesis, we have

ae(ti+1t) —" (ae(uy+uy),ae(vi+v))
=(aeu +aeuy,aevi+aev) «<—aeti+aet,

8. Byinduction on A. If A =1, then f reduces to c.x. We have
(a+b)et—*((a+b)xc)rx=(axc+bxc)x*<—aet+bet
If A=A; &A;, then t reduces to (u, v). Using the induction hypothesis, we have
(a+b)et—>"{(a+b)eu,(a+b)ev)

=(aeu+boeu,aev+bev) «~—aget+bet 0

Definition 3.5 (Dimension of a proposition in V). To each proposition A € V, we associate a pos-
itive natural number d(A), which is the number of occurrences of the symbol 1 in A: d(1) =1 and
d(B & C) =d(B) + d(C).

If A € V and d(A) = n, then the closed irreducible proofs of A and the vectors of S” are in one-
to-one correspondence: to each closed irreducible proof ¢ of A, we associate a vector t of S” and
to each vector u of 8", we associate a closed irreducible proof u* of A.

Definition 3.6 (One-to-one correspondence). Let A € V with d(A) = n. To each closed irreducible
proof t of A, we associate a vector t of S™ as follows.

o IfA=1,thent=ax. Welett=(a).
o If A=A & Ay, thent= (u,v). Welet t be the vector with two blocks u and v: t = (

v)
) L ] u 1 (1)
that, using the block notation, if w= (1) and v=(3),then (%)= (%) and not (2) .
3
To each vector u of S", we associate a closed irreducible proof u* of A.

o Ifn=1,then u=(a). We let 0t = a.x.
o If n>1,then A=A & Ay, let ny and ny be the dimensions of A; and A,. Let uy and u; be
the two blocks of u of ny and n, lines, so u= ( h ) We let w# = (ur™, wp™?).

uz
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We extend the definition of ¢ to any closed proof of A, t is by definition ¢ where ¢’ is the
irreducible form of t.

The next lemmas show that the symbol + expresses the sum of vectors and the symbol e, the
product of a vector by a scalar.

Lemma 3.7 (Sum of two vectors). Let A € V, and u and v be two closed proofs of A. Then, u+v=
utv.

Proof. By induction on A.

o IfA=1,thenu —*ax,v—"bx,u=(a),v=(b). Thus,u+v=ax+bx=(a+b)x=
(a+b)=(a)+(b)=u+v

o If A=A &A,, then u—>" (uy, w), v—> (v1,v2), g:(%) and v:(%). Thus,

using the induction hypothesis, u + v = (uy, uz) + (v1, v2) = (U1 +vi, up + o) = (Z;I:;) =
u+v u V
()= () +(5)=utr 5
Lemma 3.8 (Product of a vector by a scalar). Let A€V and u be a closed proof of A. Then,
aeu=au.

Proof. By induction on A.

o IfA=1,thenu—*bx,u=(b), Thusaeu=aebx=(ax b)x=(axb)=a(b)=au.

o IfA=A; & Ay thenu —™* (uj, up), u= ( ) Thus, using the induction hypothesis, g e u =

N u
(”—2):“2 0

aeu auy
ae{up,uy) ={(aeu;,aeuy) =\ gen, aiy

Remark 3.9. We have seen that the rules
ax+bx— (a+b)x aebx—> (axb)x
(t,u)y + (v, w) — (t+v,u+w) ae(t,u) —> (aet,aeu)

are commutation rules between the interstitial rules, sum and prod, and introduction rules 1-i and
&-i.
Now, these rules appear to be also vector calculation rules.

3.2 Matrices

We now want to prove that if A, B €V with d(A) = m and d(B) =n, and F is a linear function
from S”‘ to S”, then there exists a closed proof f of A —o B such that, for all vectors ue S™,

fut u! = F(u). This can equivalently be formulated as the fact that if M is a matrix with m
columns and # lines, then there exists a closed proof f of A —o B such that for all vectors u € S™,
fut=Mu.

A similar theorem has been proved in Diaz-Caro and Dowek (2023) for a nonlinear calculus.
The proof of the following theorem is just a check that the construction given there verifies the

linearity constraints of the £°-calculus.
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Theorem 3.10 (Matrices). Let A, BV with d(A) = m and d(B) = n and let M be a matrix with

m columns and n lines, then there exists a closed proof t of A —o B such that, for all vectors u e S™,
—A

tu”=Mnu.

Proof. By induction on A.

o If A=1,then M is a matrix of one column and # lines. Hence, it is also a vector of n lines. We
take

t=Ax.8,(x, HB)
Let ueS!, u has the form (a) and A = a.*. Then, using Lemma 3.8, we have @:
Sl(iA,]\_/IB) = Sl(a.*,MB) =@= aﬁ_Bz aM =M (a)=Mu.
e IfA=A; & A, thenlet d(A;) =m; and d(A,) = m,. Let M7 and M, be the two blocks of M
of m; and m; columns, so M = (M, M, ). By induction hypothesis, there exist closed proofs

t; and t, of the propositions A} — B and A, —o B such that, for all vectors u; € §™ and
u, € 8™, we have t; up! = M, u; and t, W32 = M, uy. We take

t = Ax.(8g(x, y.(t1 ) + 83 (x, z.(t2 2)))
Let ueS™, and u; and wu,; be the two blocks of m; and my lines of

up
up

st ), y(h ) + B2 (W, m), z.(h 2) = (h W) + (b ™) =1 WA +

), and o= (W, w*?). Then, using Lemma 3.7, tut =

u, SO u:(

u

t W = Miuy + Mauy = (M My) ( u
I 2

):Mu.
]

Remark 3.11. In the proofs §, (x, ]\_/IB), Sé((x, y.(t1¥)), and Sé(x, z.(t z)), the variable x occurs
in one argument of the symbols 8,, 8, and 83, but not in the other. In contrast, in the proof

Sé((x, y.(t1y) + (Sé(x, z.(t2 2)), it occurs in both arguments of the symbol +. Thus, these proofs
are well-formed proofs in the system of Fig. 1.

Remark 3.12. The rules
S1(axt)—>aet (Sé(((t, u), x.v) — (t/x)v
(Ax.t) u —> (u/x)t (Sé((t, u), x.v) —> (u/x)v

were introduced as cut reduction rules.
Now, these rules appear to be also matrix calculation rules.

