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Abstract In the early 1980s, Johnson defined a homomorphism Z} — A\® H1 (Sy,Z), where T} is the Torelli
group of a closed, connected, and oriented surface of genus g with a boundary component and Sy is the
corresponding surface without a boundary component. This is known as the Johnson homomorphism.

We study the map induced by the Johnson homomorphism on rational homology groups and apply
it to abelian cycles determined by disjoint bounding-pair maps, in order to compute a large quotient of
H,, (Z3,Q) in the stable range. This also implies an analogous result for the stable rational homology
of the Torelli group Zg4,1 of a surface with a marked point instead of a boundary component. Further,
we investigate how much of the image of this map is generated by images of such cycles and use this to
prove that in the pointed case, they generate a proper subrepresentation of Hy (Zg,1) for n > 2 and g
large enough.

Keywords: Torelli group; Johnson homomorphism

2020 Mathematics subject classification: 55R40; 57M99

Contents

1. Introduction 1703
2. Schur—Weyl duality for symplectic groups 1709
3. Abelian cycles and bounding-pair maps 1711
4. Proof of Theorem 1.5 1714
5. Proof of Theorem 1.11 1721

1. Introduction

1.1. The Torelli group

Let Sj , denote a connected and oriented surface of genus g, with ~ marked points and s
boundary components. If either of r or s is zero, we simply omit the corresponding index.
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1704 E. Lindell

Recall that the mapping-class group of Sy, is the group
s = moDiff" (S;,r)

of isotopy classes of orientation-preserving diffeomorphisms of S . that fix the marked
points and boundary components. We define H := H; (S, Q) and HZ = H1(Sy,Z). Since
Diff " (S;r) acts on Sy, I'y . acts on H, which is a symplectic vector space. The I'y  -action
preserves the corresponding symplectic form

2
a; \b; 6/\H,

Il
N
i Mm
I,

where a1,b1,...c,a4,by is any symplectic basis of H, and this gives us a group homomor-
phism

Iy — Sp(H),

where Sp(H) denotes the symplectic group of H. We define the Torelli group of Sy,
denoted Z; ., to be the kernel of this homomorphism. The Torelli group is thus the
subgroup of I'y . consisting of those isotopy classes of diffeomorphisms that act trivially
on f. It is a classic result that the image of I') , — Sp(H) is precisely the arithmetic

subgroup Sp(Hz), so we get a short exact sequence
1=7;), =Ty, — Sp(Hz) — 1.

The conjugation action of I'; ;. on Z; . gives us an action by Sp(Hz) on Z; . by outer
automorphisms, which makes H, (I;T,Q) into an Sp(Hzy)-representation, for all n > 0.
Unless explicitly stated, all homology is taken with rational coefficients from now on.

1.2. The Johnson homomorphism

Many basic questions about the groups H,, (I; ,.) are unanswered for n > 2. By contrast,
the case n =1 is completely understood, due to work by Johnson in the early 1980s [7].

Among other things, Johnson contructed a group homomorphism

3
WQ%A@,

which is known as the Johnson homomorphism. For g > 3, he proved that the induced
Sp(Hz)-equivariant map

3
T H (I)) = \H

is an isomorphism. In particular, this proves that H; (Il) is finite-dimensional and
algebraic as a representation of Sp(Hyz) for g > 3. Two important open questions about
the higher homology groups are thus as follows:

Question 1. Are the homology groups H, (I ) finite-dimensional, for n > 1 and ¢
sufficiently large?
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Question 2. Are the homology groups H, (I;T) algebraic Sp(Hy)-representations, for
n > 1 and ¢ sufficiently large?

In low genera, we know that the answer to both questions is generally no. In genus 2,
it was proven by Mess [12] that for a certain permutation matrix e € Sp(2,Z), we have

H,(Z) = Q[Sp(2,2)/({e) x (SL(2,Z) x SL(2,2)))].

He also showed that H3(Z3) contains a subrepresentation isomorphic to

Q[Sp(3,Z2)/(Sp(1,Z) x Sp(2,Z))]. Tt was recently proven by Gaifullin [5] that for g > 3

and 2g—3 <n <3g—6, H, (Z,,Z) contains a free abelian subgroup of infinite rank. This

means that Hy, (Z,) is neither algebraic nor finite-dimensional in either of these cases.
For n > 1, 7; induces a map

(17)s : Hy (Z)) = H, (/\H) /\(/3\H>

which we will denote by 1,,. An equivalent definition of 1, is as the composition of the
comultiplication H,, (Igl) — N\"H; (I;) with A™7. For n > 2, it follows from results by
Hain that the map ,, is not surjective [6], but it is natural to ask the question:

Question 3. Is 1, injective for all n > 1 and ¢ sufficiently large?

It is not clear whether to expect this to be true. A positive answer would of course
imply positive answers to Questions 1 and 2 in the corresponding case. It was proven
by Kupers and Randal-Williams that the converse is also true [11]. They also gave an
explicit description of the kernel of the dual map of 1,,, under these assumptions.

Remark 1.1. In the case of a surface without a boundary component, Johnson instead
defined a homomorphism Z, — (/\3 HZ) /Hyz, where Hyz is embedded as a subspace

of /\3 Hy by inserting the symplectic form. This is also known as the Johnson homo-
morphism. This homomorphism induces an Sp(Hz)-equivariant isomorphism H; (Zy) —

(/\3 H) JH.

Remark 1.2. Hain [6] has studied the dual of the map 1, in the unpointed case and
determined its image completely for n = 2. For n = 3, its image was determined by Sakasai,
up to one irreducible subrepresentation [14], the presence of which was settled by Kupers
and Randal-Williams [11].

The Johnson homomorphisms are closely related to homomorphisms I'y ; — % /\3 Hyz x
Sp(Hz) and I'y — (/\3 HZ) /Hy, x Sp(Hyz,) defined by Morita [13], which were used by
Kawazumi and Morita to give a description of the tautological subalgebra of H*(I'y 1) in
terms of trivalent graphs [10].

We will study how the image of v,, decomposes into irreducible Sp(Hz)-representations
and determine a lower bound on this image in the stable range. The representation

A" ( /\3 H ) is algebraic, and this implies that its irreducible subrepresentations viewed as
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an Sp(H)- and an Sp(Hz)-representation agree. Therefore, we will work with the image
of v, as an Sp(H )-representation.