Example 3.13 (Matrices with two columns and two lines). The matrix (§ §) is expressed as the
proof
t = Ax.8 (%, 981 (1, (ak, bx))) + 83 (x, 2.8, (2, (c.x, dx)))
Then
t (e, fox) —> 83 (e f.x),1.81(y, (ax, bx))) + 83 ((ek, f.x), 2.81 (2, (c.x, d.x)))

—>* 81 (ex, (ax, b)) + 8, (f *, (c.x, d.x))
—>* e o (ax bx)+f e (cx dx)
—>*((a x &).*, (b x e)x) + ((c X f).x, (d X f).x)
—*((axe+cxf)r(bxet+dxf)x)
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4. Linearity
4.1 Observational equivalence
We now prove the converse: if A, B €V, then each closed proof t of A —o B expresses a linear
function, that is, that if #; and u, are closed proofs of A, then
i+ w)=tur+tu and t(aeu))=aetu

The fact that we want all proofs of 1 — 1 to be linear functions from S to S explains why the
rule sum must be additive. If it were multiplicative, the proposition 1 —o 1 would have the proof
g=Xxx+ lxthatisnotlinear as g (1.x + 1.x) —>*3x FE4x*«— (g L.x )+ (g L. x).

In fact, instead of proving that for all closed proofs t of A — B

tumm+w)=tur +tu and t(aeu)=aetu

it is more convenient to prove the equivalent statement that for a proof t of Bsuch thatx: A+ t: B

Huy + up} = t{ur} + t{uy} and tHlaou}=aet{u}

We can attempt to generalize this statement and prove that these properties hold for all proofs,
whatever the proved proposition. But this generalization is too strong for two reasons. First, as we
have seen, the sum rule does not commute with the introduction rules of ® and @. Thus, if, for
example, A=1,B=1® 1, and t = inl(x), we have

Hlx 4+ 1x} —> inl(2.%) and 1.} 4+ t{l.x} = inl(1. %) + inl(1. %)

and these two irreducible proofs are different. Second, the introduction rule of — introduces a
free variable. Thus, if, for example, A =1, B=(1 — 1) —o 1, and t = Ay.y x, we have

t{lx+2.x} —> Ay.y3.x and Hlx} {24} — Ay (y 1.x) + (2. %)

and these two irreducible proofs are different.

Note, however, that, although the proofs inl(2.x) and inl(1. % ) + inl(1.x ) of 1 @ 1 are differ-
ent, if we put them in the context 8g(_, x.x, y.y), then both proofs dg(inl(1.x + 1. ), x.x, y.y)
and 8 (inl(1. x ) + inl(1. %), x.x, y.y) reduce to 2.x. In the same way, although the proofs Ay.y 3.x
and Ay.(y 1.+ )+ (y2. %) are different, if we put them in the context _ Az.z, then both proofs
(Ay.y3.x)Az.zand (Ay.(y 1.x) + (y 2. %)) Az.z reduce to 3.x. This leads us to introduce a notion
of observational equivalence.

Definition 4.1 (Observational equivalence). Two proofs t; and t, of a proposition B are observa-
tionally equivalent, t| ~ ty, if for all propositions C in V and for all proofs ¢ such that _:BFc:C,
we have

c{t1} = c{tz}
We want to prove that for all proofs ¢ such that x: A+ ¢ : B and for all closed proofs u; and u;
of A, we have
Huy + up} ~ tH{ur} + t{uy} and tHaeuy} ~aet{u}

However, a proof of this property by induction on ¢ does not go through and, to prove it, we
first prove, in Theorem 4.10, that for all proofs t such that x: A+t : B, Be V, for all closed proofs
u1 and up of A

Huy + up} = t{uy} + t{uy} and tlaeuj}=aet{u}

and we deduce the result for observational equivalence in Corollary 4.11.
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4.2 Measure of a proof

The proof of Theorem 4.10 proceeds by induction on the measure of the proof ¢, and the first
part of this proof is the definition of such a measure function p. Our goal could be to build a
measure function such that if t is proof of B in a context I, x: A and u is a proof of A, then
w((u/x)t) = u(t) + p(u). This would be the case, for the usual notion of size, if x had exactly one
occurrence in t. But, due to additive connectives, the variable x may have zero, one, or several
occurrences in f.

First, as the rule o-e is additive, it may happen that §,(¢) is a proof in the context I', x : A, and
x has no occurrence in t. Thus, we lower our expectations to u((u/x)t) < u(t) + p(u), which is
sufficient to prove the linearity theorem.

Then, as the rules +, &-i, and &@-e rules are additive, if u + v is proof of Bin a context I', x : A, x
may occur both in u and in v. And the same holds for the proofs (u, v), and 8g (¢, x.u, y.v). In these
cases, we modify the definition of the measure function and take u(t + u) = 1 4+ max (u(t), n(u)),
instead of u(t + u) =1+ w(t) + wn(u), etc., making the function  a mix between a size function
and a depth function. This leads to the following definition.

Definition 4.2 (Measure of a proof).

nx)=0 () =1
p(t 4+ u) =14 max (u(t), () n(8o(t)) =1+ u(t)
uaet) =1+ u(t) w((t, u)) =1+ max (u(t), u(u))
pla.x)=1 1(8g(t, yu)) =1+ u(t) + p(u)
u(Sp(t,u) =1+ u(t) + pu(u) (g (t, yw)) =1+ u(t) + p(u)
wdx.t) =1+ u(t) w(inl(t)) =14 u(t)
ptu) =1+ pu(t) + pu(u) u(inr(t)) =1+ u(t)
pu(t@u) =1+ u(t) + u(u) u(8ag(t, y.u,z.v)) = 1+ pu(t) + max (u(u), u(v))
n(ée(t, xy.u)) =1+ u(t) + pn(u)

Lemma4.3. If I',x:Att:Band At u: A then u((u/x)t) < u(t) + w(u).

Proof. By induction on ¢.

o If tis a variable, then I' is empty, t =x, (u/x)t = u and u(t) =0. Thus, pu((u/x)t) = u(u) =
w(t) + plu).

o« If t=t; 4+, then I',x:AFt;:B, I',x: At;:B. Using the induction hypothesis, we
get u((u/x)t) =1+ max (u((u/x)t1), u((u/x)t2)) <1+ max (u(t) + u(u), u(tz2) + n(u)) =
p(t) + p(u).

o Ift=aety, then I',x: AFt; : B. Using the induction hypothesis, we get u((u/x)t) =1+
u((u/x)t1) <1+ p(tr) + p(u) = p(t) + pu).

o The proof t cannot be of the form a.x, that is not a proofin I', x : A.

o Ift=46,(t1, 1), then " =11, I'; and there are two cases.

- IfT1,x:AFt;:1and ' - £ @ B, then, using the induction hypothesis, we get p((u/x)t) =

1+ u((u/x)t) + p(t2) <14 u(ty) + () + n(ta) = u(t) + u(u).
- I kFt:1and Ty, x: AF £ @ B, then, using the induction hypothesis, we get u((u/x)t) =

1+ p(ty) + p((u/x)t2) <1+ pty) + plt) + ) = p(t) + p(w).
o Ift=Ay.t;, we apply the same method as for the case t =a e 1.
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o Ift =t tp, we apply the same method as for the case t = §, (1, t2).

o Ift=1 ® t, we apply the same method as for the case t = §, (t1, t2).

o Ift=38g(t,yz.tz2), we apply the same method as for the case t =8, (t;, f2).
o Ift =), then u((u/x)t) =1<1+ pu(u) = u(t) + nu).

o Ift=46,(t1), then " =Ty, ', and there are two cases.

- IfT';,x: Akt : 0, we apply the same method as for the case t = a e 1;.
- IfT; ¢ o, then, we get u((u/x)t) = p(t) < pu(t) + p(u).
o Ift=(t), 12), we apply the same method as for the case t = t; + t,.
o Ift= Sé((tl,y.tz), we apply the same method as for the case t = §, (t1, t2).
o Ift= Sé(tl,y.tz), we apply the same method as for the case t =8, (t1, t2).
o Ift=inl(t;) or t = inr(t;), we apply the same method as for the case t =a e 1;.
o Ift=208g(t1,y.t2,z.t3) then ' =T}, I'; and there are two cases.

- ITL,x:AFH:CL@Cy, Ty, y: CiEty 1 A, Ty, z: Co 131 A, then using the induction
hypothesis, we get u((u/x)t) =1+ u((u/x)t1) + max (u(f2), w(t3)) <1+ wu(ty) + p(u) +
max (u(f2), u(ts)) = u(t) + p(u).

- If TWFH:CLCy, Fz,ylcl,xZAl—tz tA, T5,2:C,x:At3: A, then using the
induction hypothesis, we get wu((u/x)t) =1+ wu(t;) + max (u((u/x)t2), u((u/x)t3)) <
14 wu(t1) + max (u(t2) + p(w), u(t3) + () =14 u(t) + max (u(t2), u(t3)) + u(u) =
wu(t) + p(u). 0

Example 4.4. Let t =68,(y) and u=1x We have y:0,x:1+t:C, u(t)=1, w(u)=1 and
w((u/x)t) = 1. Thus, u((u/x)t) < u(t) + pn(u).

As a corollary, we get a similar measure preservation theorem for reduction.
Lemma4.5. If T+t:Aand t —> u, then u(t) > w(u).

Proof. By induction on t. The context cases are trivial because the functions used to define p(f)
in function of u of the subterms of t are monotone. We check the rules one by one, using Lemma
4.3.

o w(Bi(axt)=2+u(t)> 14 u(t)=u(aet)
o w((xt) u) =2+ p(t) + p(u) > () + () > p((u/x)t)

o u@Bgu®v,xy.w)) =2+ pn(u) + u) + ulw) > u(u) + pnv) + uww) = w(w) + n((v/y)w) >
w((u/x)(v/y)w) = u((u/x, v/y)w) as x does not occur in v

o u(8((t u), x.v)) =2 + max (u(t), w(w) + u(v) > u(t) + u(v) = u((t/x)v)

o w83 ((t u), x.v)) =2 + max (u(t), w(w) + u(v) > u(u) + u(v) = n((u/x)v)

o w(8a(inl(t), x.v, y.w)) =2 + u(t) + max (u(v), w(w)) > wu(t) + u(v) > un((t/x)v)

o n(8g(inr(t), x.v, y.w)) =2 + u(t) + max (u(v), w(w)) > u(t) + uw(w) > u((t/y)w)

o pulax+b.x)=2>1=u((a+b).x)

o pu((x.t) + (Ax.w)) =1+ max (1 + w(t), 1 + p(u)) = 2 + max (u(t), u(u)) = u(rx.(t + u))

o Qg (t+u,xy.v)) =2+ max (u(t), u(u)) + n(v) =1+ max (1 + wu(t) + u), 1 + p(u) +
n() = u(bg(t, xy.v) + 8g(u, xy.v))
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o« uw(Q+ M) =2>1=ul)

o u((t,u) + (v, w)) =1+ max (1 + max (u(), u(u)), 1 + max (u(v), u(w))) =2+
max (u(t), w(u), u(v), u(w)) =1+ max (1 + max (u(t), u(v)), 1 + max (u(u), u(w))) =
w({(t+v,u+w))

o u(e(t+ u,x.v, y.w)) =2+ max (u(t), u(u)) + max (u(v), u(w)) = 1 + max (1 + pu(f) +
max (u(v), u(w)), 1 + u(u) + max (u(v), u(w))) = nu(8g(t, x.v, y.w) + 8¢ (u, x.v, y.w))

o u(aob.x)=2>1=pu((axb).x)

o nlaoixt)=2+ u(t) =u(Ax.aet)

o nglaet,xyv)) =2+ u(t)+ u(v) =aedg(t, xy.v)

o nlae())=2>1=pn())

o ulae(t,u)) =2+ max (u(t), u(u)) =1+ max (1 + u(t), 1+ pu(u))=u(aet,aeu))

o ngplaet,xv,y.w)) =2+ u(t) + max (u(v), u(w)) = u(a e 5g(t, x.v, y.w)) 0

4.3 Elimination contexts

The second part of the proof is a standard generalization of the notion of head variable. In the
A-calculus, we can decompose a term ¢ as a sequence of applications t =u v; ... v,, with terms
V1>...,Vy and a term u, which is not an application. Then u may either be a variable, in which
case it is the head variable of the term, or an abstraction.