1.3. Irreducible representations of symplectic groups

In order to state our results, we need to recall some basics from the representation
theory of symplectic groups. The isomorphism classes of irreducible representations of
Sp(H) are indexed by partitions. A partition is a decreasing sequence (A1 > Ay > --- >
0>02>---) of nonnegative integers that eventually reaches zero. For example, the
standard representation H corresponds to the partition (1 >0>02>---). We will write
(A1 > Ag > -+ > \g) for the partition, where all following entries in the sequence are zero.
The sum ) - A, is called the weight of the partition. If \;_1 > X\; =--- = X\ y—1 > Xiqy,
we will often write ()\1 > > /\é > > )\k), for brevity, and use the convention that if
=0, then \; does not occur in the partition.

We will write V\ = V), ..\, for the irreducible representation corresponding to the
partition A = (A1 > Ag > -+ > Ag). In particular, we have V; = H. We define the weight
of V\ to be the weight of \. For k > 1, the representation H®* contains irreducible
subrepresentations of weight at most k, which means that the top weight irreducible
subrepresentations of A" (/\3 H ) have weight 3n. For more details on the irreducible

representations of symplectic groups, see, for example, [4, Chapter 17].

1.4. Results

Our first main result is the following:

Theorem 1.3. Forn>1 and g > 3n, the image of ¥, : Hy, (I;) = A" (/\3 H) contains

the Sp(H)-subrepresentation of \" (/\3 H) spanned by all irreducible subrepresentations
of weight 3n.

Remark 1.4. The kernel of the dual map described by Kupers and Randal-Williams
contains no irreducible subrepresentations of top weight, which means that if Questions
1 and 2 have positive answers, Theorem 1.3 follows immediately.

To get a feeling for what Theorem 1.3 means in practice, let us list the irreducible
subrepresentations of A" (/\3 H ) of top weight for n <4 in a table, together with their

dimension for g = 3n. These can be computed using, for example, SAGE.

n Irreducible subrepresentations of top weight in A" (/\3 H), for g > 3n Dimension for g = 3n

T Vis 14
2 V22712 @& Vie 19,383

3 V3723 EBV32)13€BV23713 EBV22)15 @® Vi ~7.5-107
4 Vy32210 V210 B V3a B V32 92 12D V32 16 D V393 13 ~5.3-10"

DVos @ Voa 14 D Vis 13 D Vo2 18 B Vyr2

https://doi.org/10.1017/51474748021000505 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000505

Abelian Cycles in the Homology of the Torelli group 1707

Contrary to what the table might suggest, the irreducible subrepresentations are
generally not of multiplicity 1 for higher n.

Theorem 1.3 is actually a special case of our second main theorem. This second theorem
requires a bit more work to prove, which is why we list and prove the theorems separately.
In order to state this result a bit more clearly, we will consider the irreducible Sp(H)-
representation Vjx as a Z-graded vector space concentrated in degree k, and use the Koszul
sign convention. Note that in particular, H is concentrated in degree 1. From now on, we
will therefore use A to denote the free graded commutative algebra functor, rather than
the exterior algebra functor of ungraded vector spaces.

Theorem 1.5. Setn>1 and let \= (A" > . > Nem > 0) and p= (b > - > ui;"j; >0)
be partitions such that p; = X;+2 fori=1,...;m and ||+ |p| =n. Let kpt1 = kmy2 =0,
k=" ki, andl= Zzlf l;, and suppose that g > n—+2k+1. Then the subrepresentation
of

m+2k;+1;

® A
=1

spanned by all irreducible subrepresentations of weight n+ 2k is contained in Im(i,,).

In particular, we see that the case m =1, \; =1, k; = n gives us back Theorem 1.3,
since A\ H 2 Vis @ V3.

Remark 1.6. The Johnson homomorphism 77 :Ig1 — /\3 Hy, actually factors as Igl —
Zy1 — /\3 Hy, where the first map is induced by sewing a disk with a marked point
into the boundary component and extending diffeomorphisms by the identity. Thus the
analogous results to Theorems 1.3 and 1.5 also hold in the pointed case.

Our strategy is to consider abelian cycles in H, (I;) determined by n-tuples of pairwise
disjoint bounding-pair maps. These notions will be defined in §3. What makes this strategy
work is that the coproduct of an abelian cycle has a simple expression in terms of abelian
cycles of lower degree (Lemma 3.2), which makes the map ,, easy to evaluate.

Remark 1.7. The main inspiration for using abelian cycles is papers by Church and
Farb [1] and Sakasai [14]. In the former, these are used to study the images of certain
homomorphisms 7, : H, (Z41) — /\"+2H that generalize 7 to higher degree (see [7, pp.
172-173]). Church and Farb prove, among other things, that for n > 1 and g > n+2,
the homomorphism 7,, gives a surjection H,, (Zy 1) — Vin+2 @ Vin. This means that the
dimension of H,, (Z, 1) has a lower bound of order ~ g"*2 for all n > 1. We can note that
by Theorem 1.3 and Remark 1.6 we get a lower bound on the dimensions of H,, (I;) and
H,, (Z,1) of order ~ g3" for g > 3n.

Remark 1.8. Church, Ellenberg, and Farb have used representation stability [2, §7.2] to
prove the following theorem:
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Theorem 1.9. (Church, Ellenberg, Farb). For each n > 0 there exists a polynomial P, (T')
of degree at most 3n such that

dim <lm (/n\Hl (7)) —»H" (Igl)>> =Pu(9)
for g>n.

Since H™ (I;) ~H, (I;)* as Sp(H )-representations for all n > 0, it follows that the
dimension of the image in Theorem 1.9 is bounded from below by the dimension of the

image of v, : H, (Igl) — A" (/\3 H ), so the following corollary follows from Theorems
1.3 and 1.9:

Corollary 1.10. The polynomial P, (T) in Theorem 1.9 has degree 3n.

For the final result of the paper, we will work with a marked point instead of a boundary
component, since this gives us something a bit more general. Abusing notation, we will

use 1, to denote the map H,, (Z,1) — A" (/\3 H) as well. Which ,, is intended will be

clear from context. The last main result concerns the limitations of using abelian cycles
of the type we consider. More specifically:

Theorem 1.11. Set n > 2 and let A, (Zy1) C H,(Zy1) be the subrepresentation
generated by abelian cycles determined by pairwise disjoint bounding-pair maps. Then
Yn (An (Zg,1)) is concentrated in weights n,n+2,....3n. However, v, (Hy,(Z41)) also
contains a subrepresentation of weight n—2 for all n > 2 and g > 0. In particular,
A, (Z41) C Hp(Zy,1) is a proper subrepresentation for n > 2 and g > 0.

Remark 1.12. We will see that the map induced on homology by I; — I4,1 maps
A, (Igl) — A, (Zg,1). From this it follows that the first claim of Theorem 1.11 holds
for ¥y, (An (I;)) as well. To prove the second claim, however, we construct a homology
class that requires a marked point rather than a boundary component, and it is not clear
how to construct something analogous using a boundary component. However, it follows
from results by Kupers and Randal-Williams [11] that Hj (Igl) contains an irreducible
subrepresentation of weight 1, so it seems reasonable to expect Theorem 1.11 to hold in its
entirety for A, (Igl) as well. If we also believe that Questions 1-3 have positive answers, it
follows from the results by Kupers and Randal-Williams that for large n there are many
classes in H,, (Igl) that are of lower weight than n and thus cannot lie in A, (I;).

1.5. Structure of the paper

In §2 we give a brief description of Schur—Weyl duality for symplectic groups, which is a
fundamental result in the representation theory of symplectic groups. We then describe
some simple but useful consequences of this theorem.

In §3 we recall some basics from the theory of mapping-class groups in order to define
bounding-pair maps. We then introduce abelian cycles and show how 1, can be easily
evaluated on these. This allows us to give a simple proof of Theorem 1.3.
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In §4 we prove Theorem 1.5. Here we see how considering surfaces with a boundary
component allows us to define a ‘multiplication’ of abelian cycles and thereby prove the
theorem in a systematic way.

Finally, in §5, we prove Theorem 1.11.

2. Schur—Weyl duality for symplectic groups

We want to investigate how the image of 1, : Hy, (I;) - A" (/\3 H ) decomposes into

irreducible representations of Sp(H), and to this end we first need to understand how H®*
decomposes into irreducible subrepresentations for any k£ > 1. This decomposition is well
understood, by so-called Schur—Weyl duality for symplectic groups. The representation
H®* contains irreducible subrepresentation of weight at most & (see §1.3), and the
irreducibles of top weight form a subrepresentation which we denote by H*). We call the
tensors in H'¥) traceless, since these are precisely those tensors in H®* that are mapped
to zero by all of the contraction maps C’i’fj : H®F — H®k=2 given by contracting with
the ith and jth factors with the symplectic form. The space H (¥ has both a left action
by Sp(H) and a commuting right action by the symmetric group ¥, by permuting the
tensor factors. Schur-Weyl duality! describes how H(*) decomposes as a representation
of Sp(H) x X. The irreducible representations of X, are classified by partitions of weight
k, as described in [4, Chapter 4], and for such a partition A we denote the corresponding
irreducible representation of ¥ by o). Schur—Weyl duality for symplectic groups, which
is described for example in [4, Chapter 17.3], then states that

H*) =~ EB Vi Q0.
[A|=Fk

Up to isomorphism, each V) can be constructed as the image of a certain Young
symmetrizer cy : H*) — H(®) which is an element of Q[X;]. For a proof of this fact,
once again see [4, Chapters 6 and 17.3]. Young symmetrizers are defined using Young
diagrams, which are diagrams that represent partitions, as illustrated in Figure 1. A
Young tableau is a Young diagram with a choice of numbering of the boxes.

To define cy, for |A| =k, we first need to pick a Young tableau with an underlying
Young diagram representing A. We denote this tableau by T and let P\ = {o € ¥ |
o preserves each row of T} and Q) = {0 € X, | o preserves each column of T'}. We now

[ |

4|6 8‘9‘

‘ w (3] -
wv
~

Figure 1. The Young diagram representing the partition (5 >3 > 1) and a corresponding Young tableau.

IThere is also a more general version that describes the decomposition of all of H ®k but this
requires more background to describe and is not required for our purposes.
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define ¢y := a\by € Q[Xx], where
ay = Z o, by = Z sgn(o)o.
ocEPy oEQN

If we take the Young tableau of A that is numbered analogously to the tableau in Figure 1
and let = (u1 > -+ > ;) denote the partition we get by transposing the rows and columns
of the Young diagram representing ), it follows that the image of the corresponding Young
symmetrizer cy : H*) — H{¥) is the subrepresentation of

M1 223
NHe o \H
generated by the tensor
(al/\"'/\am)@"'@(al/\"'/\auz)a

for any choice of symplectic basis {a1,b1,...,a4,04} of H. From this, it follows that as an
Sp(H )-representation, V) ® oy is generated by tensors of the form

(a1 A Nay )@@ (a1 A+ Nay,)) o

for o € Xi. Here the action is defined by viewing A"' H®---®@ A" H as a subspace of
H®F _ that is, as the composite map

H1 Hi
NH®---@ \H < H®* % H*F,
where the first map is the standard inclusion. This allows us to prove the following lemma:

Lemma 2.1. For all g > k > 1, the Sp(H)-representation H®) is generated by the
tensor

a1 ® - ®ay, (1)
for any fized symplectic basis {a1,b1,...,a4,b4} of H.
Proof. By the foregoing discussion, it suffices to prove that every tensor A of the form
i, @ Qas,,

for i1,...,i; € {1,...,g}, lies in the Q[Sp(H)]-span of the tensor a1 ® --- ® ar. We may
reorder the symplectic basis in such a way that for each 1 < j <k, we have a;, = a;, unless
a;; = a;, for some [ < j. In other words, we may assume that A agrees with a; ®---®@ay
in every tensor factor except for in those where A has a repeating element.

For p,q € {1,...,g} such that p # ¢, let S, , € Sp(H) denote the linear map defined by
mapping a, — a, +aq and b, — b, — b, and mapping all other basis vectors to themselves.
If a;; = a; for some [ < j, we can act on a1 ®---®ay with S;; —1 and get

a1®~~®aj_1®al®aj+1®-~®ak.