Similarly, any proof in the £°-calculus can be decomposed into a sequence of elimination rules,
forming an elimination context, and a proof u that is either a variable, an introduction, a sum, or
a product.

Definition 4.6 (Elimination context). An elimination context is a proof with a single free variable,
written _, that is a proof in the language

K=_16:(K,u) | Kul|ég(K,xy.v)|(K) | 8é((K, x.r) | 8§((K, x.r) | 6g(K, x.1, .5)
where u is a closed proof, FV(v) = {x, y}, FV(r) C {x}, and FV(s) C {y}.

In the case of elimination contexts, Lemma 4.3 can be strengthened.
Lemma 4.7. w(K{t}) = u(K) + u(t)

Proof. By induction on K

o IfK=_,then u(K)=0and K{t} =t. We have u(K{t}) = nu(t) = n(K) + u(t).

o If K=46,(Ky, u) then K{t} =6, (K1{t}, u). We have, by induction hypothesis, u(K{t}) =1+
w(Ki{t}) + () = 1+ w(Ky) + pu(t) + p(u) = n(K) + wn(?).

o IfK =K uthen K{t} = K;{t} u. We have, by induction hypothesis, u(K{t}) = 1 + n(Ki{t}) +
p(u) =1+ u(Ky) + pu(t) + p(u) = n(K) + w(t).

o If K=08g(Ki,xy.v), then K{t} =8x(Ki{t},xy.v). We have, by induction hypothesis,
u(K{t}) =1+ u(Ki{t}) + n(v) =1+ w(Ky) + w(t) + wv) = w(K) + wu(t).

o If K=6,(K1), then K{t} =68,(K1{t}). We have, by induction hypothesis, u(K{t})=1+
n(Ki{t}) =1+ u(Ky) + w(t) = n(K) + w(t).

« IfK= Sé((Kl, x.r), then K{t} = Sé((Kl{t}, x.r). We have, by induction hypothesis, u(K{t}) =
1+ (K {th) + pu(r) =1+ pn(Ky) + p(t) + u(r) = n(K) + (). The same holds if K=
5é(K1,y.s).
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o If K=68g(Ky,x.1,y.5), then K{t} =38g(Ki{t},x.7,y.5). We have, by induction hypothe-
sis,  w(K{t}) =1+ u(Ki{t}) + max (u(r), u(s)) =1+ u(Ky) + p(f) + max (u(r), u(s)) =
u(K) + pu(t). O

Note that in Example 4.4, t = §,(y) is not an elimination context as _ does not occur in it. Note
also that the proof of Lemma 4.7 uses the fact that the function p is a mix between a size function
and a depth function. The corresponding lemma holds neither for the size function nor for the
depth function.

Lemma 4.8 (Decomposition of a proof). If t is an irreducible proof such that x: Ckt: A, then
there exist an elimination context K, a proof u, and a proposition B, such that _:BFK:A,x:ChF
u: B, u is either the variable x, an introduction, a sum, or a product, and t = K{u}.

Proof. By induction on the structure of t.

o Iftis the variable x, an introduction, a sum, or a product, we take K =_, u =1, and B= A.

o Ift=46,(t1,1), thent; is not a closed proof as otherwise it would be a closed irreducible proof
of 1, hence, by Theorem 2.30, it would be an introduction and ¢ would not be irreducible.
Thus, by the inversion property, x: Ct#; : 1and I £, : A. By induction hypothesis, there exist
K1, u; and B; such that _: B FKj:1,x: Ckuy: By, and t; = K {u1}. We take u=u;, K=
8.(Ky,t),and B=B;. Wehave _:BFK:A,x:Ctu:B,and K{u} =8, (Ki{u1}, ) =t.

o Ift =1 t, we apply the same method as for the case t = §, (t1, t2).

o Ift=48g(t1, yz.12), then #; is not a closed proof as otherwise it would be a closed irreducible
proof of a multiplicative conjunction ®, hence, by Theorem 2.30, it would be an introduction,
a sum, or a product, and ¢ would not be irreducible. Thus, by the inversion property, x: CH
t1:D1 ® Dyand y: Dy, z: Dy -t : A. By induction hypothesis, there exist _: B; - K; : C® D,
x:Chuy : By, and t; =K {u;}. We take u =u;, K =38g(Kj, yz.t;), and B=B;. We have _:
BFK:A,x:CFu:B, and K{u} =8g(Ki {1}, yz.tr) = .

o Ift=258,(t1), then, by Theorem 2.30, f; is not a closed proof as there is no closed irreducible
proof of 0. Thus, by the inversion property, x : C t; : 0. By induction hypothesis, there exist
K1, u1, and By such that _:B1 = K;:0,x: Chuy: By, and t; = Kj{u1}. We take u = u;, K =
80(K1),and B=Bj. Wehave _:B,FK:A,x:Ctu:B,and K{u} =68,(K{u;}) =t.

o Ift= Sé((tl,y.tz) ort= 8§((t1,y.tz), we apply the same method as for the case t = §, (t1, t2).
o Ift=238g(t,y.t2, z.13), we apply the same method as for the case t = §g (11, yz.t2). 0

A final lemma shows that we can always decompose an elimination context K different from _
into a smaller elimination context K; and a last elimination rule K. This is similar to the fact that
we can always decompose a nonempty list into a smaller list and its last element.

Lemma 4.9 (Decomposition of an elimination context). If K is an elimination context such that
_tAFK:Band K # _, then K has the form Ki{K,} where K; is an elimination context and K is
an elimination context formed with a single elimination rule, that is, the elimination rule of the top
symbol of A.