We can do this for every repeated tensor factor of A and thus see that A does indeed lie
in the Q[Sp(H)]-span of a1 ®@ -+ ® a. O
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This has the following immediate corollary:

Corollary 2.2. Let V be a direct summand of H®* for g >k > 1, as a representation of
Sp(H). Let p: H®* —V be the projection map and fiz a symplectic basis {a1,b1,...,a4,b4}
of H. Then the subspace of V spanned by irreducible subrepresentations of weight k lies
in the Q[Sp(H)]-span of the tensor

pla1 ® - Qayg).

3. Abelian cycles and bounding-pair maps

Computing the n-fold coproduct of a general class o € H, (I;) is difficult, but we will
restrict our interest to a simple class of homology classes, called abelian cycles, for which
we can give an explicit expression. For a group G, abelian cycles in H,,(G) are constructed
from commuting elements in the group itself, so in order to construct such classes for Igl
in particular, we will first recall some basic notions from the theory of mapping-class
groups.

3.1. Dehn twists and bounding-pair maps

First, recall that if « is a simple, closed curve in S ., then a Dehn twist along « is a
diffeomorphism of S ;. that is obtained as follows: start with some tubular neighborhood
N around «, with a diffeomorphism N = S! x I. The corresponding Dehn twist is then
given by the identity outside of N, and on N = S x I by (s,t) — (seiz”t,t). Pictorially,
we can illustrate this as in Figure 2.

Up to isotopy, the choice of tubular neighborhood does not matter, and if  and o’
are homotopic, the corresponding Dehn twists are isotopic. Given a homotopy class « of
simple, closed curves in Sy ,, it is thus well defined to talk about the Dehn twist along «
as an element of I'y . We will denote this element by T,,. It is a classic result by Dehn,
and later independently by Lickorish, that I'y | is generated by Dehn twists.

Dehn twists themselves are generally not elements of Z7,, but it is easy to find
compositions of Dehn twists which are. A bounding pair in Sj, is a pair of simple,
closed, nonseparating, and homologous curves. If (a,f) is a bounding pair, we call the
composition T,Tg-1 the bounding-pair map corresponding to this bounding pair. The

typical form of a bounding pair is illustrated in Figure 3.

-0

Figure 2. A Dehn twist.

https://doi.org/10.1017/51474748021000505 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000505

1712 E. Lindell

Figure 3. A typical bounding pair.

Bounding-pair maps are elements of Z ,, and in fact, Johnson [9] proved that Z, is
generated by a finite number of bounding-pair maps for g > 3. This was also used to
prove that 7: Hy (I;) — /\3H is an isomorphism in this range.

Any bounding pair («a,3) separates S’; into two connected components. Let S’
denote the connected component not containing the original boundary component
and let {a1,b1,...,a4,b4} be a symplectic basis of H such that for some 1 <k < g,
{a1,b1,...,ax, bk, [a]} descends to a basis for Hy(S"), where [«] denotes the homology class
of a.

Proposition 3.1. ([8, Lemma 4B]). Let (o, ) be a bounding pair and let {a1,b,...,a4,b4}
be a symplectic basis of H as in the previous paragraph. If f denotes the bounding-pair
map corresponding to («,f3), we have

k 3
T(f)=> (ainb)Ala] € \H.

=1

Note that since a and 8 belong to the same homology class, this formula is well defined.

3.2. Abelian cycles

If two bounding pairs are disjoint, the corresponding bounding-pair maps commute. This
gives us a good way to construct elements in H,, (Igl). If G is a group and (f1,...,fn) is
an n-tuple of pairwise commuting elements in G, this determines a map Z"™ — G, which
induces a map H,(Z") — H,(G). We have H,(Z™) = H,(T"), where T™ denotes the n-
torus, and hence H,,(Z") is generated by its fundamental class. We call the image of this
class under the map to H,(G) the abelian cycle determined by (fi,...,f,) and denote it

by A(f1,.-,fn)-
Lemma 3.2. If A"~ ': H,(G) — \" Hi1(G) is the comultiplication map, then

AnilA(fh---,fn) = [fl] N A [fn]a

where [f] € H1(G) denotes the homology class of f € G.
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Proof. The homology H.(Z") is a bialgebra, and if {a1,...,a,} is a basis for H1(Z"), the
fundamental class of H,(Z") is a1 -+ -ay,. Thus

A" Yay-an) =ai A+ Nay,.

Furthermore, the map Hy(Z") — H1(G) maps a; — [f;], for 1 <i <n. By functoriality of
homology, we have a commutative diagram

H,(Z") — H,(G)
A" Hi(Z") —— N"H1(G),
which means that
An_lA(fh"')fn) = [fl]/\/\[fn}
O

If (f1,...,fn) is an n-tuple of bounding pairs corresponding to pairwise disjoint
bounding pairs, we will simply call this an n-tuple of disjoint bounding-pair maps. We
will consider abelian cycles in H,, (I;,T) that are determined by such n-tuples and denote
by A, (I;T) the subrepresentation of H,, (I;T) generated by these.

Remark 3.3. It is clear from the definition of a bounding-pair map that the map I; —
Z4.1 induces a map A, (Igl) — Ap(Zga).

If A(f1,...,fn) € Hy (I;) is an abelian cycle, it follows by Lemma 3.2 that

Un(A(f1s-- s fn)) = 7LD A AT([fa])-

To evaluate 1,, on an abelian cycle, this means that we only need Johnson’s original result
on the image of 7.

Example 3.4. Consider the abelian cycle A determined by the bounding pairs in
Figure 4. With an appropriate choice of symplectic basis of H, we see that the image
of this abelian cycle is

'I/Jn(A) = (a1 A\ b1 /\(13) VAREEWA ((Zgnfg A\ bgn,Q A\ a3n).
We can now use this to prove Theorem 1.3:
Proof of Theorem 1.3. Since \" (/\3 H) is a direct summand of H®3", it follows by
Corollary 2.2 that it suffices to show that the tensor

(a1 N ao /\a3) VARERWA (agn,Q Nasn_1 N\ a3n)

lies in the image of 1,,. To this end, we consider the abelian cycle from Example 3.4. For
i#je{l,...,g} let T; ; : H— H denote the linear map defined by mapping b; — b; +a;
and b; — b; +a; and mapping all other basis vectors to themselves. Each such map lies
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Figure 4. Bounding pairs determining an abelian cycle in Hy, (I;), for g > 3n.

in Sp(H), and we see that if we act with [[;"; (T5;—2,3,—1 — 1) € Q[Sp(H)] on
(a1 A\ bl A a3) JARERWAY (a3n,2 A bgn,Q /\agn),
we get

(a1 N az /\a3) VAREEWAN (a3n_2 /\a3n_1 /\Clgn).