Proof. As K is not _, it has the form K =L;{L,}. If L, = _, we take K; = _, K, =L; and, as the
proof is well-formed, K, must be an elimination of the top symbol of A. Otherwise, by induction
hypothesis, L, has the form L, = K{{K5%}, and K} is an elimination of the top symbol of A. Hence,
K:Ll{Ki{Ké}} We take K; =L1{Ki},K2 =Ké U
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4.4 Linearity

We now have the tools to prove the linearity theorem expressing that if A is a proposition, B is a
proposition of V, t is a proof such that x : At : B, and u; and u; are two closed proofs of A, then

Huy + up} = t{u } + t{uy} and Haeu}=aet{u}

We proceed by induction on the measure p(t) of the proof ¢, but the case analysis is nontrivial.
Indeed, when ¢ is an elimination, for example, when ¢t = ¢ t,, the variable x must occur in 1, and
we would like to apply the induction hypothesis to this proof. But we cannot because # is a proof
of an implication, that is not in V. This leads us to first decompose the proof ¢ into a proof of the
form K{t'} where K is an elimination context and ¢’ is either the variable x, an introduction, a sum,
or a product, and analyze the different possibilities for ¢'. The cases where ¢’ is an introduction, a
sum or a product are easy, but the case where it is the variable x, that is where ¢ = K{x}, is more
complex. Indeed, in this case, we need to prove

K{uy + up} = K{u1} + K{uy} and Klaeu}=ae K{u}

and this leads to a second case analysis where we consider the last elimination rule of K and how
it interacts with u; and u;.

For example, when K = K {§ }k(_, y.r)}, then u; and u, are closed proofs of an additive con-
junction &, thus they reduce to two pairs (u;;, u12) and (uzy, uz3), and K{u; + uy} reduces to
Ki{rH{u11 + u21}. So, we need to apply the induction hypothesis to the irreducible form of K; {r}.
To prove that this proof is smaller than ¢, we need Lemmas 4.5 (hence Lemma 4.3) and 4.7.

In fact, this general case has several exceptions: the cases of the elimination of the multiplica-
tive conjunction ® and of the additive disjunction @ are simplified because, the sum commutes
with the elimination rules and not the introduction rules of these connectives. The case of the
elimination of the connective o is simplified because it is empty. The case of the elimination of
the connective 1 is simplified because no substitution occurs in r in this case. The case of the
elimination of the implication is simplified because this rule is just the modus ponens and not the
generalized elimination rule of this connective. Thus, the only remaining cases are those of the
elimination rules of the additive conjunction &.

Theorem 4.10 (Linearity). If A is a proposition, B is proposition of V, t is a proof such that x : A+
t: B, and u; and uy and two closed proofs of A, then

Huy + up} = tH{u} + t{uy) and Haeui}=aet{u}

Proof. Without loss of generality, we can assume that ¢ is irreducible. We proceed by induction

on u(t).
Using Lemma 4.8, the term t can be decomposed as K{t'} where t’ is either the variable x, an
introduction, a sum, or a product.

« If ¢ is an introduction, as ¢ is irreducible, K = _ and ' is a proof of B€ V, t' is either a.x or
(t1, t2). However, since a.x is not a proof in x : A, it is (#;, £2). Using the induction hypothesis
with #; and with £, (u(t;) < ('), u(tz) < u(t')), we get

Hup +wp} = (f{ur} + ti{ua}, {ur} + {uz}) <— tH{ur} + tH{uz}
And
tlaoeu = (aeti{ur},aetr{u}) «—aet{u}

o If ¥ =t + f, then using the induction hypothesis with #;, f,, and K (u(t7) < u(t), u(t) <
wu(t), and p(K) < u(t)) and Lemma 3.4 (1., 2., and 7.), we get
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Hur + uz} = K{(t {un} + t1{ua}) + (2{u1} + t2{u2})}
= K{(ti{u1} + t2{w }) + (1 {uz} + t2{ua})} = t{ur} + t{uo}
And
tlaeu} =K{laeti{u1} +aetr{u}} =Klae (ti{u1} + t2{u})} =a e t{u}

o Ift' =bet], then using the induction hypothesis with #; and K (u(t;) < p(#), u(K) < u(t))
and K and Lemma 3.4 (7. and 5.), we get

tlur +uz} =K{be (t1{u} + t1{ua})} = K{b o t1{u1} + b e t1{ur}} = t{u1} + t{uz}
And
Haeui}=K{beaeti{u1}}=K{aebeti{u}}=aet{u}
o If? is the variable x, we need to prove
K{uy + up} = K{uq} + K{uy} and K{laeu}=aeK{u}
By Lemma 4.9, K has the form K;{K>}, and K; is an elimination of the top symbol of A. We

consider the various cases for K;.

- IfK=K;{8.(_ r)}, then u; and u; are closed proofs of 1, thus u; —>* b.xand uy —* c.*.
Using the induction hypothesis with the proof K; (1(K;) < u(K) = pu(#)) and Lemma 3.4
(8.and 5.)

K{ui + uy) —*Ki{81(bx+cx, 1)} —*Ki{(b+c)er} = (b+c) e Kq{r}
=beKi{r}+ceKi{r}=Ki{ber}+Ki{cor}
*— K1 {8, (bx, 1)} + K1 {81 (c.x, 1)} * «— K{u1} + K{uo}
And

K{aeu} —*Ki{8:(aebx, 1)} —"Ki{(ax b)er}=(axb)eK{r}
=qgebeKi{rl=aeKi{ber}*<~—aeKi{8,(bx1)}*<—aeK{u}

- If K=K;{_s}, then u; and u, are closed proofs of an implication, thus u; —* Ay.u] and
uy —>* Ay.ub. Using the induction hypothesis with the proof K (u(K;) < pn(K) = (1)),

we get
K{uy + uz} —* Ki{(Ay.ul + Ay.up) s} —>* Ky {ui {s} + b {s}}
= Ki{ur{s}} + Ki{ur{s}} *«— Ki{(Ay.u1) s} + K1 {(Ay.u3) s}
*— K{u} + K{uy)}
And

K{aeu1} —" Ki{(aery.ui) s} —>™ Ki{a e uj{s}}
=ae Ki{ui{s}} «— ae Ki{(Ay.u1) s} *<— a e K{u}

- If K=Ki{6g(_, yz.r)}, then, using the induction hypothesis with the proof K; (u(K;) <
w(K) = u(t)), we get

K{ur + w2} — Ki{dg(u1, yz.r) + 8o (uz, yz.r)} = K{ur} + K{uz}
And
K{aeu} — Ki{aedg(uy,yz.r)} =ae K{u;}