4. Proof of Theorem 1.5
Let us start by restating Theorem 1.5:

Theorem 1.5. Setn>1 and let A\= (A > - > MNom > 0) and p= (b > - >ui,’l”_t§ >0)
be partitions such that pu; = \;+2 fori=1,...,m and |A\|+|u| =n. Let ki1 = kmi2 =0,
k= z:’ll ki, andl = ZZ’;‘;Q l;, and suppose that g > n+2k+1. Then the subrepresentation
of

m+2ki+1;

&R N Vi

i=1

spanned by all irreducible subrepresentations of weight n+ 2k is contained in Im(vy,).

The idea for proving this is essentially to consider two simple kinds of abelian cycles in
H, (Z41), whose respective images have components in Vjn+2 and Vi», and then taking
products of such cycles, for a range of ns corresponding to the partitions. The special case
of Theorem 1.3 is given by taking the nth power of a bounding pair in H; (I%) whose
image has a component in Vs (see Example 4.2).

4.1. Products of abelian cycles

Given mapping classes f; € I;l and fo € I;Q, we may glue the surfaces S;l and 5';2

along the dashed segments illustrated in Figure 5, and since both mapping classes fix
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Figure 5. Gluing the surfaces along the dashed segments induces the map H;(Zj,) X Hj(Z;I) —

1
Hiyj (Igl +92 )-

the boundaries, this naturally gives us a mapping class in I;l 4g,- Thus we get a map

1 1 1 . . . . .
T, xZI;, — 14 4g4,, which induces a multiplication

H; (Igll) ®Hj (Ia:llz) - HiJFj (Igl1+92)

by precomposing with the Kiinneth map. This makes the space . nZOH" (I;) into a
bigraded associative and commutative algebra.

In Hyy; (Zi"’j) ~ H, (Zl) ®H; (Zj), the fundamental class is the tensor product of the
fundamental classes in H; (Zl) and H; (Zj). This proves the following proposition:

Proposition 4.1. If A(f1,...,fi;) and A(fix1,...,fi+;) are abelian cycles in H; (I;l) and

H; (IgIQ), respectively, their product is the abelian cycle A(f1,...,fiv;) € Hit; (I;H-gz)‘

Example 4.2. With this in mind, we see that the abelian cycle depicted in Figure 4
is simply the product of -14_3,, where o; is the class in H; (I?}) determined by the

bounding pair in Figure 6, and 14_s, € Ho (Z}_3,) is the generator.

4.2. Families of truly nested bounding pairs

With Example 4.2 in mind, we will consider abelian cycles determined by families of
bounding pairs of the form depicted in Figure 7 and then their products. We call these
families of bounding pairs truly nested, a terminology that we borrow from [1].

Definition 4.3. A family (a1,51),...,(an,8,) of bounding pairs is truly nested if

(1) the curves «; are pairwise nonhomologous and
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Figure 6. The cycle o7.

Figure 7. Truly nested families of bounding pairs defining the abelian cycles oy, € Hp, (Ii+2) and pn, €
Hy, (I}Hrl) considered in Example 4.5.

(2) after possibly reordering the bounding pairs, cutting the surface along (a;,5;) sep-
arates the bounding pair («;,5;) from the original boundary component whenever
i<j.

We will always assume that the bounding pairs in such a family are numbered so that
Definition 4.3(2) is met. By induction it can be seen that a truly nested family of bounding
pairs is always of the form depicted in Figure 7, but possibly with holes between each
adjacent couple of bounding pairs.

If we are given a truly nested family of bounding pairs (a1,81),...,(an,8,) and we cut
the surface along a bounding pair, we can talk about the resulting connected component
that is ‘furthest’ from the original boundary component. If the surface is cut along (a1,/51),
consider that component and let wy denote the symplectic form of a maximal subsurface
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with only one boundary component. In order to prove Theorem 1.5, we will need the
following lemmas:

Lemma 4.4. Let A(f1,...,fn) be an abelian cycle determined by a truly nested family
of bounding-pair maps. Then there exists an Sp(H )-equivariant map ®,, : \" (/\3 H) —

/\"+2 H, defined by a sequence of n—1 contractions, such that

(‘I)nodjn)(A(fl,...,fn)):AnwO/\Cl/\"'/\Cn, (2)

for some nonzero integer X\,, where c; is the homology class of the bounding pair
corresponding to f; and wg is as already defined.

We construct the map ®,, as follows: for n =1 we set &1 = id/\sH. For n > 2, we have
a map ¢7 : \" (/\3 H) S N'HoN (/\3 H), given by contracting ‘diagonally’ with

the symplectic form and composing with the multiplication map /\2 (/\2 H > — /\4 H. For
any 2 <k <n-—1, we similarly have a composite map

Are\ (/\H> NIV (AH) VTN (/\H>

which we denote by ¢7. We define @, : \" (/\3 H) — A"*? H as the composition ¢”_, o
o,

The calculations needed to prove the formula in Lemma 4.4 are simple but tedious
and not very enlightening, and we will therefore leave them until the end of this section.
Before proving the theorem, let us consider the following example, which illustrates the
idea of the proof:

Example 4.5. Let 0, € H,, (I,li +2) denote the abelian cycle determined by the bounding
pairs in Figure 7(a). With an appropriate choice of symplectic basis, it follows from
Lemma 4.4 that

(P, 00n)(00) = Apar Aby Aaz A Aapa,

for some nonzero integer A,. As in the proof of Theorem 1.3, we can now act by 77 2 —1,
which gives us

)\nal Aag/\---/\an+2.

From Corollary 2.2, we can now draw the conclusion that Vj»+2 lies in the image, since
this is the top weight representation of /\"+2 H.

Similarly, let p, € H, (I}L +1) denote the cycle determined by bounding pairs as in
Figure 7(b). Let ¥,, denote the composition of ®,, with the contraction map /\”Jr2 H—
A" H. If we once again order the basis appropriately, we see that

(W 0thn)(pn) = Anar Aag A+ Aany,

https://doi.org/10.1017/51474748021000505 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000505

1718 E. Lindell

and hence Vi» lies in the image. We can thus draw the conclusion that if ¢ > n+ 2, then
Vin+2 @ Vin are contained in the image of v, whereas if ¢ > n, Vi» is contained in the
image.