— The case K =K;{8,(_)} is not possible as u; would be a closed proof of 0 and there is no
such proof.
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- IK=Ki{$8 é((_, y.r)}, then u; and u; are closed proofs of an additive conjunction &, thus
up —>* (u11, u12) and uy —>* (ua1, uzz). Let v’ be the irreducible form of K;{r}. Using
the induction hypothesis with the proof ' (because, with Lemmas 4.5 and 4.7, we have

p(r') < p(Ka{r}) = w(Ky) + p(r) < w(Ky) + p(r) + 1= u(K) = u(t))
K{up + up} —* Ky {84 (11, ur2) + (u21, ua), y.r)} —>* Ki{r{un + ua}}
— " {un + uar} = {un ) + r{uan ) <— Ki{r{un}} + Ki{r{ua1 )}
*— Ki {88 ((u11, u12), y.r)} + Ki {88 (a1, una), y.r)} *<— K{u1} + K{u}
And
K{aeu} —* Ki{8g(ae (u11, u12), y.r)} —* Ki{r{ae ui}} —* r'{a e uy}
=aer{up}*<— aeKi{r{un}} <— a e Ky {83 ((u11, u12), y.r)}

*<«—aeK{u}

- IfK=K{8%(_, y.r)}, the proof is similar.
- IfK=Ki{6¢(_, y.1, z.5)}, then, using the induction hypothesis with the proof K; ((K;) <
w(K) = u(t)), we get

K{uy + up} — Ki{8g(u1, y.1, 2.5) + 8 (u2, y.1, 2.5)} = K{u } + K{uz}
And
K{aeu} — Ki{aedg(u1,y.r,z.s)} =ae K{up} O

We can now generalize the linearity result, as explained in Section 4.1, by using the observa-
tional equivalence ~ (cf. Definition 4.1).

Corollary 4.11. If A and B are any propositions, t a proof such that x : A&t : B and uy and uy two
closed proofs of A, then

Huy + up} ~ t{ur} + t{uy} and tHHaeu} ~aet{u}

Proof. Let C € V and c be a proof such that _: Bt ¢ : C. Then applying Theorem 4.10 to the proof

c{t} we get
cft{ur + ua}} = c{t{un}} + c{t{uz}} and c{t{aour}} =aec{tfu}}
and applying it again to the proof c we get
cltfun) + tua}} = c{t{in}) + c{t{ua}) and claet{iu}} =aec{t{u}}
Thus
o{tfur +uzl} = cf{t{ur} + tH{uz}} and c{tfaeu}} =claet{u}}
that is

Huy + up} ~ tH{ur} + t{uy) and t{aeuy} ~aet{u} 0

The main result, as announced in Section 4.1, showing that proofs of A — B are linear
functions, is a direct consequence of Theorem 4.10 and Corollary 4.11.

Corollary 4.12. Let A and B be propositions. Let t be a closed proof of A —o B and uy and u; be
closed proofs of A.
Then, if BV, we have

t(ur +u)=({tuw)+ (tuy) and t(aeu)=ae(tuy)
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and in the general case, we have
t(up +up)~ (tu) + (tup) and t(aoeuy)~ae(tuy)
Proof. Astis a closed proof of A —o B, using Theorem 2.30, it reduces to an irreducible proof of

the form Ax.t'. Let 1] be the irreducible form of u;, and 5 that of u,.
If B € V, using Theorem 4.10, we have

t(ur +up) —" {ul + =t} + ) " (fun) + (Fua)
t(aou)) —*t{aeul}=aet'{ul}*<—ae(tu)
In the general case, using Corollary 4.11, we have

t(uy 4 up) — " t{uy + ud} ~ ' {un} + {un) F<— (tur) + (t uz)
t(aou) —*t{aeul}~aet'{uj}*<—ae(tu) 0

Finally, the next corollary is the converse of Theorem 3.10.

Corollary 4.13. Let A, B €V, such that d(A) = m and d(B) = n, and t be a closed proof of A —o B.
Then the function F from S™ to S", defined as F(u) = t u? is linear.

Proof. Using Corollary 4.12 and Lemmas 3.7 and 3.8, we have

Flu+ vV=tusvV' =t(@W + V)=t +t vV =t v ++t v =F(u) + F(v)

A

Fauw =tau’ =t(aeu')=aetu =at u’ =aF(u) 0

Remark 4.14. The Theorem 4.10 and its corollaries hold for linear proofs, but not for nonlinear
ones. The linearity is used, in an essential way, in two places. First, in the first case of the proof of
Theorem 4.10 when we remark that a.x is not a proof in the context x : A. Indeed, if t could be a.*,
then linearity would be violated as 1. x {4. x +5.x} = 1.x and 1. % {4.x} 4+ 1. x {5.x} = 2.x. Then, in
the proof of Lemma 4.8, we remark that when ¢ £, is a proof in the context x : A then x must occur
in #;, and hence it does not occur in f,, that is therefore closed. This way, the proof ¢ eventually
has the form K{u}, and this would not be the case if x could occur in t, as well.

4.5 No-cloning
In the proof language of propositional intuitionistic logic extended with interstitial rules and

uZ
scalars, but with structural rules, the cloning function from S? to 84, mapping (Z) to (ZZ),
hZ
which is the tensor product of the vector () with itself, can be expressed (Diaz-Caro and Dowek
2023). But the proof given there is not the proof of a proposition of the £°-calculus.
Moreover, by Corollary 4.13, no proof of (1&1) — ((1&1) & (1&1)), in the £S5 -calculus, can
express this function because it is not linear.

5. The £L®C-Calculus and Its Application to Quantum Computing

There are two issues in the design of a quantum programming language. The first, addressed in
this paper, is to take into account the linearity of the unitary operators and, for instance, avoid
cloning. The second, addressed in Diaz-Caro and Dowek (2023), is to express the information-
erasure, nonreversibility, and nondeterminism of the measurement.
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I'Ft:A T'hu:B o
Tk[t,u]:AGB

I'Ft:AOB A x:Atu:C
L, ARS8 (t,xu): C

©-el

I'Ft:A®B Ax:Btu:C
AR 82(t,xu):C

©-e2

'Ft:AOB Ax:Atu:C Ay:BFv:C
I AF & (t,xu,yv):C -

Figure 3. The deduction rules of the L®®-calculus.