With A and & as in Theorem 1.5, we see that for i =1,...,m, each of oy, and p,, gives
us a copy of Vix+2 = Viu; in 9y, (H,\i (I}\H_Q)) and v, (HM (Ibﬁl)), respectively. The
weight of these irreducibles is at least 3. Meanwhile, p,, .., and p,, . ., give us copies

of Virmsr and Viens 0 Wy (Hiais (Th41) ) 20 s (Ha (110 )
respectively, and here the weight may be lower.

The 1dea for Theorem 1.5 is  therefore to consider the product

Ufipf}l )\mpﬁn p,ijl pﬂ’fntrlz 14—y —2k—1. This is what gives us the condition that
m—+2
g>Z Xi+2) + (i 1) = A+ | + 2k +1 = n+2k+1.

4.3. Proof of the theorem

Using the foregoing, we may now prove the theorem:

Proof of Theorem 1.5, assuming Lemma 4.4. As stated previously, we will use the
abelian cycle

_ k1l Imt+1 Almtr |
0: UAlpM1 UA pManunL+1pMm+2 19*”*2’9*17

where o, and p,, are defined as in Example 4.5. For 1 <¢<m+2 and 1 <p < k;, we
let H((f;) denote the first homology of the subsurface corresponding to the pth o, -factor,
with H((,';) it and H((,Ii)mH defined as 0 for all p. We define H, éﬁi similarly, so that

m+2 ks I
H= @ ((@H},ﬁi) @ (@Hg{i)) ® Hy (Sg—n—2k—1)-
q=1

p=1
By Proposition 3.1 we have

ulo 5((@7&7\}1&2) (®MH§ZE))@7\7\H-

=1

Define F' := <I>/\k1 ATRIEA- A <I>/\k’” AT A \I/,/L\f:ﬁl A \Ilﬁf:ﬁz Since the direct summands

Hé’;) and H e ) of H are pairwise orthogonal with respect to the symplectic form w, it
follows from the definitions of & »; and Uy, that

m-+2 ki pi li pi m—+2ki+l; [ 1
riene @ ((@Am )« (@A) ) <& A (As).
i=1 p=1 q=1 i=1

Since the top weight irreducibles of ®m+2 AT (A H) are precisely the top weight
irreducibles of ®m+2 /\k it Vini, we now want to apply Corollary 2.2. The representation
®m+2 /\k it (A" H) is a direct summand of H®("+2%)_ Let us denote the projection map
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by 7. If we choose a symplectic basis for each HS,Q and each H((, L) , extend the union of

these to a symplectic basis {a1,b1,...,a4,b4} for H, and order this basis appropriately, we

have
v () (1) G (i)

From what we saw in Example 4.5, there is an element

<nﬁ2 (H Sp (Hg;)z)> X (ﬁ Sp (Hé?Li))) X Sp (Hl (Sg—n—Qk—l))] C Q[Sp(H)]

such that

TeQ

T-(F(n(0))) =m(a1 @ ® anyop).

4.4. Proof of Lemma 4.4

Now let us prove the lemma.

Proof of Lemma 4.4. We prove equation (2) by induction on n. For n =1 we have
1 =7 and ¢, = Id/\sH, so the identity holds with A\; =1, by Proposition 3.1.

Now suppose m > 2 and that fi,...,f, are bounding-pair maps that correspond
to truly nested bounding pairs (a1,51),...,(an,B,). We may pick a symplectic basis
{a1,b1,...,a4,b4} such that (o] = a;, for 1 <k <n, where i; <--- <4, and such that
a1 Aby+---+a;,—1Ab;, 1 descends to a symplectic form of the homology of the surface
not containing the original boundary component that we get by cutting along (ay, k).
For n =2, a simple calculation shows that

2 092(A(f1,f2))
= qﬁ(((al Abi+- 4 a1 Abj—1) Aay, ) A((ar Abi 4+ a1 /\biz,l)/\%))
=3(ay Abr 4+ Fa;, 1 Abj,—1) Nag, ANag,.
Now we let n > 3 and assume that
D101 (A (flwuafiw“afn))
=XM1 (@ADL a1 ANby 1) Nagg Ao Nag, A Nag,

and

D10 1(A(fo,- s fn)) =An—1 (@ A1+ a1 Abiy,—1) Nag, Ao Nay,,

for some nonzero \,,_1 € Z. Since

B, =¢"_ o (@n,l /\Id/\sH>

https://doi.org/10.1017/51474748021000505 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000505

1720 E. Lindell

and
UnlACfeeof)) = (0" 01 (A (fryeoosfrreonsfn) AT(RD)
for each k =1,...,n, it follows that
0t (A(frse 1 fn) = M- By
X ((—1)"‘1 (a1 Aby 4+ 4 ai,—1 Abiy_1) Nai, A+ Nag,

®(a1 NAby +--tai -1 /\bil_l)/\ail

+Z )R (ay Aoy + -+ aiy 1 Abiy 1) Aagy, A Adg, A+ Aag,

® (a1 Abr+---+a;,—1 /\bikl)/\aik>~

A simple calculation shows that

drn_1 (@ Aby 4+ ai,—1 ANbig_1) Nagy A= ANay, @ (ag Aby+-+-Faj—1 ANby—1) ANay,)

=3(=1)" (a1 Aby+---+aj,—1 Abiy—1) ANay, A---Na,,,
and similarly
Gr—1((@r Ab1 - +ay 1 Abiy—1) Naig Ao Nag, A Aag,,
® (a1 Abr+--+as, -1 Abi,—1) Naiy,)
= (—=1)" Nk 4+ 1)(ay Aby 4+ ai, 1 Abiy 1) Aai, A Aay,,.