S ([, u), x.v) — (t/x)v

82([t, ul, xv) — (u/x)v
Oo ([t, ul, x.v, yw) — (t/x)v
8o (I, 3, 3w) —> (/3w

[toul+ v, w] — [t+v,u+w]

aelt,u] —s[aet,aeul

Figure 4. The reduction rules of the L®5-calculus.

5.1 The connective ®

In Diaz-Caro and Dowek (2023), we have introduced, besides interstitial rules and scalars, a new
connective © (read “sup” for “superposition”) and given the type Q; =1 © 1 to quantum bits,
that is superpositions of bits.

As to express the superposition «.|0) + S.|1), we need both |0) and |1), the connective © has the
introduction rule of the conjunction. And as the measurement in the basis |0), |1) yields either |0)
or |1), the connective © has the elimination rule of the disjunction. But, to express quantum algo-
rithms, we also need to transform qubits, using unitary operators and, to express these operators,
we require other elimination rules for the connective ®, similar to those of the conjunction.

Thus, the connective © has an introduction rule ©-i similar to that of the conjunction, one
elimination rule ®-e similar to that of the disjunction, used to express the information-erasing,
nonreversible, and nondeterministic quantum measurement operators, and two elimination rules
©-el and ©-e2 similar to those of the conjunction, used to express the information-preserving,
reversible, and deterministic unitary operators.

The ®C-calculus can express quantum algorithms, including those using measurement, but
as the use of variables is not restricted, it can also express nonlinear functions, such as cloning
operators.

We can thus mix the two ideas and introduce the £O°-calculus that is an extension of the £5-
calculus with a © connective and also a linear restriction of the @ -calculus. The LO®-calculus is
obtained by adding the symbols [.,.], 5(19, Sé, 80, the deduction rules of Fig. 3, and the reduction
rules of Fig. 4, to the £5-calculus.

We use the symbols [.,.], 8} and 82, to express vectors and matrices, just like in Section 3,
except that the conjunction & is replaced with the connective ©.

As the symbol 8y enables to express measurement operators that are not linear, we cannot
expect to have an analog of Corollary 4.12 for the full LO-calculus - more generally, we cannot
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expect a calculus to both enjoy such a linearity property and express the measurement operators.
Thus, the best we can expect is a linearity property for the restriction of the L& -calculus, exclud-
ing the 8 symbol. But this result is a trivial consequence of Corollary 4.12, as if the ©-e rule is
excluded, the connective © is just a copy of the additive conjunction &. So, we shall not give a full
proof of this theorem.

In the same way, the subject reduction proof of the £L&°-calculus is similar to the proof of
Theorem 2.2, and the strong termination proof of the £LO-calculus is similar to the proof of
Corollary 2.29, with a few extra lemmas proving the adequacy of the introduction and elimination
symbols of the ® connective, similar to those of the strong termination proof of Diaz-Caro and
Dowek (2023), so we shall not repeat this proof. In contrast, the confluence property is lost because
the reduction rules of the L& -calculus are nondeterministic.

Thus, we shall focus in this section on an informal discussion on how the LO®-calculus can be
used as a quantum programming language.

5.2 The L®O -calculus as a quantum programming language

We first express the vectors and matrices like in Section 3, except that we use the con-
nective © instead of &. In particular, the n-qubits, for n> 1, are expressed, in the basis
10...00),]0...01),...|1...11), as elements of C2", that is, as proofs of the vector proposi-
tion Q, defined by induction on n as follows: Qy =1 and Q,4; = Q, © Q. For example, the
proposition Q; is (1 ® 1) © (1 © 1), and the proof [[a.x, b. x|, [c.x, d. x ]] represents the vector
a.|00) + b.|01) + c.|10) + d |11). For instance, the vector \/LE|00) + \/LEHI) is represented by the

proof[[f*O*][ ’f *1].

It has been shown (Diaz-Caro and Dowek 2023) that the ©®C-calculus with a reduction strategy
restricting the reduction of 8o ([t, u], x.v, y.w) to the cases where t and u are closed irreducible
proofs, which can be used to express quantum algorithms. We now show that the same holds for
the £LOC-calculus.

As we have already seen how to express linear maps in the £LO®-calculus, we now turn to the
expression of the measurement operators.

Definition 5.1 (Norm of a vector). If t is a closed irreducible proof of Qy,, we define the square of
the norm ||t||? of t by induction on n.

o If n=0, then t = ax and we take ||t|* = |a|?.
o Ifn=n'+1,thent=[uy, uy] and we take ||t|* = ||u1]|® + |uz||?.

We take the convention that any closed irreducible proof u of Q,,, expressing a nonzero vector
u € C?, is an alternative expression of the n-qubit T - For example, the qubit \/Li.|0) + %J 1) is

expressed as the proof [\sz.*, \sz * ], but also as the proof [1.x, 1. x ].

Definition 5.2 (Probabilistic reduction). Probabilities are assigned to the nondeterministic reduc-
tions of closed proofs of the form ¢ (u, x.v, y.w) as follows. A proof of the form 5 ([u1, uz], x.v, y.w)

where uy and uy are closed irreducible proofs of Qy, reduces to (11 /x)v with probability leuw
and to (uy/y)w with probability %, when ||uy||> and ||uz||> are not both 0. When |u;||> =

luz||? = O or uy and uy are proofs of propositions of a different form, we assign any probability, for
example, 3> to both reductions.
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Definition 5.3 (Measurement operator). If n is a nonzero natural number, we define the measure-
ment operator 1, measuring the first qubit of an n-qubit, as the proof

Ty =Axb0(xy.[y,00, 1,200, ,>z])
of the proposition Q, —o Q,,, where the proof 0g, , is given in Definition 3.2.

Remark 5.4. Ift is a closed irreducible proof of Q,, of the form [uy, u,], such that ||£]|> = ||u1 [|* +
luz||? # 0, expressing the state of an n-qubit, then the proof 7, t of the proposition Q, reduces,

flu |1 lluz|I?
and
lur 12+ [z ||? lur 1124z ||?

of the n-qubit, after the partial measure of the first qubit.

with probabilities to [u1,09, ,]and to [0g, ,,u>], that are the states

The measurement operator i, returns the states of the n-qubit, after the partial measure of the
first qubit. We now show that it is also possible to return the classical result of the measure, that
is, a Boolean.