Thus we have

<I>n0'l/1n(A(f17...,fn)) =—An-1 Z(k+1) (a1 ANbr+-++aq 1 /\bilfl)/\ail A Nag,

k=0

Wmmﬁw..,fﬂ)),

which proves the formula. O

=—An-1

Remark 4.6. The idea to consider truly nested families of bounding pairs is taken from
[1]. There the authors consider a family of Sp(Hz)-equivariant maps 7, : H, (Zg1) —
A"? H that generalize the map 7 : Hy (Zg1) — A’ H to higher degree. We can note that
Tn and @, 01, have the same codomain. In [1, §3], the image of 7,, on abelian cycles
determined by truly nested families of bounding-pair maps is proven to satisfy

Ta(A(f1, . s fn)) =wWoACL A=+ Acy,

with the notation being the same as in our Lemma 4.4. We can thus see that on such
abelian cycles, the two maps agree, up to multiplication by a nonzero scalar. An interesting
question is whether these maps agree on all of Hy, (Z4 1), so that the image of 7,, is simply
a subrepresentation of the image of v,,, or whether there is some other way to explicitly
relate 1, and 7.
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5. Proof of Theorem 1.11

As we have seen, abelian cycles determined by disjoint bounding-pair maps are a useful
and simple tool for computing big parts of the image of ,,. In this section we will give
an explicit limitation on the images of such cycles. More specifically, we will prove the
following theorem:

Theorem 1.11. Set n > 2 and let A, (Zy1) C H,(Zy1) be the subrepresentation
generated by abelian cycles determined by pairwise disjoint bounding-pair maps. Then
U (An (Zg,1)) is concentrated in weights n,n+2,...,3n. However, 1, (Hy (Zg1)) also
contains a subrepresentation of weight n—2 for all n > 2 and g > 0. In particular,
A, (Z41) C Hy(Zg,1) is a proper subrepresentation for n>2 and g > 0.

We will prove the following two claims of the theorem separately:
Claim 5.1. The image ¥, (A (Zg4,1)) is concentrated in weights n,n+2,...,3n.

Claim 5.2. For n>2 and g >0, the image of ¢y (H,(Z41)) contains an irreducible
subrepresentation of weight n—2.

To prove Claim 5.1, we will need to find a description of the tensor ¢, (A(f1,...,fn))
that we can work with, for any A(fi,...,fn) € An(Zy1). This will be done using the
following lemma:

Lemma 5.3. Set A(fi1,....fn) € An(Zy,1). Then there exists a Lagrangian subspace L C
H, such that for k=1,...,n, we have

7([fx]) € Im (/\L@H—)/\H) .

Proof. Let us denote the bounding pair corresponding to fi by (ax,Bk), for k=1,...,n.
Note that since the bounding pairs are pairwise disjoint, the span of {[a1],...,[a,]} is an
isotropic subspace of H, which we may denote by I. Recalling Proposition 3.1, we want
to extend this to a Lagrangian subspace L in such a way that after the surface is cut by
(ag,Br), for any k, L restricts to a Langrangian subspace of the first homologies of both
of the closed surfaces obtained by filling in the boundary components with open disks.

Now let us cut the surface along all the bounding pairs and sew in open disks in all
resulting boundary components, in order to get n+ 1 closed surfaces. For each such closed
surface we may pick curves whose homology classes span a Lagrangian subspace of its
first homology. These curves can be chosen so that they do not intersect the sewn-in
disks or their boundaries and thus, viewed as curves in Sy they do not intersect any of
our bounding pairs. This means that taking the span of the homology classes of these
curves and all bounding pairs will still be an isotropic subspace of H. Let us denote this
subspace by L. To see that L is Lagrangian, it suffices to note that the total genus of
the subsurfaces we get by cutting along all bounding pairs is g —dim I, which means that
this is also the dimension of the subspace of H spanned by the chosen curves. Since their
classes are linearly independent of the classes in [, it follows that dim L = g.

https://doi.org/10.1017/51474748021000505 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000505

1722 E. Lindell

By the construction of L through a selection of pairwise nonintersecting curves, it is
clear that if the surface is cut along one bounding pair, the remaining curves all end
up in only one of the connected components and are still pairwise nonintersecting. Since
the genera of the resulting two subsurfaces add to g — 1, it follows that the span of
the homology classes of the curves in either boundary component still form Lagrangian
subspaces in their respective components, and hence L has the sought-after property.

This means that when the surface is cut along the bounding pair (ag,8k), for
any k=1,...,n, we can find a symplectic basis for the first homology of the closed
surface corresponding to the connected component not containing the original boundary
component, such that its symplectic forms can be written

g1
wy = Zai Nby,
i=1
with a; € L. It follows by Proposition 3.1 that
T([fk]) = wi Afoul,
which lies in Im (/\2L®H —A? H), since [ay] € L. O

Using this we may now prove the claim:

Proof of Claim 5.1. By Lemma 5.3, we can find a Lagrangian L € H such that

UnlA(fise s ) € Tm (/\ (;\L®H> LA (;\H>> |

This means that if we apply the standard inclusion ¢ : A" (/\3 H) — H®3" each term of
Un(A(f1,...,fn)) lies in the subspace

L®2n ® H®n

up to a permutation of the factors. From this it follows that ¢(¢, (A(f1,...,fs))) must be
mapped to zero by any composition of more than n contractions, and thus it cannot have
a component in an irreducible subrepresentation of weight less than n. O

Remark 5.4. We have stated Claim 5.1 in the pointed case, but it holds in the unpointed
case as well. To see this, define U := (/\3 H) /H,let A, (Z,) C Hy, (Z,) be defined similarly

as A (Zy1), and let ¢!, : H, (Z,) — \" U be defined similarly as 1/,,. We then have the
commutative diagram

An(Zy1) — Hy(Ty1) —2 N"APH

)

Lo

An(Zy) — Hn(Z,) L A" U,

which proves that ], (4, (Z,)) cannot contain any irreducibles of weight less than n. In
[14], Sakasai uses elements of A3 (Z,) to determine the stable image of (the dual map of)
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%, but his result leaves open whether or not the image contains a copy of V1.2 Claim 5.1
illustrates why this could not be determined using Sakasai’s method.