Definition 5.5 (Booleans). Let 0 and 1 be the closed proofs of the proposition B=1@®1 0=
inl(1.x) and 1 =inr(1.x).
As we do not have a weakening rule, we cannot define this measurement operator as
Ax80(x,9.0,2. 1)

that maps all proofs of the form [u;, uz] to 0 or 1 with the same probabilities as above. So, we
continue to consider proofs modulo renormalization, that is, that any proof of the form a e 0 also
represents the Boolean 0 and any proof of the form b e 1 also represents the Boolean 1.

Definition 5.6 (Classical measurement operator). If n is a nonzero natural number, we define the
measurement operator 7y, as the proof

T = Ax.80(x, y.(SQ"‘l (y, 0), 2.8 (z, 1))
where 82 is defined as

81(x, b) ifn=0

89 (x, b) =
SO(x,y.SQ"*I(y, b),z.8%1(z, b)) if n > 0

Remark 5.7. Ift is a closed irreducible proof of Q,, of the form [uy, u,], such that ||¢]|> = ||u1 [|* +
luz||?> # 0, expressing the state of an n-qubit, then the proof 7, t of the proposition B reduces,
with the same probabilities as above, to ae 0 or be 1. The scalars a and b may vary due to the
probabilistic nature of the operator 8, but they are 0 only with probability 0.

Example 5.8. The operator

] = Axd0(x, ¥.81(1,0), 2.8, (2, 1))

|al? |b]?
24167 O Tap+pl

applied to the proof [a.x, b. %] yields a e 0 or b e 1 with probability T
The operator

5 respectively.

7h = Ax.86(%, .89 (3,0), 289 (2, 1))

applied to [[ax, b.x ], [c.x, d. x ]] reduces to 891 ([ax, b.x1,0) or to 82 ([c.x, d. x ], 1) with proba-
|a*+b]? |c[>+|d|
b2+ 2 +d| lal24+|b2+|c|>+|d|?

bilities e > and
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Then the first proof
891 ([ax, b.x],0)

always reduces to 0 modulo some scalar multiplication, precisely to a e 0 with probability P |2+|b|2

and b e 0 with probability P |2 In the same way, the second always reduces to 1 modulo some

scalar multiplication.

-th2

5.3 Deutsch’s algorithm

We have given in Diaz-Caro and Dowek (2023), a proof that expresses Deutsch’s algorithm. We
update it here to the linear case.

As above, let 0 =inl(1.*) and 1=inr(1.«) be closed irreducible proofs of B=1 1.

For each proposition A, and pair of closed terms, u and v, of type A, we have a test operator,
that is a proof of B — A

i, = Ax.8g(x, w1.61 (w1, u), wp.81 (ws, v))
Thenif,, 0 —> leuandif,, 1 —> 1 ev. Deutsch’s algorithm is the proof of (B — B) — B
Deutsch = Af t5(HQI) (U f [+-)))
where H ® I is the proof of 9, —o Q; corresponding to the matrix
(L)
V2 \o170 -1
as in Theorem 3.10, except that the conjunction & is replaced with the connective ®. U is the
proof of (B — B) — Q; — Q,
U = Af M85 (t x.(85 (%, 20.Mo 20) + 85 (x, 21.M1 21)))
+ 85 (£, y.(85 (> 22. My 22) + 83 (1, 23. M3 23)))
where My, My, M, and M3 are the proofs of 1 — Q,
Mo = 25818 if{[1 4,0.41[04,02]1, 100,151, [05,041] 0D

My = 18.81.(, 1[0 0,141, [04,0] L [[1404], [05,0.4]]  0))
My = 158108, 1[040 41, (1,0 4] L[[0.,04 ][0, 1.4]] 1)

M3 = A8.81(8, i [[0.4,0.4],0%, 1411, (104,04 [1x0.4)] O 1))

and |4+—) is the proof of O,
FT=lm 5 x ) 5w o]

Let f be a proof of B —o B. If f is a constant function, we have Deutsch f —* a e 0, for some
scalar a, while if f is not constant, Deutsch f —>* a e 1 for some scalar a.

5.4 Toward unitarity

For future work, we may want to restrict the logic further so that functions are not only linear
but also unitary. Unitarity, the property that ensures that the norm and orthogonality of vectors
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is preserved, is a requirement for quantum gates. In the current version, we can argue that we let
these unitarity constraints as properties of the program that must be proved for each program,
rather than enforced by the type system.

Some methods to enforce unitarity in quantum controlled lambda calculus have been given
in Altenkirch and Grattage (2005),Diaz-Caro et al. (2019b), Diaz-Caro and Malherbe (2022).
QML (Altenkirch and Grattage 2005) gives a restricted notion of orthogonality between terms
and constructs its superpositions only over orthogonal terms. Lambda-S; (Diaz-Caro et al. 2019b;
Diaz-Caro and Malherbe 2022) is the unitary restriction of Lambda-S (Diaz-Caro et al. 2019a),
using an extended notion of orthogonality. This kind of restrictions could be added as restrictions
to the interstitial rules to achieve the same result.

6. Conclusion

The link between linear logic and linear algebra has been known for a long time, in the context
of models of linear logic. We have shown in this paper that this link also exists at the syntactic
level, provided we consider several proofs of 1, one for each scalar, we add two interstitial rules,
and proof reduction rules allowing to commute these interstitial rules with logical rules, to reduce
commuting cuts.

We also understand better in which way must propositional logic be extended or restricted,
so that its proof language becomes a quantum programming language. A possible answer is in
four parts: we need to extend it with interstitial rules, scalars, and the connective ©®, and we
need to restrict it by making it linear. We obtain this way the £LOC-calculus that addresses both
the question of linearity and, for instance, avoids cloning, and that of the information-erasure,
nonreversibility, and nondeterminism of the measurement.

Future work also includes relating the algebraic notion of tensor product and the linear logic
notion of tensor for vector propositions.
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