Now it only remains to prove Claim 5.2. Before proving this, we need some additional
background. Let 7, denote the Torelli space, the moduli space of Riemann surfaces of
genus ¢g endowed with a homology marking — that is, a choice of basis for the first homology
group. This is the quotient of the Teichmiiller space Teichy by the free action of Z,, which
means that H, (Z,) = H, (T4). In a similar way, we can construct the Torelli space 7, 1 of
pointed Riemann surfaces. The map given by forgetting the marked point, which we will

denote by 7, makes
Sy = Tg1 =Ty
into a universal Sg-bundle over 7,. We will use this to prove the claim.
Proof of Claim 5.2. First we consider the case n = 2. Let [«] € Hy(T,) be the class

given by choosing a point * < 7,. Pulling this map back along the universal bundle, we
get the trivial bundle

N

— Ty

;w

g»

* —

—

which by integration over the fibers gives us a class 7'([«]) in Hz (S,), which is just the
fundamental class [Sy]. By abuse of notation, we will use [Sy] to denote the corresponding
class 7' ([*]) € Ha (Ty1) & Ha(Z,1) as well.

To compute 5 ([Sy]), we may compute its coproduct in Hy(S,;) and then use
functoriality. The coproduct can be computed using the diagram

Hg (Sg) _— H2(Z)

| |

N’ Hi(Sy) —— N*Hi(2),

where Z is the wedge of tori in Figure 8, that we get from S, by collapsing a subsurface
of genus 0 with g boundary components to a point.

The horizontal arrow on the second row of the diagram is an isomorphism, so we only
need to compute the coproduct of the fundamental class [Z], which is equal to the sum
(Z1)+--+[2Zy) € Hy(Z) = Ho(Z1)®---® Ha (Z) of the fundamental classes of the g tori.
Since the homology of each torus is a bialgebra, we get A([Zx]) = ar A by, where {ag,bx}
is a symplectic basis for Hy(Zy). The union of these bases corresponds in a natural way
to a symplectic basis {a1,b1,...,a4,by} of Hy(Sg), so we get that A ([Sy]) = w, where w is
the symplectic form of Hy (Sy).

2He also uses one abelian cycle of a different kind, but whose image under % can easily be
generated using elements of As(Zy), as it is concentrated in top weight.
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Figure 8. The quotient surface obtained from Sy by collapsing a subsurface of genus 0 with g boundary
components to a point.

The map Sy — 74,1 induces the so called ‘point-pushing’ map 7 (S,) = Zy 1 [3, Chapters
4.2 and 6.4.2], and using this it follows that if ¢ € Hq(S,) and we denote its image by
[] € Hy(Z,1), then 7([¢]) =wAce A’ H. Thus it follows by functoriality that s ([S,])
is the image of w by the map /\2 H— /\2 ( /\3 H ), given by inserting the symplectic form
in each factor. The class w € /\2 H generates the trivial representation, which means that
12 ([Sy]) has weight 0. This proves the claim in the case n = 2.

The case n =3 has already been treated by Kupers and Randal-Williams [11, §8],
who proved that for g > 0, the image of the dual of the map 3 : H3 (I;) — /\3 (/\3 H)
contains Vi, which implies that V; is also contained in the image of 5 : H3 (Z, 1), by the
factorization Igl —Tg1— /\3 Hy.

To prove the result for n > 4, we will use the result for n = 2. Let us suppose that n >4

and g > 2n —4. If we once again define U := ( /\3 H ) /H, we have a commutative diagram

Hy (Tg1) —— A" Hi(Ty1) © Ha (Tg1) —————— A" Hi(Tyn) —————— A\"A°H
[ | L
x! A" HL(Ty) @ Ha (Tg1) —— A" 2 Hi(Ty) @ N> Hi (Tg1) —— A" PURA* N H

Tid@w!

Hy—2(Tg) —— A" 72 Hi(Ty) ® Ho (Ty),

where the leftmost square commutes by the projection formula and the middle square
commutes by functoriality of homology.

The composition of the arrows in the upper row is v,. Since the rightmost vertical
arrow is surjective, and since we now know that the image of the composition 1 o' :
Hy(T4) — A’ A H lies in weight 0, it now suffices to find a class in H,_(7,) whose
image in /\"_2 U has a nonzero component in weight n —2. Note that this is impossible
for n =3, since Hy (74) = U = Vis, which is why this case had to be treated separately.

For m =n—2 > 2, let us consider the image of the cycle pT*, with p; defined as in
Example 4.5, under the map H,, (I;) — H,, (Z4,1). We also get a corresponding abelian
cycle in Hy, (Z,) by forgetting the marked point. Abusing notation, we will use p{" to
denote this class in either of these homology groups. Let ¢}, : Hy, (Z4) — /\3 U be defined
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as in Remark 5.4. Then we have a commutative diagram

Hp(Zy1) 2 N"A*H

>”"l

H,, (Z,) —=— N\"U,

which means that we may work with the image of ¢, (p7*) in A™ U. The map \* H — U
can be described explicitly, by identifying U with the image of the map p: /\3 H— /\3 H
defined by

1
p(x/\y/\z):x/\y/\z——lC’g(:c/\y/\z)/\w,
g—

where Cj : /\3H — H is the contraction map. Note that this image is precisely the
subrepresentation of traceless tensors in /\3 H. With a suitable choice of basis of H,
we get

(""" oY) (p")

1 1
= <a1 Aby ANppg1 — g_lw/\am_H) Ao A (am Abp A\ Qo — g_lw/\agm> .

We want to show that this has a nonzero component in an irreducible subrepresentation
of weight m, so we apply the map \™ (/\3 H) — /\3mH and then contract m times. If

we let [m] = {1,...,n}, the image in A*™ H can be written as

IV TAB A A A
ZW Z WAk/\a1/\b1/\"'/\ai1/\bn/\"'/\aik/\bik/\"'/\am/\bm
k=0 {i1,-si5 }Cm]

/\am+1/\~~~/\a2m.

By contracting each term m times, we get

(2m—2)™ An
= 701 e a 5
(g — 1)m m+1 2m
which is nonzero, since m =n —2 > 2, and which contracts to zero and thus lies in
Vim C A" H. This proves the claim for n > 4. O

Remark 5.5. The proof of Claim 5.2 is heavily inspired by [1, §4], where the authors
compute the image of 7, o7 for truly nested families of bounding-pair maps. In our
situation, it would be reasonable to expect the formula

Un (M1 A(frs s fam2)) = (A A AT([faz2]) A2 ([Sg])
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to hold for any abelian cycle A(f1,...,fn—2) € Hy—2(Z4 1), which would prove Claim 5.2
for n > 3 directly from the case n = 2. We have not, however, been able to verify or
disprove this.
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